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Free Boundary Problems

for the Incompressible Euler Equations

Atusi TANI (谷 温之)

Department of Mathematics, Keio University

\S 1. Introduction
In this communication we are concerned with discussing the solvability

of the non-stationary free boundary problems governing the motion of an
incompressible inviscid fluid.

Let $\Omega(t)\subset R^{3}$ be $t$ he doma $in$ occupi ed by a flu $id$ at $t$ he moment $t$

$>0$ , wh $i$ ch $is$ bounded by a hard bot tom $S_{B}$ and a $f$ ree surface $S_{F}(t)$ .
The motion of such a fluid is described by the equations

(1) $\frac{\partial v}{\partial t}+(v\cdot\nabla)v+\nabla p=g\nabla ff+f$ , $\nabla\cdot v=0$ $(x\in\Omega(t), t>0)$ .

The initial and boundary conditions are

$v|_{t=0}=v_{0}(x)(x\in\Omega\equiv\Omega(0))$ , $F|_{t=0}=F_{0}(x)(x\in S_{F}\equiv S_{F}(0))$,

(2) $p=p_{e}$ , $\frac{\partial F}{\partial t}+(v\cdot\nabla)F^{\tau}=0$ $(x\in S_{F}(t), t>0)$ ,

$v\cdot n=0$ $(x\in S_{B}, t>0)$ .

Here $v(x, t)=(v_{1}, v , , v_{3})$ $is$ a vector $fi$ eld of veloc $iti$ es; $p(x, t)$

$is$ a pressure; $gis$ the grav $it$ at $i$ onal const ant; $U$ $is$ a pot ent $i$ al; $f$ $is$ a
vector fi eld of external forces; $p_{e}$ is an atmospher ic pressure; $F=$

$F(x, t)$ $is$ a $f$ unct ion descr $i$ bi ng the $f$ ree surface $S_{F}(t);n=n(x)$

is the unit vector of the outward normal to $S_{B}$ .
The density of mass is assumed to be equal to one.
Now we ment ion the followi ng typi cal probl ems:
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(I) $Fi$ nd $v$ , $p$ and $\Omega(t)$ sat $is$ fy $i$ ng (1) $-(2)$ under the assumpt $i$ ons
that both $S_{F}(t)$ and $S_{B}$ are non-compact and $U=-x_{3}$ wi th coordi -

nat es $x=$ $(x_{1}, x_{2}, x , )$ $t$ a $k$ en so that $x_{3}$
$is$ the vert $i$ cal component.

(I1) $Fi$ nd $v$ , $p$ and $\Omega(t)$ sat $is$ fy $i$ ng (1) $-(2)$ under the assumpt ions
$t$ hat both $S_{F}(t)$ and $S_{B}$ are compact, and $U=1/1x|$ with the origi $n$

of coordinates lying in $S_{B}$ .

(111) Fi nd $v$ , $p$ and $\Omega(t)$ sat $i$ sfy $i$ ng (1) $-(2)$ under the assumpt ions

that $S_{F}(t)is$ compact, $S_{B}=\phi$ and $U=]_{\Omega(t)} \frac{dg}{|x-g|}$ .

As us ual, we $i$ ntroduce the character $i$ st $ict$ rans format $i$ on $\Pi_{\epsilon}^{\chi}$ : $xarrow\xi$ ,

(3) $x=\xi+I_{0}^{t}u(\xi, \tau)d\tau\equiv X_{u}(\xi, t)$ , $u(\xi, t)=\Pi_{\epsilon}^{x}\iota)(x, t)$ ,

whi ch is $one-to$ -one mappi ng from $\Omega(t)$ onto $\Omega$ for each $t>0$ because
of the boundary conditions in (2) under the suitable smoothness assumption

of $v$ . By th is mappi ng $\prod_{\xi}^{\chi}$ (1) $-(2)$ is $t$ rans formed $i$ nto the equat ions

(4) $\{\begin{array}{l}\frac{\partial u}{\partial t}+\nabla_{u}q=g\nabla_{u}U(u)\nabla_{u}\cdot u=0(\xi\in\Omega,t>0)q-(\xi\in S_{F},t>0),u\cdot n^{tu)}=0(\xi\in S_{B},t>0)u|_{\ell=0}=v_{0}(\xi\in\Omega)\end{array}$

where $q(\xi, t)=\Pi_{\xi}^{\chi}p(x . t)$ , $(p_{e}^{(u)}, U^{tu)})(\xi, t)=(p_{e}, U)(X_{u}(\xi, t)$ ,

$t)$ , $n^{tu)}(\xi, t)=n(X_{u}(\xi(u) t));\nabla_{u}=\varphi^{(u)}\nabla$, $\nabla-=(\nabla_{1}, \nabla_{2}, \nabla_{3})$ , $\nabla_{j}=$

