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Jrgensen’s inequality for classical Schottky
groups of real type

Hiroki Sato
佐藤 宏樹 (静岡大学理学部)

Department of Mathematics, Faculty of Science
Shizuoka University

Abstract. In this paper we consider Jrgensen’s inequality for
Scltottky groups of real type. Main $tl\iota eo\iota\cdot elllS$ will be stated in \S 4. We
will give examples in \S 9, eaclt of $wl\iota icl\iota$ slrows $t1_{1}e$ lower bound in tlre
Jrgensen inequality is best possible. Proofs of leunnas, proposit.ioiis
and $t1_{1}eo\iota\cdot en\iota s$ in this paper will be appeared $i_{1}\iota[8]$

1. Notation and terminology.
Let $C_{1},$ $C_{g+1}’$ ; $\cdots$ ; $C_{g},$ $C_{2g}’$ be a set of $2g,$ $g\geq 1$ , mutually $disjoi_{1}\iota t$

Jordan curves $ol1tl\iota eRiel\iota\iota allll$ sphere $w1_{1}ic1\iota$ comprise $tl\iota e$ boundary of
a $2g$-ply connected region $\omega$ . Suppose $t1_{1}e1^{\cdot}e$ are $g$ M\"obius trausforma-
tions $A_{1},$ $\cdots$ , $A_{g}wl\iota ich$ lrave tlte property $tl\iota atA_{j}$ maps $C_{j}o|\iota toC_{g+j}’$ and
$A_{j}(\omega)\cap\omega=\emptyset$ , $1\leq j\leq g$ . $T1_{1}e11$ the $g$ necessarily $1oxod_{1011}\iota ict\iota\cdot a\iota\iota sf_{01111}a-$

tions $A_{g}b^{1}e\iota$ } $e1^{\cdot}ate$ a $mar\cdot ked$ Schottky group $G=<A_{1},$ $\cdots$ , $A_{g}>$ of genus
$g$ with $\omega_{\dot{e}}\iota s$ a fulldalllcltCal region. $I_{l1}$ particular, if all $C_{j}’(j=1,2, \cdots, 2g)$

are circles, $t1_{1C1}\iota$ we call $A_{1},$ $\cdots$ , $A_{y}$ a set of ctassic($\iota t$ generators of $G$ . A
classical Schottky group is a $Scl\iota ottky$ group for $w1\iota ic1_{1}t1_{1}e\iota\cdot e$ exists $S0111e$

set of classical generator.
Let M\"ob be tlre group of all M\"obius $tralt\backslash \cdot forlllatiollS$ . We say

two marked subgroups $G=<A_{1},$ $\cdots$ , $A_{t},>$ alld $G=<\hat{A}_{1},$ $\cdots$ , $\hat{A}_{y}>$

of $J\backslash \cdot I\ddot{o}1$ ) to be equivalent if $tl\iota ere$ exists a $M\ddot{o}\mathfrak{l}$) $ius$ transforuzation $T$ such
$t1_{1}at\hat{A}_{j}=TA_{j}T^{-1}$ for $j=1,2$ . $T1$) $e$ Schottky space (resp. classical
Schottky space) of genus $g$ , denoted by $\otimes_{g}$ (resp. $\mathfrak{S}_{g}^{0}$ ), is $tl\iota e$ set of all
equivalence clcrsses of marked Scltottky groups (resp. marked clrussical
Scbottky groups) of genus $g\geq 1$ .

$\backslash Ve$ denote by $?rt2$ the set of all equivalence classes $1<A_{1},$ $A_{2}>$ ] of
marked groups $<A_{1},$ $A_{2}>gel\iota erated$ by loxodronric $traIlsfolluationsA_{1}$
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and $A_{l}$ wltose fixed points are all distinct. Let $1<A_{1},$ $A_{2}>$ ] $\in 9\uparrow l_{2}$ For
$j=1,2$ , let $\lambda_{j}(|\lambda_{j}|>1),p_{j}$ and $p_{2+j}$ be $tl\iota e$ llltltipliers, the repelling
and $tlle$ attracting fixed points of $A_{j}$ , respectively. $YVe$ define $t_{j}$ by sett,ing
$t_{j}=1/\lambda_{j}$ . Tlrus $t_{j}\in D^{*}=\{z|0<|\sim\sim|<1\}$ . We determine a $bI\ddot{o}1$ ) $ins$

transforlnation $T$ by $T(p_{1})=0,$ $T(p_{3})=\infty$ and $T(p_{2})=1$ , and define $\rho$

by $\rho=T(p_{4})$ . $Tl\iota us\rho\in C-\{0,1\}$ . We can define a mapping $\alpha$ of tlte
space into $(D^{*})^{2}\cross(C-\{0,1\})$ by sctt. $ingc\iota^{l}([<A_{1}, A_{2}>])=(t_{1}, t_{2}, \rho)$ .
Then we say $[<A_{1}, A_{2}>]$ represents $(t_{1}, t_{2}, \rho)$ and $(t_{1}, t_{2}, \rho)corres_{1})(11(1s$

to $1<A_{1},$ $A_{2}>$ ] or $<A_{1},$ $A_{2}>$ . Conversely, $\lambda_{1},$ $\lambda_{2}$ and $p_{4}$ are uniquely
$detern\iota i_{1}\downarrow cdf1\cdot 0\iota 11$ a givell point $\tau=(t_{1}, t_{2}, \rho)\in(D^{*})^{2}\cross(C-\{0,1\})$

under the $110fl1\iota ali’\prime_{\lrcorner}atiol1$ condition $1$) $\iota=0,p:$ } $=\infty al1(1)\cdot=1$ ; wc define
$\lambda_{j}(j=1,2)$ and $1^{J}4$ by setting $\lambda_{j}=1/t_{j}a11(1p_{1}=\rho$ , respectively. We
$deter\iota)1i_{l1}eA_{1}(\approx),$ $A_{2}(z)\in$ M\"ob from $\tau$ as follows : The multiplier, $t1\iota e$

