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Biarc Spline Interpolation

BEKE E3# &  (Manabu Sakai)

1. Introduction. Biarc splines made of circular arcs and straight line segments are
of much use for approximating discrete data in a plane since they are the paths by a
drafting machine that can not draw a cubic curve directly ([2], [5]). In finding an
interpolating biarc spline, most authors specify the tangents at the given data points, and
then determine biarcs ( a biarc is a pair of circular arcs having geometric continuity of
degree one — G continuity ) that join the points and match those tangents. That is, for the
data points P; (i = 1, 2 ) and the tangents m; at P;, letting D; and D be the two circular
arcs, then the biarc joining P; (i =1, 2 ) satisfies : '

(1) D; (i=1,2) pass through P; and are tangential to m; at P;

(2) D; (i=1,?2) are tangential to each other at their joint.
The biarc has six degrees of freedom, but the above conditions (1) and (2) use only five.
This shows that the biarc is not unique. Therefore, various restricting conditions have
been used to make the biarc unique. For example, the difference of the curvatures of the
two circular arcs could be minimized, with the result that the joint is the on the right
bisector of the line segment joining the two end points.

The object of Section 2 is to obtain some relations between the radii of the two circular
arcs of the biarc. The object of Section 3 is to derive the locus of the joint of the biarc that
have been used for the unique biarc [5]. Algorithms for finding of the biarc spline
interpolation and some examples are given in Section 4.

2. Relations between radii of biarcs. It is easy to check that the following

affine transformation corresponds points (-1, 0) and (1, 0) to ones (x;, y;) and
(xj+1, Yj+1), respectively:
x’ xjr1—x) = Q1= )| * Xj + Xj41
1) = (1/2) +(1/2)

A Ojs1-¥) Gri-x) ||y Vi + Yjr1
and that an angle between any two vectors in the plane is invariant under the above affine
transformation since the coefficient matrix on the right hand side of (1) means a rotation
of the coordinate axes and a change of scale in any direction. Hence, it suffices to

consider the case when a biarc passes through (-1, 0) and (1, 0) and matches two given
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( or specified ) unit tangents # ( = ( cos8;, sinf;) ) (i = 1, 2 ) at those points. In what
follows, m; = tan6; (|0] < 72 ) and r; (i = 1, 2 ) are the radii of the circular arcs passing
through (- 1, 0) and (1, 0), respectively. Depending on the signs of ; (i =1, 2 ), we
shall derive relations between the radii r; (i = 1, 2 ) of the biarc. First we consider the
case when 6,6, < O for which the biarc is C-shaped.
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Fig. 1. C—shéped biarc (01< 0, 6, >0 ). Fig. 2. S—shaped biarc (6; <0, 6, <0).
* Case 1: 6:< 0,6, > 0. In this case, the centers of the two circular arcs are (-1 -mjcy,cy)
and (1 — mycy,c3), where cj=riivN 1+ m,2 (= ricos6;). The two circular arcs are joined

in a G! manner if the distance from the one center to the other is equal to the difference of

(1= maca, €2)

the radii, i.e.,

2) (r2—r)?=(c2 - c)? + 2 — macy + mycy)?
or equivalently
3) rlrzsinzgI 62 __ risindy + rysin6, — 1 (= rifsin@y| + rifsin6| - 1).

Here we note that r; # r, for |01 #|0, . Supposing that r; = rz, then (3) becomes
) rfsin201—;93- ri(sin@y| +[sin@,)) + 1= 0.

This quadratic equation has no real roots since the discreminant is equal td —(cosO; -
cos6,)? (< 0), proving ry # ry. Hence, the joint (x, y) of the biarc is given by

(5) (ri=r)x=ri+ry—rirXsin6; —sinfy), (r1 - ry)y =riry(cosé; — cos).

Now, in order for the biarc to be C-shaped shown in Fig. 1, it would be quite natural to
demand the conditions:

©) -l1<x<1, y<0.

We can easily check that two inequalities in (6) are valid if ;> 7, (or ri< r; ) for
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61 < 64 (or |61] > |64]). For example, assume that r; > ry for |61] < 164, the case
of |01] > |84| being similarly checked. Since r;> r;, y < 0 is immediate. Next, by (3)

0)) r1>1/sin8y|, ry<[sin@y /sinz-e—l——z_—el.
This gives
®) rp <2/(sin@, - sinf) <r;, ie,-1<x<1.