$\partial/\partial\xi_{j}(i=1,2,3)$ , $\varphi$ $=^{t}(\partial X_{u}/\partial\xi)^{-1}---(\delta_{j}$ん十$I_{0}^{t}\nabla_{j}u_{k}d\tau)^{-1}$ $(cf. [5])$ .
Now we $i$ ntroduce the $f$ unc $t$ ion spaces. Let $G$ be a domai $ninR^{3}$ and

$l$ be non-negat $i$ ve. By $C^{l}(G)$ and $W_{p}^{\ell}(G)(p>1)$ we mean the usual

Holder and $Sobolev-Slobo\det ski_{1}^{\vee}$ spaces, respectively. Let $X$ be a Banach
space, $k$ be a non-negative integer and $T>0$ . By $C^{\prime\zeta}([0, T];X)$ and
$L^{\infty}(0,7^{\cdot};X)$ we mean, respectively, the spaces of all X-valued func-

$t$ ions $u(t)$ whi ch belong to $C^{k}([0, T])$ and $L^{\infty}(0, T)$ . The same
notat $i$ on wi 11 be used for the spaces of vec tor fi elds, the norms of a
vector supposed to be equal to the sum of the norms of all its components.
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Since the problems $([)-(1\mathbb{I})$ can be $di$ scussed $in$ a $si$ mi lar way, here

we confine ourselves to the problem of type (1).

The follow $i$ ng is our mai $n$ result:

Theorm: Let $g$ and $p_{e}$ be positive constants, $T>0$ and $0<\alpha<1$ .
Suppose that $S_{F}\in C^{3+a}$ and $s_{B}\in C^{4+a}$ be located in $\{x\in R^{3}|x_{3}\geqq 0\}$

$\cap\{(x’, b)||x’|>K\}$ and $\{x\in R^{3}|x_{3}\leqq-h\}\cap\{(x’ , -h’)||x’|>K\}$

for some non-negative constant $b$ and positive constants $h$ , $h’$ and $K$ ,

respect $i$ vely. Then for any $v_{0}\in C^{2+a}(\Omega)$ wi th $\nabla\cdot v_{0}=0$ in $\Omega$ and

$v_{0}\cdot n|_{S_{B}}=0$
, there ex $i$ st $s$ a solut $i$ on $(u, q)$ to the probl em (4) such

that $u\in C([0, T^{*}];C^{2+a}(\Omega))$ , $u_{t}\in L^{\infty}(0, T^{x} ; C^{1+a}(\Omega))$ and
$q\subset L^{\infty}(O, T^{*} ; C^{2+a}(\Omega))$ for some $T^{x}\in(0, T$ ].

The solution to the free boundary problem (1) $-(2)$ is given by

(5) $(v, p)(x, t)=(u, q)(X_{u}^{- 1}(x, t),$ $t$ ), $\Omega(t)=X_{u}\Omega$ .

Remarks: (i) The before-ment ioned theorem wi th the Ho lder spaces
$C^{k+a}(\Omega)$ replaced by the Sobolev-Slobodetski $\vee 1$ spaces $W_{Y^{+}}^{k\iota}(\Omega)(r>1$ ,

$l> \max(0,3/r-1))$ can be proved only $in$ the case $S_{B}=\phi$ . When
$S_{B}\neq\phi$ , the problem is open. On the other hand for the probl ems of type

(II) and (III) the $simi$ lar result $s$ as above hold not only $in$ the Ho lder
spaces but also in the $Sobolev-Slobo\det ski_{1}^{\vee}$ spaces with respect to the
space variables.

(ii) The problem of the uniqueness of the solution is still open.

In 1982 Ton obtained in [6] the same result as the above theorem in

case $S_{B}=\{x\in R^{3}|x_{3}=0\}$ by us $i$ ng Nal $i$ mov’ $sres$ ult ([2]). The a $im$ of

the present paper is to improve his result. In 1987 Ebin ([1]) gave an
example of the initial data for wh $i$ ch the problem (1) $-(2)$ of type (III)

with $\varphi=0$ is not well-posed. However, the solution that he constructed

does not belong to our solut $i$ on space. Therefore our $res$ ult does not con-
tradict his.

