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On Geometries of Type $C_{3}$ and their Extensions
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Abstract

This is an extended and updated version of my earlier talks given in [Yo2] and
[Yo3]. After describing motivations of the investigation at some length, recent progress
in classification of flag-transitive $C_{3^{-}}$ and $C_{3}.c^{*}$-geometries is reported.

1. Fundamental Definitions and Examples.
As is always, I will begin by recalling some fundamental terminologies.

1.1 Notation. An incidence geometry over an ordered set $I=\{0, \ldots, r-1\}$ is a multi-
partite graph $\mathcal{G}=$ $(\mathcal{G}_{0}, , \mathcal{G}_{r-1})$ with (ordered) parts $\mathcal{G}_{i}$ indexed by $I$ , in which each clique
(usually called a flag) is contained in a maximal clique of size $r$ . For each flag $X$ , the subset
type(X) $:=\{i\in I|\mathcal{G}:\cap X\neq\emptyset\}$ of $I$ is the type of $X$ and its complement I-type(X) is the
cotype of $X$ .

The cardinal $r$ of $I$ is the rank of the geometry $\mathcal{G}$ . We usually use the term varieties to
refer to vertices of $\mathcal{G}$ , and two varieties are called incident if they are adjacent or coincide.
The varieties in $\mathcal{G}_{0}$ (resp. $\mathcal{G}_{1}$ and $\mathcal{G}_{2}$ ) are usually called points (resp. lines and planes).

Two geometries $\mathcal{G}$ and $\mathcal{H}$ over the same ordered set $I$ are called isomorphic if there is a
bijective map $f$ from $\mathcal{G}$ to $\mathcal{H}$ sending $\mathcal{G}_{i}$ to $\mathcal{H}_{i}$ for each $i\in I$ such that two varieties $x,$ $y$ of
$\mathcal{G}$ are incident in $\mathcal{G}$ iff $f(x)$ and $f(y)$ are incident in $\mathcal{H}$ . Two geometries $\mathcal{G}$ and $\mathcal{H}$ of rank
2 over the ordered set $I=\{0,1\}$ are called dual if there is a bijective map $f$ from $\mathcal{G}$ to $\mathcal{H}$

sending $\mathcal{G}_{0}$ (resp. $\mathcal{G}_{1}$ ) to $\mathcal{H}_{1}$ (resp. $\mathcal{H}_{0}$) such that two varieties $x,y$ of $\mathcal{G}$ are incident in $\mathcal{G}$ iff
$f(x)$ and $f(y)$ are incident in $Tt$ .

For a flag $X$ of cotype $J$ and an index $j\in J$ , we write $\mathcal{G}_{j}(X):=$ { $y\in \mathcal{G}_{j}|\{y,X\}$ is a flag}.
The subgraph of $\mathcal{G}$ induced on the set of varieties incident to every varieties in $X$ but not
in $X$ is a multi-partite graph with parts $\mathcal{G}_{j}(X)(j\in J)$ indexed by $J$ , and so it can be
thought of as an incidence geometry on $J$ . This is called the residue of (or at) $X$ in (or of)
$\mathcal{G}$ , and denoted by ${\rm Res}_{\mathcal{G}}(X)$ (or ${\rm Res}(X)$ for short when $\mathcal{G}$ is well understood). The cardinal
$|type(X)|$ is the corank of the residue ${\rm Res}(X)$ , and so ${\rm Res}(X)$ is a geometry of rank $|I|$ -the
corank of ${\rm Res}(X)$ .

Note that the ordering of $J$ is inherited from that of $I$ . Thus, for example, if we take a
flag $X$ of cotype $\{i,j\}$ with $i<j$ , the residue ${\rm Res}(X)$ is a multipartite graph $(\mathcal{G}:(X),\mathcal{G}_{j}(X))$

over $\{i,j\}$ , which is not, in general, isomorphic to the geometry $(\mathcal{G}_{j}(X), \mathcal{G}_{i}(X))$ over $\{j, i\}$ ,
the dual of ${\rm Res}(X)$ .
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If there exists a constant number $s_{i}$ such that there are exactly $s_{i}+1$ maximal flags
containing each flag of cotype $\{i\}$ , this number $S$: is called the i-th order of a geometry $\mathcal{G}$ .
A geometry $\mathcal{G}$ over $I$ is said to have orders if $s_{i}$ exist for all $i\in I$ . In this case, $(s_{0}, \ldots, s_{r-1})$

is called the order of $\mathcal{G}$ . If all orders are finite, $\mathcal{G}$ is said to be locally finite. A geometry
$\mathcal{G}$ is called thick (resp. thin) if there are at least three (resp. exactly two) maximal flags
containing each flag of corank 1.

The isomorphisms from a geometry $\mathcal{G}$ to itself form a group with respect to the compo-
sition of maps, which is denoted by $Aut(\mathcal{G})$ and called the (special) automorphism group of
$\mathcal{G}$ . If there is a homomorphism $\rho$ from a group $G$ to $Aut(\mathcal{G})$ , we say that $G$ acts on $\mathcal{G}$ (or $\mathcal{G}$

admits $G$) and the kernel of $\rho$ is called the kemel of the action. If a group $G$ acts on $\mathcal{G}$ , we
denote by $G_{X}$ the stabilizer of a flag $X$ , that is, the subgroup of $G$ of elements stabilizing $X$

globally. Since isomorphisms of $\mathcal{G}$ preserve each part $\mathcal{G}_{i},$ $G_{X}$ acts on the geometry ${\rm Res}(X)$ .
The kernel of this action is denoted by $K_{X}$ . That is, $K_{X}$ is the normal subgroup of $G_{X}$ fixing
each variety contained in $X$ , and hence $G_{X}/K_{X}$ is isomorphic to a subgroup ofAut(Res(X)).

A group $G$ is called flag-transitive on $\mathcal{G}$ if $G$ acts transitively on the set of maximal flags.
A geometry $\mathcal{G}$ is flag-transitive if it admits a flag-transitive group. If $G$ is flag-transitive then
the stabilizer $G_{X}$ is flag-transitive on ${\rm Res}(X)$ and so $G_{X}/K_{X}$ is a flag-transitive subgroup
of Aut(Res(X)). Furthermore, if $\mathcal{G}$ is flag-transitive, $\mathcal{G}$ has orders.

Now I will give standard examples of incidence geometries, some ofwhich will be analized
later.

1.2 Example (Projective spaces). Let $V$ be a (right) vector space over a division ring $K$

of dimension $r+1$ . Defining $\mathcal{G}$; as the set of $i+1$-dimensional subspaces of $V(i=0, \ldots , r-1)$

and incidence by (symmetrized) natural inclusion, we have a geometry $\mathcal{G}$ of rank $r\cdot$ . This is
called the projective space associated with $V$ , and denoted by PG(V). The automorphism
group $Aut(PG(V))$ is an extension of $PGL(V)$ by the group of field automorphisms, which
is flag-transitive on PG(V). The order of PG(V) is $(|K|, |K|, \ldots, |K|)$ .

