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Simulating Fair Dice with a Small Set of
Rationally Biased Coins
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1 Introduction

1.1 Background and Motivation

A problem of simulating fair dice with coins is initiated by Feldman et al [Fetal]. Informally, the
problem can be defined as follows: Let n > 2 be an integer. Given a set of m > 1 (biased or unbiased)
coins, output with equal probability 1,2,...,7n in a short time by flipping the (biased or unbiased) coins.
Such a task is sometimes very crucial in choosing with equal probability an element from a finite but
large set, e.g., interactive proof systems [BM], [GMR], program checking [BK], self-testing/correcting
[BLR], public-key cryptosystems [E], public key distribution schemes [DH], etc. Feldman et al [Fetal],
however, showed that if only an unbiased coin is allowed to be flipped, then for any integer n > 3 (not
a power of 2), there does not exist any algorithm that always terminates to simulate a fair n-sided
die. This implies that even a fair 3-sided die cannot be simulated only with an unbiased coin. Then
for any integer n > 2, we allow in our model of computation to flip biased coins to efficiently simulate
a fair n-sided die (The formal model of computation will be defined in subsection 2.1).

In this model of computation, Feldman et al [Fetal] showed that for any integer n > 2, there exists
an efficient algorithm that simulates a fair n-sided die with an unbiased coin and a coin of bias 1/n
within [2logn] + 1 coin flips. This implies that for any integer n > 2, [2logn] + 1 coin flips are
sufficient to efficiently simulate a fair n-sided die. Then our first question is

e Question 1: When sufficiently many coins are allowed to be flipped, how many coin flips are
necessary to efficiently simulate a fair n-sided die for any integer n > 27

In addition, Feldman et al [Fetal] showed that for any integer n > 2, there exists an efficient
algorithm that simulates a fair n-sided die within [3logn] coin flips with a single coin of bias p,,
where p, is an appropriate algebraic number. This algorithm flips only a single coin of bias p,,
however, it flips the coin of bias p, more times than the algorithm above with an unbiased coin and
a coin of bias 1/n does. Then our second question is

¢ Question 2: For any integer n > 2, how many coins are sufficient to efficiently simulate a fair
n-sided die with minimum coin flips? ‘

To efficiently simulate a fair n-sided die with minimum coin flips for any integer n > 2, the number
of coins necessary to do it would be very large. Then our final question is

¢ Question 3: For any integer n > 2, how many coins are necessary to efficiently simulate a fair
n-sided die with minimum coin flips?

In this paper, we carefully analyze the model of computation for simulating dice with coins and
provide total or partial solutions to the questions above.

1.2 Results.

In this paper, we first show as a solution to Question 1 that for any integer n > 2, if a fair n-sided
die can be simulated within d coin flips of any set of m > 1 coins, then d > [logn] (see Theorem
3.1). It is trivial that for any integer n > 2, 2/°%6%1 — 1 coins are sufficient to simulate a fair n-sided
die within [logn] coin flips, because we have 2M1°6%1 — 1 chances to flip different coins to simulate a



fair n-sided die within [logn] coin flips. As a nontrivial solution to Question 2, we show that for any
integer n > 2, there exists an efficient algorithm that simulates a fair n-sided die with a set of H(n)
rational coins within [logn] coin flips, where H(n) is the number 1’s of the binary representation of
an integer n (see Theorem 3.2). This is a nontrivial upper bound on the number of coins, i.e., for any
integer n > 2, a set of H(n) < [logn] rational coins is sufficient to simulate a fair n-sided die within
[log n] coin flips.

As we will exemplify in section 4, there exists an integer n > 2 for which a set of m < H(n)
rational coins can simulate a fair n-sided within [logn] coin flips. Thus for every integer n > 2, a set
of H(n) rational coins is not necessary to simulate a fair n-sided die within [logn] coin flips. Then
we show as a partial solution to Question 3 that for any integer n = 24— 1 (d > 3), a set of d = H(n)
rational coins is necessary and unique to simulate a fair n-sided die within d = [logn] coin flips (see
Theorem 4.3). This implies that for any integer n = 2¢ — 1 (d > 3), irrational coins are of no use to
simulate a fair n-sided die within [logn] coin flips.

