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1. Introduction

Compressible Euler equation in R™ is a (n 4+ 1) X (n + 1) system of conservation laws
which describes the motion of isentropic gas.

pt + Z pu, =0,
(1.1) =177
+ Zé? pu; + 85p) = pfi (i =1,2,---,n), p = a*p
J

where p is a density, @ =' (uj,ug,---,u,) is a velocity, p is a pressure with §;; -the
Kronecker delta and fzt (f1, f2,+ -+, fn) is an external force. v is a given constant. This
is a famous example of system of conservation laws and there are many works related to
this equation. For one dimensional case, Nishida [14] established the existence of global
weak solutions, for the first time, for the case 4+ = 1 by using the Glimm’s method.
DiPerna [3] extended the result to the case of ¥ = 1 + 2/(2m + 1) (m > 2 integers)
using the theory of compensated compactness. Ding et al [1], [2] removed this restriction
and established the existence of global weak solutions for 1 < 4 < 5/3. On the other
hand, little is known for the case n > 2. No global solutions have known to exist, but
only classical solutions. In [9], Makino, Mizohata and Ukai presented the global solutions
first for this case without an external force. Here, we shall present global solutions first
for this case with an external force.

Let us consider the initial and boundary value problem for (1.1)in¢t >0,z € Q C R®
with the following conditions.

(1.2) i(0,z) = do(z), p(0,2) = po(z),
(1.3) @i =0 ifzeon.

In this paper we shall investigate the typical example of (1.1). Suppose that a solid star

with radius 1 and mass M is surrounded by an isothermal gas (y = 1). Then (1.1)
becomes

3

pr + Z pu] = 0,

(1.4) 5

7z, (puiu; + 65p) = pfi (1=1,2,3), p = a*p",
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(1.5) i-1=0ifzed, Q={z|z] >1}.
where f is a gravitational force given by
f: (fl(t,x)3f2(t,$)’f3(t7m))
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We restrict ourselves to the case where this motion is spherically symmetric and %@
is normal to the surface of the star. We then obtain, denoting r = |z| and u;(t,z) =

Hu(t, |=)),
2
pe + (pu)r + —pu =0,

M
(1.7) p(us + vu, )+ pr = =

r2’
p = d’p,
ont>0and 1 <r < oo. Note that the Neumann condition (1.5) becomes

(1.8) u(t,1) = 0 .

‘Let us adopt new function p. Put 5 = r?p. Then (1.7) becomes

( ) ﬁt + (ﬁu)r = 07
1.9 . . . 2a> . Mp
(u)e + (pu? + %), = —5 — =L,
r r
Next we introduce Lagrangian mass coordinate
(1.10) r=1t, €= / A(t,s)ds .
1
We then obtain, from (1.9),
b+ FPug =0,
(1.11) ). 242
U, + a’ps = - T
Put v = 1/p. Then (1.13) becomes, after changing 7 to ¢,
Uy — Ug = 0,
2 K M
(1.12) w“ 4 (a_) _K_M
v/, r r
where 1 = 1 4+ [Sv(¢,¢)d( and K = 2a®. Let us consider the initial boundary value
problem for (1.12) in ¢t > 0, ¢ > 0 with the following initial and boundary conditions.

(1‘13) u(O’é) = uo(f), v(0,¢) = Uo(ﬁ)a for £ > 0,

(1.14) u(t,0) = 0, fort > 0.
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We call that u(t,£) and v(t, £) are weak solutions of initial boundary value problem (1.12),
(1.13) and (1.14) if u, v € L*((0,T) x (0,00)) and if they satisfy the integral identities

/T/”v¢t~u¢gd§dt+/°°vo £)9(0,€)d¢ = 0,

(1.15) // uhy + ( )¢¢+/ uo(§)¥(0,£)d¢

-1 ( M ) - dedt
1+ J§ U(t Ode (1 + f§o(t,¢)d()?
for any test function ¢ € C§°([0,T) x [0, 00)) and ¥ € C§°([0,T) x (0, 0)) and for any
T >0.
Here is our first result.

Theorem 1.1. Suppose that vo(€) and uo(€) are of bounded variation, and that vo(€)
satisfy b < vo(€) < My for some positive constants by and My. Then (1.12), (1.13) and
(1.14) admit global weak solutions. (i.e. T does not depend on the initial data.) which
satisfy

fullew < 00, 0 < & < v(t,€) < My a.e. for some b and M.