1.3 Example (Finite classical polar spaces). Let (V, $f$ ) be one of the following pairs
ofa vector space overa finite field anda form on it.

$(W_{n-1})V$ is a vector space of dimension $n=2r$ over $GF(q)$ equipped with a non-degenerate
symplectic form $f$ (of Witt index $r$ ).

$(H_{n-1})V$ is a vector space of dimension $n$ over $GF(q^{2})$ equipped with a non-degenerate her-
mitian form $f$ (of Witt index $r=[n/2]$ ).

$(Q_{n-1})V$ is a vector space of dimension $n=2r+1$ over $GF(q)$ equipped with a non-singular
quadratic form $f$ (of Witt index $r$ ).

$(Q_{n-1}^{+})V$ is a vector space of dimension $n=2r$ over $GF(q)$ equipped with a non-singular
quadratic form $f$ of Witt index $r$ .
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$(Q_{n-1}^{-})V$ is a vector space of dimension $n=2(r+1)$ over $GF(q)$ equipped with a non-singular
quadratic form $f$ of Witt index $r$ .

For $i=0,$ $\ldots,$ $r-1$ , we define $\mathcal{G}_{i}$ to be the totally isotropic (or singular) subspaces of
dimension $i+1$ with respect to the form $f$ . By defining the incidence by inclusion, we
have a geometry $\mathcal{G}=W_{2r-1}(q)=(\mathcal{G}_{0}, \ldots, \mathcal{G}_{r-1})$ of rank $r$ if (V, $f$ ) is of type $W_{2r-1}$ , which
is called a symplectic polar space. Similarly, if (V, $f$ ) is of type $(H_{\mathfrak{n}-1})$ , setting $[n/2]=r$ ,
we have a geometry $\mathcal{G}=H_{2\tau-1}(q^{2})=(\mathcal{G}_{0}, \ldots, \mathcal{G}_{r-1})$ of rank $r$ , called a hermitian polar
space. For (V, $f$) of type $(Q_{2r})$ , we have a geometry $\mathcal{G}=Q_{2r}(q)=(\mathcal{G}_{0}, \ldots, \mathcal{G}_{r-1})$ of rank $r$ ,
called a neutml polar space. For (V, $f$ ) of type $(Q_{2r-1}^{+})$ (resp. $(Q_{2r+1}^{-})$ ), we have a geometry
$\mathcal{G}=Q_{2r-1}^{+}(q)=(\mathcal{G}_{0}, \ldots, \mathcal{G}_{r-1})$ of rank $r$ (resp. $\mathcal{G}=Q_{2r-1}^{-}(q)=(\mathcal{G}_{0},$

$\ldots,$
$\mathcal{G}_{r-1})$ of rank $r$ ),

called a hyperbolic polar space (resp. an elliptic polar space).
These five families of (finite) polar spaces are called classical polar spaces. Note that the

hyperbolic polar spaces $Q_{2r-1}^{+}$ are not thick, because there are exactly two totally singular
subspaces of dimension $r$ containing each totally singular subspace of dimension $r-1$ . We
can verify that the order of $W_{2r-1}(q)$ (resp. $H_{2r-1}(q^{2}),$ $H_{2r}(q^{2}),$ $Q_{2r}(q),$ $Q_{2r-1}^{+}$ , and $Q_{2r-1}^{-}$ ) is
$(q, \ldots, q, q)$ (resp. $(q^{2},$

$\ldots,$
$q^{2},$ $q),$ $(q^{2},$

$\ldots,$
$q^{2},$ $q^{3}),$ $(q,$ $\ldots,q,q),(q,$ $\ldots,q,$ $1)$ , and $(q,$ $\ldots,q,$ $q^{2})$ ).

The automorphism group of each polar space is the projective semi-linear classical groups
associated with (V, $f$) (that is, the groups of non-singular linear transformations on $V$ pro-
jectively preserving the form $f$ extended by the field automorphisms (if they exist)), which
acts flag-transitively on the polar space.

1.4 Buildings. The above examples 1.2, 1.3 (and also 2.2 and 2.3 below) belong to an
important class of geometry, called buildings. I omit to give a formal definition of buildings,
but you may consult [Ro] Chap.3 and [Til] Chap. 1-3).

It is shown by Tits [Til] that thick buildings of rank $r\geq 3$ and of “spherical type” should
be one of these classical geometries such as projective spaces in Example 1.2 (buildings of
type $A$), classical polar spaces in Example 1.3 (with some modification using sesquilinear
forms in the infinite case and some other geometries in the case of rank 3) (buildings of type
$B=C)$ and the geometries associated with hyperbolic polar spaces (buildings of type $D$) as
well as those related to exceptional simple algebraic groups of type $F_{4},$ $E_{6},$ $E_{7}$ or $E_{8}$ .

1.5 Example (A tower of classical extended polar spaces). Let $\Omega$ be a set of $2n+2$

letters with $n\geq 2$ , and define $\mathcal{G}_{i}$ to be the family of subsets of $\Omega$ consisting of $2(i+1)$ letters
$(i=0, \ldots, n-2)$ . We define $\mathcal{G}_{n-1}$ to be the set of all partitions of type $2^{n+1}$ of $\Omega$ . Incidence
is given by inclusion among varieties of $\bigcup_{i=0}^{n-1}\mathcal{G}_{i}$ and a subset $T \in\bigcup_{i=0}^{n-1}\mathcal{G}_{i}$ is incident to a
partition $\{T_{1}, \ldots,T_{n+1}\}\in \mathcal{G}_{n-1}$ whenever $T$ is a union of some $T_{i}$ and $T_{j}$ . The resulting
geometry is denoted by $S_{2n+2}$ .

2. Some geometries of rank 2.
Now let me recall some families of geometries of rank 2, importance ofwhich will be explained
in \S 3. First I introduce a geometry consisting vertices and edges of some (interesting) graphs.
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2.1 Definition (Vertex-Edge Geometry of a Graph). Let $\Gamma=(V, E)$ be a graph with
the sets $V$ and $E$ of vertices and edges, respectively. The geometry $\mathcal{G}(\Gamma)=\mathcal{G}=(\mathcal{G}_{0}, \mathcal{G}_{1})$ over
$\{0,1\}$ with $\mathcal{G}_{0}=V,$ $\mathcal{G}_{1}=E$ and incidence given by natural inclusion is called the vertex-edge
geometry of $\Gamma$ . Clearly $Aut(\mathcal{G}(\Gamma))$ coincides with the full automorphism group of the graph
$\Gamma$ . There are exactly two “points” incident to each “line” of $\mathcal{G}$ , and if $\Gamma$ is a graph of valency
$k$ , there are exactly $k$ “lines” incident to each ”point” of $\mathcal{G}$ . Thus, the geometry $\mathcal{G}(\Gamma)$ for a
regular graph $\Gamma$ of valency $k$ has order $(1, k-1)$ .