2 Preliminaries

2.1 The Model of Computation

A coin c is said to be of bias p (0 < p < 1) if (upon request) it outputs either heads or tails with
probability p for tails!. We say that ¢ is a p-coin if it is of bias p (0 < p < 1). Note that for any bias p
(0 € p £ 1), we can transform p-coins to (1 — p)-coins with no additional coin flips by regarding heads
as tails and vise versa and that for bias p = 0,1, we can simulate the same process without flipping
such coins. Then we assume without loss of generality that 0 < p < 1/2 for any bias p. We also
assume that for any bias p (0 < p < 1/2), the outputs of coins of bias p are (statistically) independent.
We refer to a coin ¢ of bias p (0 < p < 1/2) as a rational coin if p is rational. A sequence of d > 1
coin flips can be viewed as a binary number of length d > 1 by assigning the value 1 to heads and the
‘value 0 to tails.

Here we use C' = {p1,p2,...,Pm} to denote a set of m > 1 coins in which the i-th (1 < i < m)
coin is of bias p; (0 < p;i < 1/2). Here we assume that the outputs of a p;-coin and a pj;-coin are
(statistically) independent for each ¢, (1 < ¢ < j < m). For any integer n > 2, an n-sided die d,
is said to be fair if (upon request) it outputs one of 1,2,...,n with equal probability, i.e., for each ¢
(1 < i < n), it outputs ¢ with probability 1/n. A fair coin is a fair 2-sided die.

To simulate an n-sided die with a set of coins C = {py,p2,...,pm} Within d > 1 coin flips, here we
consider the following model of computation. Let T be a finite full binary decision tree of depth d > 1.
At every node of T', we assume that its right branch is labeled with head (or 1) and its left branch is
labeled with tail (or 0). Then T has 2¢ leaves and each leaf £ of T is assumed to be numbered from
left to right with 0,1,...,2% — 1. We first assign some p;-coin in C (1 < i < m) to each node of T.
Here we refer to this process as node assignment of T'.

Then we recursively label each node of T with (a,b) € {0, 1}"‘ X (0 1] as follows: The root 7 of T
is labeled with (¢,1), where € is a null string. When some p; -coin in C (1 < i, < m) is assigned to
the root 7 of T, its right son is labeled with (1,1 — p; ) and its left son is labeled with (0,p; ). Now
assume that an internal node v of T is labeled with (s,w) € {0,1}* x (0,1) and that some p; -coin in
C (1 < i, < m) is assigned to the node v of T. Then its right son is labeled with (s||1,w x (1 — p;,))
and its left son is labeled with (s]|0,w x p;,), where a||b is the concatenation of strings a,b € {0,1}*.
Finally, each leaf £ (0 < £ < 2?) of T is labeled with (s¢,ws) € {0,1}¢ x (0,1). Here we note that for
each £ (0 < £<2%), 8 = bm(@), where bin(€) denotes the binary representation of an integer £.

We then determine a mapping from each leaf £ (0 < £ < 2¢) of T to the k-th (1 < k < n) side of
the n-sided die, i.e., f : {0,1,...,2¢ = 1} = {1,2,...,n}. For each k (1 < k < n), the weight W of
the k-th side of the n-sided die is defined to be

E We, v (1)

Lef—1(k)

! Feldman et al [Fetal] defined a coin of bias p (0 < p < 1) in a way that (upon request) it outputs either heads or
tails with probability p for heads.
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where each leaf £ (0 < £ < 2%) of T is assumed to be labeled with (s¢, we) € {0,1}¢ x (0,1). We refer
to this process as leaf assignment of T'.

We say that a set of m coins C' = {p1,p2,...,Pm} simulates a fair n-sided die within d > 1 coin
flips if there exist node/leaf assignment of a finite full binary decision tree T of depth d > 1 such that
W= 1/n for each k (1 € k < n), and we say that a fair n-sided die can be simulated within d > 1
coin flips of m > 1 coins if there exists a set of m coins C = {p1,p2,...,Pm} that simulates a fair
n-sided die within d > 1 coin flips. '

| 2.2 Known Results

On the model of computation in subsection 2.1, Feldman et al [Fetal] showed the following:

Theorem 2.1 [Fetal]: For any integer n > 2, a fair n-sided die can be simulated with a set of 2
rational coins Cp, = {1/n,1/2} within [2logn] + 1 coin flips.

