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VU bMYeE, BHEBEHK

ABSMERERY: SiEfGHR $HHES  (Akina Nakamura)
1994. 7. 26

1. I

YU R Rz, KAV AERR, Toda FERZLE D, ZE/ 1 KT+ 1 &K
DL ATLT, BLIZ, PRI, £0DH, KP (=2HKTKAV) HAERRL. 2&T
Toda AN ED, ZBEI2KIT. 3RV ATLRZE, HED, TFTAT. Wz,
BESRCIE . Z o0 (ZE[ER) 2RITY VU P ORI, BWT, YY) bk BHEERE
D, DEVERP, HE LN, LoD TH 7z,

7% bbb, HE (Cylindrical) KAV VU M3, Alry BT, $5b3NBHZ LN
(1978, Calogero and Degasperis ). F7>. FIf& (Cylindrical) Toda ¥ VJ b /iZ. Bessel
BT, Ho6Hb3N5TEH (1983, Nakamura), bHh-7z,

LbaA, FDZT 2420 . VY Rk | Painleve HFERX L 0. FELBRNE. A0S
NTCWe L, £ Painleve FRERD ., BEDED . BT, sl L, A2
FoNTWeDT, ZOET. VYU b L RERERIL. BERIICIZ. RS 8id L
LRTWe, EbWwi b,

ST, XTI VI RO, B HED Hirota bilinear method 2. 2T, VY
Jbhr&, FHRBERO. BRE. 36120 Lo,

2. BBBEBZ. »% 5 3. Toda-like 7. bilin-
ear A%, #FEF

BORERIL . linear 70, BRI T, THINSE. L LTLW, o, linear 71,
B, <AHbEIUL, bilinear %, FFERZ. ABUITS, FIFIEILDIC. —Kw
¥ UC . BREEENL. 7059 Todalike 7¢. bilinear relation . A729Z k% . LT,

ke, Thon, liERE. LHX5S, FrUzoOWTE. bbb, 128
(2. TERZT. BB, BEFIOY A RBHIIE. RANTHEDT, #hz. 225
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A%, FBEHONTNS ATL A L DRBBE Sa(2) 1. KD linear ZBHGERZ .
BT LThWN,

a1 S, (%) + b Sl (z) + 19 (z) =0, (1)
a35541(z) = B:S,(z) + &2Sa (), (2)
a3Sn-1(z) = b3S, (z) + c3Sa(z). (3)

22T (o) = (4/ds)Sa(o). SU(z) = (4/dz)Sa(z) THD. FIK 01,209,005 1.
a1 =ai(n,z) DL, o bz 2. BQLDTHS. eq (2)xeq. (3) &Y

232355 41(7)Sn-1(z) — 5335, (2)? = e S Sn(z)? — (bycz + bycy)Sh(2)Sa(z) = 0. (4)

F72eq. (1) x (brbs/a1)Sa(z) &

bibyS"(2)Sa(z) + (Bibabs /01)S%Sn(x) + (brbsc, /21)Sa(z)? = 0. (5)

eq. (4)+eq (5) &0, DEDOXE LD

as[S5(2)Sa(x) = Sp(2)’] + 845y (2)Sa(®) + csSat1(2)Sani(2) + diSalw)’ = 0. (6)
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7’273[.« a{,ba;q,d& ‘i\ %ﬁ n &z i’%@f‘%ﬁfﬁ) V)\ ag = byby, b = 516253/41 -
bycs — b3cy. ¢ = aza3. dy = 5253(31/&1 — Ca3 T‘})Z&o eq. (6) 7. ﬁ%ﬁgﬁf]‘{ﬁfiﬁ‘
Toda-like 7 bilinear BRI TH 5. Pu<L b IFLAY. IRTDOFHEEY. 0
&£ 912 L T Todalike bilinear relation 72T L W3 T &t 72vWWNAKR. BLLAWR
RTE. ZWiEAHh7? ‘ :

DEZE. D RDFBENDEMRBE,. SFIE LT —ATHEANCY XM 2EL., TR
ELTOEDRPRBLNS.

