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c*- 3R & dual IZB1T % completely positive
decomposition

HEKFHE F# I (Takashi Itoh)

1 I

1 9 8 74, Ruan [12] IT & ©°T operator space (& B(H) ® subspace) DFFEATT A
71, Effros 124 ) MBI OBETFALFRIBE NI, 2 TWIEFLLIE, (X,9) :
X normed space, ¢ bounded linear map ? category 5 (X,¢) : X operator space, ¢
completely bounded linear map (EAF cb-map) ® category “DBITTHbD, dLAHA,
£ D normed space X 1 dual DBAIER Sx. LD C*-] C(Sx-) D subspace TH S
7%, X,Y % normed space. ® % X 5 Y O linear map £ §H& &

®:C(Sx:) D X — Y C C(Sy-)

& : bounded <= ® : completely bounded 72 ||®|| = ||@]|s THHNDT, cb-map XK
EFNLN,

Normed space X DETFALII—ETIIZ Ve Mupa(X) £IC norm 2R ST D 2
S04 R1),R2) %*i#ETIUL, operator space LARFT L MRS

Ruan’s Theorem X #% M,,(X) £ norm % % o7z normed space T
R v ® wl| = maz(foll, lll} (0 € Mun(X), 0 € My(V)

R2)|lavB| < lellllolllBll - (v € Mua(X),& € Mpm(C), 8 € Mno(C))
5723 L &, X IX operator space I completely isometric Td 5o

Wi O BADOEDORAIE, HRDFVUETILTH Y Mun(X) LD norm i
i]llmin = sup{[lé(z:j)lll6 : X — C, |4l <1}
THEz b TWh, —H.
li]llmae = sup{ll¢(z:j)lll¢ : X — B(H), 4]l <1}
LEHTHILICLY, BBBABEFIMTZS 1]o
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19 7 94, Wittstock [14] IZ&oT C*-ZR A 5 injective & C*-B& B ~D selfadjoint

7 cb-map IZXF L
¢ = ¢1 — ¢o, 9llee = lld1 + dalls

& 72 % completely positive map (BT cp-map) é1, ¢o T B I LD, RENT, D
# & LT Haagerup [7] 1Z. fFEED C*3] A » 5 von Neumann BE N~ cb-map 7F cp-
SFETTREZ: HI1X, N i injective 2R L7720

Operator space @ category T® dual (operator dual) % C*-3RD dual ICEATAHI L
XD I Tid, C-IR_P»HZD operator dual (C*-IRD operator dual 25 C*-Ig&, C*-
IRD operator dual 7*H C*-IR D operator dual) ~\® cb-map D cp-MEEEETHLI L
. HWE 35,

2 Matrix ordered operator spaces

TR, C-IR A @ dual ED cp-map 1, Lance [11] IZX BROEHEZHNWTE L,
M (A") 3 [fij], Ma(A) 3 [z] WXL [fis]l2i5] = _Zl fij(zi5)
i,j=
Bl
M,(A") Y M, (A THot

Ll AB % C-IRETHEE, ADD B* D cb-map &6 CB(A,B*) =0 &
T Li 9 DT, Positivity IZBEL TE, BRI THoTdD, ZDFRE T cb-map TR Z 2\,
Z T3, Effros, Ruan, Blecher, Paulsen [1,4] IZ& o T5 X b7z, operator dual %
ﬁﬁ\/‘%o V,W % operotor space @ ZV b W O linear map & 35L& % ¢ 2F
completely bounded & i

n: Mp(V) — Mo (W), [255] — [0(a5)]

B, sup, [|@all < 0o THBHE EZWV, cb-norm % ||¢||es = sup, ||¢a]]| LB V 226 W
D cb-map k% CB(V,W) &¢HbbT,

Definition 2.1 V %% operator space TH b & X,
M(V™) 3 [fl,V 2 = IS L [fil(=) = [fis(@))s  Ifslll = N[Fillles

LEHETS, b MV Y CBWV,C) Thb, 2D M,(V*) DEESNZ V* %
operator dual &FES,

Operator dual (BLF. BLIZ dual &FES) 1k, Ruan D%  R1), R2) %(ﬁf.?‘@"c
operator space {272 ), 2 HIZ V,W 7% operator space ThHb & X,
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CB(V,W*) = (V&" W)*

ERBDT, 5% LD ch-map BHEETHILITRD [14]o ST, VAW, M (Ve
W) 12T B, 2R operator projective tensor norm || ||[o (n=1) TOEMLEL T5,

Nlzl|a = inf {|a||||lv|l]|w][|I Bl
TRRIZ. KD z DI RTOFERIIFLTE 5,

z=a(v@w)f= Z O ikVij @ WriBjiy

a = [0 k] € Mnpg(C), 8 = [Bjtg] € Mpg,n(C),v = [vi5] € Mp(V) w = [wri] € My(W).