Theorem 2.2 {[Fetal]:  For any integer n > 2 (not a power of 2), it is impossible to efficiently
simulate a fair n-sided die only with a single rational coin.

Theorem 2.3 [Fetal]: For any integer n > 2, a fair n-sided die can be simulated only with a single
irrational coin within [3logn] coin flips.

3 Simulating a Die with Minimum Coin Flips

Feldman et al [Fetal] showed that for any integer n > 2, [2log n] + 1 coin flips are sufficient to simulate
a fair n-sided die with a set of 2 rational coins C' = {1/n,1/2} (see Theorem 2.1).

In this section, we first show a lower bound on the number of coin flips to simulate a fair n-sided die
with any fixed set of coins (Theorem 3.1). Then we show that for any mteger n 2 2, a fair n-sided die
can be simulated with minimum coin flips of a set of H(n) rational coins, where H (n) is the number
of I’s of the binary representation of n > 2 (Theorem 3.2).

Recall the model of computation (see subsection 2.1) to simulate an n-sided die with a set of coins
C = {p1,p2,..,Pm} within d > 1 coin flips. Then the finite full binary decision tree T' of depth d > 1
has 2¢ leaves. When 2 < n, it is impossible to simulate a fair n-sided die with any set of coins within
d > 1 coins flips even if any node/leaf assvgnment of T are used. Thus it follows that 2¢ > n and then
we have the following theorem:

Theorem 3.1:  For any integer n > 2 and any integer m > 1, if a fair n-sided die can be simulated
within d > 1 coin flips of any set of m > 1 coins, then d > [logn].

In the rest of this section, we will focus on showing the theorem that guarantees to simulate a fair
n-sided die for any n > 2 with a small set of coins C' within [logn] coin flips.

Theorem 3.2:  For any integern > 2, a fair n-sided die can be simulated with a set of H(n) rational

coins Cn = {p1,-.., PH(n)-1 1/2} within [logn] coin flips, where H(n) denotes the number of 1’s of
the binary representation of an integer-n > 2.

Proof: Let n = 2°N, where N is odd and e > 0. We first note that within e = [log 2¢] coin flips, a
fair 2°-sided die can be simulated with a coin of bias 1/2 as follows:

(1) define a finite full binary decision tree T3e of depth e by assigning a coin of bias 1/2 to each node
of Tze;

(2) map each leaf £ (0 < £ < 2°) of Tye to the (£ + 1)-th side of a 2¢-sided die.

It is obvious that this simulates a fair 2¢-sided die with a coin of bias 1 /2 within e coin flips.

Let Cn = {p1,...,PH(N})-1,1/2} be any set of H(N) rational coins. Here we assume that a fair
N-sided die can be simulated with the set of H(N) rational coins Cy within [log N7 coin flips. Then
we can simulate a fair n-sided die with the set of H(N) rational coins Cn as follows:
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(1) simulate a fair 2°-sided die with a coin of bias 1 /2 within e = [log 2° coin flips;

(2) simulate a fair N-sided die with Cnx = {p1,...,PH(N)~1,1/2} within [log N coin flips;

(3) when the outcome of a fair 2°-sided die is ¢ (1 < ¢ < 2¢) and the outcome of a fair N-sided die -

is j (1< j < N),output £= N(i— 1) + .

Then this process simulates a fair n-sided die with a set of coins Ccn ={p,..-, PH(N)-1,1/2} within
[log N + e coin flips. We note that H(n) = H(2°N) = H(N) and [logn] = [log2°N] = [logN] + ¢
for n = 2°N. Thus it suffices to show that for any odd integer N > 2, a fair N-sided die can be
simulated with Cn = {p1,...,PH(n)-1,1/2} Within [log N] coin flips.