72720 . DIFT. 2ohbirs, 385, D, II. Hirota bilinear derivatives TH Y . £ED
BB a(z) & b(z) IZ72WL T DETERINS.

Dla(z) - b(z) = (8/3z — 8/8z")" a{z)b(2' ) =5 (N
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Airy function, A:(z)

Linear relations

[(d/dz)? — z]Ai(z) = 0,

Bilinear relations

[Df — 42 D? + 2(d/dz)] Ai(zx) - Ai(z) =0,

Bessel function, J,(z)

Linear relations
[(d/ds)? + (1/2)(d/dz) + (1 — w3 /5)]Jo(z) =0,
Joti(z) = —(d/dz)Jo(z) + (n/2)Ju(z),
Jn-1(z) = +(d/dz) . (z) + (n/z) Ju(x),

Bilinear relations

(D} + (1/2)(¢/dz))In(2) - Tn(2) + 2[=Jus1(2) - Tnor (2) + Ju(2)’] = 0,

Legendre function, P,(z)

Linear relations '
(& — 1)(d/da)? + 20(d/ds) — n(n + V]Px(z) =0,
(n + 1) Poyi(z) = (2% — 1)(d/dz) Po(z) + (n + 1)z P, (),
P, (z) = —(2* — 1)(d/dz) Pa(z) + nzPy,(z),

Bilinear relations

[(z? = 1) D} + 2(2* — 1)(d/dz)]|Pa(2) - Po(z)

+20(n + 1)[=Poys (2)Poci (&) + Pa(2)?] = O,

Associated Legendre function, Py (z)

Linear relations
[(z* — 1)(d/dz)? + 2z(d/dx)
+[~=N(N + 1) + 2?/(1 = 2*)]| PE(z) = 0,
Va? = 1Py (z) = (22 = 1)(d/dz) PR(z) — nzPf(z),
(N+2)(N=n+1)Vz? - 1P (z) =
(2 — 1)(d/d:c)P;’\}(x) + nzPf(z),

Bilinear relations

[(1 = 2*)D7 - 22(d/dx)| Py (z) - Py(=)

—2N +n)(N + 1= m) P57 )P (2) + 2V + N =) P(s)] =,
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Hermite function, H,(z)

Linear relations
(d/dz)® — z(d/dz) + n]H,(z) = 0,
nH,,(z) = (4/do)H @),
Hpyi(z) = 2H,(z) — (d/dz) Ha(z),

Bilinear relations

DIH,(z) - Ha(z) + 2n[—Hp1 (2) Hpo1(2) + Ha(2)] = 0,

Tchebycheft function, T, (z)

Linear relations
[ = a?)(d/de): —a(d/d) + wTu(z) =0,
2Ty-1(z) = +(1 — 22)(d/dz)To(z) + nzTy(z),
2Thi(z) = —(1 — 22)(d/dz) T, (z) + neTh(z),

Bilinear relations

(& = 1)°D2 + a(a’ = D(&/da)|To(e) - Tu(e) + 2" [~Tua (&) Tas () + Tala)'] = 0,

Gauss hyper geometric function, F(a,b; c; z)

Linear relations
[2(1 — 2)(d/dz)* + [c — (a + b+ 1)z](d/dz) — ab]F(a,b;c;2) = 0,
az® 'Fla+1,b¢2) = (d/dz)[z* F(a,b; ¢, 7)), -
(c—a)zt=o"1(1 — 2)* P~ F(a — 1,b;¢;2) = (d/dz)[z**(1 — z)*H°F(a,b; ¢; z)),

Bilinear relations
[2*(1 — 2)D? — 2*(d/dz)|F (a,b; ¢; z) - F(a,b;c;7)
—ala — &)[F(a + 1,b;6,2)F(a—1,b;¢2) — Fla, b5 z)*] =0,

Generalixed Laguerre function, Ly (z)

Linear relations
[z(d/dz)* + (n+ 1 = z)(d/dz) + N]Lj(z) =0,
Ly (z) = =(d/dz) Ly (z) + Liy(=),
(N +n)Ly ' (z) = o(d/dw) Ly (=) + nLy(z),

