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Abstract

Tllis $\mathrm{P}\mathrm{a}$ [$)\mathrm{e}\Gamma \mathrm{i}_{1}1\mathrm{V}\mathrm{C}\mathrm{S}\mathrm{t}\mathrm{i}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{s}$somc fundamclltal properties of alternating $01\mathrm{l}\mathrm{e}-\backslash \mathrm{v}\mathrm{a}\mathrm{y}$ (or two-way) ] $)\mathrm{u}\mathrm{s}\mathrm{l}_{1}\mathrm{c}\mathrm{l}\mathrm{o}’ \mathrm{v}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{l}\iota 0\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{a}$

$(\mathrm{p}\mathrm{d}\mathrm{a}’ \mathrm{S})$ with $\mathrm{s}\backslash \iota \mathrm{b}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}\iota \mathrm{h}\mathrm{m}\mathrm{i}\mathrm{C}$ space.
Let $s\ell_{\Gamma ol}’ g- 2ApDA(L(n))(S\ell rof\iota g- 2DPDA(L(ft)), strong- 2NPDA(L(n)),$ $S\ell rong- \mathit{2}UPDA(L(’\iota)))$ denote $\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{C}$

class of languages acceptcd [
$\mathrm{y}$ strongly $\mathrm{L}(\mathrm{n})$ space-bounded two-way $\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{l}\iota \mathrm{g}\mathrm{p}\mathrm{d}\mathrm{a}’ \mathrm{S},$ $(\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{c}1)\mathrm{d}\mathrm{a}’ \mathrm{s},$ ]lon-

$\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}111\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}_{\mathrm{C}}$ pcla’s, altcrnating $1$)($1\mathrm{a}’ \mathrm{S}$ with only universal states), and let weak-2DPDA$(L(n))$ (weak-2NPDA
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altcrmating $\mathrm{I}$) $\mathrm{d}\mathrm{a}’ \mathrm{s}1^{\mathrm{a}[\mathrm{t}}\mathrm{t}\mathrm{c}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{i}_{1}\iota \mathrm{g}\mathrm{T}\iota\iota \mathrm{r}\mathrm{i}_{1}_{1}11_{C\backslash \mathrm{C}1\mathrm{i}S}\mathrm{l}1\iota \mathrm{e}$).
.

Wcfir– $—\cdot-$

$\mathrm{s}\mathrm{t}\mathrm{S}1_{1}0\backslash \mathrm{v}\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}$ strong-2–.. (APDA $\log\log--n$) $-w-$eak-.l $AsPACE(o(\log n))\neq V,$ allcl wcak-lAPDA$(\log\log n)-$

$o(\mathrm{l}\mathrm{o}\mathrm{g}’\iota),$ $\tau veak-1APDA(L(’\iota))$ ancl X-YPDA$(L(’))$ ($X\in\{s\ell_{rong}$, wcak} atld $Y\in\{2D,$ $2N,$ $2U\}$ ) are llot closed
$\mathrm{u}11$ ( $\mathrm{l}\mathrm{c}\mathrm{r}\mathrm{C}\mathrm{o}11\mathrm{c}\mathrm{a}\mathrm{t}_{\mathrm{C}}\iota 1\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11,$

$\mathrm{i}\langle \mathrm{l}\mathrm{c}\mathrm{c}\mathrm{n}\mathrm{C}$ clos\iota [re, ancl $1\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{g}\mathrm{t}1_{1}1^{)\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{C}\mathrm{f}}\mathrm{v}\mathrm{i}\mathrm{n}\mathrm{g}11\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{r}_{1}$) $]1\mathrm{i}_{\mathrm{S}}\mathrm{m}$ .
Key words: Altcrnating $\mathrm{P}\mathrm{u}\mathrm{s}11\mathrm{d}_{0}\mathrm{w}\mathrm{I}\iota$ Automata, $\mathrm{S}\mathrm{u}\mathrm{b}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}\iota 1\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{C}$ space complexity, $011\mathrm{C}$-way $\mathrm{v}\mathrm{e}\iota$ stls two-way