Thus, for the biarc to be C-shaped, we obtain relation (3) between the tworadiir; (i =1,
2)where r; > r, for |0 <|6) and r, < rp for |6y >[6 .

Case 2: 6; > 0, 6, < 0. The two circular arcs with centers (- 1 — mjcy,¢1) and (1 -
Mmyca,cy) ( ¢ =—riN 1+ m? (=~ ricosf;) ) are joined in a G' manner if

)] rlrzsinze1 ;92 = r15in@; — rysin6y — 1 (= rifsin@y| + risin6y| - 1).

Similarly as in case 1, for the biarc to be C-shaped, we require the condition
(10) 1> ry (or ry < rp) for|6y| |6 (or [61] >|62]).

Trivially in the case when 616, < 0 and |6;] =|65, a single circular arc with radius 7 =

1/sin@| passes through (%1, 0) and matchesb( cos6;, sin6; ) at those points. This case is

considered to be a special one of (3) ( or (9) ) since then equation (3) (or (9) ) becomes
(rqfsin@y| — 1)(rdsin6y| — 1) = 0 from which we get 71 or r2 =7 (= 1/sin8|). Hence we
have

THEOREM 1. For the case in which 6,6, < 0, there exists a C-shaped biarc ( a pair
of two circular arcs with radii r; (i = 1, 2 ) ) that joins (-1, 0) and (1, 0) and matches two
given or specified unit tangents ¢ ( = ( cos8;, sin6; ) ) (i =1, 2) at those points if

rlrzsinzfo—l%—eg = rifsin@y| + rjsin6,| -1

where r; = r, (or r; < rp) for |04 <16, (or |61 >]64 ).
Next we consider the case when; 8, = 0O for which the biarc is S—shaped.

Case 3: 6; < 0, 6, <0. In this case, the centers of the two circular arcs that pass through
(-1, 0) and (1, 0) and match the given or specified unit tangents ti (= ( cos9;, sin6; ) )
(i=1,2) at those points are (-1- m;cy,c1) and (1- maca,c7) where ¢ = ri/v 1+ m}
(=ricos8; ) and ¢ = — ry/N 14+ m3 (= - rycos6; ). As shown in Figure 2, the two
circular arcs are joined in a G' manner if the sum of the radii is equal to the distance
between the two centers, i.e.,

(11) ()t =(ca-c1)? + (2—macy + mycy)?

or equivalently

(12) rlrzsinzgl—;ﬁ% = risin@; + rysiny + 1 (= — r{fsin@y| - risin6y| + 1).
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Case 4: 6, > 0, 6, > 0. The centers of the two circular arcs are (-1- m;c,c1) and (1-
mocCa,c2) where ¢p =—ri/V 1+ mf =—ricosf; ) and c3 = oV 1+ m%( = r,cosb, ).
Similarly to Case 3 we obtain

(13) rlrzsin?""'lT‘62 =—rsin@) — rysin@, + 1 (=— r{fsin@y| — risin@y} +1).

Trivially note that we can let 6; or 8, be zero in (12) and (13). Hence we have
THEOREM 2. For 0,6, = 0, there exists an S—shaped biarc ( a pair of two circular
arcs with radii r; ) that joins (-1, 0) and (1, 0) and matches the specified unit tangents & (

= (cos6;, sinf; ) ) (i =1, 2) at those points if

201 -6,
2
where for 6, = 6, =0, the biarc reduces to the interval (- 1, 1).

ryrsin = — rsin@y| — risin@y| + 1

o <ley (4

< >
q2 P1 r 7 —
(0] 1p) 1/qs ky

Fig. 3. Relations between r; and r». Fig. 4. Relations between k; and k3.

In Figs 3 and 4, solid and dashed lines mean the relations between the radii r; ( or the
curvatures k; ) (i =1, 2 ) for C-shaped and S—shaped biarcs, respectively where (p;, q;)
= (1/sin8}, |sinOY/sin%{(6,-6,)/2}). Therein, the points of tangent of straight line
segments (1) — (4) and the relations in Theorems 1 and 2 correspond to choices for the
minimization of [ry/ra— 1| , [ri— 4 , [k1— k2| and [y + ko . |

3. Locii of joints. In this section, we shall show that a locus of the joint of the
biarc joining (x 1, 0) is a circular arc passing through (£ 1, 0).

