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Abstract

It is shown in the present paper that the two dimensional Burgers equation
describing a quasi-plane wave in a viscous heat conducting fiuid admits smooth
global solutions, provided initial data are smooth and small. Solutions decay at
infinite time in a prescribed single space direction like those of the one dimensional
linear heat equation.

1. Introduction and main results

In this paper we discuss global existence and asymptotic decay estimates of solutions to

the initial value problem of the two dimensional Burgers equation
(ue + vty — Ugy)y +uyy =0, (1.1)

u(0,z,y) = uo(z,y), (1.2)

for a scalar unknown function u = u(t, z,y) of time ¢ > 0 and position (z,y) € R?. This
equation was first derived by Kuznetsov [8] in the form of the three dimensional Burgers
equation

(ut + vy — Upy), + Au =0, (1.3)

for a scalar unknown function u = u(t, z,y, z) of time ¢ > 0 and position (z,y,2) € R,
where A = 83 + 8 and y and z are slowly varying transverse variables. Solutions to (1.3)
describe a quasi-plane wave in the dynamics of a viscous heat conducting fluid, here a

quasi-plane wave means a wave which propagates in almost one direction. Eq. (1.3) is
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reduced to (1.1) if, for example, the transverse direction appears only in one direction,

A = 82, or if solutions to (1.3) exhibit a circular motion in the (y, z)-plane. In fact, -
Au = 7 (ru, ), + 1 2ugg = Cugg,

where y = rcosf, z = rsinf, C = r~2 and r is a positive constant. Eqgs. (1.1) and (1.3)
are basic ingredients in model equations describing a multidimensional quasi-plane wave.
Other equations describing a multidimensional quasi-plane wave are the Zabolotskaya-
Khokhlov (ZK) equation [13]

(ue + uug), +uyy =0, (1.4)
and the Kadomtsev-Petviashvili (KP) equation [7]
(us + vy £ Upgs)z + Uy, = 0. (1.5)

These equations are also systematically obtained by the geometrical optics approximation
[2], [3). There have naturally been considerable physical and mathematical interest in
the four equations (1.1), (1.3), (1.4) and (1.5). For all these equations, exact solutions
have been obtained by several methods, such as the hodograph transformation [6], the
similarity analysis [1], or the Painlevé analysis [10], [11]: On the other hand, for (1.5), a
local existence theorem and a global existence theorem for small initial data are known
[9], [12): If uo € H*(R?), s > 3, then a solution exists locally in time, and if uy €
H*(R*) N W*Y(R?), s > 10, and wq is small, then a global solution exists. |

In this paper we consider the two dimensional Burgers equation (1.1) and prove the
existence of global-in-time solutions for initial data which are not necessarily of explicit
form but are small in a Sobolev space. We can prove a similar global existence result also
for the Burgers equation in higher space dimensions ((1.3) for example) but we omit it
because its proof is essentialy the same as that in the two dimensional case. |

To state our main results, we use the standard notations listed below.

Notations: Let N be a positive integer. For p € [1,00], LP(R") denotes the usual
Lebesgue space with the norm || - ||, g~ For integers s > 0, we denote by wer(RY)
the space of functions f = f(z) such that all the derivatives of f up to order s belong to
LP(RY), with the norm

i/p
”f“Wr,p(RN) = (E Ha:fHLP(RN)) 3

ol <s

where a = (ay, -, an), o] =@y + -+ ay and 97 = 93! --- 9gV. When p = 2, we use

the notation H*(R") instead of W*?(R"). We denote by B*([0, c0); W*?(R")) the space
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of functions f = f(t) on [0,00) such that 6{ f, 0 < j < k, are bounded and continuous
from [0, c0) to W*P(RY).
Let @ = Riy, R,xT, T, xR, or Tiy, where T = R/(27Z) is an one dimensional

torus, and let = R? RE x Zy, Z¢ x R, or Z7 . We denote the Fourier transform of

f(z,y) € L*(Q) by F.,[fl(&n), and the inverse Fourier transform of g(&,n) € Lz( ) by
]:E_,,ll[g](m, y). They are given as follows: When = R2 and Q = R?