repelling and $tl\iota e$ attracting fixed points of $A_{j}(\approx)$ are $\lambda_{j}$ $p_{j}al1(\iota_{12+j}$ ,
respectively. Thus we obtain a mapping $\beta$ of $(D^{*})^{2}\cross(C-\{0,1\})$ into 2
by setting $\beta(\tau)=[<A_{1}(z), A_{2}(z)>]$ . Then we note that $\beta\alpha=\alpha\beta=id$ .
Tlterefore we identify $?n_{2}$ with $\alpha(m_{2})$ . Similarly we can define tlte map-
ping $\alpha^{*}$ of $\oplus_{2}$ or $\mathfrak{S}_{2}^{0}$ into $(D^{*})\cross(C-\{0,1\})$ by restricting $\alpha$ to this
space, and identify $\otimes_{2}$ (resp. $G_{2}^{0}$ ) with $\alpha^{*}(\otimes_{2})$ (resp. $\alpha^{*}(\otimes_{2}^{0})$ ). $F_{10111}$

now $011$ we denote $\alpha(\eta\tau_{2}),$ $\alpha^{*}(\mathfrak{S}_{2})$ and $\mathfrak{c}\alpha(G_{2}^{c}0)$ by $c_{17t_{2},\mathfrak{S}_{2}}andcG_{2}^{0}$ , re-
spectively.

A M\"obius $tra\iota lsfornlatiollA(z)=(a\approx+b)/(cz+d)$ is called a
real Mobius transformation if $a,$ $b,$ $c,$ $d\in R$ and ad–bc $\neq 0$ . If $A_{j}(j=$

$1,2,$ $\cdots$ , g) are all real M\"obius $transf_{ol1}n_{c}\backslash st,ions$ , then we call $G=<$
$A_{1},$ $\cdots$ , $A_{g}>$ a marked group of real type. In $t1_{1}e$ case of $g=2,$ $t1_{1}ere$

are $eigl_{1}t$ kinds of lnarked groups of real $tyl$) $c$ as follows. Let $(t_{1}, t_{2}, \rho)$

be the point in $m_{2}$ , corresponding to $[G]=[<A_{1}, A_{2}>]$ .

DEFINITION 1.1 (cf.[4])
(1) $G$ is of the first type (Type I) if $t_{1}>0,$ $t_{2}>0,$ $\rho>0$ .
(2) $G$ is of tlte second type (Type II) if $t_{1}>0,$ $t_{2}<0,$ $\rho>0$ .
(3) $G$ is of $tl\iota e$ third type (Type III) if $t_{1}>0,$ $t_{2}<0,$ $\rho<0$ .
(4) $G$ is of the fourth type (Type IV) if $t_{1}>0,$ $t_{2}>0,$ $\rho<0$ .
(5) $G$ is of the fifth type (Type V) if $t_{1}<0,$ $t_{2}>0,$ $\rho>0$ .
(6) $G$ is of $t1_{1}e$ sixtlt type (TypeVI) if $t_{1}<0,$ $t_{2}<0,$ $\rho>0$ .
(7) $G$ is of the seventh type (Type VII) if $t_{1}<0,$ $t_{2}<0,$ $\rho<0$ .
(8) $G$ is of tlre eightb type (type VIII) if $t_{1}<0,$ $t_{2}>0,$ $\rho<0$ .

For each $k=I,$ $II,$ $\cdots$ , VIII, we call $tl\iota e$ set of all equivalence classos
of marked groups (resp. marked Schottky groups and inarked classical
$Sc1\iota ottk)^{r}$ groups) of Type $k$ tlte real space (resp.the real Schottky space
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and the real classical Scltottky space) of Type $k$ , and denote tbem by
$R\iota\cdot JTt_{2}$ (resp. $R_{k}G_{2}$ and $R_{k}\otimes_{2}^{0}$ ).

2. The Nielsen transformations.

THEOREAI A (Neumann [3]). The group $\Phi_{2}$ of automorphisms of
$G=<A_{1},$ $A_{2}>has$ the following presentation:

$\Phi_{2}=<N_{1},$ $\Lambda_{2}^{T},$ $N_{3}|(N_{2}N_{1}N_{2}N_{3})^{2}=1$ ,
$\Lambda^{\tau_{3}-1}\Lambda^{r_{2}}\Lambda^{r_{3}}N_{2}N_{1}N_{3}N_{1}N_{2}N_{1}=1,$ $N_{1}N_{\backslash !}N_{1}N_{3}=N_{3}N_{1}N_{\backslash !}N_{1}>$ ,

where $N_{1}$ : $(A_{1}, A_{2})\mapsto(A_{1}, A_{2}^{-1}),$ $N_{2}$ : $(A_{1}, A_{2})\vee\mapsto(A_{2}, A_{1})$ and
$N_{3}$ : $(A_{1}, A_{2})rightarrow(A_{1}, A_{1}A_{2})$ .

We call $t1_{1}e\iota$ } $\iota a_{11)}$) $i_{1}\iota gN_{1},$ $N_{2}$ and $N_{3}t1_{1}e$ Nielsen $tral\iota sforIllatiollS$ . In
tlte following propositions $X$ denotes tbe spaces $7n_{2},$ $\mathfrak{S}_{2}$ or $\mathfrak{S}_{2}^{0}$

PROPOSITION 2.1. $N_{1}(R_{k}X)=R_{k}X$ for each $k=I,$ $II,$ $\cdots$ , VIII.

PROPOSITION 2.2.
(i) $N_{2}(R_{k}X)=R_{k}X$ for $k=I,$ $IV,$ $VI,$ $VII$ .
(ii) $\Lambda^{r_{2}}(R_{II}X)=R_{V}X$ and $N_{2}(R_{V}X)=R_{II}X$ .
(iii) $N_{2}(R_{III}X)=R_{VIII}X$ a$\tau\iota dN_{3}(R_{VJII}X)=R_{III}X$ .

PROPOSITION 2.3.
(i) $N_{\backslash !}(R_{k}X)=R_{k}X$ for $k=I,$ $II,$ $III,$ $IV$.
(ii) A’3 $(R_{\mathfrak{l}^{\gamma}}X)=R_{VII}X$ and $N_{3}(R_{VII}X)=R_{V}X$.
$(iii)N_{3}(R_{t^{f}I}X)=R_{VIII}X$ and $N_{3}(R_{VIII}X)=R_{VI}X$ .