Bilinear relation

(D2 + (d/dn)| B (=) - () = 2N + n)[LE () Iy (=) = Ly (a)?] = 0.
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3. Todaﬁﬁia), ot —My, bilinear
form

DENX D7 Toda TERX%Z . PABLS,

AlogV(n,z,y,2) = V(n +1,2,9,2) + 2V(n,z,y,2) — V(n — 1,z,¥,2) =0, (8)

A = (0/92)" + (9/09)" + (8/02)" = (6/06) + (1/6)(8/00) + (8/02,  (9)

= (8/0r) + (2/7)(8/0r) + (1/7%)[(8/88)* + cotb(8/86) + (1/sin’6)(8/0¢)*]. (10)

TIT. 59,2 . 2D OERIEE, o,z 3. FIGEE, 16,613, REEDTHTH
5, Hirota @ bilinear method % . 2P S 7202, BELEHE . DAV L S,

Vin,z,y,2) = V'(n,z,y,2) + Alogf(n‘, z,9,2). (11)

TV (n,z,y,2) id. DPATzAYL. Toda FEEADME. WHWDL  N\F 12— AL ( vac-
wam solution ) THN. L LD Toda FEREZ. AT

AlogV'(n,z,9,2) — V(n + 1,2,9,2) + 2V°(n, z,y,2) — V(e —1,z,9,2) =0. (12)

eq. (11) % eq. (8) = fRAL . eq (12) 2220 &k
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Alog[V®(n,z,y,2) + Alogf(n,z,y,2)]

— Alog[V(n, z, v, 2)f(n+1,z,9,2)f(n — 1,2,9,2)/f(»,z,9, z)’] =0. (13)

(v
v
)

Aloge = 0, (14)

#A7>9  Vintegration constant” c . BATALE, DE%R . 2 5.

Vo(naz: ysz)+Alogf(n’xa?/) z)_cvo(nax) y,z)f(n—{-l,:r,y, Z)f(n_l;x> Y, z)/f(n,:r:, Y, Z)z - 0:
(15)

f(n,:c,y,z)Af(n,a:, Y, z)—(Vf(n,.r,y,z))2—-cVU(n,x,y,z)f(n+1,x,y,z)f(n—l‘,x,y, Z)

+V°(n,.?:,y,z)f(n,:c,y,z)2 =0, (16)

(V1) = (0/0zf)" + (/8 f)" + (8/02)". (17)

DI eq. (16) ¥, b & L —BHYZL bilinear Toda equation THS., & IAT,
WE F T, Toda Molecule FERIZOWTD, BB DHWITIX. 2 2DRKE. B
B, bilinear form A5, DhHILTWADT, FOBERFKIZOWT, ATBL., WI.
8 (n,z,y,2). fl(n,z,9,2) %T. BRI V'(n,z,9,2) = Alogf’(n,z,3,2) &.



120

f'(n,a:,y,z):fo(n,x,y,z)f(n,x,y,z)\ {f:c]:")f\ iﬁ]\'ﬁ‘%&\ ‘«‘ii'("t\ ﬁﬁ‘zbfx
DEEZD.

f'(n,z,9,2)Af (n,z,9,2) = (Vf(n,2,9,2)) —cf(n+1,2,9,2) f(n—1,2,9,2) = 0. (18)

ZORDITOIP. WFET, J0BBL. 2pb0 T, 2L WEDLSIZ.
PREEERIC. EELCWE R, 22D 7 a2 T, L ED, FHRERO bilinear form
DBz, INEL HIDIL. eq. (16) DTS, THEI LB, bhrsb, AY/LTN
bhtbiud, DIT T, eq (16) DITS5 %, 2252 kizd5,  bLL. eq (16) 2. &
728 fln,z,y,z) B 26U, eq. (11) & eq. (15) 7256, Toda I eq. (8) D,
B V(n,z,y,2)id. 28LLS

V(n,m,y,z) = CVO(n:x> Y, Z)f(n + 1:$: Y Z)f(n -1,z,y, z)/f(n,x,y,z)j. (19)
ST, eq. (16) . AT AL, EBVE LT, DEDIy—A% . PAFZED.
f(n7$>yyz) :f(n>”(x:y7z))' . (20)