The point-edge graph of complete graphs and the Petersen graph are turned out to be
very important and now called circle geometry and the Petersen geometry. We denote by
$C_{n}$ the circle geometry with $n$ “points” (and so $n(n-1)/2$ “lines”) and by $\mathcal{P}$ the Petersen
geometry (with 10 ”points” and 15 “lines”). The circle geometry $C_{n}$ has order $(1, n-2)$ and
$Aut(C_{n})\cong S_{n}$ (the symmetric group of degree $n$ ). The Petersen geometry $\mathcal{P}$ has order $(1, 2)$

and $Aut(\mathcal{P})\cong S_{5}$ .
The next example is the most important family of geometries.

2.2 Definition (Generalized Polygons). Let $n$ be a natural number. A generalized
n-gon is a geometry $\mathcal{G}=(\mathcal{G}_{0}, \mathcal{G}_{1})$ of rank 2 with diameter $n$ and girth $2n$ , such that for every
vertex $x$ there is a vertex $y$ at distance $n$ from $x$ . The varieties in $\mathcal{G}_{0}$ and $\mathcal{G}_{1}$ are called points
and lines respectively.

In the above, the distance between two varieties of $\mathcal{G}$ are defined to be the length of a
shortest path joining them, the diameter is the maximum distance between two varieties of $\mathcal{G}$ ,
and the girth is the smallest number of varieties appearing in a circuit (without backtrack).
In particular, $\mathcal{G}$ is a connected bipartite graph, and hence $n\geq 2$ .

2.2 Generalized polygons with orders. It is not difficult to $veri\mathfrak{h}r$ that a generalized
n-gon has orders $(s,t)$ (that is, there are constant numbers $s$ and $t$ with $s,$ $t\geq 2$ such that
there are exactly $s+1$ points (resp. $t+1lines$) incident to each line (resp. point), where $s$

and $t$ are possibly infinite) if it is thick (that is, every variety $x$ of a generalized n-gon $\mathcal{G}$ is
incident to at least three varieties different from $x$). By the remarkable theorem of Feit and
Higman, if a generalized n-gon $\mathcal{G}$ has order $(s,t)$ with $s\geq 2$ and $t\geq 2$ then either $\mathcal{G}$ has an
infinite number of varieties or $n=2,3,4,6$ or 8.

On the other hand, even if we restrict our interests to finite generalized n-gons (that is,
those with finite number of varieties) having order $(s,t)$ , we cannot restrict $n$ if $s=1$ or
$t=1$ . An example of a generalized 2$n$-gon $\mathcal{F}$ of order (1, t) can be easily constructed as
follows starting from a generalized n-gon $\mathcal{G}$ of order $(t,t)$ : Let $\mathcal{G}$ be a generalized n-gon of
order $(s,t)$ in general. Define the POINTS of $\mathcal{F}$ as the varieties of $\mathcal{G}$ and define the LINES
of $\mathcal{F}$ as the maximal flags of $\mathcal{G}$ . Incidence is given by the natural inclusion. The resulting
graph $\mathcal{F}$ is the subdivision graph of $\mathcal{G}$ (that is, the graph obtained from $\mathcal{G}$ by recognizing
edges of $\mathcal{G}$ as new vertices), and hence we can easily verify that $\mathcal{F}$ is a generalized $2n$-gon
in which there are exactly two POINTS incident to a LINE (that is, $s=1$ ) and there are
exactly $(s+1)$ (resp. $(t+1)$ ) LINES incident to a POINT if it corresponds to a point (resp.
line) in $\mathcal{G}$ Thus if $\mathcal{G}$ has order $(t,t)$ , the generalized 2$n$-gon $\mathcal{F}$ has order $(1, t)$ .
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2.3 Geometric interpretations. For $n=2,3,4$ , the generalized n-gons has the following
geometric characterizations. Let $\mathcal{G}=(\mathcal{P}, \mathcal{L};*)$ be a geometry of rank 2.

(1) $\mathcal{G}$ is a generalized 2-gon if and only if $\Gamma(\mathcal{G})$ is a complete bipartite graph if and only if
$P*l$ for every points $P$ and every lines $l$ .

(2) $\mathcal{G}$ is a generalized 3-gon if and only if $\mathcal{G}$ is a (generalized) projective plane: that is,
there is a unique point (resp. line) incident with given two distinct lines (resp. points).

(3) $\mathcal{G}$ is a generalized 4-gon if and only if there is at most one line (resp. point) incident
with two distinct points (resp. lines) and for any point $P$ and an line $l$ not incident
with $P$ there exist a point $Q$ incident with $l$ and a line $m$ incident with $Q$ and $P$ .

2.4 Example (Desarguesian projective planes). Most popular explicit examples of
generalized 3-gons is the Desarguesian projective plane $PG(2, q)$ associated with the 3-
dimensional vector space $GF(q)^{3}$ over the finite field $GF(q)$ . This is the rank 2 case of the
example 1.1.

2.5 Example (Classical GQs). As for a generalized 4-gon, which we will call a generalized
quadrangle and abbreviate to GQ, the classical polar spaces in Example 1.2 give examples if
they are of rank 2. They are called the classical $GQ$. Explicitly, they consist of the following
five families, where $q=p^{e},$ $p$ a prime:

$W_{3}(q)$ The symplectic GQ $W_{3}(q)$ of order $(q, q)$ admitting the flag-transitive automorphism
group isomorphic to the projective symplectic group $PGSp_{4}(q)$ extended by the field
automorphism (of order $e$).

$H_{3}(q^{2})$ The Hermitian GQ $H_{3}(q^{2})$ of order $(q^{2}, q)$ admitting the flag-transitive automorphism
group isomorphic to the projective unitary group $PGU_{4}(q^{2})$ extended by the field
automorphism of order $2e$ .

$H_{4}(q^{2})$ The Hermitian GQ $H_{4}(q^{2})$ of order $(q^{2}, q)$ admitting the flag-transitive automorphism
group isomorphic to the projective unitary group $PGU_{5}(q^{2})$ extended by the field
automorphism of order $2e$ .

$Q_{4}(q)$ The neutral GQ $Q_{4}(q)$ of order $(q, q)$ admitting the flag-transitive automorphism group
isomorphic to the projective orthogonal group $PGO_{4}(q)$ extended by the field auto-
morphism of order $e$ .