3. Fundamental regions.

Tlte Schottky modular group of genus two, wliiclt is denoted by
Mod $(\otimes_{2})$ , is tbe set of all equivalence $c1_{c}xses$ of orientation preservimg
automorphisms of $G_{2}$ . We denote by Mod $(R_{k}G_{2}^{0})$ the restriction of
Mod $(\mathfrak{S}_{2})$ to $R_{k}(\check{9}_{2}^{0}$ for $k=I,$ $II,$ $\cdots$ , VIII. We denote by $F_{k}(Mod((\overline{g}_{2}^{0}))$

fundamental regions for Mod $(R_{k}\otimes_{2}^{0})$ in $R^{J}$ .

PROPOSITION 3.1 (Sato[4]).

$F_{I}$ (Mod $(\copyright_{2}^{0})$ ) $=\{(t_{1}, t_{2}, \rho)\in R_{I}G_{2}^{0}|\rho(t_{1}, t_{2})^{-1}<\rho$

$<\rho(t_{1}, t_{2}),$ $\rho\neq 1,0<t_{2}<1,0<t_{1}<1$ },
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where $\rho(t_{1}, t_{2})=(1+\sqrt{t_{1}}t_{2})/(\sqrt{t_{1}}+t_{2})$.

PROPOSITION 3.2 (Sato[5]).

$F_{II}(LIod(Cg_{2}^{0}))=\{(t_{1}, t_{2}, \rho)\in R_{II}\mathfrak{S}_{2}^{0}|(1+\sqrt{t}\iota t_{2})/(\sqrt{t}1+t_{2})$

$<\rho<((1-\sqrt{t_{1}}t_{2})/(\sqrt{t_{1}}-t_{2}))^{2},$ $-1<t_{2}<0,0<t_{1}<1$ }.

PROPOSITION 3.3 (Sato[7]).

$F_{III}(Mod(\mathfrak{S}_{2}^{0}))=\{(t_{1}, t_{2}, \rho)\in R_{III}\otimes_{2}^{0}|\rho^{*}(T_{1}, T_{2})<\rho$

$<-1,$ $t2(t_{1},p)<t_{2}<0,0<t_{1}<1$},

where $\rho^{*}(T_{1}, T_{2})=(4-T_{1}T_{2}+((4,-T_{1}^{2})(4-T_{2}^{2}))^{1/2})/2(T_{2}-T_{1}),$ $T_{1}=$

$t_{1}+1/t_{1},$ $T_{2}=t_{2}+1/t_{2},$ $andt^{*}(t_{1}, t_{2})$ is $t_{2}$ satisfying the equation

$(1+t_{1})(\sqrt{-\rho}+1/\sqrt{-\rho})=(1-t_{1})(\sqrt{-t_{2}}+1/\sqrt{-t_{2}})$

PROPOSITION 3.4 (Sato[4]).

$F_{It’}$ (Mod $(G_{2}^{0})$ ) $=\{(t_{1}, t_{2}, \rho)\in R_{IV}6_{2}^{0}|\rho^{*}(t_{1}, t_{2})<\rho$

$<1/\rho*(t_{1}, t_{2}),$ $t_{2}<t_{1},0<t_{2}<t_{2}^{*}(t_{1}, \rho),$ $0<t_{1}<1$ },

where $p^{*}(t_{1}, t_{2})=(1-\sqrt{t_{1}}t_{2})(t_{2}-\cap t_{1}$ and $t_{2}^{*}(t_{1}, \rho)$ is $t_{2}$ satisfyin$g$ the
equation

2 $\sqrt{t_{1}}\sqrt{t_{2}}(1-p)=\sqrt{-\rho}(1-t_{1})(1-t_{2})$ .

PROPOSITION 3.5 (Sato[5]).

$F_{V}$ (Mod $(G_{2}^{0})$ ) $=\{(t_{1}, t_{2}, \rho)\in R_{V}\mathfrak{S}_{2}^{0}|(1-t_{1}t_{2})/(t_{2}-t_{1})<\rho$

$<((1-\sqrt{t_{2}}t_{1})/(\sqrt{t_{2}}-t_{1}))^{2},0<t_{2}<1,$ $-1<t_{1}<0$ }.

PROPOSITION 3.6 (Sato[7]).

$F_{VI}$ (Mod $(G_{2}^{0})$ ) $=\{(t_{1}, t_{2}, \rho)\in R_{VI}\mathfrak{S}_{2}^{0}|-(1+t_{1}\sqrt{}\rho\urcorner/(\sqrt{\rho}+t_{1})$

$<t_{2}<0,1<\rho<1/t_{1}^{2},$ $t_{2}<t_{1},$ $-1<t_{1}<0$ }.
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PROPOSITION 3.7 (Sato[5]).
$F_{VII}(Mod(\otimes_{2}^{0}))=\{(t_{1}, t_{2}, \rho)\in R_{1’II}C_{9_{2}^{0}}’|$

$(\sqrt{-t_{1}}+\sqrt{-t_{2}})/(1-\sqrt{-t_{1}}\sqrt{-t}2)<\sqrt{-\rho}$

$<(1-\sqrt{}\overline{-t_{1}}\sqrt{-t_{2}})/(\sqrt{-t_{1}}+\sqrt{-t_{2}}),$ $t_{2}<t_{1},$ $-1<t_{1}<0$ }.

PROPOSITION 3.8 (Sato[7]).

$F_{VIII}(Mod(\mathfrak{S}_{2}^{0}))=\{(t_{1}, t_{2},p)\in R_{t^{\gamma}III}6_{2}^{0}|0<t_{2}$

$< \frac{(\sqrt{-p}-\sqrt{-t_{1}})(1-\sqrt{-t_{1}}\sqrt{-\rho})}{(\sqrt{-\rho}+\sqrt{-t_{1}})(1+\sqrt{-t}1\sqrt{-\rho})}$

$1/t_{1}<\rho<-1,$ $-1<t_{1}<0$}.