Let N = 2°m 4 2¢m-1 4...42¢ be an odd integer, where 0 = e; < €2 < *** < €m,. Then H(N) =m
and [log N1 = en + 1. Define N; to be N; = 2°m—¢ 4 2°m=i=1 { ... + 2% foreach i (0 < i <m-1)
. For a set of m > 1 coins Cx = {p1,P2,+++Pm}, let p; = N;/N;_; for each i (1 < i < m—1) and
let py, = 1/2. Let Ty be a finite full binary decision tree of depth [log N]. We first recursively define
node assignment of T as follows: 7 '

(1) assign a py-coin to the root r of Tiv;
(2) at the node of Ty to which a p;-coin (1 < ¢ < m — 1) is assigned, assign a p;41-coin to its left
son and assign a pp,-coin to its right son;

(8) at the node of Ty to which a pp,-coin is assigned, assign a pp,-coin to its both sons.

Define m groups of a set of leaves £ (0 < £ < 2°m+! — 1) of Ty to be

Gi = {Z l 0<L< Qcm-m+2};

Note that ||G;|| = 2°»~™+2 and ||G;|| = 2°»~™t (2 < i < m), where ||A|| denotes the cardinality of
a finite set A. For each G; (2 < i < m), define 2% blocks B;j; (1 < j £ 2%) of G; to be

Bij = {e € G,’ | Zem—m+i + (] _ 1) . 2em—c;—m+i < l< 2em—m+i +] . 2em—eg—m+i}

Note that for each i (2 < i < m) and each j (1 < j < 2%), ||Bi;|| = 2°m~%~™+". We then define leaf
assignment f:{0,1,...,2°»+1 — 1} {1,2,...,N} of Ty to be

1 Le Gy
_ -1
=1+ 2% teB;@<i<m)
h=1

It is not difficult to show that Wi = 1/N for each k (1 £ k < N). Thus a fair n-sided die can be
simulated with a set of rational coins C, = {p1,p3,...,PH(n)} Within [logn] coin flips for any (not
necessarily odd) integer n > 2.

4 A Lower Bound on the Number of Coins

In section 3, we have shown that for any integer n > 2, a set of H(n) rational coins is sufficient to
simulate a fair n-sided die with minimum (i.e., [logn]) coin flips (see Theorems 3.1 and 3.2). In this
section, we consider the following question:

e Question: For any integer n > 2, is a set of H(n) rational coins necessary to simulate a fair
n-sided die with minimum (i.e., [log n]) coin flips?

It is obvious that the answer to the question above is no. Let us look at the example below.

Let n = 343 = 73, Then H(343) = 6 and [log343] = 9. It follows from Theorem 3.2 that a
fair 7-sided die can be simulated with a set of coins C7 = {3/7,1/3,1/2} within 3 coin flips, because
H(7) = [log 7] = 3. Then within 9 = [log 343] coin flips, a fair 343-sided die can be simulated with a
set of coins C7 = {3/7,1/3,1/2} by simulateing fair 7-sided die 3 times.
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This implies that a set of H(n) rational coins is not necessary to simulate a fair n-sided die within
[log n] coin flips for some integer n > 2. In the following (see Theorem 4.3), however, we show that
there exists a set of integers S such that for every n € S, a set of H(n) rational coins is necessary to
simulate a fair n-sided die within [logn] coin flips.

Now let us begin with simple cases: n = 2¢ (d > 1) and n = 3. In Lemma 4.1, we show that for
any integer n = 2¢ (d > 1), only a fair coin can simulate a fair n-sided die within d = [logn] coin
flips and in Lemma 4.2, we show that for n = 3, either a set of 2 rational coins or a set of 2 irrational
coins is necessary to simulate a fair 3-sided die within 2 = {log 3] coin flips.

Lemma 4.1:  For any integer n = 2¢ (d > 1), only a coin of bias 1/2 can simulate a fair n-sided die
within d = [log n] coin flips.

From Theorem 2.2, it followsithat it is impossible to simulate a fair 3-sided die with a single
rational coin. Then Theorem 3.2 implies that if any irrational coin is not allowed to be flipped, then
a set of 2 rational coins is necessary and sufficient to simulate a fair 3-sided die within 2 = [log 3]
coin flips. From Theorem 2.3, however, it could be possible to simulate a fair 3-sided die with a single
irrational coin within 2 = [log 3] coin flips.