\S 2. Linearized problem
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In this section we consider the linearized problem of (4) :

(6) $\{\begin{array}{l}\frac{\partial u}{\partial t}+\nabla_{w}q---ge)\nabla_{\mathcal{U}J}\cdot u=0inQ_{\tau}----\Omega\cross(0,T)q=p_{e}onS_{FT}^{\tau}\equiv S_{F}^{\tau}\cross(0,7^{\backslash })u\cdot n---0)on\overline{6}_{B\Gamma}^{\tau}\equiv S_{B}\cross(0,T)u|_{t=0}--- v_{0}on\Omega\end{array}$

for a $suit$ ably $gi$ ven $\iota,0$ (see below), where $e=^{t}(0,0,1)$ .
I $tis$ eas $i$ ly seen that $ifw\in C(\lfloor 0, T$ ] $;C^{1+a}(\Omega))$ sat $is$ fy

(7) $T\Vert w_{1}^{1}|C([0, T] ; C^{1+a}(\Omega))\leqq\delta<\delta_{0}$

and $w^{\sim}\cdot n(X_{w}^{-1})=0$ on ”:
$BT$

$tv(x\sim, t)=w(X_{\ell v}^{-1}(\xi, t),$ $t$ ), where $\delta_{0}$

bei ng the pos $iti$ ve root of $1-3x-6x^{2}-6x^{3}=0$ , then $\wp^{(w)}f$ $is$ well-

defined and the following inequalities hold for some constant $C_{1}$ inde-
pendent of $t$ (see, [5]):

(8) $\{\begin{array}{l}||I-\varphi^{\langle w)}\Vert C([0,t],C^{\alpha}(\Omega))^{\leqq C_{1}}\delta^{2}||\frac{\partial}{\partial t}\varphi^{tw}\Vert C(L\ulcorner 0,t]\cdot,C^{a}(\Omega))^{--C_{1}\Vert w\Vert}C([0\leq,t]\cdot.C^{1+a}(\Omega))\end{array}$

$(\forall t\in(0, T))$ .

Theorem $A$ : Let $v_{0}$ , $p_{e}$ , $S_{F}$ and $S_{B}$ be as in Theorem. Suppose

that $w\in C([0, T];C^{3+\alpha}(\Omega))r)C^{1}([0, T];C^{2+a}(\Omega))$ sat $is$ fy $w|_{t=0}=$

$=v_{0}$ ,
$w\cdot n(X_{w}^{-1})|_{S_{BT}},=0$ and the $i$ nequal $ity$

(9) $T\{\Vert w\Vert+\Vert w,$$\Vert C([0, T] ; C^{3+a}(\Omega))C([0, T] ; C^{2+a}(\Omega))^{\}\leqq\delta<\delta_{0}}$

Then there exists a $unique^{\backslash }$ solution $(u, q)$ to the initial-boundary value
problem (6) such that

$u\in C^{1}([0, T];C^{2+a}(\Omega))$ , $q\in C([0, T];C^{3+a}(\Omega))$ .

As preliminaries we consider the linear problem:



241

(10) $\{$
$\frac{\partial u}{\partial t}+_{T}\nabla_{=}q-fq|q_{e}^{--}S_{F}u\cdot n|^{u_{\overline{6}_{B}^{\backslash }}^{--}}=if^{n}\nabla\cdot--\rho_{T}i$ $Q_{T}u|_{t=0^{-}}-=u_{0}$

on $\Omega$ .
’

Lemma: Let $S_{F}$ and $S_{B}$ be as in Theorem. Suppose that

$f\in C$ $(\lfloor 0, T$ ] ; $C^{2+a}(\Omega))$ , $\rho\epsilon--- C^{1}([0, T] ; C^{1+a}(\Omega))$ ,

$q_{e}\in C([0, T];C^{3+a}(S_{F}))$ and $d\in C^{1}([0, T];C^{1+a}(S_{B}))$ . Then for
any $u_{0}\in C^{2+\alpha}(\Omega)$ sat $is$ fy $ingt$ he condi $ti$ ons $u_{0}\cdot n|_{S_{B}}=d|_{\ell=0}$ and

V $u_{0}=\rho|_{t=0}$ there ex $i$ st $s$ a un $i$ que solut $i$ on ( $u$ , q) of (10) $s$ uch $t$ hat

$i^{U}P_{l}(u, q ; t)---\Vert u\Vert C^{1}(||^{-}\llcorner 0, t]$ ; $C^{l}+(\Omega))^{-\vdash}C([0||q\Vert t] ; C^{t+2+a}(\Omega))\leqq$

$\leqq C_{2}\{\Vert f\Vert C([0, t] ; C^{l+1+a}(\Omega)) \}$ -\Vert $\rho\Vert C^{1}([0, t] ; C^{t+a}(\Omega))^{+}$

$-\vdash\Vert q_{e}\Vert C$ $([0, t] ; C^{l+2+\alpha}(S_{F}))$ $-\vdash\Vert d\Vert C^{1}([0, t\lrcorner^{\urcorner};C^{l+1+a}(S_{B}))^{-+}$

$\}$ -\Vert $u_{0}\Vert_{C^{l+\iota+a}(\Omega))}$ } $(l=0,1 ; \forall t\in(O, T))$ .

The constant $C_{2}$ is independent of $t$ .