4. Main theorems.

Let $G$ be a marked two-generator group generated by M\"obius

transformations $A_{1}$ and $A_{2}$ : $G=<A_{1},$ $A_{2}>$ . The number

$J(G):=|tr^{2}(A_{1})-4|+|tr(A_{1}A_{2}A_{1}^{-1}A_{2}^{-1})-2|$

is called Jargensen $s$ number of $G$ , where tr is $tl\iota e$ trace.

THEOREM 1. (Gilman[l], Sato[6]). If $G=<A_{1},$ $A_{2}>\in R_{I}G_{2}^{0}$ ,
then $J(G)>16$ . The lower bound is the best possible.

THEOREM 2. If $G=<A_{1},$ $A_{2}>\in R_{II}G_{2}^{0}$ ,then $J(G)>16$ . The
lower bound is the best possible.

THEOREM 3. If $G=<A_{1},$ $A_{2}>\in R_{III}(\check{g}_{2}^{0}$ , then $J(G)>4$ . The
lower bound is the best possible.

THEOREM 4 (Gilman[l], Sato[6]). If $G=<A_{1},$ $A_{2}>\in R_{IV}\mathfrak{S}_{2}^{0}$ ,
then $J(G)>4$ . The lower bound is the best possible.

THEOREM 5. If $G=<A_{1},$ $A_{2}>\in R_{V}G_{2}^{0}$ , then $J(G)>4(1+$
$\sqrt 2]^{2}$ . The lower bound is the best possible.

THEOREM 6. If $G=<A_{1},$ $A_{2}>\in R_{VI}G_{2}^{0}$ , then $J(G)>16$ .
The lower bound is the best possible.
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THEOREM 7. If $G=<A_{1},$ $A_{2}>\in R_{VII}G_{2}^{0}$ , then $J(G)>$
$4(1+\sqrt 2\urcorner^{2}$ . The lower bound is the best possible.

THEOREM 8. If $G=<A_{1},$ $A_{2}>\in R_{VIII}G_{2}^{0}$ , then $J(G)>16$ .
The lower bound is the best possible.

5. Lemmas.

We define functions $t_{2}=t_{2}(t_{1}, \rho;A\cdot,)$ ( $k=II,III,$ $\dagger^{\gamma},$ $VI,$ $l^{\gamma}\prime II$ , VIII)
as follows:

(i) $t_{2}(t_{1}, \rho;II)=(\sqrt{t_{1}}\sqrt{\rho}-1)/(\sqrt{p}-\sqrt{t_{1}})$

$(1 <p<1/t_{1},0<t_{1}<1)$ .
(ii) $t_{2}(t_{1}, \rho;III)=t_{2}^{*}(t_{1}, \rho)$ $(0<t_{1}<1),$ $wl\iota eret_{2}^{*}(t_{1}, \rho)$ is

$t_{2}$ satisfying the equation

$(1+t_{1})(\sqrt{-\rho}+1/\sqrt{-\rho})=(1-t_{1})(\sqrt{-t_{2}}+1/\sqrt{-t_{2}})$ .

(iii) $t_{2}(t_{1}, \rho;V)=(1+t_{1}\sqrt{}\overline{p})/(\sqrt{p}+t_{1})$

$(1<\rho<1/t_{1}^{2}, -1<t_{1}<0)$ .
(iv) $t_{2}(t_{1}, \rho;VI)=-(1+t_{1}\sqrt{\rho})/(\sqrt{p}+t_{1})$

$(1<\rho<1/t_{1}^{2}, -1<t_{1}<0)$ .
$(\iota^{\gamma})$ $t_{2}(t_{1}, p;VII)=-\{(1-\sqrt{-p}\sqrt{-t_{1}})/(\sqrt{-\rho}+\sqrt{-t})\}^{2}$

$(1/t_{1}<\rho<-1, -1<t_{1}<0)$ .
(vi)

$t_{2}$ ( $t_{1},$ $p$ ; VIII) $= \frac{(\sqrt{-\rho}-\sqrt{-t}l)(1-\sqrt{-t}\iota\sqrt{-\rho})}{(\sqrt{-\rho}+\sqrt{-t_{1}})(1+\sqrt{-t_{1}}\sqrt{-\rho})}$

$(1/t_{1}<\rho<-1, -1<t_{1}<0)$ .
We introduce some regions as follows. Let $\tau=(t_{1}, t_{2}, \rho)\in R^{3}$ .

$\mathscr{N}I_{II}$ $:=\{\tau\in R^{3}|t_{2} (t_{1}, \rho : II)<t_{2}<0,1<p<1/t_{1},0<t_{1}<1\}$ .
$M_{III}$ $:=$ { $\tau\in R^{3}$ I $t_{2}$ ( $t_{1},$ $\rho$ : $III)<t_{2}<0,0<t_{1}<1$ }.
$M_{V}$ $:=\{\tau\in R^{3}|0<\sqrt{2}<t_{2}(t_{1}, p:V), 1<p<1/t_{1}^{2}, -1<t_{1}<0\}$.
$M_{VI}$ $:=$ { $\tau\in R^{3}$ I $t_{2}$ ( $t_{1},$ $\rho$ : $VI)<t_{2}<0,1<p<1/t_{1}^{2},$ $-1<t_{1}<0$ }.
$A^{j}I_{VII}$ $:=\{\tau\in R^{3}|t_{2}$ $(t_{1}, \rho : VII)<t_{2}<1/t_{2}$ ( $t_{1},$ $\rho$ : VII), $1/t_{1}<\rho<$

$t_{1},$ $-1<t_{1}<0$}.
$M_{VIII}$ $:=\{\tau\in R^{3}|0<t_{2}<t_{2}$ ( $t_{1},p$ : VIII), $1/t_{1}<\rho<-1,$ $-1<$

$t_{1}<0\}$ .
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LEMMA 5.1. For each $k=II,$ $III,$ $V,$ $VI,$ $VII$ , VIII

$F_{k}$ (Mod $(\otimes_{2}^{0})$ ) $\subseteq M_{k}\subseteq R_{k}\mathfrak{S}_{2}^{0}$ .