1 Introduction
Rcccntly, many $\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{V}\mathrm{e}\mathrm{S}\mathrm{t}\mathrm{i}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{a}\mathrm{l}$ ) $\mathrm{O}\iota \mathrm{l}\mathrm{t}$ altcrllatingTuring $\mathrm{m}\mathrm{a}\mathrm{c}1_{1}\mathrm{i}\mathrm{n}\mathrm{e}s$ with $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}l1\iota$nlic $\mathrm{S}$]) $\mathrm{a}\mathrm{c}\mathrm{C}$ llave bccn lnade [2,4,9,10,13,

15]. lt is sllo\vn in [9] $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ for any $\mathrm{f}\mathrm{t}_{\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{C}}t\mathrm{i}\mathrm{o}\mathrm{n}\log$ Iog $f\iota\leq L(n)=o(\log n),$ $\mathrm{L}(11)$
$\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{C}$-boullcled $\mathrm{t}\backslash \prime 0$ -way $\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\iota$ Turing ma-

$\mathrm{c}11\mathrm{i}_{1}1\mathrm{c}\mathrm{S}$ are $\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{g}\iota$ ) $0\backslash \mathrm{V}\mathrm{e}\Gamma \mathrm{f}\mathrm{t}\iota 1\mathrm{t}[\mathrm{l}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{L}(\mathrm{n})\mathrm{s}\mathrm{P}^{\mathrm{a}\mathrm{C}\mathrm{e}}-\mathrm{b}\mathrm{o}\iota 111\mathrm{d}\mathrm{C}\mathrm{d}_{0}\mathrm{n}\mathrm{e}$ -way altcrnating $\mathrm{T}\mathrm{u}\mathrm{r}\mathrm{i}_{1}\iota \mathrm{g}$ machincs. irvallla $[1()]_{\mathrm{S}}1_{10\backslash }\mathrm{V}\mathrm{C}\mathrm{d}$ that $o(\log\log n)$

$\mathrm{s}_{1})\mathrm{a}\mathrm{C}\mathrm{C}$ -bounclcd two-way $\mathrm{a}$ ] $\mathrm{t}_{\mathrm{C}\mathrm{r}\mathrm{n}\mathrm{a}}\mathrm{t}\mathrm{i}_{\mathrm{l}\mathrm{l}}\mathrm{g}\mathrm{T}\mathrm{U}\mathrm{l}\mathrm{i}_{1}\iota \mathrm{g}11\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l}\iota \mathrm{e}\mathrm{S}$acccpt $01\iota 1\mathrm{y}$ regular languagcs. $\mathrm{C}\mathrm{l}\iota \mathrm{a}\mathrm{l}\mathrm{l}\mathrm{g},$
$\mathrm{I}\mathrm{l}$) $\mathrm{a}\Gamma \mathrm{r}\mathrm{a}$ allcl Raviklllnar $[$ 4| $\mathrm{s}]\iota \mathrm{O}\mathrm{l}\gamma \mathrm{e}\mathrm{d}$

$\mathrm{t}$[ $\iota \mathrm{a}\mathrm{t}\mathrm{t}1_{1\mathrm{c}\mathrm{r}\mathrm{c}}$ is a language over a llnary $\mathrm{a}$] $\mathrm{p}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{b}\mathrm{e}\mathrm{t}\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$ can be $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{e}_{1)}\mathrm{t}\mathrm{C}\mathrm{d}$ by a weakly log log $n\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}-\mathfrak{j}_{)}\mathrm{o}\mathrm{t}\mathrm{l}\mathrm{n}(1\mathrm{C}\mathrm{d}_{\mathrm{o}\mathrm{n}}\mathrm{e}$-way altcrnating
Turing Illachilte, but $1\iota \mathrm{o}\mathrm{t}|_{)}\mathrm{y}$ any two-way $\mathrm{n}\mathrm{o}1\iota \mathrm{c}$ ] $\mathrm{e}\mathrm{t}\mathrm{C}\mathrm{r}\mathrm{l}\mathrm{n}\mathrm{i}_{1}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{C}$ Rring lnaclline with $o(\log n)\mathrm{s}_{1^{)\mathrm{a}\mathrm{C}\mathbb{C}}}$ . Szepictowski [15] $\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{O}\backslash \gamma \mathrm{C}}\mathrm{d}$