THEOREM 3. In cases 1 and 2 ( i.e., 616, < 0), the joint of the biarc is on the circle
C with center C (0, — 1/tan{(6; —6,)/2}) and radius r = 14sin{ (8, -6,)/2 )} ie.,



14

| x'? +(y + 1tan{(6; —6,)/2})? = 1/sin2{(0, -0,)12}, (x,y) # (% 1 0)
where for case 1, |
(14) y<(x- l)taﬂ(—el-zi-—e‘z—) (|6:1<162]) or y< (x + l)tan(_el_z"lal) (Igll >162)

and for case 2,
(15) y2 G- Dan@) (Jal<lel) or y2 e+ Dan@E)  (loy> o).

PrOOF of Theorem 3. In case 1, solving for k; (= 1/r;) (i=1,2) from (5), and
manipulating to obtain
(16) ki (=1ry)=(@-qsin{(6,-62)12}, ky (= Ury) = (p + q)sin{(6; -62)/2}
where py = x sin{(0; + 6,)/2}- ycos{(6; + 62)/2}, qy = sin{(6; + 6,)/2}.
Substituting these quantities of k; into relation(4) and rearranging, we get
a7n {p+ cos(o1 + 92) }2 {q- sm( 1+ 02)/tan( 92)}2

=_ {sm(o1 + 02)/5m( 62) }2

From this, it is easy to obtain the desn'ed circle C. To examine the necessity of condition
(14), we assume that |0,| < |65, the other case of || >|65] being similarly done. Since
0<ky <k for|0<|0,, wegetp+q< p-q<0,ie., p<q<0 which are equivalent

to (18). In case 2, k; (i =1, 2) are also given by the same equations (16) where py =

—x sin{(0; + 62)/2} + y cos{(0; + 62)/2} and gy =—sin{(6; + 6,)/2}. Similarly as in
case 1, the joint is on the same circle C. For condition (15), we assume that |0;] < |6,
since the other case of [9;] >|0,] can be treated in a similar manner. Note that

sin{(6; —6)/2} >0 for|0)|<|6s incase 2, thenk, > k; = 0implyp+g=> p-g =0,
i.e., p = q =0 which are equivalent to (15) for |9;] <|8,], completing the proof of
Theorem 3. _

For the geometric meaning of the circle C, we denote (-1, 0) and (1, 0) by P and Q,
respectively. In addition, R means the intersection of the two tangents of the circular arcs
at P and Q whose slopes are m; (i = 1, 2 ). Then we obtain the following corollary that
is of use for geometrically determining the locus of the joint.

CoroOLLARY 1. The center C of the circle C is on the circum-circle of APQR, and C
passes through the incenter I of the triangle which has been used as a joint of the C-
shaped biarc ([5]).

PrOOF. We consider case 1 where in addition [0/ <|64], the other cases being
similarly treated. By Theorem 3, we get ZPCQ = 6, -0,. SinceZPRQ =r - (6, -6y),
C is on the circum-circle of APQR. Since ZPIQ = — (6, —01)/2, the circle C passes
through the incenter I. For geometric proof of this Corollary, see [5].



The following corollary 2 can be checked by-an application of Lagrange's method of
indeterminate coefficient to the relation between the two radii of the biarc in Theorem 1.

COROLLARY 2. (i) [Uri—1/rd =min if 1/ry+ Ur, =|sin| +|sin6y ,

@ii) |ry—rd =min if vrl + 12 = (sin8| + |sin6y )/sinZGI_OZ,

(iii) |r/ ro—1|=min if [siny| + rJfsin6y = 2,

where case (i) has a unique solution (r1, r,) if and only if 1/3 < |9;}16, < 3.

The restriction on the magnitude of |6;/46,] in corollary 2 will be seen from the
following geometric meaning of the joints D, H and I on the circle C in assertion (i) -
 (iii). We consider case 1 where in addition || <|8,| , case 2 being similarly done. In
view of (i), the x-coordinate of the jointv D is given by ’

(18) {ri+ rp—riry(sin@; — sin6y) }/(ry —rp) = 0.

That is, the joint D is on the y-axis, i.e., the bisector of the line segment joining the two
end points (1, 0), and in addition ZQPD = (6, —6;)/4. Next in (ii), the vector joining
the two centers is equal to

19) - mzcz,cé) — (-1 —=mcy,¢1) = 2 + risinb; — rysinby, rycos6; — ricosy).