The following lemma shows that a set of 2 coins is necessary to simulate a fair 3-sided die within
2 = [log 3] coin flips even if any irrational coin is flipped.

Lemma 4.2: For n = 3, either a set of 2 rational coins C3 = {p1,p2} or a set of 2 irrational coins
s = {P}, P4} is necessary to simulate a fair 3-sided die with 2.= [log 3] coin flips.

Now we are ready to show that for any integer n = 2¢ — 1(d > 3), a set of d = H(n) rational
coins Cy = {p1,P2,...,P4} is necessary to simulate a fair n-sided die within d = [logn] coin flips.
Indeed, we show in the following a stronger result, i.e., for any integer n = 2¢ — 1 (d > 3), a set of
d = H(n) rational coins Cy, = {p1,p2,...,p4} is necessary and unique to simulate a fair n-sided die
within d = [logn] coin flips. 3

Theorem 4.3: Let § = {n | n=2%—~1(d>3)}. Then for évery n € S, a set of d = H(n) rational
coins C,, = {p1,p2, .,Pa} is necessary and unique to simulate a fair n-sided die within [logn] coin
flips, where p; = (2¢~* = 1)/(2**1 - 1) (1 < i< d-1) and pg = 1/2.

Proof: Sincen = 2 —1(d > 3)forany n € S, H(n) = d > 3 and [logn] = d > 3. Let T,
be a finite full binary decision tree of depth d = [logn] > 3. Then T, has 2¢ = n + 1 leaves.
Now we assume that each leaf ¢ of T, is numbered from left to right with 0,1,...,2¢ — 1 and is
labeled with (s¢,wy) € {0 1}¢ x (0,1), where s, = bin(£) for each £ (0 < £ < 2“) It is enough to
COIlSldeI‘ a set of d >3 coins, because Theorem 3.2 guarantees that a set of d = H(n) rational coins
Cr = {p1,p2,-- ,pd}, where p; = (2471 = 1)/(24-*! — 1) for each i (1 < i < d-1)and pg = 1/2,is
sufficient to simulate a fair n-sided die within d = []og n] coin flips.
Let Cp = {q1,92,...,q4} be a set of d = H(n) coins in which 0 < ¢; < 1/2 (1 < i < d). Even if
any node/leaf assugnment of T, are used to simulate a fair n-sided die within d = [log n] coin flips,
leaf assignment f:{0,1,. 2d -1}~ {1,2,...,n} of T, must satisfy that

(1) there exists a single side ko (1 < ko < n) of a fair n-sided die such that ||f~1(ko)|| = 2;
(2) [If7Y(k)|| = 1 for any side k (1 < k < n) but k = ko of a fair n-sided die,

because 210871 —n = 24 _ (24 _ 1) =1. Let &, 8 (0 < @ < B < 2%) be a pair of leaves of T}, such that
f(a) = f(B) = ko and wy + wg = 1/n. Here we refer such leaves a, 8 of T, as merging leaves of T,.
Then 0 < wq,wg < 1/n and wy = 1/n for any leaf £ (0 < € < 2¢) but £ = , 8.

Now let us consider the path P, of length d = [logn] in T, from the root v; to the (merging)
leaf 0. Here we assume that each node on P, is numbered from the root to the (merging) leaf 0 with
v1,92,...,94 and that for each j (1 < j < d), a coin g, € C. (0< gi; < 1/2) is assigned to v;. Recall
that 2d >nand 0 < ¢ <1/2 (1 <i<d). Then for a leaf 0 of Ty,

w_‘X'X'X'<(1)d‘<1
0 = ¢, ?t: %, S 2 n’
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where ¢;; € C,, for each j (1 <'j < d). This implies that @ = 0. Then the following two cases are
possible: (C1) 1 < 8 < 2% 1; and (C2) 241 < B < 2%
We then show by induction on d > 3 that for every n € S, a set of d = H(n) rational coins
Crn = {p1,P2;..-,Pd}, Where p; = (2%~ = 1)/(2¢~"*1 - 1) (1 < i < d) and pg = 1/2, is necessary and
unique to simulate a fair n-sided die within d = [logn] coin flips.

