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Induction from a subgroup to a group is one of the oldest techniques in the
representation theory of finite group. If H is a subgroup of finite group G and
if N is a kH-module for some field k, then the induced kG-module from N is
NG >~ kG @k N with left kG-action. Thus from the kH-module N we create a
new kG-module. The formulas for the character of the induced module is classical
and has been used many times in the construction of character tables. Moreover
the induction theories of Brauer, Green, Dress, etc. have been very important in
the development of representation theory [CR].

There is also a corresponding definition of induction of homomorphism which

has been important in integral and modular representations. Suppose that M and

N are kG-module and f is kH-homomorphism from M to N. Then the induced

n

homomorphism Tr§(f) : M — N is defined by Tr§(m) = 3 z;f(z; 'm) where
i=1

Zi,...,Tn 1s a complete set of representatives of the left cosets of H in G. So we

have a k-linear homomorphism
Tr$ : Homgy(M, N) — Homyg(M, N),

and a kG-homomorphism is in the image of this map if and only if it factors through

a module which is induced from kH.
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One of the most useful properties of induction is Frobenius reciprocity. For
modules it says the following. Let M be a kG-module and N a kH-module. Let
M ®; NG be the tensor product over k, which becomes a G-module by the diagonal
action (g(a ® b) = ga ® gb). Then

M @; N6 = (My @ N)1¢

where My is the restriction of M to kH-module. For maps there is similar-looking
property which is actually much easier to prove. It says that if L, M, N are kG-
modules, f : L — M a kG-homomorphism and ¢ : M — N a kH-homomorphism
then

(*) Tri(g) o f = Tri(g o resg,u(f))

where resq g : Homgg(L, M) — Homyy (L, M) is the restriction.
In group cohomology we can apply the induction of maps to cocycles to define

the transfer map. Suppose that M and N are kG-modules and that
PP —M—0

is a kG-projective resolution. Then, by restriction, (P,,d) is also a kH-projective
resolution. A cohomology class v € Ext}y,(M,N) is represent by a cocycle f :

P, — N. If we apply induction, we get a cohomology class, Tr&(7), represented
by Tr$(f). The k-linear map

Tr$ : Ext}y(M,N) — Ext}s(M,N)

is called the transfer or corestriction. Moreover it satisfies a Frobenius reciprocity
type of relation as in (¥*).

For this paper we restrict our attention to the case in which k is a field of
characteristic p > 0 and M = N = k is the trival kG-module. Then Ext}(k, k) =
H*(G,k) is a ring by cup product. We thus have a transfer map

Tr$ . H*(H, k) — H*(G, k).



The Frobenius reciprocity type relation
Trfi(a)- B = Trfj(a - resc,u(8))

guarantees that the set Tr$(H*(H, k)) is an ideal in H*(G, k). However in many
cases this ideal is rather small. For example if G is an abelian p-group and H is
any proper subgroup then Tr$(H*(H, k)) consists only of nilpotent elements. This
fact represents one extreme of the whole picture. The “size” of the image of the
transfer map depends, to some extent, on the degree of noncommutativity of the

group at the prime p. Specifically we have the following

Theorem 1. [C]. Let I be the ideal

I=Y Tr§(H*(H,k))

where the sum is over all subgroup H of G with p dividing |G : H|. Let P be
a Sylow p-subgroup of G and Z = Z(P) its center. Let J be the kernel of the
restriction map resg,z : H*(G,k) — H*(Z,h). Then VI=+1J.

In the last few years there has been a growing interest in the ring-theoretic
properties of the mod-p cohomology, H*(G,k) . The basic theorem is that of
~ Quillen which says that the components of the maximal ideal spectrum Vg(k) of

H*(G, k) are precisely the images Vi of the map »
resg g : VE(k) — Va(k)

for E a maximal elementary abelian p-subgroup of G. That is, resg; g is the map
on spectra induced by the ring homomorphism resg g : H*(G,k) — H*(E, k) (see
[B1] or [E]). Thus if m € Vg(k) is a maximal ideal in H*(E, k) then resg; pm is the
inverse image of m under resg g. Quillen’s theorem can be interpreted as saying
that the minimal primes ideals in H*(G, E) have the form /Kerg where Kerg is
the kernel of the restriction to a maximal elementary abelian p-subgroup E.

More recently several questions have focused on the depth of H*(G, k) dr, more

specifically, for which groups G is H*(G, k) Cohen-Macaulay. To understand the



problem we need a few definition [M]. In a graded algebra such as H*(G,k), a
regular sequence is a set of homogenous elements. C1,...,(t of positive degree with
the property that (3 is not a divisor of zero on H*(G, k) and, for each i = 2,...,¢,(;
is not a divisor of zero on H*(G, k)/((1,-..,Ci=1)H*(G, k). The depth of H*(G, k)
is the length of the longest regular sequence. The ring H*(G, k) is Cohen-Macauley
~ (CM) if the depth is equal to the Krull dimension. In the case that H*(G, k) is CM,
H*(G,k)/(¢1y-.-,Cr). H*(G,k) is a finite dimensioﬁal algebra where (3,...,(, is
a maximal fegular sequence.