Proof. I $nt$ he same way as $in$ [6], $t$ he solut $i$ on $(u, q)$ of (10) $isgi$ ven
$in$ the form $u=u’+u”$, $u’$ $($ : , $t)=\nabla\varphi(\xi, t)-\nabla\varphi(\xi, 0)+u_{0}(\xi)$ ,

$u”( \xi, t)=I_{0}^{t}(f-\nabla q-\frac{\partial u’}{\partial\tau})d\tau$ , where $\varphi$ and $q$ are, respect $i$ vely,

solutions to the boundary value problems

(11) $\Delta\varphi=\rho$ . $in$ $\Omega$ ,
$\varphi|-=0S_{F^{-}}$ $n\cdot\nabla\varphi|=dS_{B}$

and

(11) $\Delta q=\nabla\cdot f-\rho_{t}$ $in\Omega$ ,
$q|_{S_{F}}=q_{e}$

,
$n\cdot\nabla q|_{S_{B}}=f\cdot n-d_{t}$ .

The unique existence of the solutions to (11) and (11) and the estimates
for $\mathscr{P}_{l}$ $(l=0,1)$ are well-known from the general boundary value problem

for the elliptic system (cf. [3]). $\square$
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Proof of Theorem A. We use the successive approximation method. Let
$(u^{0} , q^{0} )$ be the solut $i$ on cf (10) $wi$ th $(f, \beta, q_{e} , d, u_{0})\equiv(0,0, p_{e} , 0, v_{0})$

and $(u^{k}, q^{k} )$ be the solution of the initial-boundary value problem

(12) $\{\begin{array}{l}\frac{\partial u^{k}}{\partial t}\vdash\nabla q^{k_{-}}---ge+(I-\varphi^{(pv)})\nabla q^{k- 1}--- f^{k}inQ_{T}\nabla\cdot u^{-}--(I-\mathscr{G}^{tw)})k\nabla\cdot---\rho^{k}inQ_{T}q^{k}=p_{e}^{(1v)}on6_{F\mathcal{T}}u^{k}\cdot n(\xi)---u^{k- 1}\cdot(n(X_{u}(\xi,t))-n(\xi))^{-}--- d^{k}onS_{B.T}u^{k}|_{t=0}---v_{0}on\Omega(k--1,2,3,\cdots)\end{array}$

Lemma guarantees the existence of $(u^{\text{ん}}, q^{k})(k=0,1,2, \cdots)$ . Evaluat ing

each term in the right hand side with the help of (8) and

$\Vert w\Vert C([0, t] ; C^{2+a}(\Omega))C([0\Vert u|^{1}| t] ; C^{2+a}(\Omega))^{\leqq}$

$\leqq C_{3}t\{\Vert w\Vert C([0, t] ; C^{3+a}(\Omega))^{+||w,\Vert}C([0, t] ; C^{2+a}(\Omega))^{\}\cross}$

$\cross\{\Vert u, \Vert C([0, t] ; C^{2+a}(\Omega))^{+\Vert}t)0\Vert\}\dashv- C_{4}\Vert v_{0}\Vert^{2}C^{2+\alpha}(\Omega)C^{2+a}(\Omega)$

obt ai ned $f$ rom the $initi$ al cond $it$ ions $w|_{t=0}=u|_{t=0}=n_{0}$ , we get

(13) $\mathscr{P}_{1}(u^{k}, q^{k} ; t)+\Vert u_{0}\Vert\leqq C^{2+a}(\Omega)$

$\leqq C_{5}t\{\Vert u$) $\Vert C([0, t] ; C3^{-+}+a(\Omega))C([0|_{1}|w_{t}\Vert t^{\neg}-\rfloor ; C^{2+\alpha}(\Omega))^{\}}\cross$

$\cross\{\mathscr{P}_{1} (u^{k-1}, q^{k-1}. ; t)+\Vert v_{0}\Vert_{C^{2+\alpha}(\Omega)}\}+C_{6}$ $(\forall t\in(O, T))$ .

Then the sequence $\{(u^{k}, q^{k})\}_{k=0}^{\infty}$ is well-def $i$ ned and converges prov $i$ ded
$t$ hat $T$ $is$ chosen so small (say, $T_{0}$ ) $t$ hat $t$ he $i$ nequal $ity$ $C_{5}\delta\leqq$

$1-C_{6}/M$ for anv fixed $M>C_{6}$ . I $n$ fact, the convergence $res$ ults from

the $i$ nequal $i$ ty der $i$ ved $f$ rom (13) $wi$ th $($ ?, $p_{e})=(0,0)$ and $v_{0}\equiv 0$ :

(14) $\mathscr{P}_{1}(u^{k}-u^{k}-1$ , $qk-$ $qk-1$ ; $t)\leqq C_{5}\delta \mathscr{P}_{1}(u^{k}-1-u^{k}-2$ $Q$