We want to emphasize the fact that Theorem 1.1 only shows the existence of global
solutions for the Lagrangian equation. It is not clear that this Theorem 1.1 implies the
existence of global solutions of (1.4). If solutions are smooth, we can prove that @ and p
deduced from u(t, £) and v(t, ) satisfy (1.4) by using the chain rule. But if solutions are
weak solutions, we must be more careful. Instead of using the chain rule, we use the fact
that Lagrangian transformation is Lipschitz continuous to prove the equivalence.

Theorem 1.2. Suppose that u(t,€) and v(t,£) are weak solutions of (1.12) satisfying

u, v € L*((0,T) x (0,00)),

0 < é < o(t,8), [v(t, )] < My, |u(t,€)] < Mz a.e. in (0,T) x (0,00).

with 8§, My and M, are given positive constants. Then u(t,z) and p(t,z) deduced from
u(t, &) and v(t,€) by using (1.10) are weak solutions of (1.4) with spherical symmetry.

Conversely, if i(t,z) and p(t,z) are weak solutions of (1.4) with spherical symmetry
satisfying :

(1.16)

u;, p € L=((0,T) x ?( ey ),

8y M
0<||2 p(t, )§l|2,|( )|<M ae.in (0,T) x Q2 ,
with 6;, M and M; are given positive constants. Then u(t,) and v(t,€) deduced from
U(t,z) and p(t,z) are also weak solutions of (1.12).

(1.17)

Combining Theorem 1.1 and Theorem 1.2, we obtain our main result.

Theorem 1.3. Suppose that uo(z) and po(z) are spherically symmetric and satisfy
o M
(1.18) 0< — o < po(z) < ﬁ lu(t, )| < M} a.e.in O,
T

with & > 0 and My, Mj < co. Then there exist global weak solutions of (1.4).

This is the first result of the existence of global solutions of (1.1) with an external force.
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2. Outline of proof of Theorem 1.1 and Theorem 1.2

The proof of Theorem 1.1 consists of three steps. First, we shall construct approximate
solutions by using modified Glimm’s scheme. In the second step we shall get uniform
estimates of the variation of the approximate solutions. Finally, by using the uniform
estimates which we have obtained in the second step, we obtain the global weak solutions.

Let us construct approximate solutions u'(t,€) and v'(t,€) by using a modified Glimm’s
scheme. For [,h > 0, define

Y = {(n, m); n=123 - ,m=13,5 -},
(2.1) A= J[ [{rk} x ((m=DI, (m+D)],
(m,n)€Y

where I/h will be determined later. Choose a point { a,m } € A randomly, and write
Gnm = (nh,cam). For n =0, we put com = ml. Mesh lengths [ and h are chosen so that
I/h > a/(inf ') for any given T > 0. Suppose that u' and v' are defined for 0 < t < nh.
We are going to define v/ and v' for nh <t < (n+1)h. Forml <& < (m+ 2)l, m : odd,
we define

Wt €) = uh(hE) + U(LE) - (t - nh),
(2.2) W(1,€) = vhit,

where u}, and v} are the solutions of

(2.3) ?

. ut+ ?— =0,
v

with initial data (t=nh)

‘nh =0, cam), E< (m+ 1)l
( l

u )

ué(nh,f)z w(nh —0,cpmyz), €>(m+1)
)

)

(2.4) I v(nh —0,cum), €< (m+1),
v(nh, &) =19
vl(nh —0,cms2), &> (m+1)l,
and K
Ul(t,¢) = e w0 o
+ =2 vinn —VY,Ch ;- :
(2'5) j IM 27-1

il P
(1 + ;2 vH(nh —0,cn05-1) - 21)

For 0 < ¢ < I, we define ' and v' as (2.2) where ul and v}, are the solutions of (2.3) with
initial (t=nh) boundary data

(2.6) ub(nh, &) = u'(nh —0,cn), vh(nh,€) = v'(nh—0,cm), £ >0,
(2.7) u(t,0) = 0, t > nh,
and

(2.8) | U't,§) = K - M.
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System (2.3) is hyperbolic, provided v > 0, with the characteristic roots and Riemann
invariants given by

A= —E, r =u + aloguw,
(2.9) a?

p=-, s=u-— alogv.
v

In order to obtain the uniform estimates, we shall estimate the negative variation of
!, This is the main idea of our proof. Concerning shock
waves and Riemann invariants, the following four lemmas are well known.