—7J7. operator dual DMDIARADAF L, positivity ZHRFELTEBHT, HIDL7ED
positivity WA Z LIZHE RV,  F, Lance DEFH L compatible % positivity %
BATALENDS, #ITTLemma xHETS,

Matrix ordered space X & 1. cone M, (X)* C M,(X), & b o7 % *-vector space
T, SOIERBEATI v = [1p,4] WL

V" Mu(X) Ty C M (X)*

w723 H DL L, matrix ordered space X 2*H Y O linear map ¢ A% completely positive
ThabLid,

Pn : Mo (X) — Mp(Y), [255] ¥— [p(235)]

A A& TD n T positive map THA L EE 9,

Lemma 2.2 X #% matrix ordered space &4 5. [fi] € M,(X*) I LELT D 5213
FETH %,

(1) X — M,(C) : z — [fij(z)] {& completely positive,

(2) Mn(X) — Mn(C) : [.’L’,‘j] — [fij(xij)] (= positive,

(3) Mu(X) — M,(C) : [xy] — [fij(zi;)] & completely positive,

(4) Mo (X) — C: [255] — T fij(zi;) & positive,

(5) M,(X) — C : [zi] — X fij(zi;) & completely positive.



133

72720,
Remark 2.3
X — M,(C) : z+— [fij(z)]

IZB W T positivity & completely positivity iZ—F L &\,

Lemma 1.1 @ (1) & (4) OFMEMED* S matrix ordered operator space ? operator dual
12, RD cone ZEFHKT AT LITL Y, Lance DEFE L —F T 5 matrix ordered space DI
WEREA-T2Z LIl b,

M,(V*)" = {¢ € CB(V, M,(C)) | ¢ \& completely positive}.

£ T V % matrix ordered operator space D& & V* b F 72 matrix ordered operator
space Td 1) completely isometric 7RI DIAMA

V_)V**

i completely positive order isomorphic [cf. 1,2,4] 1% 5,
CB(V,W*) £V "W DJEFDREGR R A 572012 M, (V @" W) IZ cone

C = {av@w)a* € M, (V& W) | v € My(V)F,w € My(W)™, 0 € My )} "
ZEET Do Mp(VOW) DIz, |zl <1 ICH L 2 = a(v@w)f LFRHES
a = [as,ik] € AJn,ooz(C'),/6 = [ﬂjl’t] € Mooz,n(C),'U = [vij] € Moo(V)

w = [wa] € Moo(W) T leflllvfll|w]ll| B]] < 1
EBBHDVHFIET 5,

Proposition 2.4 V & W 7% matrix ordered operator space 7% 51XV @ W I matrix
ordered operator space Td 5,

M, (CB(V,W)) lZ4F LT cone CP(V, My (W) & V #& My(W) ~O cp-map £tk
& x-operation [p;;]*(z) = [p;i(z*)*] ZEET S T LIC X D matrix ordered operator space
&b,

Proposition 2.5 V & W %% matrix ordered operator space % 51X CB(V,W) X
matrix ordered operator space T# 5,
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flipmap: V"W — WR"V, a® b+— b® a I completely isometric isomorphism
THHH, b

Proposition 2.6 V & W % matrix ordered operator spaces £ $5¢0: V"W —
W ®"V & x-preserving completely positive order isomorphim T& 5,

V , W, X % operator space £§5& & CB(V @ W,X) & CB(V,CB(W, X)) i
completely isometric T@ 528, RIINEFED A o7 operator space (Zx+ L THIEARR 2
BE5Z TS, IHIZXY, HFRAADORIEBEIFGELNI-Z LIk 5,

Theorem 2.7 V,W , X % matrix ordered operator space £ § 5, D& X completely
isometric isomorphism CB(V @ W, X) = CB(V,CB(W, X)) & *-preserving completely
positive order isomorphism T& 5,

X%CETarZLiZEWAEEA,

Corollary 2.8 V & W 2% matrix ordered operator space % 51X, matrix oredered
operator space CB(V,W*), CB(W,V*), (VR \W)* & (W®"V)* I *-preserving completely
positive order (completely isometric) isomorphic T# %,

VWD CERDOLE X C, I Banach - IROBEDOLNICEBRIZH HbLA,
SuiQuwi,Ya;®b; € VW, I L, F&L *-operation %

(Z V; ® w,)(z a; ® bJ) = Z Viaj ® w,-bj

Qo vi®@w) =) v Qu;
LEFKT Do V"W IZ Banach +-3RD positivity % 37z & X positive linear functional
% cp-map THA L, BT EIFHRS,

Theorem 2.9 A & B S C*-IR%2 61X, A®" B I3 Banach IR TH H RIZFUETH 5,
() EERz€e AR B ITHR L. p(z*z) >0