$Q_{3}^{+}(q)$ The hyperbolic GQ $Q_{3}^{+}(q)$ of order $(q, 1)$ admitting the flag-transitive automorphism
group isomorphic to the projective orthogonal group $PGO_{4}^{+}(q)$ extended by the field
automorphism of order $e$ .

$Q_{5}^{-}(q)$ The elliptic GQ $Q_{4}^{-}(q)$ of order $(q, q^{2})$ admitting the flag-transitive automorphism
group isomorphic to the projective orthogonal group $PGO_{6}^{-}(q)$ extended by the field
automorphism of order $e$ .
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We can verify that the duals of $W_{3}(q)$ and $H_{3}(q^{2})$ are isomorphic to $Q_{4}(q)$ and $Q_{5}^{-}(q)$ ,
respectively. Note that the dual of a GQ of order $(s,t)$ is also a GQ of order $(t, s)$ . Sometimes
the dual of $Q_{3}^{+}(q)$ (of order (1, $q)$ ) and the dual of $H_{4}(q^{2})$ (of order $(q^{3},q^{2})$ ) are considered
to be in a class of classical GQs.

2.6 Example (Sylvester quadrangle). This was found by J.J.Sylvester in 1844. We
take a set $\Omega$ of letters 1, 2, ..., 6, and define $\mathcal{G}=(P,\mathcal{L};*)$ by $P=the$ transpositions on $\Omega$ ,
$\mathcal{L}=the2^{S}$-partitions on $\Omega,$ $and*$ : symmetrized inclusion. The symmetric group $S_{6}$ on $\Omega$

acts on $\mathcal{G}$ , which is transitive on the set of maximal flags. We can verify that $\mathcal{G}$ is a GQ of
order $(2, 2)$ . Drawing a picture (or e.g.[Ca] Theorem 7.1.3), it is not so difficult to establish
that there is a unique GQ of order $(2, 2)$ up to isomorphism. Thus we have $S(6)\cong W(2)$ ,
which also implies that $Aut(S(6))=S_{6}\cong Sp_{4}(2)=Aut(W(2))$ .

Note that a geometry $\mathcal{P}_{2n+2}$ in 1.5 coincides with $S_{6}$ if $n=2$ .

3. Tits‘ Characterization of Buildings.
3.1 An important observation. In \S 2, three classes of geometries of rank 2, that is, the
generalized polygons, the circle geometries and the Petersen geometry, are introduced. The
importance of these geometries lies in the following observation:

Except $Th$ and $HN$ , each sporadic finite simple group acts flag-transitively on
certain geometries in which every residues of flags of corank 2 are the generalized
polygons, the circle geometries, or the Petersen geometry.

This fact was observed by many mathematicians including F. Buekenhout, A.A. Ivanov,
W. Kantor, M. Ronan, S.D. Smith, G. Stroth and S. Shpectorov.

For example, in the projective space $PG(n, q)$ in Example 1.2, each residue of cotype
$\{i-1, i\}(i=1, \ldots, n-2)$ is isomorphic to a projective plane $PG(2, q)$ , and henoe a
generalized 3-gon. Other residues of corank 2 are generalized digons.

In a classical polar space of rank $r$ associated with a form (V, $f$ ) in Example 1.3, it is
clear that residues of cotype $\{i,j\}$ with $|j-i|\geq 2$ are generalized digon. Since the residue
of a maximal totally isotropic (or singular) subspace $M$ is isomorphic to the projective space
for $M$ , any residue of cotype $\{i-1,i\}(i=1, \ldots,r-3)$ is a generalized 3-gon. Take a flag
$X$ of cotype $\{r-2, r-1\}$ , and let $X_{f}-3=W$ be the unique variety of $\mathcal{G}_{r-3}$ contained in
X. Then ${\rm Res}(X)$ consists of totally isotropic $(r-1)-$ and r-subspaces containing $W$ , which
correspond to totally isotropic l-and 2-subspaces in a vector space $W^{\perp}/W$ equipped with a
non-degenerate form $\overline{f}$ inherited from $f$ . Since they form a GQ for $(W^{\perp}/W,\overline{f})$ , the residue
${\rm Res}(X)$ is a generalized quadrangle.

In the geometry $S_{2n+2}$ in Example 1.5, we take a flag $X$ of cotype $\{n-2, n-1\}$ , and
let $X_{n-3}=M$ be the unique variety of $\mathcal{G}_{n-3}$ in $X$ . As $|M|=2(n-2)$ , we may take
$M=\{7,8, \ldots, 2n+2\}$ , and hence ${\rm Res}(X)$ corresponds to a geometry consisting of pairs and
partitions of type $2^{3}$ of $\{1, \ldots, 6\}$ , which is a generalized quadrangle $S_{6}\underline{\simeq}W_{3}(2)$ . It is clear
that residues of cotype $\{i,j\}$ with $|i-j|\geq 2$ are generalized digons. The residue ${\rm Res}(X)$
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of a flag of cotype $\{i-1, i\}$ with $i=1,$ $\ldots,$ $n-2$ corresponds to a geometry of points and
pairs of a set of four points, which is the circle geometry on the four points.

3.2 Characterization via diagram. In view of the above observation, the following
problem naturally occurs.

Given an ordered set $I$ and a family $D(i,j)$ of geometries of rank 2 which is a
certain family of generalized polygons, circle geometries or the Petersen graph for
each $i,j\in I$ with $i<j$ (these detum are usually represented using a “diagram”),
$classi\Phi$ (flag-transitive) geometries $\mathcal{G}$ in which ${\rm Res}(X)$ is isomorphic to a fixed
geometry belonging to the specified family $\mathcal{D}(i,j)$ for every flag $X$ of cotype
$\{i,j\}$ .

Much activity in the study of incidence geometry has been emanating ffom the attempt
to solve this problem. This can be thought of as an attempt to chracterize a geometry in
terms of its local structures only.

The above problem is known as a characterization via diagrams, because we usuaUy use
the ”diagrams” in order to represent the local datum in a compact manner.

3.3 Diagrams. We say that a geometry $\mathcal{G}$ on I admits a diagram if for any $i,j\in I$ with
$i<j$ the isomorphism type of the resdues ${\rm Res}(X)$ for flags $X$ of cotype $\{i,j\}$ depend only
on $i,j$ but not a particular choice of a flag. For example, flag-transitive geometry admits a
diagram.

With a geometry on $I$ admits diagram, we associate a diagram as foilows: The diagram
has nodes indexed by $I$ and the nodes $i$ and $j(i,j\in I, i<j)$ are joined by the stroke with
some symbol $X$ showing the isomorphism class of the residues $Red_{cG}(X)$ for all flags $X$ of
cotype $\{i,j\}$ . Usually, we use the following convention to denote the isomorphism classes of
geometries of rank 2.
(1) If the residue of cotype $\{i,j\}$ is a generalized n-gon for $n=2,3,4$, we write

$01rightarrow$ , $\underline{01}$ , $01=$
(2) If the residue of cotype $\{i,j\}$ is a circle geometry with $n$ points or the Petersen geometry,
we write (with orders)

$s_{0}=1s_{1}=n-20C1rightarrow’ or$ $s_{0}=10rightarrow P$$s_{1}=21$ respectively.