THEOREM $B$ (Jrgellsen[2]). $SupI$)$ose$ that the Mobius transfor-
mations $A$ a$71,dB$ generate a non-elementary discrete group G. The $7\iota$

$J(G):=|tr^{2}(A)-4|+|tr(ABA^{-1}B^{-1})-2|\geq 1$ .
The lower bound is the best possible.

PROPOSITION 5.1. Let $G=<A_{1},$ $A_{2}>$ be a non-elementary
discrete group and let $\tau=(t_{1}, t_{2},p)$ be the point corresponding $to<$
$A_{1},$ $A_{2}>$ . Then

$J( \tau)=\frac{|1-t_{1}|^{2}}{|t_{1}|}+\frac{|1-t_{1}|^{2}|1-t_{2}|^{2}|\rho|}{|t_{1}||t_{2}||\rho-1|^{2}}\geq 1$ .

REMARK. If $\tau=(t_{1}, t_{2}, p)$ corresponds to $G=<A_{1},$ $A_{2}>$ , then
$J(G)=J(\tau)$ .

For $G=<A_{1},$ $A_{2}>$ we set

$J_{1}(G)$ $:=|tr(A)^{2}-4|$ , $J_{1}(\tau)$ $:=|1-t_{1}|^{2}/|t_{1}|$ ,

$J_{2}(G):=|tr(A_{1}A_{2}A_{1}^{-1}A_{2}^{-1})-2|$

and
$J_{2}(\tau)$ $:= \frac{|1-t_{1}|^{2}|1-t_{2}|^{2}|p|}{|t_{1}||t_{2}||\rho-1|^{2}}$

LEMMA 5.2. $J_{2}(G)$ is $\Phi_{2}$ -invariant, that is, $J_{2}(N_{j}(G))=J_{2}(G)$ $(j=$

$1,2,3)$ .

LEMMA 5.3. $J_{1}(G)$ and $J(G)$ are invariant under the Nielsen
transformations $N_{1}$ and $N_{3}$ , that is,

(i) $J_{1}(N(G))=J_{1}(G)$ and $J_{1}(N_{3}(G))=J_{1}(G)$

(ii) $J(N_{1}(G))=J(G)$ and $J(N_{3}(G))=J(G)$ .

PROPOSITION 5.2. For $k=II,$ $III,$ $V,$ $VI,$ $VII$ , VIII

$\inf\{J(G)|G\in F_{k}(ModG_{2}^{0}\}\geq\inf\{J(G)|G\in hI_{k}.\}\geq\inf\{J(G)|G\in R_{k}\mathfrak{S}_{2}^{0}\}$ .
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LEMMA 5.4. If for each $k=II,$ $III,$ $V,$ $VI,$ $VII$ , VIII, $\tau=$

$(t_{1}, t_{2}, \rho)\in A/I_{k}$ and $\tau_{0}=(t_{1}, t_{20}, p)\in\partial M_{k}$ , then $J(\tau_{0})<J(\tau)$ .

6. Proofs of Theorems 2 and 3.

LEMMA 6.1. Let

$f(x, y)= \frac{(1-x^{2})^{2}(1-x)^{2}y^{2}}{x^{2}(1-y)^{2}(1-x1J)(y-x)}$

Then $f(x, y)>16$ for $1<y<1/x$ and $0<x<1$ .

LEMMA 6.2. There exists a sequence $\{\tau_{n}\}(\tau_{n}=(t_{1n}, t_{2n}, p_{n}))$ in
$A/I_{II}$ converging to $(1, t_{20},1)\in\partial M_{II}$ such $tl_{1},at$ $1in1_{r\iotaarrow\infty^{J(\tau_{n})}}=16$ .

REMARK. For the sequenne $\{\tau_{n}\}$ in Lemma 6.2, $1i_{l}n_{narrow\infty}J_{1}(\tau_{tt})$

$=0$ , that is, $\lim_{narrow\infty}J(\tau_{n})=\lim_{r\iotaarrow\infty}J_{2}(\tau_{n})=4$.

Proof of Theorem 2. By Proposition 3.2 we have that for any
$\tau\in R_{II}\emptyset_{2}^{0}$ there exists $\phi\in Mod_{II}(G_{2}^{0})$ such that $\phi(\tau)\in\Lambda^{J}I_{II}.Then$

by Lemmas 5.2, Proposition 5.2 and the above remark, $J(\tau)=J_{1}(\tau)+$

$J_{2}( \tau)\geq J_{2}(\tau)=J_{2}(\phi(\tau))=\lim_{narrow\infty}J_{2}(\tau_{n})=\lim_{narrow\infty}J(\tau_{1\iota})=16$ ,
where $\{\tau_{n}\}$ is the sequence in Lemma 6.2. q.e. $d$ .

LEMMA 6.3. On the boundary surface of $M_{III}$ defined by the
equation

$(1+t_{1})(\sqrt{-\rho}+1/\sqrt{-\rho})=(1-t_{1})(\sqrt{-t_{2}}+1/\sqrt{-t_{2}})$

, the $J\emptyset rgensen$ number $J(\tau)$ is $J(\tau)=2(1+t_{1}^{2})/t_{1}>4$ .

LEMMA 6.4. There exists a sequence $\{\tau_{1\iota}\}$ $(\tau_{n}=(t_{1n}, t_{2n}, \rho_{n}))$

in $\Lambda f_{III}$ converging to $(1, t_{20}, -1)\in\partial M_{III}$ such that $\lim_{narrow\infty}J(\tau_{n})=4$ .

REMARK. For the above sequence $\{\tau_{n}\}$ , $\lim_{narrow\infty}J_{1}(\tau_{n})=0$ and
so $\lim_{narrow\infty}J_{2}(\tau_{n})=\lim_{narrow\infty}J(\tau_{n})=4$.

Proof of Theorem3. $WecanproveTlleorem3bythesamemethod$
as in the proof of Theorem 2.