Riemann invariants of ! and v

Lemma 2.1. The I-shock wave curve S, and 2-shock wave curve Sy, starting from (rq, so)
can be expressed in the form

S1:8—80=f(r —rg) forr < g,

(2.10) Sy ir—1rg = f(s —s0) fors < so,

where
0< fe) <1, f(2) SO, lim_f(z) = 1.

The 1-rarefaction wave curve Ry and 2-rarefaction wave curve R,, starting from
(ro, o) can also be expressed in the form

Ry :s—3s9=0 forr To,

2
(2.11) Ry :r —10=0 fors > so.

Let us consider (2.3) with following initial data

(212) uO(é) — { Uy, Uo(é) - { v, < 07

Uy, vy, x> 0.

Lemma 2.2. Let u and v are the solutions of (2.3) and (2.12). Then,

r(t, &) = r(u(t, §),v(t,€)) > ro=mun (r(u,, v,), r(u, v)),
(2.13) { s(t,€) = s (u(t, &), v(t,€)) < so=maz (s(ur,vr), s(u, vr)) .

Next consider (2.3) in t > 0, £ > 0 with following initial and boundary conditions

(2.14) u(0,€) = ud, v(0,6) = vf, for €& >0,

(2.15) u(t,0) = 0, fort > 0.

Lemma 2.3. Let u and v are the solutions of (2.3), (2.14) and (2.15). Then,
r(t,6) = r(u(t,€),s(t,€) = r(ug, vg),

(2.16) { L E) st 070

(u
s(t,€) = s (u(t, €),5(t,€)) < maz (—r(ug, vy ), s(ug , v3))-

Let us consider Riemann problem (2.3) and (2.12). Denote by Ar (resp As) the absolute
value of the variation of the Riemann invariant r (resp s) in the first

(resp second) shock wave. We denote P(u;,v;,u,,v,) = Ar + As. Then the following
lemma is known. For the proof, see [9].
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Lemma 2.4.
(217) P(ulav17u3’v3) S P(ulyvl,u27v2) + P(u2,v2,u3,v3),

where uy, uy and ug are arbitrary constants and vy, v; and vz are arbitrary positive
constants.

The above four lemmas were proved in [9]. Using these lemmas and the fact that
U'(t,z) < K + M, we can prove the following lemma.

Lemma 2.5. Put ro = min r(up(€),v0(€)) and so = maz s(uo(§),vo(€)). Then, for
0<t<T,

rl(t, &) = r (W(2,€),5'(t,€)) > min(re,ro + (K — M)T),
(2.18) s'(t,6) = s (u!(,€), 8'(t,€)
< maz (—rg,—1o — (K — M)T,s0) + (K + M)T

Proof. By using Lemma 2.2 and Lemma 2.3, we get

(2.19) { r'(t,€) > min (ro,ro + (K — M)h),

s'(t,€) < maz (=7, 80) + (K + M)h,

for 0 <t < h. Thus we obtain, for A <t < 2h

ri(t,z) > min (ro,m0 + 2(K — M)h),
sl(t,z) < mazx (—min(ro,ro + (k — M)h), maz(—ro, $0) + (k+ M)h) + (K + M)h
< maz (—min(re,mo + (kK — M)h) + (K + M)h,maz(—ro, so) + (k+ M)h) + (K + M)h
< maz (—rg, —ro — (K — M)h,s0) + 2(K + M)h .
Continuing similar calculations successively until T = Nk, we can obtain (2.17). 0

Lemma 2.5 describes the invariant region of approximate solutions. Next, we shall
estimate the variation near the boundary. Denote by it the straight line segments
joining the points (0, (n £ 1)h) and ay,. Let F(ig*) be the absolute value of the variation
of the Riemann invariants for all shocks on :3*. Then we also have the following Lemma.

Lemma 2.6.
(2.20) F(i8+) < F(ig™) + 2|M — K|h.

Proof. For simplicity, we restrict ourselves to the typical case. Suppose that S; and
51 cross ig”. ( See Fig.1 )
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t

(n+1)h

gt
nh an1 = (Cnly nh)
0~
52 Sl
21
(n—-1)h 4
Figure.1
Let us estimate the variation of Riemann invariants of shocks which cross ig*. Put
Ti_l = rl(aln—l)a 31_1 = 31(01 ne1), T = —sm1

= rl((n=1)h+0,0), and 6,_; = U'(ayn_1)

Put 2= = r!((n —1)h +0,20) and s~ = s'((n — 1)h +0,20).