Of course, there are another classes of geometries of rank 2. However, they will not
appear in my talk, so I will omit to introduce any convention to denote them. We also put
the i-order $s_{i}$ (see 1.1) under the node $i(\subset inI)$ . If we are given such a diagram describing
the residual structure of a geometry $\mathcal{G}$ , we say that a geometry $\mathcal{G}$ belongs to the diagram.
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3.4 Examples. The projective geometry $PG(n, q)$ belongs to the following diagram.

$01qqrightarrow————–rightarrow n-3n-2n-1qqq$

A finite classical polar space $\mathcal{G}$ of rank $r$ belongs to the following diagrams, where $(x,y)=$
$(q, q)$ if $\mathcal{G}=W_{2r-1}(q)$ or $Q_{2r}(q),$ $(x,y)=(q^{2}, q)$ if $\mathcal{G}=H_{2r-1}(q^{2}),$ $(x, y)=(q^{2}, q^{3})$ if
$\mathcal{G}=H_{2r}(q^{2}),$ $(x,y)=(q, 1)$ if $\mathcal{G}=Q_{2r-1}^{+}$ , and $(x, y)=(q, q^{2})$ if $\mathcal{G}=Q_{2r+1}^{+}$ .

$xx01rightarrow————–arrow r-3r-2r-1xxy$
The geometry in Ex-

ample 1.5 belongs to the following diagram. In [Mel], Thomas Meixner characterized the
flag-transitive geometries of rank $\geq 4$ belonging to this type of diagram (without specifying
orders) modulo few cases.

$0C1rightarrow——-11——-\mapsto n_{122}-3Cn-2n-1$

In termes of the diagrams, the problem we posed in 3.2 can be expressed as follows:

Given a diagram (with specified orders), determine all the (flag-transitive) ge-
ometries belonging to the diagram.

However, the given diagram (local datum) determines the most ”universal” geometry
with these local structures only, and the other geometries can be obtained as an epimorphic
image of it. In order to make this idea clear, we need the notion of coverings.

3.5 Definition (Coverings). Let $\mathcal{G}$ and $\mathcal{H}$ be geometries on the same ordered set $I$ . A
map $\rho$ from $\mathcal{G}$ to $\mathcal{H}$ is called a covering if it is a surjective map sending $\mathcal{G}_{i}$ onto $\mathcal{H}_{i}$ for each
$i\in I$ such that the restriction of $\rho$ to the residue ${\rm Res}_{\mathcal{G}}(X)$ of each flag $X$ of $\mathcal{G}$ of corank 2
gives an isomorphism from ${\rm Res}_{\mathcal{G}}(X)$ onto ${\rm Res}_{?t}(\rho(X))$ . We also say that $\mathcal{G}$ covers $\mathcal{H}$ if there
is a covering.

Tits is apparently one of the first mathematician to realize the importance of the char-
acterization via diagrams and its relation with coverings. In his remarkable paper [Ti2], he
studied geometries in which residues of corank 2 are generalized polygons and showed that
they are covered by buildings, under some condition. Explicitly, he proved the following
theorem:

3.6 Theorem. (Tits 1981 $[Ti2]+Brouwer$-Cohen 1983 [BC], see also [Ro] p.47 (4.9))
Assume that $\mathcal{G}$ is a geometry belonging to a diagram $\Delta$ which is a Coxeter diagram of type
$X_{n}$ . If $\Delta$ does not contain the $C_{S}$-diagram, then $\mathcal{G}$ can be obtained as a quotient of a building
of type $X_{n}$ .
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3.7 Classification of $C_{3}$-geometries. The exceptional case of rank 3 is a geometry be-
longing to the following diagram, the diagram of type $C_{3}$ . We will call any geometry belong-
ing to this diagram a $C_{3}$-geometry.

$xxy0\ovalbox{\tt\small REJECT}^{12}$

Since all thick buildings belonging to Coxeter diagrams of spherical type of rank $\geq 3$

were classified by Tits in 1974 [Til], the above theorem 3.6 allows us to obtain quite explicit
information on a geometry by simply analyzing its local structures. The above hypothesis on
$C_{3}$-diagram is essential, because the sporadic $A_{7}$-geometry described below is a $C_{3}$-geometry
which is not a building. This is why characterization and classification of $C_{3}$-geometry is
recognized as one of the main problems in the study of diagram geometry.

I will survey some results on classification of (flag-transitive) $C_{3}$-geometries with finite or-
ders and their circular extensions. Before that, let me introduce an exceptional $C_{3}$-geometry.

3.8 The Sporadic $A_{7}$-geometry. Here I describe an exceptional $C_{3}$-geometry (see [Ro]
p.50 or [Ca] p.89-90.) This geometry $\mathcal{G}=(\mathcal{G}_{0}, \mathcal{G}_{1}, \mathcal{G}_{2};*)$ is defined as follows: First, we set
$\mathcal{G}_{0}$ $:=the7$ letters of $\Omega=\{1,2, \ldots, 7\}$ and $\mathcal{G}_{1}$ $:=the35$ (unordered) triples of of $\Omega$ . We
consider a projective plane having $\Omega$ as the set of points. Such plane should be of order 2
and can be determined by $speci\mathfrak{H}^{r}ing$ its 7 lines. For example, $\Pi=(\Omega, \mathcal{L})$ is a projective
plane, where $\mathcal{L}$ consists of the lines 123, 145, 167, 246, 257, 347 and 356. Here we also denote
a line by the triple of points on it. It can be verified that there are 30 such planes, which
form two orbits of the same length 15 under the action of the alternating group $A_{7}$ on $\Omega$ .
Two planes belong to the same $A_{7}$-orbit if and only if they have exactly one line in common.
Now we define $\mathcal{G}_{2}$ as one of these two $A_{7}$-orbits, and $determine*by$ natural containment.

The resulting geometry is a $C_{3}$-geometry, which called the sporadic $A_{7}$ -geometry: For the
residues of lines and planes, it is immediate to see their structures. For a point, say 7, the
set of lines incident with 7 can be identified with the set of permutaions on $\{1, \ldots, 6\}$ . A
plane incident with 7 can be determined by its three lines through 7, which correponds to a
permutation of type $2^{3}$ on $\{1, \ldots,6\}$ . Thus the residue at 7 is isomorphic to the GQ $S(6)$

in 2.6.