(Base Stage: d = 3) Sinced = 3, n = 7 = 23—1. Let Ty be a finite full binary decision tree of depth
3 = [log7]. Let 7 = {q1,42, 43} be a set of 3 (rational or irrational) coins in which 0 < ¢1,¢2,¢3 < 1/2.
Recall that a leaf 0 of T7 is one of two merging leaves of T7.

In the case of (C1), it follows that 1 < 8 < 3 and thus w, = 1/7 foreach £ (4 < £ < 7). Tt is
obvious that 1 — ¢;, = wq + ws + we + wy = 4/7 Then ¢;;, = 3/7. This implies that the left half
subtree TL of T7 simulates a fair.3-sided die within 2 coin flips and the right half subtree T7 of Ty
simulates a fair 4-sided die within 2 coin flips. Then Lemma 4.2 guarantees that on TF, either a set of
2 rational coins C3 = {p1,p2} or a set of 2 irrational coins C3 = {p},p}} is necessary to simulate a fair
3-sided die within 2 = [log 3] coin flips and Lemma 4.1 guarantees that on T, only a coin of bias 1/2
can simulate a fa.lr 4-sided die within 2 = [log 4] coin flips. If a set of 2 irrational coins C§ = {p},p}}
is flipped on T#, then a set of 4 coins C = {3/7, 1/2, pipy} is flipped on T7. This contradicts the
assumption that a set of 3 coins C7 = {11,92,93} is ﬂlpped on T7. Then it follows that a set of 2
rational coins C3 = {1/3,1/2} must be flipped on TF. Thus in the case of (C1), a set of 3 rational
coins C7 = {3/7,1/3,1/2} is necessary and unique to simulate a fair 7-sided die within 3 = [log 7]
coin flips.

In the case of (C2), it follows that 4 < B < 7. Then we have wo = 1 X ¢i; X ¢i, X ¢i; < 1/7,
w; = wy = w3 = 1/7, and w¢~—1/7foreach£(4<£<7)but£~ﬂ Thus

g, = wotwit+wrtws = wo+3/T;
¢, X i, = wo + Wy = wo+1/7;
iy X Qi, X ¢qiz = Wo = Wp.
Then for each j (1 < j < 3), ¢;; € C7 (0 < ¢;; < 1/2) is given by
: wo + 1/7 we
i = =i i = y = ——. 2
%a = wot % = L3 G = o FIUT (2)

We first show by contradiction that g;; # g¢;, for each j,k (1 < j < k < 3). To do this, we consider
the following three cases: (D1) gi; = gip; (D2) ¢i; = ¢i5; and (D3) ¢, = ¢i;. In the case of (D1),
wo must satisfy that w? — (1/7) - wo + 2/49 = 0. In this case, however, wp cannot be real and this
contradicts the assumption that 0 < ¢;; < 1/2. In the case of (D2), wo = 1/7. Then ¢, = 4/7,
however this contradicts the assumption that 0 < ¢;; < 1/2. In the case of (D3), wo must satisfy

that wg — (3/7) - wo + 3/49 = 0. In this case, however, wo cannot be real and this contradicts the
assumption that 0 < ¢;; < 1/2. Thus ¢;; # ¢i, for each j,k (1 < j < k < 3). Then it follows that in

the case of (C2), a set of 3 = H(7) coins C7 = {q1,42,¢3} is necessary to simulate a fair 7-sided die
within 3 = [log 7] coin flips. ; ;

We then show that in the case of (C2), C7 is unique, i.e., C7 = C7 = {3/7, 1/3, 1/2}. Let u be the
parent of leaves 2 and 3 of T7. Assume that u is labeled with (01,w) € {0,1}% x (0,1) and a g;-coin
(1<i<3)is assxgned to u. Since wy = w X ¢;, w3 = w X (1 — ¢;), and wp; = w3, we have ¢; = 1/2.
Thus one of the coins in C7 = {q1,¢2,¢3} must be of bias 1/2

Since g;; # ¢i, (1 <j < k £ 3), there must exist some j (1 < j < 3) such that gi; = 1/2. From
equation (2), it follows that if either ¢;, = 1/2 or ¢;; = 1/2, then wo = 1/7 and thus ¢;, = 4/7. This
contradicts the assumption that 0 < ¢;;, < 1/2. Thus ¢;; = 1/2 and we have wp = 1/14 from equation
(2). Then it follows from equation (2) that ¢;, = 1/2, ¢;, = 3/7, and ¢;; = 1/3. This implies that in
the case of (C2), a set of 3 rational coins C7 = {3/7,1/3,1/2} is necessary and unique to simulate a
fair 7-sided die within 3 = [log 7] coin flips.