Put A = (r"~},s"" 1), B = (r¥"1, 5" ) and B' = (r7V,sn71).

Put C = (ri‘1,+6n_1h, 31‘1'+5n_1h. There are two cases we must consider. The first case
is 6,_1 > 0. Denote by I (resp. II) the half space {(r, s)|r +s < 0}(resp.{(r, s)|r+s > 0}).
In this case when C € I, S, crosses igt and we must estimate the negative variation of
Riemann invariants caused by this shock. Denote by V(P,Q) the absolute value of the

total variation of r and s by the line segment PQ.



I

1/ 1/
rts =iV 4snl 125, b

II

From figure.2,

Al
r N
7
Tts=r2-t'y 5+-1;
Figure.2
F(3*)=V(A'C) < V(A'D)=V(AD) = V(AB') = F(ig™).

17

When C € II, R, cross ig™. Since Riemann invariants increases when rarefaction
wave crosses, F(i3t) = 0. Thus we get

which satisfies (2.20).

F7) 2 F(ig*) = 0.
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The second case is §,_; < 0. In this case C € I. Thus S; crosses i5*. Note that if
Op1<0, K — M < 6,1 <0. From figure.3, '

I  rs=0 I
A’
A” .

s =426,

Figure.3

F(it*) = V(A'C) = V(A'D) + V(DC) = V(A"B') + 2/6,_1|h
= V(AB') + 2|6,_1|h < F(i%") + 2|K — M|h.

Thus we obtain (2.20). 0

By using Lemma 2.4, Lemma 2.5 and Lemma 2.6, we get uniform estimates of the
variation of approximate solutions u' and v' and especially an uniform estimate of in fv'.
Thus by applying standard arguments of Glimm’s theory, we can prove Theorem 1.1. For
the detail, see [13].

Next, let us describe the outline of the proof of the former part of Theorem 1.2. We
can prove the equivalence of weak solutions of (1.1) and (1.9) by standard arguments.
But that of (1.9) and (1.12) is very delicate. Suppose that u and v are weak solutions of
(1.12). Put p = 1/v Denote by A the mapping (t,£) — (t,r), namely,

(2.21) At §) = (t,r)
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Our first observation is that A is bi-Lipschits homeomorphism. Calculating the distribu-
tion derivatives of A, we get

or 1 o0Or

(2.21) implies 7 € W' and the following lemma shows that A is Lipschits continuous.

Lemma 2.7. Let Q) be an open convex subset of R*. Then
Wh>(Q) — Lip(Q).

More careful calculation shows that A is homeomorphism and A~! is also Lipschits
continuous. Therefore we can use the following lemma.

Lemma 2.8. Let X, Y be measurable subsets of R* and P be a mapping from X onto Y.
If P is Lipschitz continuous, JP (Jacobian) is defined a.e.. Moreover, if P is bi-Lipschitz
homeomorphism and satisfies |JP| > 6 a.e. for some § > 0, then we have,

for any u(z) € L*(R"),
uo P!
(2.23) /X u(z)dz = 7P dy .

The second observation is that u and v also satisfy (1.15) for any Lipshitz test function
instead of smooth test function. We can prove it by using the mollifier. Since A is bi-
Lipschits homeomorphism, A is a bijection on the set of Lipshitz test functions.

These observations allow us to prove the former part of Theorem 1.2. We can prove
the other part of Theorem 1.2 similarly. For the detail, see [12].

3. Remark

By using the similar arguments, we can easily construct global weak solutions for more
general external force. But there are some open problems.

Open Problem I : For the case (2 includes the origin.

Indeed, we are not able to estimate the singularity at the origin until now.
Open Problem II : For the case v > 1.

By using compensated compactness arguments, Makino and Takeno have proved the
existence of local weak solutions for (1.9) in the case v > 1. But they are not able to get
uniform estimates of approximate solutions due to the inhomogeneous terms. Recently,
Makino has informed me that Glimm and Chen had succeeded to construct global weak
solutions for this case. But unfortunately, I do not known their results and ideas explicitly.
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