Since the magnitude of this vector is |r; — 74, letting the angles subtended by the two
circular arcs be & and 3, then

(20) rijry — rj cose = r} + 2rysinfy — ryrocos(6; —6;)
and ‘
1 riri —rj cosB =—r3 + 2rysin@, + ryrcos(6; —-6,).

From these, the angles of the two circular arcs are equal if

(22) ri + 2sin@; — racos(6y —62) = —ry + 2sin6, + ricos(6; ~6;)
or equivalently |
(23) r1+ r, = (sin6y] + |sin02|)/sin29—1§£2—

as is the given relation in (ii). Then, a simple calculation gives ZQPH = (-36; - 6,)/4.

Finally, in view of (iii), by (19) the x-component of the vector joining the two centers
is equal to 2 + r1sin6; — rpsin6, = 0 from which the common tangent vector at the joint
is parallel to the x-axis, i.e., the vector joining the points of the tangent of the two

circular arcs. Since then the angles subtended by the two arcs of the biarc are equal to -6,

and 0, respectively, Sabin' choice is the one that makes the ratio of the radii as close to
one as possible ([2]). A simple calculation gives ZQPI =— 6,/2 and in addition, the

15
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joint I is the incenter of the triangle APQR. Here note that ZQPD > ZQPI> ZQPH.
In Fig. 5, L is the joint of C and the straight line segment : y = (x — 1)tan{(6; +6,)/2}
and is also the joint of C and the straight line segment : y = (x + 1)tan6, i.e.,
ZQPL =- 6;. Therefore, assertion (i) has its solution if and only if ZQPL 2 ZQPD,
i.e., =01 2 (- 61— 8)/4 or |64 <30y

THEOREM 4. In cases 3 and 4 (i.e., 6,60, > 0 ), the joint (x, y) is on the same circle
Cin Theorem 3 where y<0(60;<6;) or O0<y (6,<60;).For6;=6,( >0r<0),

the circle C reduces to the interval (- 1, 1).

PRrOOF of Theorem 4. In case 3, note that the joint (x, y) is given by (r; + r2)x =
— ry— rira(sin6; — sin@,) and (r1 + r)y = rira(cos8; — cos6,) since the centers of the
two circular arcs are (— 1— rlsinel; ricos6)) and (1 + rysin@y, — rycos6y) ( see Fig. 2).
Hence, k; (= 1/r;) (i =1, 2 ) are given by the same (16) in the proof of Theorem 3
where py = - sin{(6; + 6;)/2} and qy = — x sin{(6; + 6:)/2}+ ycos{(0; + 62)/2}.
Substituting k; (i = 1, 2 ) into (12) and manipulating to obtain,

e {p+sin@t @ 8)2 {4 cos®it b))
= {sm(e1 hs Gz)lsm( 92)}2

which becomes the desued circle C. For the restriction on y, we assume 0; <6,(<0),
the other case of 6; < 6; ( < 0 ) being similarly treated. Then, since sin{(6; —6,)/2} <0,
ki20(i=1,2) require p—q, p+q<0,ie., (x+ Dtan{(6; +6,)/2} <y < 0. Since
the slope of the tangent of the circle C at (- 1, 0) is greater than the that of the straight line
on the right hand side of the first inequality, i.e., tan{(0; —6,)/2} > tan{(6; +6,)/2}, the
first inequality is always valid. Hence we havey <0 for 8; < 6, (<0).Incase 4, k; (i
=1, 2) are also given by (16) where py = sin{(6; +6,)/2} and gy = xsin{(6; +6,)/2} -
ycos{(60; + 6,)/2}. Substitute k; into (13), and then rearrange the terms appropriately to
get

@ {p-sin@E a0} 2 (g4 cos@t )2

= {sin2L% 02)/sm( 92 )2,

From this, it is stra;lghtforward to get the desired circle C. For the restriction on y, we
assume that ( 0 < )8 < 6,, the other case ( 0 < )8, < 6; being similarly treated. From
ki20(i=1,2),weget p—gq, p+q<0,ie., (x— Dtan{(6; + 6;)/2} <y < 0 where
the first inequality is always valid since the slope of the tangent line of the circle C at

(1, 0) and the straight line segment are given by — tan{(6; — 6,)/2} and tan{(6; + 6,)/2},
respectively. Hence y < 0. For 6, = 6, , trivially x = (ry — rp)/((r; + r2) and y =0 with
(r1 + ro)sin®y| = 1 from which the locus reduces to the interval (- 1, 1), Theorem 4 being

proved.