ZZTu(z,y,2) 3. DB, BOLNSE. 9,z DRADEBRTHA. ZhDLD
oo T—=XTi3. eq. (16) 1d. 2ED, Hhleb, L7%ch

[(Ve)* D} + (Av)(8/0v)]f(n,v) - f(2,9)

—2cV0(n, z,y,2) f(n + 1,0)f(n — 1,v) + 2V0(n,m,y,z)f(n,v)2 = 0. (21)
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4. Toda FBRXOBHEBEKTH»»hHh 5. solu-
tion

WE FTT. bhvbiuid, 229 bilinear relation [I] special function bilinear relation &
[II] general Toda bilinear relation . FZANK, ZZT. LL. ZD20%5, B%L
LOIZ, %574 56T, bhvbhud, Toda FREADRHRBER Thhh, B2FIZTLIL
275, ZFRIEBICTEADTHS, [l D general Toda bilinear relation DEH
KSR, ea(21). 2ED. ORI, KHO (BB, EEEEHD) B
Vien B, &IN5, ho%, Yz 52 L (matching) 2L T, eq.(21) %,
[I] 7 special function bilinear relation AP D& BLLLDE, TEHDNDTH 5,
TEE 7% matching bW, ZEiZ. FILTARAIHHEH. ZITE. ZDHA
ZOWTH ZRL EDOBGRELRETIE. LW, INDPLDRFRT—ID. DL
LT. BLLAWTHAHD, LIFIZEMRHIT. & matching 2ATAL D,

1) Ny )VEE J.(z) DIr—X - eq.(21) {ZBWT,
f(r) = Talp)c=1,V" =Lu=p= /2 +3°,(Vv)' = 1,Av =1/p, (22)

Lt bk, eq.(21) I3 Bessel bilinear relation & . HFL %%, X-T. 2&D Toda
V(n) Bx 215, :

V(n) = n+1 (P) Jn—l(p)/Jn(p)z' (23)
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(i) TN I —MEE Ho(z) DI —2R : eq.(21) IZBWT,
f(n) = Ho(z),c=1,V° =n,v=2,(Vo)’ = 1,Av = 0, (24)

&b & eq.(21) I3 Hermite bilinear relation &, FL %5, LT, 2&ED Toda
Vin) MBEZZ5,

V(1) = n Hys (2) Hacs () / Halo). (25)

(i) Gauss ¥ERFAIBIEL F(n,a;b;c;z) DIr—A - eq.(21) IZBWT,

f(r) = F(n—k",b;—k'—k"; 1+ exp(kiz+ki)),v = 1 +exp(kiz +ks), (Vo) = ki(v—1)%,

Av=Fk(v=1),V°= =k (n+ k') (n — k)exp(kiz + k:)[1 + ezp(kiz + ki )]~?

= —k}(n + ¥)(n — &)(v — /o7 c = 1, (26)

rksb, ZZT. bk k" ky,k = arbitrary constants TH5, FT5HE. . eq(21)
Gauss hyper geometric function bilinear relation ¥ . %L <% 2%, Xt-»7T. D& Toda
Vin) BZZ5.

Vin) = -k {(n+k)(n - lf”)exp(klx + k)1 + exp(kla: + ky)]?

xF(n+1—=k",b;—k'—=k”;1 +exp(kiz+k¢))F(n—-1-k", 5; —k'—k"; 1+ exp(kiz + ky))
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JF(n =k, b —k' — k";1 + exp(krz + ke))2. (27)

3. I T

bivbiiud, VU P FBRADRRBIDVEDTH S, Toda FRAZFCE-T. 2D
FESD . WHWADORBRBR T, 2rhbE o2 k%, LA, ZZTOEI.
FNENDEFHRBERICOWT, o b B LD (lowest order solution) B8, AHUD
Nz, DTHYN. 2D 242, 3612, S ED7E (higher order solution) 3% D I 5,

Bessel 44 7°0) higher order solution {%. Toda lattice cylindrical soliton solution & L.
T. B LS, IRINTWSE, TDHTF—ATid, Wb B Toda cylindrical N-soliton
solutions (2. H725. B . <bHL VW higher order solutions 78, Z 6N TW5,