Thus it follows that a set of 3 = H(7) rational coins C7 = {3/7,1/3,1/2} is necessary and unique
to'simulate a fair 7-sided die within 3 = [log 7] coin flips.

(Inductlon Stage: from d to d + 1) Let d > 3. Assume that forn =2¢ —1¢€ §,a set of d = H(n)
rational coins Cy = {p},p},...,p}}, where p? = (247 -1)/(24**+1-1) (1 < i < d—1) and p} = 1/2, is



136

necessary and unique to simulate a fair n-sided die within d = [log n] coin flips. Here we define N € §
to be N = 29%! — 1, Let T be a finite full binary decision tree of depth d+1 = [log N] = [logn] +1
and let Cn = {q1,42,--.,94+1} De a set of d + 1 (rational or irrational) coins in which 0 < ¢; < 1/2
for each i (1 <4 £ d+1). Recall that aleaf 0 of Ty is one of two merging leaves of Ty.

In the following, we show that a set of d + 1 = H(N) rational coins Cnx = {p{v,pév,...,pﬁ_l},
where plV = (2471 — 1)/(2¢7*? — 1) for each i (1 < i < d) and p)}; = 1/2, is necessary and unique
to simulate a fair N-sided die within d + 1 = [log N coin flips.

In the case of (C1), it follows that 1 < 8 < 2¢ and thus w, = 1/N for each £ (2¢ < £ < 24+1). It
is obvious that 1 — ¢;; = Wy + Woayq + ++ + Waat1_y = 2¢/N. Then g;, = (2¢ - 1)/(2%* - 1). This
implies that the left half subtree T§ of Ty simulates a fair n-sided die within d = [log N] — 1 coin
flips and the right half subtree T of Ty simulates a fair 29-sided die within d = [log NJ — 1 coin
flips. Then Lemma 4.1 guarantees that on TI@, only a coin of bias 1/2 can simulate a fair 2%-sided die
within d = [log 2¢] > 3 coin flips and the assumption for n = 2¢ — 1 € § guarantees that on T4, a set
of d = H(n) rational coins C, = {p},p},...,p}} is necessary and unique to simulate a fair n-sided
die within d = [logn] > 3 coin flips. Thus in the case of (C1), a set of d + 1 = H(N) rational coins
Cn ={pY,pY,...,pR1} = {(2¢ - 1)/(24+' - 1),p}, P}, ..., P} } is necessary and unique to simulate a
fair N-sided die within d + 1 = [log N'| coin flips.

In the case of (C2), it follows that 2¢ < 3 < 24+1. Then we have wp = ¢, Xgi, X -+ X Qigyy <1/N
and wy = 1/N for each £ (1 < £ < 2%). Then foreach j (1< j < d+1),

j d41-j _
2 11
Hqik= Z wy = wo + E wg=w0+—-———N——-——.
k=1 0<e<2d+1—5 1<0<24+1-5
Then for each j (1< j<d+1),¢; € Cn(0< gi; < 1/2) is given by
24 -1 2¢ -1 :
¢ = Wot—x— =wot G (3)
2d+1—j -1 ' 2d+l—j -1
L A o2 P @
% = 22— _1 2425 _ 1"
vty wtgmoT

We first show by contradiction that ¢;, # ¢i; for each j (2 < j < d+1). Assume that there exists
some j (2 < j < d+ 1) such that ¢;, = g;;. Then from equations (3) and (4),