One of the consequences of Quillen’s theorem is that the Krull dimension of
H*(G, k) is the p-rank, r of an elementary abelian p-subgroup E of maximal rank
in G(|E| = p"). A system of homogeneous parameters for H*(G, k) isaset (1,...,{,
of (exactly r (!)) elements such that

H*(G,k)/((1,---,¢)H* (G, k)

is a finite dimensional k-algebra. Hence in the Cohen-Macaulay case any longest
regular sequence must be a set of homogeneous parameters. But, it is a theorem
that if H *(G,k) is CM then any system of homogeneous parameters must be a
regular sequence.

Another theorem concerned with the Cohen-Maccaulay property states that if
H*(G, k) is CM, then all components of Vg(k), the maximal ideal spectrum,v must
have the same dimension. Now the dimension of a component Vg is precisely the
p-rank of E. So for H*(G, k) to be CM, it is necessary for all maximal elementary
abelian p-subgroups of G to have the same rank and hence also the same order.
However there are several examples in which the maximal elementary abelian p-
subgroups have the same rank, but the cohomology ring is not CM. These include
the semidihedral group in characteristic 2 and the extra special group of order p®
and exponent p? in the case that p is odd. The reason we know that the cohomology
rings are not CM is that rings have actually been calculated (by Evéns-Priddy [EP]
in the semi-dihedral case, by Diefhelm [Di] in the odd characteristic case). However

there is a perfectly reasonable method for seeing this fact. It requires almost no



direct calculations and can be summarized in the following steps.

Step 1. We assume, as with the above cited groups, that G is a p-group, of p-rank
2, with the property that all elements of order p are contained in some maximal

subgroup H of G. Thus H also contains all elementary abelian p-subgroups of G.

Step 2. Recall the classical result that H(G,Z/p) = Hom(G,Z/p). So we get
an element n € H(G,k) & k ®z H'(G,Z/p) corresponding to the subgroup H.
This means that, while n # 0,resg,u(n) = 0.

Step 3. Now we come to choosing a system of homogeneous parameters for
H*(G, k). Because the group G has p-rank 2, the system consists of two homoge-
neous elements (; and (3. Now (; can be chosen to have a nonnilpotent restriction
to the center of G. By [D1] such an element is regular. By theorem 1, the second
element can be chosen to be a transfer from the cohomology of H. (Actuaily we
need an extension of Theorem 1 which is easily obtained from its proof [C1]). Thus

we can assume that (3 = Tr$(y) for some v in H*(H, k).

Step 4. Now we notice that

(2o =Tr§(y) n=Tr(v resg,u(n)) = 0.

If H*(G, k) were Cohen-Maccaulay then (3, (s would have to be a regular sequence.
This is impossible. |

The significant thing about the above argument is that it can be generalized.
The first things required is a generalization of Theorem 1. This comes in the form

of the following result of Benson.

Theorem 2. [B2]. Let H be a nonempty collection of subgroups of G and let K
denote the set of all subgroups K of G such that the Sylow p-subgroups of the
centralizer C;(K) is not conjugate to a subgroup of any of the subgroups in H.
Let

J =Y Tri(H*(H,k),I= (] Ker(resg k).
HeH : KekK



Then VI = /7.

Using Benson’s result, the previous argument can be adapted to prove the fol-

lowing.

Theorem 3. [C2]. Suppose that H*(G, k) has an element { such that resg cg(E)
(¢) = 0 for all elementary abelian p-subgroups E of rank s. Then depth (H*(G, k)) <

s and also H*(G, k) has an associated prime ideal of dimension less than s.

An associated prime is a prime ideal which annihilates some element of H*(G, k).
In the above case, the element would be some element in the ideal generated by (. It
is known that the associated primes of H*(G, k) are invariant under the Steenrod
reduced power operations, and hence they are the radicals of the restrictions to
certain elementary abelian p-subgroups. It follows that the associated primes are
the radicals of ideals of transfers from certain collections of subgroups of G.

An open question is whether the associated primes and the images of trans-
fers actually determine the depth and other ring-theoretic invariants of the mod-p

cohomology. We might ask the following.

Question 1 [C2] Suppose that H*(G, k) has depth d. Is there an associated prime
B in H*(G, k) such that Vg(PB) has dimension d?

The answer is yes in all of the examples that we have looked at. It can be shown
to be true for the symmetric groups and their Sylow p-subgroup [CH1]. It holds for
groups of p-rank 2 by an argument using results from [BC]. An equivalent question

is the following.

Question 2 [CH2] Suppose that the mod-p cohomology of G is detected on the
centralizers of elementary abelian p-subgroups of rank s. (That is, the intersection
of the kernels of restrictions of H*(G, k) to the centralizers of the elementary abelian

p-subgroups of rank s is zero). Is the depth of H*(G, k) at least s?

The equivalence of the two questions comes from the relationship of the de-

tectability criterion to the existence of regular elements (see [HLS], [CH2]).
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