that $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{C}\mathrm{r}\mathrm{C}$ is a laltgllage acccptcd $l_{\mathrm{J}}\mathrm{y}$ a wcakly log log $n\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}-\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{l}\mathrm{l}(\mathrm{l}\mathrm{e}\mathrm{d}$ one-way $\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ Tllling lllacllil\iota $\mathrm{e}$ , but llot by ally
strongly $o(\mathrm{l}\mathrm{o}\mathrm{g}’)$ spacc-bounclcd two-way $\mathrm{a}\mathrm{I}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$Turing maclline. $\mathrm{B}\mathrm{r}\mathrm{a}\mathrm{u}1\tau\ln\ddot{\mathrm{u}}1_{1[}$ , Genglcr alld Rettinger [2], altd Li\’{s}kiewicz
and Reiscllllk [13] $\mathrm{s}1_{1\mathrm{O}\backslash }\mathrm{V}\mathrm{C}\mathrm{t}1$ that $\mathrm{t}[\iota \mathrm{e}$ altcrnation $1_{1}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{r}\mathrm{c}]_{1}\mathrm{y}$ for Turing machines witll spacc $\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{c}[\mathrm{s}l$) $\mathrm{e}\mathrm{t}\mathrm{W}\mathrm{c}\mathrm{e}\mathrm{l}\mathrm{l}$ log log $n$ and $\mathrm{l}\mathrm{o}\mathrm{g}$ ’
is infinite. (Note $\mathrm{t}[\iota \mathrm{e}$ fact tllat all alterllation hierarchies rclated to spacc-bounded two-way $\mathrm{T}\iota \mathrm{r}\mathrm{i}\mathrm{l}$ rnacllines collapse, pro-
vided wc consider strong space-complcxity $\mathrm{a}\mathrm{I}\iota \mathrm{d}$ space-bounds in $\Omega(\log n)$ . This is because $\mathrm{t}1_{1}\mathrm{e}$ class of laltguages acccpted by
strongly $\mathrm{L}(\mathrm{n})$ spacc-boundcd $\mathrm{t}\backslash \mathrm{v}\mathrm{o}-\backslash \mathrm{v}\mathrm{a}\mathrm{y}_{1}\iota 011\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{i}_{\mathrm{S}}\mathrm{t}\mathrm{i}\mathrm{c}$ Turing machines is closed uncler $\mathrm{c}\mathrm{o}\mathrm{l}11\mathrm{p}\mathrm{l}\mathrm{e}111\mathrm{c}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ for $\mathrm{L}(\mathrm{n})=\Omega(\log n)$

$[8, 14]$ .) $\mathrm{T}\mathrm{l}\iota \mathrm{e}\mathrm{r}\mathrm{C}$ llavc $\mathrm{b}\mathrm{e}\mathrm{C}\mathrm{l}\mathrm{l}$ fcw invcstigations about pushdown automata with small spacc, cspecially $\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{s}\mathrm{u}$[$)\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{l}\mathrm{n}\mathrm{i}_{\mathrm{C}}$space.
$\mathrm{G}\mathrm{a}\mathrm{l})\mathrm{a}\mathrm{r}\mathrm{r}\mathrm{o}[7|\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{O}}\mathrm{W}\mathrm{e}\mathrm{d}\mathrm{t}]\mathrm{l}\mathrm{a}\mathrm{t}(\mathrm{i})\mathrm{t}11\mathrm{C}\Gamma \mathrm{C}$ are languages $\mathrm{w}\mathrm{i}\mathrm{t}1_{1}$ pushdown complexity strictly in $n^{1/\mathrm{B}}$ or $\log n(q\geq 2),$ alld (ii) $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}_{\mathrm{a}\ln}\mathrm{i}|\mathrm{y}$