7. Proofs of Theorems 5 and 8.
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PROPOSITION 7.1 (Sato[5]). The group Mod $(R_{V} 20)$ is generated
by $[N_{3}^{2}]$ and $[N_{2}N_{3}N_{2}]$ .

PROPOSITION 7.2.

$i_{l1}f\{J(G)|G\in M_{V}\}=i_{l1}f\{J(G)|G\in R_{V}G_{2}^{0}\}$.

We can prove Proposition 7.2 by using the following Lelnmas.
Throughout this section let $\varphi=N_{3}^{2}$ and $\psi=N_{2}N_{3}N_{2}$ .

LEMMA 7.1.

$J(\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))=J(\psi^{n_{k-1}}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))$

$(m_{1}\geq 1,$ $m_{i},$ $n_{j}\in Z(i=2,3, \cdots, k;j=1,2, \cdots , k-1),$ $k\geq$

1).

LEMMA 7.2.

$J(\psi\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\psi^{n_{1}}\varphi^{m_{1}}((G))\geq J(\varphi^{m_{k}}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))$

$(m_{1}\geq 1, m;\in Z(2\leq i\leq k),$ $n_{j}\in Z(1\leq j\leq k-1),$ $k\geq 1$ ).

LEMMA 7.3.

$J(\psi^{(n+1)}\varphi^{m_{k}}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))>J(\psi^{n}\varphi^{mk}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))$

$(m_{1}\geq 0, m_{i}\geq 1(2\leq i\leq k),$ $n_{j}\leq 1(1\leq j\leq k-1),$ $k\geq 1$ )

LEMMA 7.4.

$J(\psi^{-1}\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))\geq J(\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))$

$(m_{1}\geq 1, m;, n_{j}\in Z(2\leq i\leq k, 1\leq j\leq k-1), k\geq 1)$ .
LEMMA 7.5.

$J(\psi^{-(\mathfrak{n}+1)}\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))$

$\geq J(\psi^{-n}\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\psi^{n_{1}}\varphi^{m_{1}}(G))$

$(n\geq 0, m_{1}\geq 1,7n_{i}, n_{\dot{i}}\in Z(2\leq i\leq k, 1\leq j\leq k-1), k\geq 1)$ .
LEMMA 7.6. (i) $N_{2}^{2}=1$ .
(ii) $\psi^{-n}N_{1}=N_{1}\psi_{\backslash }^{n}$ .
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(iii) $\varphi^{-n\iota}N_{1}=N_{1}\varphi^{m}$ .
We set $M_{V}(1)=M_{V}$ and $A’I_{V}(-1)=N_{1}(M_{V})$ .
LEMMA 7.7. Let $\phi\in\Phi_{2}$ .
(i) $\phi^{-1}(M_{V}(1))=M_{V}(-1)$ .
(ii) $\phi^{-m}N_{1}(M_{V}(1))=N_{1}\phi^{\tau\tau\iota}(M_{V}(1))$ .
(iii) $\phi^{-m}(M_{V}(1))=\phi^{-(rn-1)}(N_{1}(\Lambda K_{V}(1))$ .
LEMMA 7.8. (i) $J(G)=J(N_{1}(G))$ .
(ii) $\inf\{J(G)|G\in M_{V}(1)\}=\inf\{J(G)|G\in Af_{1’}(-1)\}$ .
LEMMA 7.9.

$\psi^{n_{k}}\varphi^{m_{k-1}}\cdots\psi^{n_{1}}\varphi^{-(m_{1}-1)}(M_{V}(1))$

$=N_{1}\psi^{-n_{k}}\cdots\psi^{-n_{1}}\varphi^{(m_{1}-1)}(Af_{V}(1))$ $(m_{1}\geq 1)$ .

LEMMA 7.10. (i)

$\inf\{J(\varphi^{-m}(G))|G\in M_{V}(1)\}=\inf$ { $J(\varphi^{(n-1)}(G)$ I $G\in M_{V}(1)$ }

$(m\geq 1)$ .
(ii)

$\inf\{J(\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\psi^{n_{1}}\varphi^{-m_{1}}(G)|G\in M_{V}(1)\}$

$= \inf\{J(\varphi^{-m_{k}}\psi^{-n_{k-1}}\cdots\psi^{-n_{1}}\varphi^{m_{1}-1}(G)|G\in M_{V}(1)\}$

$(2\eta_{1}\geq 1)$

(iii)

$\inf\{J(\psi^{n_{k}}\varphi^{m_{k}}\cdots\psi^{n_{1}}\varphi^{-m_{1}}(G)|G\in J/I_{V}(1)\}$

$= \inf\{J(\psi^{-n_{k}}\varphi^{-m_{k}}\cdots\psi^{-n_{1}}\varphi^{(m_{1}-1)}(G)|G\in M_{V}(1)\}$

$(m_{1}\geq 1)$

LEMMA 7.11. $J(G)\leq J(\psi(G))$ for $G\in Jjf_{V}(1)$ .

LEMMA 7.12. $J(\psi^{n+1}(G))\geq J(\psi^{n}(G))$ $(n\geq 1)$ for $G\in$

$M_{V}(1)$ .

LEMMA 7.13.
(i) $J(\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\varphi^{m_{2}}\psi^{n_{1}}(G))=J(\psi^{n_{k-1}}\cdots\varphi^{m_{2}}\psi^{n_{1}}(G))$
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$(r\iota_{1}\geq 1)$ .
(ii)

$J(\psi^{\pm 1}\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\varphi^{n_{2}}\psi^{n_{1}}G))$

$\geq J(\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\varphi^{m_{2}}\psi^{r\iota_{1}}(G))$ $(’\iota_{1}\geq 1)$

(iii)

$J(\psi^{\pm(n+1)}\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\varphi^{n_{2}}\psi^{r\iota_{1}}(G))$

$\geq J(\psi^{\pm n}\varphi^{m_{k-1}}\cdots\varphi^{m_{2}}\psi^{n_{1}}(G))$ $(n_{1}\geq 1)$

LEMMA 7.14. $J(\psi^{-n}(N_{1}(G))\geq J(N_{1}(G))=J(G)$ $(n\geq 1)$ for
$G\in M_{V}(1)$ .