4. Results on flag-transitive $C_{3}$-geometry.
There are several results on characterizing $C_{3}$-geometry. In this section, we introduce some
of them. In the following, $\mathcal{G}$ will denote a $C_{3}$-geometry. I recommend to the readers the
nice survey by Lunardon and Pasini [LP2] for more detailed information about the results
on $C_{n}$-geometries up to 1990.

4.1 Theorem. (Tits 1981 [Ti2], For an elementary proof, see Pasini’s textbook [Pa3]
Cor.7.39) If there is at most one line incident with two distinct points, then $\mathcal{G}$ is a building.
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Note that the sporadic $A_{7}$-geometry does not satisfy the assumption of this theorem,
because there are 5 lines $12i(i=3, \ldots, 7)$ through two points 1 and 2.

Non-thick $C_{3}$-geometries are characterized by [Re] as quotients of Klein quadrics. Thus
from now on we will assume that $\mathcal{G}$ is thick.

It can be verified that the diameter of the collinearity graph of $\mathcal{G}$ is at most 2 [Pal] p.50
Cor.1. Thus, the locally finiteness implies the finiteness of $\mathcal{G}$ . IFMrthermore, we can obtain
exact formulas on the number of points, lines and planes, in terms of $x,$ $y$ and the following
important constant.

4.2 Ott-Liebler number. First we can $veri6^{r}$ that two distinct planes $u$ and $v$ are incident
with at most one line in common. If $\mathcal{G}_{1}(u)\cap \mathcal{G}_{1}(v)\neq\emptyset$ , we say that $u$ and $v$ are cocolinear
and denote by $u\cap v$ the unique line incident with $u$ and $v$ . Whenever we use the notation
$u\cap v$ , we assume that $u$ is cocolinear with $v(\neq u)$ . Now for a point-plane flag $(a,u)$ , we set
$\alpha(a, u)$ $:= \{v\in \mathcal{G}_{2}(a)|a\oint(u\cap v)\}$ .

We can prove that this number does not depend on the particular choice of a point-
plane flag [Pa2] Theorem 1. The constant $\alpha(a, u)$ will be called the Ott-Liebler numebr
and denoted by $\alpha$ . Ott and Liebler indipendently tried to analize the multiplicities of the
irreducible representations of the Hecke algebra obtained from $\mathcal{G}$ . They first noticed that
these multiplicities are described in terms of $x,y$ and $\alpha$ , but in their work, $\alpha=\alpha(P,u)$

is interpreted as the number of closed galleries of type 012012012 based at a maximal flag
$(P, l, u)$ . They derived many divisibility conditions among $x,y,$ $\alpha$ together with the well-
definedness of $\alpha$ . The more geometric definition above is due to Pasini, which enables us to
verify some results of Ott and Liebler by elementary counting arguments.

Note that if $\mathcal{G}$ is a building, then $\alpha=0$ . Conversely, we may verify that if $\alpha=0$ then the
hypothesis of Theorem 3.6 is satisfied, and therefore $\mathcal{G}$ is a building. For the sporadic $A_{7^{-}}$

geometry, we have $\alpha=\alpha(1, \pi)=\#$($linesl$ of $\pi$ not through 1) $\#(planes$ through $l$ distinct
from $\pi$) $=4\cdot 2=8$ .

4.3 Theorem. (Pasini 1986 $[Pa2]4(1)(3)$) If $\mathcal{G}$ is locally finite of order $(x,y)$ with the
Ott-Liebler number $\alpha,$

$\mathcal{G}$ has $|\mathcal{G}_{0}|=(x^{2}+x+1)(x^{2}y+1)/(\alpha+1)$ points,
$|\mathcal{G}_{1}|=(x^{2}+x+1)(x^{2}y+1)(xy+1)/(\alpha+1)$ lines and
$|\mathcal{G}_{2}|=(x^{2}y+1)(xy+1)(y+1)/(\alpha+1)$ planes. !furthermore, $x$ divides $\alpha$ .

4.4 Flag-transitivity. So far we do not assume anything on the full automorphism group
of $\mathcal{G}$ . In fact, every examples so far we met are both locally finite (except projective spaces
over an infinite division rings) and flag-transitive. Motivated by exceptional behavior of
small Lie type groups, Aschbacher and Steve Smith rediscovered the sporadic $A_{7}$-geometry
in 1980. Aschbacher also tried to characterize this geometry by its flag-transitivity:

4.5 Theorem. (Aschbacher 1984 [As]) Let $\mathcal{G}$ be a locally finite, thick, flag-transitive $C_{3^{-}}$

geometry. If ${\rm Res}(u)$ for a plane $u$ is a Desarguesian projective plane (see 2.2) and ${\rm Res}(a)$ for
a point $a$ is a thick classical GQ (see 2.3), then $\mathcal{G}$ is a building or the sporadic $A_{7}$-geometry.
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We will $caU$ a $C_{3}$-geometry anomalous if it is not a building nor the sporadic $A_{7}$-geometry.
We are now in the position to state the following remarkable conjecture.

4.6 Conjecture. There is no locally finite, thick, flag-transitive anomalous $C_{3}$-geometry.

Pasini and Lunardon proved some results generalizing Theorem 3.6, but the complete
solution of the conjecture has not yet been obtained.

4.7 Theorem. If $\mathcal{G}$ is a flag-transitive, locally finite, thick, anomalous $C_{3}$-geometry, we
have
(1) (see [LP2] Prop.12) The residue of a plane is non-Desarguesian, and
(2) (Lunardon and Pasini [LP1]) $\mathcal{G}$ is not flat.

Recently, Antonio Pasini and I made a new contribution to the solution of the conjecture
[YP]. The result, in a sense, solved the conjecture in over the three quarter of the possible
cases.

4.8. Theorem. (Yoshiara and Pasini 1993 [YP]) If $\mathcal{G}$ is locally finite, flag-transitive
and anomalous, then $Aut(\mathcal{G})$ is non-solvable and $y$ is odd. ($x$ should be even).

It seems unlikely that there exists a generalized quadrangle of order $(s,t)$ with $s-t$ odd.
Thus this result forces very restrictive conditions on the structure of the point-residue of $\mathcal{G}$ ,
which is a GQ of order $(x, y)$ . The author and Antonio Pasini hope the remaining case will
be eliminated in near future. The rough outline of the proof is described in [Yo3], so I will
not repeat it.

5. The $C_{3}.c^{*}$-geometries.
I was involved in the study of $C_{3}$-geometry during my classification program of flag-transitive
$C_{n}c$’-geometries, so called, the extended dual polar spaces. As for the motivations of this
program and the related results, see the author’s survey [Yo2], the paper [Yol] and the note
[PY2].