ん $-1-qk-2$ ; $t)$ .
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Hence $\Sigma_{k=1}^{\infty}\mathscr{P}_{1}$ $(u^{k}-u^{k- 1}, q^{k}-q^{k-1} ; t)<\infty(0<t<T_{0})$ becaus $e$

$C_{5}\delta<1$ . Namely, we can $fi$ nd $t$ he 1 $imitf$ unct $i$ on $(u, q)$ such that
$u^{k}-arrow u$ $inC^{1}([0, t];C^{2+a}(\Omega))$ , $q^{k}-q$ $inC([0, t];C^{3+a}(\Omega))$

as $karrow\infty$ for $0<t<T_{0}$ .
I $tistrivi$ al to check $t$ hat $(u, q)$ $is$ a solut $i$ on to (6) on $(0, T_{0})$ .

Thi $s$ sol ut ion can be extended on any ti me $i$ nterval $(0, T)$ by the st an-
dard method (cf. [4]). The uni queness follows $f$ rom (14) as usual. $\square$

$\underline{Remark}$ : Under the weaker cond $it$ ion $T\{\Vert w\Vert_{C}([0, T];C^{2+a}(\Omega))+$

$+\Vert w_{t}\Vert_{C([0}T];C^{1+a}(\Omega))^{\}}\leqq\delta$ , $si$ mi 1 ar $i$ nequal $i$ ty to (13) holds:

(13) $J_{0}o(u^{k}, q^{k} ; t)+\Vert v_{0}\Vert\leqq C^{1+\alpha}(\Omega)$

$\leqq C_{5}’t\{\Vert w\Vert C([0, t] ; C^{2+a}(\Omega))^{+\Vert w_{t^{1^{1}}}1}C([0, t] ; C^{1+a}(\Omega))\}\cross$

$\cross\{\mathscr{P}_{0}(u^{k-1}, q^{k-1} ; t)+\Vert v_{0}\Vert\}+C_{6}’C^{1+\alpha}(\Omega)$

\S 3. A priori estimates
For the nonlinear problem it is necessary to get the a priori estimates

for the solution to problem (6) under the weaker hypothesis on $w$ (cf. [6]).

Theorem $B$ : Let $(v_{0}, p_{e}, S_{F}, S_{B})$ be as $in$ Theorem A. Suppose that
(i)

$T_{\sim}\{\Vert w\Vert+\Vert w_{t}|^{1}|C([0, T] ; C^{2+a}(\Omega))L^{\infty}(0, T. C^{1+a}(\Omega))^{\}\leqq\delta<\delta_{0}}$

$(|i)$ $w\cdot n(X_{w}^{-1})|$ $=0$ , $w|_{t=0}=v_{0}$ on $\Omega$ .
$S_{B}T$

Let $(u, q)$ be a so’lution to the initial-boundary value problem (6) with
$u\in C([0, T];C^{2+a}(\Omega))$ , $u_{t}\in L^{\infty}(0, T;C^{1+a}(\Omega))$ and
$q\in L^{\infty}(O, T;C^{2+a}(\Omega))$ . Then the followi ng est $i$ mates hold:

(15)
$\{\begin{array}{l}||_{\mathcal{U}}(\cdot,t)\Vert.\leqq(1+||v_{0}\Vert)C^{2+\alpha}(\Omega)C^{2+a}(\Omega)exp\ulcorner\lfloor tu(t)]||u_{t}(\cdot,t)||+||q(C^{1+\alpha}(\Omega)t)\Vert\leqq C^{2+\alpha}(\Omega)\leq--C_{7}(1+|||v_{0}|||C^{2\star a}(\Omega)^{)}u(t)exp_{\llcorner}^{r}|tu(t)]\end{array}$

where $u(t)=C_{8}(1+\Vert.w\Vert_{C(\dot{\lfloor}0} t];C^{2+\alpha}(\Omega)))$ , and $C_{7}$ , $C_{8}$ are
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constants depending on $\delta$ but not on $t<T$ .