LEMMA 7.15.
(i) $\psi^{-1}(M_{V}(1))=M_{V}(-1)$ .
(ii) $\inf\{J(\psi^{-n}(G))|G\in M_{V}(1)\}=\inf\{J(\psi^{(n-1)}(G))|G\in$

$M_{V}(1)\}$ $(n_{1}\geq 1)$ .
(iii)

$\inf\{J(\varphi^{m_{k}}\psi^{n_{k-1}}\cdots\varphi^{m_{2}}\psi^{n_{1}}(G))|G\in AM_{V}(1)\}$

$= \inf\{J(\varphi^{-m_{k}}\psi^{-(n_{k-1})}\cdots\varphi^{-m_{2}}\psi^{(n_{1}-1)}(G)|G\in M_{V}(1)\}$ .
$(n_{1}\geq 1)$

(iv)

$\inf\{J(\psi^{n_{k}}\varphi^{m_{k}}\cdots\varphi^{m_{2}}\psi^{n_{1}}(G))|G\in M_{V}(1)\}$

$= \inf\{J(\psi^{-n_{k}}\varphi^{-m_{k}}\cdots\varphi^{-m_{2}}\psi^{(n_{1}-1)}(G)|G\in\Lambda f_{V}(1)\}$

$(n_{1}\geq 1)$ .
PROPOSITION 7.3. $\inf\{J(G)|G\in M_{V}(1)\}=4(1+\sqrt{2})^{2}$

Proof of Theorem 5. We can prove $T1_{1}eoren\iota 5$ by Propositions
7.1, 7.2 and 7.3.

PROPOSITION 7.4 (Sato[7]). The group Mod $(R_{VIIl}G_{2}^{0})$ is gen-
erated by $[N_{3}^{2}]$ and $[N_{2}N_{3}N_{2}]$ .

PROPOSITION 7.5.

$\inf\{J(G)|G\in M_{VIII}(1)\}=\inf\{J(G)|G\in R_{VIII}6_{2}^{0}\}$ .
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We can similarly prove Proposition 7.5 to Proposition 7.2.

PROPOSITION 7.6. $\inf\{J(G)|G\in M_{t^{\gamma}III}(1)\}=16$ .
Proof of Theorem 8. We can prove Theorem 8 by using Proposi-

tions 7.4 , 7.5 and 7.6.

8. Proofs of Theorems 6 and 7.

PROPOSITION 8.1 (Sato[7]). The group Mod $(R_{VI}G_{2}^{0})is$ gener-
ated by $[N_{3}^{2}]$ and $[N_{1}N_{2}]$ .

PROPOSITION 8.2.

$\inf\{J(G)|G\in R_{V}\beta_{2}^{0}\}=\inf\{J(G)|G\in M_{VI}\}$

We can prove Proposition 8.2 by using the following Lemma 8.1
through Lemma 8.6. Let $\phi_{1},$ $\phi_{2}\in\Phi_{2}$ . We say $\phi_{1}$ and $\phi_{2}$ are equiv-
alent if $\phi_{1}(G)$ is equivalent to $\phi_{2}(G)$ , and denote by $\phi_{1}\sim\phi_{2}$ . We
set $M_{VI}(1)=M_{VI}$ and $M_{VI(-1)}=N_{1}(M_{VI})$ . We set $\varphi=N_{3}^{2}$ and
$\chi=N_{1}N_{2}$ .

LEMMA 8.1. (i) $N_{1}N_{2}\sim N_{2}N_{1}$ and $N_{1}N_{2}N_{1}N_{2}\sim 1$ .
(ii)

$\chi^{n}\sim\{\begin{array}{l}N_{1}N_{2}ifnisodd1ifniseven\end{array}$

(iii) $\iota^{\prime^{-1}}\sim\chi$ .
(iv) $\chi N_{1}=N_{1}\chi^{-1}$ .
(v) $\varphi N_{1}=N_{1}\phi^{-1}$ .
(vi)

$\chi^{n}(M_{VI}(1)=\{M_{VI}(-1)M^{VI}(1)$ $ifnifr\iota isisevenodd$ .

LEMMA 8.2. (i) $J(\varphi^{m}(G))=J(G)$ $(?n\in Z)$ for $G\in M_{VI}(1)$ .
(ii) $\inf\{J(G)|G\in\chi^{n}(M_{VI}(1))\}=\inf\{J(G)|G\in M_{VI}(1)\}$

$(n\in Z)$ .

LEMMA 8.3. Let $G\in M_{VI}(1)$ .
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(i) $J(\lambda\varphi(G))\geq J(G)$ .
(ii) $J(\chi^{n}\varphi^{m}(G))\geq J(G)$ $(n\geq 1, m\geq 1)$ .

LEMMA 8.4. (i)

$J(\varphi^{m_{k}}\chi^{n_{k-1}}\cdots\chi^{n_{1}}\varphi^{m_{1}}(G))=J(\chi^{n_{\mathfrak{i}}-1}\cdots\chi^{n_{1}}\varphi^{m_{1}}(G))$

$(\iota_{1}\geq 1, m_{i}\in Z(2\leq i\leq k),$ $7l_{j}\in Z(1\leq j\leq k-1))$ .
(ii) $J(\lambda^{n_{k}}\varphi^{n_{k}}\cdots\chi^{n_{1}}\varphi^{m_{1}}(G))\geq J(\lambda^{t1_{k-1}} \backslash ^{n_{1}}\varphi^{m_{1}}(G))$

$(\gamma l11\geq 1m_{i}\in Z(2\leq i\leq k), \gamma\iota_{j}\in Z(1\leq j\leq k))$.

LEMMA 8.5. (i)

$\inf\{J(\chi^{n}\varphi^{-m}(G)|G\in M_{VI}(1)\}$

$= \inf\{J(\chi^{-n}\varphi^{(m-1)}(G))|G\in M_{VI}(1)\}$

$(m\geq 1, n\in Z)$ .
(ii)

$\inf\{J(\varphi^{n_{k}}\chi^{n_{k-1}}\cdots\chi^{n_{1}}\varphi^{m_{1}}(G)|G\in M_{VI}(1)\}$

$= \inf\{J(\varphi^{-m_{k}}\chi^{-n_{k-1}}\cdots\chi^{-n_{1}}\varphi^{\langle m_{1}-1)}(G))|G\in M_{VI}(1)\}$

$(m_{1}\geq 1, m_{i}\in Z(2\leq i\leq k),$ $n_{j}.\in Z(1\leq j\leq k-1))$ .