5.1 Definition. A geometry $\mathcal{G}=(\mathcal{G}_{0}, \ldots,\mathcal{G}_{r-1})$ is called a circular extension) of a geometry
$\mathcal{H}=(\mathcal{H}_{0}, \ldots,\mathcal{H}_{r-2})$ if each residue in $\mathcal{G}$ of cotype $\{1, \ldots, r-1\}$ is isomorphic to $\mathcal{H}$ and
a residue of cotype $\{0, i\}$ is a circle geometry for $i=1$ and a generalized digon for $i=$

$2,$
$\ldots,$ $r-1$ . In this case, we say that $\mathcal{G}$ is a $c.\mathcal{H}$-geometry. The dual of a $c.\mathcal{H}$-geometry is

called a dual circular extension of a geometry $\mathcal{K}=(\mathcal{H})^{*}$ , the dual of $\mathcal{H}$ , or a $(\mathcal{K}).c^{*}$-geometry

As a corollary of Theorem 4.8 above, we proved that

5.2. Theorem. (Yoshiara and Pasini 1993 [YP]) There is no flag-transitive $C_{3}c^{*}$-geometry
$\mathcal{G}$ in which a residue of cotype $\{0,1,2\}$ is an anomalous $C_{3}$-geometry.



84

If such geometry exists, we can show that the stabilizer $G_{P}$ of a point $P$ in the full
automorphism group $G$ of $\mathcal{G}$ is solvable. Thus we may apply Theorem 5.1.

By this results, if we are interestead in $classi6^{r}ing$ flag-transitive $C_{3}.c^{*}$-geometries, we may
assume that the residues of cotype $\{0,1,2\}$ is either a classical polar space or the sporadic
$A_{7}$-geometry.

5.3 $C_{3}.c^{*}$-geometry with classical $C_{3}$-residues. This is one of the most interesting ge-
ometries which has not yet been completely classified. The possible polar spaces as the
residues are explicitly determined in [Yol]. In the table bellow, I indicate the current situ-
ation of the classification, where, instead of describing examples in geometric terms, some
flag-transitive groups are given. In the second and the third columns, the isomorphism type
of residues of cotype $\{0,1,2\}$ and the dual of the residues of cotype {1, 2, 3} are given. The
residues of cotype {1, 2, 3} are flag-transitive $C_{2}.c^{*}$-geometries in which the residues of co-
type {2, 3} are classical generalized quadrangles. Such geometries are completely classified
(see e.g. [PY1]). I use the notation in [Yo2] to denote the isomorphism classes of these
geometries.

Note that classifications in some cases are now completed by a result of Sasha Ivanov
[Iv], which was established after the conference.

$C_{3}$-residue $c.C_{2}$-residue Known Examples Classified?
(1) $W_{5}(2)$

$\mathcal{A}_{+}\mathcal{A}^{\infty}$

$2(2^{6}x2_{+}^{1+8})S_{6}(2),$ $S_{8}(2)$

?
yes [Yol]

(2) $W_{5}(2)$ Not yet but see [Yol]
(3) $W_{5}(2)$ $\mathcal{A}_{-}$ $3.F_{22}$ yes [Iv]
(4) $H_{5}(4)$

$\mathcal{K}^{-}\mathcal{K}^{+}$ $U_{6}(2)Co_{2}x2$
yes [Yol]

(5) $H_{5}(4)$ yes [Yol] see also [Me2]
(6) $Q_{7}^{-}(2)$

$\overline{O}\mathcal{O}$

$F_{24}$

?
Not yet but see [Iv]

(7) $Q_{7}^{-}(2)$ Not yet
(8) $Q_{6}(3)$ $\mathcal{U}$ $F_{24}$ Not yet
(9} $Q_{7}^{-}(3)$ $S$ $M$ Not yet

When a $C_{3}$-residue is the sporadic $A_{7}$-geometry, the classification is rather easy. In [PY2],
the following theorem was proved.

5.6 Theorem. (1) There is a unique flag-transitive $C_{3}.c^{*}-$ geometry $\mathcal{G}$ with $C_{S}$-residues
isomorphic to the sporadic $A_{7}$-geometry.
(2) There is a unique flag-transitive $c.C_{3^{-}}$ geometry $\mathcal{G}$ with $C_{3}$-residues isomorphic to the
sporadic $A_{7}$-geometry.
(3) There is a unique flag-transitive $c.C_{3}.c^{*}$-geometry $\mathcal{G}$ with $C_{3}$-residues isomorphic to the
sporadic $A_{7}$-geometry.
(4) There is no flag-transitive $c.(c.C_{3}.c^{*})-$ nor $(c.C_{3}.c^{*}).c^{*}-$ geometry $\mathcal{G}$ with $C_{3}$-residues
isomorphic to the sporadic $A_{7}$-geometry.

I will conclude my talk with a description of the above $c.C_{3}.c^{*}$ -geometry.
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5.5 A geometry related to $S(24,8,5)$ . Let $(\Omega,\mathcal{B})$ be the Steiner system $S(24,8,5)$ , that
is, $\Omega$ is a set of 24 letters and $\mathcal{B}$ is a family of 8-subsets of $\Omega$ with the property that for
each 5-subset $F$ of $\Omega$ there is a unique element $C\in \mathcal{B}$ containing $F$ . Elements of $\mathcal{B}$ are
called octads. The automorphism group of $(\Omega, \mathcal{B})$ (that is, the group of permutations on $\Omega$

preserving $\mathcal{B}$) is the Mathieu group $M=M_{24}$ of degree 24.
We now fix an octad $C$ and define a geometry $\mathcal{G}$ over $\{0, \ldots,4\}$ as follows (This definition

is slightly simpler than that given in [PY1], where a PLANE is defined as $(C\cap D, (\Omega-C)\cap D)$

for a “plane” in the sense given bellow): The sets $\mathcal{G}_{0}$ of points and $\mathcal{G}_{1}$ of lines are the set of
8 letters in $C$ and the set of $(\begin{array}{l}82\end{array})=28$ 2-subsets of $C$ , respectively. Dually, the sets of $\mathcal{G}_{4}$ of
dual points and $\mathcal{G}_{3}$ of dual lines as the set of 16 letters in $\Omega-C$ and the set of $(\begin{array}{l}162\end{array})=120$

2-subsets of $\Omega-C$ , respectively. The set $\mathcal{G}_{2}$ of planes is defined to be the set of octads $D$

with $|C\cap D|=4$ .
Every varieties of $\mathcal{G}_{0}\cup \mathcal{G}_{1}$ are incident to all varieties of $\mathcal{G}_{3}\cup \mathcal{G}_{4}$ , and the incidence on

$\mathcal{G}_{0}\cup \mathcal{G}_{1}\cup \mathcal{G}_{2}$ or $\mathcal{G}_{2}\cup \mathcal{G}_{3}\cup \mathcal{G}_{4}$ is given by natural inclusion.
The resulting geometry $\mathcal{G}=(\mathcal{G}_{0}, , \mathcal{G}_{4})$ of rank 5 turns out to be a flag-transitive $c.C_{3}.c^{*}-$

geometry with the automorphism group $2^{4}$ : $A_{8}$ , the stabilizer of an octad $C$ in $M_{24}$ , in which
the residues of cotype $\{0,4\}$ are isomorphic to the sporadic $A_{7}$-geometry. By Theorem 5.6,
there is a unique such geometry up to isomorphism and other geometries of type $c.C_{3}$ and
$C_{3}.c^{*}$ stated in the theorem can be obtained as the residues of this geometry.