Proof. Fi rs $t$ of all, let $w$ sat is fy the condt ion

$(|)$
$T\{\Vert w\Vert+\Vert w_{t}\Vert C([0, T^{-}\lrcorner|;C^{3+\alpha}(\Omega))L^{\infty}(0, T;C^{2+\alpha}(\Omega))\}\leqq\delta<\delta_{0}$ ,

$in$ place of (i). By goi ng back to the x-var $i$ ables and then $t$ ak $i$ ng the

divergence, we get

(16) $\{\begin{array}{l}\Delta p----\sum_{ij=1,\prime}^{3}\nabla_{p}.w_{j}\cdot\nabla_{j}v_{i}(x\in X_{w}\Omega\equiv\Omega(t))p---p_{e}(x\in X_{wF^{--}}S---- S_{F}(t)),n\cdot\nabla p----(w^{\sim}\cdot\nabla)n-9n_{3}(x\in S_{B})\end{array}$

where $(v, p)(x, t)=(u, q)(X_{w}^{-1}(x, t),$ $t$ ), bec ause $w\cdot\nabla ist$ he

tangential derivative on $S_{B}$ according to the hypothesis (ii). For this

problem it is well-known (cf. [3]) that the following inequality holds
$wi$ th $t$ he help of (8) and $(i)^{}$ :

(17) $\Vert p(\cdot, t)\Vert+C^{3+a}(\Omega(t))||q(\cdot, t)\Vert\leqq C^{2+\alpha}(\Omega)$

$\leqq C_{9}(\delta)\{1+\Vert u)(\cdot, t)\Vert\Vert v(C^{2+a}(\Omega) t)\Vert\}C^{2+a}(\Omega)$

Next extending $w$ to $R^{3}$ , we define $w^{\epsilon}$ as the average of $w$ with

an $i$ nfinitely di fferent $i$ able kernel depend $i$ ng only on $\xi$ (cf. [4]). Then
$w^{\epsilon}\in C([0, T];C^{3+\alpha}(\Omega))$ , $w_{t^{\epsilon}}\in L^{\infty}(0, T;C^{2+\alpha}(\Omega))$ . Moreover, $w^{\epsilon}arrow w$

$inC([0, T];C^{2+a}(\Omega))$ , $w_{t^{\epsilon}}arrow w_{t}$ $inL^{\infty}(0, T;C^{1+\alpha}(\Omega))$ . We $t$ ake
$T_{1}>0$ so that

$T_{\epsilon}\{\Vert w^{\epsilon}\Vert C$ $([0, T_{\epsilon}] ; C^{3+\alpha}(\Omega))^{+\Vert w_{t^{\epsilon}}\Vert}L^{\infty}(0, T_{\epsilon} ; C^{2+\alpha}(\Omega))^{\}\leqq\delta<\delta_{0}}$

Then the equation correspondi ng to (6) becomes

$\epsilon$

$\{\begin{array}{l}\frac{\partial v}{\partial t}+(w^{\sim_{\epsilon}}\cdot\nabla)v^{\epsilon}=-\nabla p^{\epsilon}-?e\equiv f^{\epsilon}v^{\epsilon}|_{t=0}=v_{0}(x\in\Omega)\end{array}$

$\nabla\cdot v^{\epsilon}=0(x\in X_{w^{\epsilon}}\Omega, t>0)$ ,
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Here $p^{\epsilon}$ is the solution of (16) with $w=w^{\epsilon}$ .

Returning to the $\xi$ -variables, we obtain

$u^{\epsilon}(\xi, t)=v_{0}(\xi)+\downarrow_{0}^{\backslash t}F^{\backslash }\epsilon(\xi, \tau)d\tau$ , $F^{\epsilon}(\xi, t)=f^{\epsilon}(X_{u^{\iota}}.’ t)$ ,

wh $i$ ch $i$ mpl $i$ es, $witht$ he help of (17) and $t$ he Gronwall $i$ nequal $ity$ ,

(18) $\Vert u^{\epsilon}(\cdot, t)\Vert\leqq C^{2+a}(\Omega)$

$\leqq(1+\Vert v_{0}\Vert)C^{2+a}(\Omega)\exp\{C_{10}(\delta)t(1-\vdash\Vert w\Vert C([0, t];C^{2+a}(\Omega))^{)\}}$

for any $t\in(O,$ $T_{\epsilon}\rfloor$ . Here $C_{10}$ does not depend on $\epsilon$ and $t$ . Now we do

1 he $s$ ame argument on [7;, $T_{2}$ , $\rfloor$ and a $ft$ er a $finite$ number of $st$ eps $N_{\epsilon}$

$(\leqq[T/T_{\epsilon}\rfloor-\vdash 1)$ , we $fi$ nally arr $i$ ve at $t$ he es $ti$ mat $e$ (18) on $[0, T]$ .

Let ti ng $\epsilon-0$ we obtai $n$ the des $i$ red est imate (15).

From (15) 1 and (17) we have

(19) $\Vert q(\cdot, t)\Vert\leqq C^{2+a}(\Omega)$

$\leqq C_{9}(\delta)\{1+\Vert w\Vert C([0, T];C^{2+a}(\Omega))(1+\Vert v_{0}|I)C^{2+\alpha}(\Omega)\exp [ tu(t)]\}$

$\leqq C_{11}(\delta)(1+\Vert v_{0}\Vert_{C^{2+a}(\Omega)})u(t)\exp[ t\mathfrak{U}(t)]\}$ .