9d+1-j _ 1

291  Wot gy T
wot SoT_1 9d¥2-7 _ 1"
wo + T

From the equation above, it follows that for some j (2< j < d+1),

, 20-2H2-ig 24 — gdH1-
wO -

iy Wt @+ 1) =0. (5)

From the assumption that 0 < ¢;; < 1/2, it follows that 0 < wy < 1/(2N). Then we show that
B;,v; € (0,1/(2N))], for any j (2 < j < d+1), where p;,v; are the solutions of equation (5). For each
J (2<j £d+1), define a polynomial f;(z) of degree 2 to be
2d — 9d+2-j +1 9d _ 9d+1—j

s I T -1

Let z; (2 < j < d+1) be a value that gives the minimum of fj(z). Then

fi(z) =2 -

2d - 2d+2—j +1 2d - 2d+2-j +1

HETT e o) 2N
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and thus we have z; = 1/(2N) and z; > 1/(2N) for each j (3 < j < d+1). It is easy to show that
for each j (2 < j < d+1), fi(1/(2N)) = 1/(4N) > 0. It follows that uj,v; & (0,1/(2N)], for any
7 (2 < j <d+1), where p;,v; are the solutions of f;(z) = 0. This implies that if there exists some
j (2 £j £ d+1)such that ¢;; = g;;, then ¢;; ¢ (0,1/2] and this contradicts the assumption that
0< ¢ £1/2. Thus q;; # ¢;; foreach j (2<j<d+ 1).

We then show by contradiction that ¢;; # g;, for each j,k (2 < j < k < d+1). To do this, we
assume that g;; = g;, for some j,k (2 < j < k < d+ 1). Then wo must satisfy that

9d+1-j _ 1 od+1-k _ 1

wo + ST B wo + TS
S o9d+2-i _ 1 T odt2-k _1°
Wot Tgm T Wt oo

and we have wg = 1/N. It follows that ¢;, = 2¢/N = 2¢/(24¥! — 1) > 1/2. This contradicts the
assumption that 0 < ¢;; < 1/2. Thus ¢;; # g;, for each j,k (2<j <k <d+1).

From the result that ¢;; # ¢i; (2<J < d+1) and the result that ¢;; # ¢;, (2<j<k<d+1),it
follows that in the case of (C2), a set of d + 1 = H(V) coins Cn = {¢1,92,-.-,94+1} is necessary to
simulate a fair N-sided die within d + 1 = [log N} coin flips.

We finally show that in the case of (C2), Cy = Cy = {p{v,pév,...,pf}g_l}. Let u be the parent of
leaves 2 and 3 of Tyy. Here we assume that u is labeled with (04~'1,w) € {0,1}¢ x (0,1) and a ¢;-coin
(1 < i< d+1)is assigned to u. Since wy = w X ¢;, w3 = w X (1 - ¢;), and wy = w3, we have ¢; = 1/2.
Thus one of the coins in Cn = {q1,92,...,¢4+1} must be of bias 1/2,

Since ¢;; # ¢i, for each j,k (1 < j < k £ d+1), there must exist some j (1 < j < d+ 1) such that
gi; = 1/2. From equation (4), it follows that for each j (2 < j < d + 1), if ¢;; = 1/2, then wo = 1/N
and thus ¢;, = 2¢/N = 2¢/(24+! — 1) > 1/2. This contradicts the assumption that 0 < ¢;; < 1/2.
Thus ¢;, = 1/2 and we have wg = 1/(2N) from equation (3). Then it follows from equation (4) that
gi; = (2472 -1) /(2413 ~1) = pf’_l for each j (2 £ j <.d+1). This implies that in the case of (C2),
a set of d+ 1 = H(N) rational coins CN = {p,pY,...,p},}, where p¥ = (24~ . 1)/(24-+2 1)
for each i (1 < i < d) and pf}g_l = 1/2, is necessary and unique to simulate a fair N-sided die within
d+ 1= [log N7 coin flips. '

Thus it follows that a set of d + 1 = H(N) rational coins Cnx = {p¥,pY,...,p},,}, where p} =
(241 - 1)/(2%7"2 — 1) for each i (1 < i < d) and p,, = 1/2, is necessary and unique to simulate
a fair N-sided die within d + 1 = [log N] coin flips. I
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