Q) FEEL z e CLITXL, ¢z)>0

(3) p IZX5F 5 CB(A, B*) DTG cp-map TH 5,
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PEDZ L ZEML T, C-IRPLFD dual ~®D cb-map D cp-THREEYHH, FE
BHIZ. Haagerup norm & DHE* B35,

Theorem 2.10 A & B % C*~3& 35, A 95 B* ~® completely bounded map %%
$ T completely positive TR T & B 120 DLEPOTFEME. A $7213 B PFBEX
TTTHAEI EThHb,

3 Operator systems and tensor products

COEITIE, dual 25 C*-BRD cb-map DHEXEET 5, BAILZFFo72 self-adjoint
% B(H) @ subspace % operator system &I5,  operotor system |3 matrix ordered
operator space T b, A & B ¥ FNFN B(H) . B(K) ? operator system & 5,

A ® B L£® operator injective norm || ||y &, EHIAAAQB CBHQK) IZ&oT
FEINDLN, ZORAE AQVB LdHHHT, A®'BIE, AL B DIEMT % Hilbert
space DD FIZL LRV EPHONTWS 1],

A®" B @ positive cone b LOEDRAPLFEENLbOL LTERT S, Hb

(AQVB)* = A®"BNB(H®K)".

RIZE D AQY B @ positive cone b Hilbert spaces DILH FITEKS 2V EA%Hh 5,

Lemma 3.1 A & B % operator system &35, D& &, RIIFHETH 5,

1)z e (AQY B)t

(2) & % Hilbert spaces H,K, ¢ € CP(A,B(H)) ¥ € CP(B,B(K)) IZxtL, (¢®
¥)(z) € B(H @ K)*

(3) 4E5 7% () € Mu(A)* & [u] € Ma(BY)* KX, [fy © gu(@)] € Mam(C)*

A & B % operator space £ T5& %, AQV B 9*b CB(A*, B) ~® completely isometric
isomorhism PFFET b, S HIZ,

Proposition 3.2 A & B %% operator system 7 51, completely isometric ¢ LAY
B — CB(A*, B) & completely positive order isomorphism T& %,

R t S 28FNFN B(H), B(K) ® o — weak closed operator system ThbHE & R® S
D o — weak closure # RR®S & L. B(H® K) 76 A% positivity ¥E X 5.
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Lemma 3.3 R & S % o—week operator system &35, ZDELE, RIIFUETDH %,
(1) z € (R®S)* ,
(2) /£& % Hilbert spaces H,K, normal % ¢ € CP(R,B(H)) ¢ € CP(S,B(K)) IZx L,

(¢ ®¥)(z) € B(H®K)*
(3) £E% [fi;] € Ma(R)T & [gu] € Mn(S)T XFL, [fij ® gri(2)] € Mum(C)F

Effros & Ruan 12X D, R & S %% 0 — weak closed operator system T R, ®" S, —
R.®"S, RS2 51E, R®S 1F (R.®"S.)* & completely isometric 0 —weak homeomorphic
ThbIEIRENTE [6lo R L S #F 0 — weak closed operator system D& &, 51

Theorem 3.4 R & S %%, o — weak closed operator system T R, ®" S, — R. ®" S.
ASHLET % 51F. completely isometric 0 — weak homeomorphism A : R®S — (R, " 5.)*
|Z%-preserving completely positive order isomorhic T %,

COMEBEED T LIIZX D, dual 225D cb-map D cp-TEERLEFS.

Theorem 3.5 R & S ?% 0 — weak closed operator system T R, ®" S, — R. ®" S,
HHEE 51T, ¢ € CB(R.,S) A self-adjoint DL &, ¢ = ¢1 — ¢a, ||¢lls = ||1 + P2ler &
72 5 completely positive map ¢1,¢s € CB(R.,S) BFET 5o

AP CHBOE X, ABS = (A @) 5.)* THAHDT

Cororally 3.6 A % C*¥&., S % von Neumann JR&§5 L. ¢ € CB(A*,S) ?F self-
adjoint 25, o =91 — @2, |l@lles = maz{[|¢1lles; l|02lls} & 7% % completely positive
map @1, p2 € CB(A*,S) BFET 5,

Y 5T C*-3& von Neumann BBIC. COBEMBRET B L2 L cp-FBHFTES
b olz, U ETHEDS dual. dual 2HEAD cb-map DB LIRS
A5, Bxf%IZ Wittstock, Haagerup DFER L EFROZ L ERETH L. dual 25 dual ~\D
cb-map DR ERLZF S,

Theorem 3.7 f£E% C-& B 3L, &TDp € CB(A*, B*) #* cp-decomposable
Th5H72DDYLEIDOTFEMIE,. A Hnuclear 22 & TH 5,
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