The est $i$ mat $e$ for $\Vert u(\cdot, t)\Vert_{C^{1+\alpha}(\Omega)}$ eas $i$ ly follows $f$ rom (6), (8) and
(19). $\square$

\S 4. Proof of Theorem

We begin with preparing the extended version of Theorem $A$ :

$1^{i}heoremC$ : Under the hypotheses in Theorem $B$ , there exists a unique

solution $(u, q)$ to the initial-boundary value problem (6). Moreover,

$t$ he sol ut $i$ on sat $isfi$ es the $i$ nequal $ity$ (15) for any $t\in(O, T)$ .

Proof. Ex $t$ end $w\in C([0, T];C^{2+a}(\Omega))with$ $w_{t}\in L^{\infty}(0, T;C^{1+\alpha}(\Omega))$

to $R^{3}$ . Let $w^{\epsilon}$ be $t$ he same $f$ unc $ti$ on as that $int$ he proof of Theorem B.
Accord $i$ ng to Theorem $A$ , $t$ here ex $ists$ a un $i$ que sol ut $i$ on $(u^{1}, q^{\epsilon})$ to $t$ he
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problem (6) with $w$ replaced by $w^{\epsilon}$ . Theorem $B$ implies that the inequal-

$i$ ty (15) holds for $(u^{\epsilon}, q^{\epsilon})$ wi th $w$ replaced by $w^{\epsilon}$ , namely,

$\Vert u^{\epsilon}\Vert C([0, t] ; C^{2^{+}}+(\Omega))L^{\infty}(0||u_{t^{\epsilon}}\Vert t ; C^{1+\alpha}(\Omega))^{+}$

$+\Vert q^{\epsilon}\Vert L^{\infty}(0, t ; C^{2+a}(\Omega))\leqq M$
$(\forall t\in(0, T))$

for some pos $iti$ ve const ant $Mi$ ndependent of $t$ and $\epsilon$ . Th $isyi$ elds

(20) $\Vert u^{\epsilon}\Vert_{C^{\beta}([0}$

$t$ ] $;C^{1+a}(\Omega))\leqq M’$
$(\forall t\in(O, T))$

for any $\beta$ , $0<\beta<1$ , and some positive constant $M’$ indedependent of $t$

and $\epsilon$ . Taking a subsequence if necessary, we have $u^{\epsilon}arrow u$ , $q^{\epsilon}arrow q$ in
the weak* topology of $L^{\infty}(0, T;C^{2+\alpha}(\Omega))$ , $u_{t^{\epsilon}}arrow u_{t}$ $in$ the weak* topo-

logy of $L^{\infty}(0, T;C^{1+\alpha}(\Omega))$ as $\epsilonarrow 0$ . I $tis$ obv ious that

$\{\begin{array}{l}||u(\cdot,t)\Vert\leqq(1+||C^{\tau^{2+\alpha}}(\Omega)v_{0}\Vert C^{2+\alpha}(\Omega)^{)}exp[tu(t)]||u_{t}(\cdot,t)||+-||q(C^{1\star a}(\Omega)t)\Vert\leqq C^{2+a}(\Omega)\leqq C_{7}(1+||v_{0}||C^{2+a}(\Omega)^{)}u(t)exp[tu(t)]\end{array}$

From (20) $u^{\epsilon}$ also converges to $u$
$inC^{\beta’}([0, t];C^{1+\alpha’}(\Omega))$ for any

$\beta’\in(0, \beta)$ and $\alpha’\in(0, \alpha)$ . Using this and the interpolation inequal-

$i$ ty $in$ the Ho lder spaces, we obt ai $nu^{\epsilon}arrow u$ $inC([0, T];C^{2+a}(\Omega))$ .
Therefore, by pass $i$ ng to the 1 imi $t$ , it is clear $t$ hat $(u, q)$ is a
solut ion of (6). The convergence of $(u^{\epsilon}, q^{\epsilon})$ to $(u, q)$ as $\epsilonarrow 0is$

indeed valid without taking a subsequence, since the uniqueness of the

solut ion can be establ $i$ shed $in$ the followi ng way. Let ( $u$ , q) be a
so lut $i$ on of (6) wi th $(g, p_{e})=(0,0)$ , $v_{0}\equiv 0$ . Then (13) $yi$ elds that

$\mathscr{P}_{0}$ $(u, q ; t)\leqq \mathscr{P}_{0}(u, q ; t)/2$ $(0<t<T_{0}’)$ for some con $st$ an $t$ $T_{0}’>0$ .
This means $(u, q)=0$ on $(0, T_{0}’)$ . After repeating this step, we
$fi$ nally conclude $(u, q)=0$ on $(0, T)$ . $\square ^{1}$

Now we $t$ urn to prove our mai $n$ theorem. Let $(u^{0}, q^{0})$ be the solut ion
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of (10) $with(f, \beta, q_{e}, d, u_{0})=(-ge, 0, p_{e}, 0, v_{0})gi$ ven $in1_{1}emma$ .