5.6 Verification. Here I will $veri\mathfrak{h}r$ that any residue of cotype $\{0,4\}$ in the geometry $\mathcal{G}$

given in 5.5. is, in fact, the sporadic $A_{7}$-geometry (see 3.8). The other residues are easy to
observe.

First, recall some properties of the Steiner system $S(24,8,5)$ . Any two distinct octads
interset in exactly $0,2$ or 4 letters. For every 4-subset $T$ of $C$ , there are exactly 4 octads
$D$ distinct from $C$ with $C\cap D=T$ . This implies that the set $\mathcal{G}_{2}=\{D\in B||C\cap D|=4\}$

of planes of our geometry consists of $(\begin{array}{l}84\end{array})\cdot 4=280$ octads. The stabilizer $G=M_{C}$ of an
octad in $M=Aut((\Omega, \mathcal{B}))\cong M_{24}$ induces $A_{8}$ on the 8 letters in $C$ with the kernel $K\cong 2^{4}$ ,
while $G$ acts faithfully and doubly transitively on $\Omega-C$ with regular normal subgroup $K$ .
The stabilizer $G_{P’}$ of a letter $P’\in(\Omega-C)$ acts faithfully on $C$ as $A_{8}$ . In particular, $G$ acts
transitively on the set of pairs $(P, P’)$ of letters $P\in C$ and $P’\in(\Omega-C)$ , that is, a flags of
type $\{0,4\}$ .

We can now fix a flag $(P, P’)(P\in \mathcal{G}_{0}, P’\in \mathcal{G}_{4})$ of type $\{0,4\}$ . The set $\mathcal{G}_{1}(P,P’)$ of lines
incident to $(P,P’)$ consists of $7lines$ bijectively corresponding to the letters in $\Sigma;=C-\{P\}$ .
The set $\mathcal{G}_{2}(P, P’)$ consists of octads $D$ with $|C\cap D|=4$ containing $P$ and $P’$ . The map
$D\}arrow(D\cap\Sigma)$ gives a bijection from $\mathcal{G}_{2}(P, P’)$ to the set of triples of letters in $\Sigma$ , because
there is a unique octad $D$ containing a 5-subset $T\cup\{P, P’\}$ for each 3-subset $T$ of $\Sigma$ and
this octad $D$ intersects $C$ in eaxctly $T\cup\{P\}$ .

Consider the set $\mathcal{G}_{3}(P, P’)$ . For each dual line $lt=\{P’, Q’\}$ of $\mathcal{G}_{3}(P, P’)$ , where $Q’$ is a
letter in $\Omega-C$ , we will observe that $\mathcal{G}_{2}(P, l’, P’)$ can be identified with a set of 7 “projective
lines” affording a structure of the projective plane $PG(2,2)$ on the set $\Sigma$ of 7 letters. To see
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this, it suffices to show that there is a unique octad $D\in \mathcal{G}_{2}(P, l’, P’)$ containing two distinct
letters $Q,$ $R$ of $\Sigma$ and that there is a unique letter $Q\in\Sigma$ with $(\Sigma\cap D)\cap(\Sigma\cap D’)=\{Q\}$

for any two distinct octads $D$ and $D’$ of $\mathcal{G}_{2}(P, l‘, P’)$ . Since the unique octad containing
the 5-subset $\{P, Q, R, P’, Q’\}$ intersects $C$ in exactly 4 letters, the first condition above is
satisfied.

Let $D$ and $D’$ be distinct octads of $\mathcal{G}_{2}(P,l’, P’)$ . Since $D\cap D’$ contains $P,$ $P’,$ $Q’$ , we
have $D\cap D’=\{P, P’, Q’, Q\}$ for some letter $Q$ . In particular, the symmetric difference
$D\oplus D’=(D-D’)\cup(D’-D)$ is an octad. If $Q\not\in C$ , we have $C\cap D\cap D’=\{P\}$ . Then
$|C\cap(D-D’)|=3=|C\cap(D’-D)|$ , as $|C\cap D|=|C\cap D’|=4$ . However, this implies two
octads $C$ and $D\oplus D’$ intersect in exactly 6 letters, a contradiction. Thus 3-subsets $(D\cap\Sigma)$

and $(D’\cap\Sigma)$ of $\Sigma$ intersect in exactly one letter $Q$ , which proves the second claim above.
Thus we may $identi\mathfrak{h}r$ the set $\mathcal{G}_{2}(P, l’, P’)$ with a set of 7 “projective lines” on $\Sigma$ . Since

$G_{P’}\cong A_{8}$ , the stabilizer $G_{P,P’}$ of the letters $P\in C$ and $P’\in(\Omega-C)$ are isomorphic to $A_{7}$ .
We can verify that it acts transitively on the 15 non-zero vectors of the normal subgroup
$K\cong 2^{4}$ of $G$ (which is an exceptional phenomenon). Then $G_{P,P’}$ is transitive on the 15
letters $\Omega-C-\{P’\}$ , which bijectively corresponds to $\mathcal{G}_{3}(P, P’)$ . Thus $\mathcal{G}_{3}(P, P’)$ forms an
orbit under the action of $A_{7}$ , and hence it coincides with the set of PLANES of the sporadic
$A_{7}$-geometry (see 3.8).

We observed that $\mathcal{G}_{1}(P, P’),$ $\mathcal{G}_{2}(P, P’)$ and $\mathcal{G}_{3}(P, P’)$ are bijectively correspond to the sets
of POINTS, LINES and PLANES of the sporadic $A_{7}$-geometry defined in 3.8, respectively.
The incidence of ${\rm Res}_{\mathcal{G}}((P, P’))$ inherited from $\mathcal{G}$ coincides with the (natural) incidence in
the sporadic $A_{7}$-geometry, and therefore ${\rm Res}_{\mathcal{G}}((P, P’))$ is isomorphic to the sporadic $A_{7^{-}}$

geometry.
Since $G_{P,P’}\cong A_{7}$ , we can also conclude that $G_{P,P’}$ acts flag-transitively on ${\rm Res}((P, P’))$ ,

and hence $\mathcal{G}$ admits a flag-transiitve group $G\cong 2^{4}$ : $A_{8}$ .
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