Using the same notation in Corollary 1, we have the following corollaries that are of
use for a geometric determination of the joint for the S-shaped biarc.

CoRrOLLARY 3. The center C of the circle C is on the circum-circle of APQR.

Proof of Corollary 3. We consider case 3 where in addition 6; < 8, < 0, the other
cases being similarly treated. Since then ZPCQ = 6, -0; (= ZPQR ) by Theorem 4, C
is on the circum-circle of APQR. '

Here we remark that the circle C passes through the excenter of APQR lying on its
opposite side with respect to QR (or PR ) for |64] <|6;] (or |61] <|64 ) where the
excenter itself can not be used as the joint but it is of use for determining the locus of the
joint. Lagrange's method of indeterminate coefficient to the relation between the radii of
the biarc in Theorem 2 or an elementary calculation gives (i) and (ii), respectively.

COROLLARY 4. (i) The difference of the signed curvatures |ki— (- k2)| (= 1/ri +1/r2)
=min if 1/ri—1ry( =k;- k) =|siny| —|sin6.
(ii) ri=ry if r(=r;=ry) is the positive root of the quadratic equation:

r2sin2¥ +r(sin8y| Hsin6,| ) — 1= 0.

Since then the x-coordinate of the joint D in (i) is equa I to r1(1- mzc‘é) +
ra(-=1-mycy) = ryraka — ki+[sin@y| —|sin69) = 0, the joint D'is on the bisector of the
line segment joining the end points (£1, 0), i.e., y-axis. For r; = r; in case 3, the proof
of Theorem 4 easily shows that the coordinate (x, y) of the joint K in (ii) satisfies y/x =
tan{(0; + 6,)/2}, i.e., ZQOK =—(0; + 6;)/2. In case 4, ZPOK = (6; + 6,)/2.

In Fig. 5, is given the graph of the locus of the joint in case 1 where (1 £)|6,/16| <
3; otherwise the solid circle ( the limiting case when one of the circular arcs of the biarc
is a straight line segment ) is in the fourth quadrant instead of the third one, i.e., the
locus does not pass through the point D (0, — tan{(8; —6,)/4}) corresponding to the
choice of the minimization of the difference of the two curvatures.

~ Fig. 5. Locus of joint in case 1 (|64 <|64] ).
4. Finding of biarc spline and Examples. In numerical examples, for a
unique determination of biarcs is used the conditions that minimizes the difference of the
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('signed ) curvatures. By Corollaries 3 and 4, the point D is chosen as the joint of the
biarc, i.e., we can use the following algorithm for a unique determination of a biarc
joining P and Q:
(1) draw APQR where R is the intersection of the tangents at P and Q specified by
means of an appropriate method without solving a large system of equations
(ii) determine the point C ( the center of the circle C) as the intersection the circum-
circle APQR and the bisector of the line segment PQ where C and R are on the
opposite ( or same ) sides of PQ for 8;0, <0 (or 6,6,=0)
(iii) determine the point D as the intersection of the circle C passing through P ( Q)
and the bisector of PQ
(iv) determine the center of each circular arc as the joint of the straight line passing
through P ( or Q ) which is perpendicular to the tangent line at P ( or Q ) and the
bisector of the line segment PD (or QD ) and draw each circular arc.
Some numerical examples are given where the data points are shown as small circles.
Arc splines have G' contiliuity, but the loss of curvature continuity does not appear to
have a signiﬁgantly adverse affect on the visual quality of the interpolatory curves.

References \.._,,//

[1] T. N. T. Goodman and K. Unsworth: Shape preserving interpolation by curvature
continuos parametﬁc curves, Computer Aided Geometric Design 5(1988), 323-340.

[2] D. S. Meek and D. J. Watson: Approximating discrete data by G! arc splines,
Computer—Aided Design 24(1992), 301-306.

[3]1 M. S. Sabin: The use of piecewise forms for the numerical representation of shape,
Report 60/1977, Computer and Automation Institute, Hungarian Academy of
Sciences.

[4] M. Sakai and R. Usmani: On orders of approximation of plane curves by
parametric cubic splines, BIT 30(1990), 735-741.

[5]1 Su, B—=Q and Liu, D-Y: Computational Geometry—Curve and Surface Modeling,

" Academic Press, 1989.