Lemma also says that there exists a positive constant $K(>1)$ such that

(21) $||_{\mathcal{U}_{1}}^{0_{1}}|C([0, t];C^{2+a}(\Omega))\leqq K$
$(\forall t\in--(0, T))$ .

Let $T^{*}$ be a positive number such that

(22) $2T^{*}(1+\Vert v_{0}\Vert_{C^{2+\alpha}(\Omega)})^{2}\exp\{C_{8}[(2+K)T^{x}-\vdash C_{10}+\delta_{0}]\}\leqq\delta<\delta_{0}$ .

Such a $T^{*}$ really ex $is$ ts. Then let $(u^{k}, q^{k})$ be the so 1 ut $i$ on to the
initial-boundary value problem (6) wi th $w=u^{k- 1}$ and $T=T^{x}$

$(k=1,2,3, \cdots)$ . Theorem $Ci$ mpl $i$ es, by $vi$ rt ue of (21) and (22), that
$(u^{1}, q^{1})$ ex $ists$ and sat $isfi$ es the $i$ nequal $iti$ es

$\{\begin{array}{l}||u_{|}^{1_{|}}|C([0,t]\cdot,C^{2+\alpha}(\Omega))^{=}C^{2+a}(\Omega)<(1+||v_{o^{|}}^{|}|)exp\ulcorner\llcorner C_{8}(1-\vdash\Lambda’)t]|^{|}\}L^{\infty}(0,tC^{1+a}(\Omega))^{+}|||q^{1}\Vert L^{\infty}(0,tC^{2+\alpha}(\Omega))\leq_{-}-\leq_{-}-C_{8}C_{10}(1-\vdash|^{|}||v_{0}|^{|}|)(1\dashv C^{2+\alpha}(\Omega)- K)exp\lfloor C_{8}(1+K)t]\end{array}$

Therefore $f$ rom (22) it follows $t$ he hypothes is (i) in Theorem I; for $u^{1}$

and $T=T^{*}$ . Then we may apply Theorem $C$ aga $in$ so $t$ hat $(u^{2}, q^{2})$

exists and satisfies the inequalities

$|||u^{2}\Vert$ $\leqq$

$C([0, t];C^{2+a}(\Omega))$

$\leqq(1+\Vert v_{0}\Vert_{C^{2+a}(\Omega)})\exp[C_{8}(1+\Vert u^{1}\Vert_{C([0} t];C^{2+\alpha}(\Omega))^{)}t]$

$\leqq(1+\Vert v_{0}\Vert_{C^{2+a}(\Omega)})\exp[C_{8}(t+\delta)]$ ,

$||u_{t}^{2}\Vert L^{\infty}(0, t ; C^{1+\alpha}(\Omega))L^{\infty}(0+\Vert q^{2}\Vert t ; C^{2+a}\backslash (\Omega))\leqq$

$\leqq C_{8}C_{10}(1-\vdash|^{1}|v_{0}\Vert C^{2+a}(\Omega)^{)}(1+i|u^{1}\Vert_{C([0} t];C^{2+a}(\Omega)))\exp\lfloor C_{8}(t-\vdash\delta)\rfloor$

$\leqq C_{8}$ C. $0(1+\Vert v_{0}\Vert_{C^{2+a}(\Omega)})^{2}\exp\{C_{8}[(2+K)t+\delta_{0}]\}$ $(\forall t\in(O, T^{*}))$ .

Whence aga $in$ for $t<T^{x}witht$ he same $T^{X}$ as before $t$ he hypot hes $is$ (i)
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$in$ Theorem $Bis$ sat $isfi$ ed for $u^{2}$ . By $i$ nduc $ti$ on $(u^{\text{ん}}, q^{k})$ for all $/k$

exist and satisfy the inequality

$|^{1^{1}}|u^{k}\Vert C(\lfloor 0, t];C^{2+a}(\Omega))^{-\vdash!1u_{t}^{k}}$ il $L^{\infty}(0, t ; C^{1+a}(\Omega))^{+}$

$+\Vert q^{k}$ il $L^{\infty}(0, t ; C^{2+a}(\Omega))^{--K’}\underline{<}$
$(\forall t\epsilon_{-}^{-}(0, T^{x}))$ .

The constant $K’$ is independent of $t$ and $k$ . Letting $k-\geq\infty$ and an
argument as in the proof of Theorem $C$ give the existence of a solution
( $u$ , q) of (4) $wi$ th all $st$ at ed propert $i$ es. $0$
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