z,y &m)

FeslfWEm) = Jim [[ xicssam(@,9)f(s,9)e M dsdy in I(RE,),

Fealallz,) = 555 Jm / / (Xi=saap (€ mg(§, n)e =+ dedn in L(RZ)),

where and in what follows x4 denotes the defining function of a set A. When Q@ = T, xR,
and Q = Z; x R,,

Faylfl(€,n) = hm // X[-M,m) (¥ z,y)e " dzdy  in L3(R,),
Foalol(a,y) = (2 7 lim, m [* 3 g6, metdy in IR,
EEZ

We omit the formulas in the other two cases.

We consider (1.1) and (1.2) in 2 = R?, R, x T,, T, xR, and T?, where T corresponds
to the periodic boundary condition. Let us transform (1.1) and (1.2) to an integral

equation. To this end, we introduce an operator U(t) as follows: For a function f =

f(z,y),
(U F)(2,9) = Feolalt, & m)Fu[F1E (=, v), (1.6)
where \
_ e_(fzﬁyf-—)t, for £#0
q(t, &) { ! foréco. (1.7)

By using U(t), (1.1) and (1.2) are formally transformed to
u(t) = 0——/3Ut—¢ rYedr. (1.8)

In fact, when Q = R? for example, applying the Fourier transform with respect to z and
y to (1.1) and (1.2), we have

2

_ 2, N 1. 2
(Foglul)e=—(& + Z?)T:r,y[u] - Elgfx,y[u ],

Fayv](0,€, 1) = Fry[uo] (€, n)-
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Hence,

.l
Frglllt,6,m) = e CHOF, ul(€,n)
1. b2 ,‘.’Ii —r
~5i€ [ e EHEDE, ) (r, €, m)dr. (1.9)
Applying the inverse Fourier transform with respect to £ and 7 to (1.9), we obtain (1.8).

From now on we study the solvability of (1.8) and then consider the relationship between

the solutions of (1.8) and of the original problem. Our main results are the following.

Theorem 1.1. Let @ = R?>, R, x T,, T, xR, or T
(1) (Uniqueness). Solutions of (1.8) are unique in L=([0,T); H*(Q)) for each T > 0.
(11) (Local existence). Let s > 1 be an integer and let ug € H*(2). When Q@ = T, xR,

or Q= T2, we also require

/ruo(:c,y)dz =0 a.a. y. (1.10)

Then, there is a constant Ty > 0 depending only on ||uo||me(q) such that there is a unique
solution u € B°([0, To); H*()) of (1.8).

Theorem 1.2. (Global existence). Let @ = R? and let s > 1 be an integer.
(1) Suppose that ug € H*(2) N H*(Ry; L}(R;)). Then there is a constant ro > 0 such
that if

Mo = [luol|me) + [luollme(Ryinr(R2) < To, (1.11)
then there is a unique solution u € B°([0,00); H*(R)) of (1.8) satisfying

_E_1
NO5u(®)| R, micr,) < CMo(1+1¢)72 : (1.12)

for integers k and | with 0 < k,[,k+ [ < s, where C is a constant.
(11) Suppose further that zug € H*(Ry; LY (R;)) and
/oo up(z,y)dz =0 a.a. y. (1.13)

Then there is a constant ry > 0 such that if
My = ||uollaso) + l|lzvol | Ry;21(R.)) < 71 (1.14)
then there is a unique solution u € B°([0,00); H*(Q)) of (1.8) satisfying
|0kl 2R,y < CMi(1+8) 75 (1.15)

for integers k and | with 0 < k,l[,k+ 1 < s, where C is a constant.
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Remark 1.1. (i) A similar global existence result holds true also for @ = R, x T,
(y-periodic case).