LEMMA 8.6. (i)

$\inf\{J(\varphi^{m_{k}}\chi^{n_{k-1}}\cdots\varphi_{k-1}^{m_{2}}\chi^{n\iota}(G))|G\in M_{VI}(1)\}n$

$= \inf\{J(\varphi^{m_{k}}\chi . ..\varphi^{m_{2}}(G)|G\in M_{t^{\gamma}I}(1)\}$

$(m_{i}\in Z(2\leq i\leq k), n_{j}\in Z(1\leq j\leq k-1))$ .
(ii)

$\inf\{J(\chi^{n_{k}}\varphi^{m_{k}}\cdots\chi^{n_{2}}\varphi^{m_{2}}\chi^{n_{1}}(G))|G\in M_{VI}(1)\}$

$= \inf\{J(\chi^{n_{k}}\varphi^{m_{k}}\cdots\chi^{n_{2}}\varphi^{m_{2}}(G))|G\in M_{VI}(1)\}$

$(m_{i}\in Z(2\leq i\leq k), n_{j}\in Z(1\leq j\leq k))$.

PROPOSITION 8.3. $\inf\{J(G)|G\in\Lambda I_{VI}\}=16$ .

Proof of Theorem6. We can prove Theorem 6 by Propositions 8.1,
8.2 and 8.3.
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PROPOSITION 8.4 (Sato[5]). The $gro\cdot npMod(R_{VII}\Phi_{2})$ is gener-
ated by $[1V_{3}^{2}]$ and $[N_{1}N_{2}]$ .

PROPOSITION 8.5.

$\inf\{J(G)|G\in R_{VII}G_{2}^{0}\}=\inf\{J(G)|G\in\Lambda/f_{VII}\}$.
1Ve call similarly prove this Proposition to Proposition 8.2.

PROPOSITION 8.6. $\inf\{J(G)|G\in\Lambda\prime I\}\prime I;\}=4(1+\sqrt 2\urcorner^{2}$

Proof of Theorem7. $Wecallp1^{\cdot}oveT1\iota eoren$) $7byP_{1}\cdot opositiolls8.4$ ,

8.5 and 8.6.

9. Examples.

Let $\{\tau_{n}=(t_{1n}, t_{2n}, \rho_{n})\}$ $(n=1,2,3, \cdots)$ be a sequence of
points in $R^{3}$ and let $G_{n}=<A_{1n},$ $A_{2},$ . $>$ be $tl\iota e$ groups representing $\tau_{l}$

EXAMPLE 1 (Type II). Let $t_{n}=(1-\sqrt{2}/\sqrt{3}n)^{2},$ $t_{2n}=-(\sqrt{2}-$

$1)^{2}+(3-\sqrt 3)/2_{7}\iota$ and $\rho_{1}=1/\sqrt{3}n+1(n=2,3,4, \cdots)$ . Tlzen (i)
$G_{f},$ $\in R_{I}\beta_{2}^{0}$ $a\iota\iota d$ (ii) $1i\iota n_{narrow\infty}J(G_{t1})=16$ .

EXAMPLE 2 (Type III). Let $t_{1n}=((7l\cdot-2)/(7\iota+2))^{2},$ $t_{2n}=-1/\iota^{2}$

and $\rho=-1$ $(\gamma\iota=3,4,5, \cdots)$ . Then (i) $G_{\iota}\in R_{III}\otimes_{2}^{0}$ and (ii)
$\lim_{r\iotaarrow\infty}J(G_{l})=4$ .

EXAMPLE 3 (Type V). Let $t_{1r},$ $=-(1+\sqrt{2}-\mapsto^{2+22)}+$

$1/n,$ $t_{2n}=(1-2/n)^{2}$ and $\rho_{n}=(1+1/71\cdot)^{2}$ $(n=3,4,5, \cdots)$ . Tlten (i)
$G_{1}\in R_{V}6_{2}’0$ and (ii) $1i_{l}n_{narrow\infty}J(G_{1})=4(1+\sqrt{\underline{9})}^{2}$ .

EXAMPLE 4 (Type VI). Let $t_{1n}=-(3-2\sqrt{2})+1/n,$ $t_{2n}=-(5-$
$2\sqrt \mathfrak{h}+1/n$. and $\rho_{n}=7+4\sqrt{\backslash ;}(n=1,2,3, \cdots)$ . $Tl\iota en(i)G_{n}\in R_{1’I}\emptyset_{2}$

and (ii) $linl_{1arrow\infty^{J(c_{n})}},=16$ .

EXAMPLE 5 (Type VII). Let $t_{1,\iota}=-(\sqrt{-t_{10}}-1/7l)^{2},$ $t_{2n}=t_{20}$

and $p=-1$ $(n=1,2,3, \cdots),$ $wl\iota eret_{10}=-(1+\sqrt{2})+\sqrt{2+2\sqrt{2}}a11(1$

$t_{20}=-((1-\sqrt{\sim-t_{1}}0)/(1+\sqrt{-t_{1}}0))^{2}$ $Tl\iota en(i)$ $G_{n}\in R_{t’ II}G_{2}^{0}$ al1 $(1$

(ii) $1i_{l}n_{1-\infty}J(G_{n})=4(1+\sqrt{2})^{2}$ .

EXAMPLE 6 (Type VIII). Let $t_{1n}=-(3-2\sqrt{2})+1/\uparrow\iota,$ $t_{2,\iota}=$

$3-2\sqrt{2}-1/n$ and $\rho=-1$ $(7t=1,2,3, \cdots)$ . Tlren (i) $G_{l}\in R_{VIII}G_{2}^{0}$
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and (ii) $\lim_{marrow\infty}J(G_{n})=16$ .
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