(ii) For the Fourier transform of the solution with respect to z, more detailed estimates
hold. That is, for arbitrarily fixed o > 1,

)—"—ﬁﬁ—i-

(1 + [€1)2 (&) Falul ()l sar mecr, )y < CMp(1+1 (1.16)

and

||(€)* Flu](t, Ol mcr,)
< JEFeT ] F  fuo)(€)]| e,y + CM2p(t, €)(1 + |€2) (1 +t)~*+A/2 ) (1.17)

for integers k and [ with 0 < k,l,k + ! < s, where f = 0 in Theorem 1.2 (i) and =1 in
Theorem 1.2 (ii), and

_ L+, for |¢ <1
8= { 1y i s (119
Note that
o)l z2re) < C(1+ )72 (1.19)

The r;, 7 = 0,1,in (1.11) and (1.14) depend on . Moreover, as an consequence of (1.16),
we have |
105 ™ u(t) | o,y < CMgt™ 3 (14 1)7 5

for any integer m with 0 < m < 2a.

Theorem 1.3. (Global ezistence of z-periodic solutions). Let @ = T, x R, and let
s > 1 be an integer. Suppose that ug € H*(Q) and (1.10). Then there is a constant ro > 0
such that if ||uo||ieq) < T2, then there is a unigue solution u € B°([0, 00); H*(R)) of (1.8)
satisfying ,
[r ult,z,y)dz =0 for anyt >0,y € R (1.20)

x

and
[u(®)|| () < Clluol| gy, (1.21)

where C > 0 and § € (0,1) are constants.

Remark 1.2. (i) A similar global existence results holds true also for Q = T?.
(i1) For the Fourier transform of the solution with respect to z, more detailed estimates
hold. That is, for arbitrarily fixed o > 1,

(1 + [€174)* (i€)" Falul @)l 2z gmery )y < Clltollroaye™ (1.22)
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and for £ € Z \ {0},

NGO Folul(t, Ollmery < 1P FoluddOllmr,)
+C(1+ [67) 72~ (1 + [€) ™ luol o) (1.23)

for integers k£ and [ with 0 < k,l,k +{ < s. The r; in Theorem 1.3 depends on a.

Theorem 1.4. (Differentiability in t). Let @ = R? and let s > 3 be an integer.
Suppose that ug satisfies the same assumptions in Theorem 1.2 (i1). Then the solution u
in Theorem 1.2 (i1) of (1.8) also satisfies

u € B*([0,00); H**(R?)) (1.24)

and becomes a solution of the original pronlem (1.1) and (1.2). The time derivative of u

15 given by
w(t) = 02U ()uo— lim / (02U (t)uo) (3, y)dz’

~(u)(t) - 5 / (8 — U (t — r)u(r)%dr, (1.25)

where the limit is taken in R. Similar results hold true also for @ =R, x T,, T, xR,
and T?.

Remark 1.3. Let a be any real constant state. If uy — a is in a Sobolev space, then
we can obtain a slight modification of Theorems 1.1-1.4. For example, the following
counterpart of Theorem 1.1 (ii) holds true:

Let s > 1 be an integer. Suppose that ug —a € H*(Q) when @ = R? or R, x T,
and that ug —a € H*(Q) and fp(uo(z,y) — a)dz = 0 for any y when @ = T, x R, or
Q = T?. Then there is a constant Ty > 0 depending only on ||uo — a|| gs(q) such that there
is a unique solution u of (1.8) with u —a € B°([0, Ty); H*(Q)).

These theorems show that the solution of (1.8) behaves at infinite time in the z-
direction like that of the linear heat equation u; — u,, = 0.

Finally it should be noted that some exact solutions found by Cates and Crighton [1]
and by Webb and Zank [10] are not included in the class of solutions presented in this

paper. The simplest example of such exact solutions is given by
6
u(t,z,y) = —2-(} + f(t)y — F(1)?,
where h = 2 — f(t)y and 8 = 8(¢, h) is a solution of

0 — O + (p(t)h + q(2))0 = 0,
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and f(t), p(t) and ¢(t) are arbitrary functions depending only on t. For the details, see
[10].
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