of languages acccp $\mathrm{t}\mathrm{c}\mathrm{d}$ by $01\iota \mathrm{e}$-way ltoltdeterlt\iota inistic $]^{)\mathrm{u}\mathrm{S}1}1\mathrm{d}_{\mathrm{o}\mathrm{W}\mathrm{n}}$ automata with $s\mathrm{u}\mathrm{b}\mathrm{l}\mathrm{i}\mathrm{l}\iota \mathrm{e}\mathrm{a}\mathrm{r}\mathrm{s}_{1)}\mathrm{a}\mathrm{C}\mathrm{C}\mathrm{i}S’.\iota$ full-A.F.L contailling olle
$\mathrm{i}11\mathrm{f}\iota 11\mathrm{i}\iota_{\mathrm{C}}\mathrm{C}[\mathrm{c}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{i}_{\mathrm{l}\mathrm{t}}\mathrm{g}$ cllain of $\mathrm{f}_{\mathrm{l}1}11-\mathrm{A}.\mathrm{F}.\mathrm{L}’ \mathrm{S}$. $\mathrm{D}\iota 1\mathrm{r}\mathrm{i}_{S}$ alld $\mathrm{G}\mathrm{a}\mathrm{I}\mathrm{i}\mathrm{l}[5]\mathrm{s}\mathrm{l}_{1}\mathrm{o}\backslash \mathrm{v}\mathrm{C}\mathrm{d}\mathrm{t}1_{1}\mathrm{a}\mathrm{t}(\mathrm{i})$ for any $\mathrm{f}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{C}\mathrm{t}\mathrm{i}_{0}11$ log log ,$\iota\leq L(’\iota)=o(n),$ $\mathrm{L}(11)$

$\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}-\iota)\mathrm{o}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{d}$ two-way $\mathrm{d}_{\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{r}1}11\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{S}\iota \mathrm{i}\mathrm{c}$ ptlsltclowll automata are lcss ]) $\mathrm{O}\mathrm{W}\mathrm{C}\mathrm{r}\mathrm{f}\mathrm{u}\mathrm{l}$ tllan $\mathrm{L}(\mathrm{n})\mathrm{s}\mathrm{P}^{\mathrm{a}\mathrm{c}\mathrm{e}}-1)01111C\mathrm{t}\mathrm{C}\mathrm{d}\mathrm{t}\backslash \mathrm{v}\mathrm{o}$-way detcrlniIlistic
$\mathrm{T}_{\mathrm{l}\mathrm{t}\mathrm{r}}\mathrm{i}1_{\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{C}1\mathrm{i}\mathrm{n}\mathrm{c}}1\mathrm{s},$ $(\mathrm{i}\mathrm{i})\mathrm{o}(\mathrm{n})\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{C}- \mathrm{b}_{0\iota}111\mathrm{c}\mathrm{l}\mathrm{C}\mathrm{d}\mathrm{t}\backslash \mathrm{v}\mathrm{o}-\backslash \gamma \mathrm{a}\mathrm{y}\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\Gamma \mathrm{m}\mathrm{i}_{\mathrm{l}1}\mathrm{i}s$ tic $1$) $\mathrm{u}S\mathrm{h}\mathrm{d}\mathrm{o}\mathrm{W}\mathrm{n}$ autonlata $\mathrm{a}\mathrm{C}\mathrm{C}\mathrm{c}\mathrm{l}$ ) $\mathrm{t}_{0}111\mathrm{y}\mathrm{r}\mathrm{c}\mathrm{g}\mathrm{l}\iota 1:\iota \mathrm{r}\mathrm{I}\mathrm{a}1\iota \mathrm{g}\iota 1\mathrm{a}\mathrm{g}_{\mathrm{C}\mathrm{S}}$ over a

$\mathrm{u}\mathrm{l}\iota \mathrm{a}\mathrm{r}\mathrm{y}\mathrm{a}[$[$)11\mathrm{a}\mathrm{b}_{\mathrm{C}}\mathrm{t}$ , ancl (iii) $\mathrm{t}1\iota \mathrm{C}\mathrm{r}\mathrm{c}$ is a noll-regular languagc accepted $1_{)}\mathrm{y}$ a $\mathrm{s}\mathrm{t}\Gamma 01\mathrm{l}\mathrm{g}\mathrm{l}\mathrm{y}$ log log $n\mathrm{s}$ [ $):\mathrm{t}\mathrm{c}\mathrm{e}$ [ $)\mathit{0}1\iota 1\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{C}\mathrm{l}$ two-way cletermin-
istic pus $1\iota \mathrm{d}_{0\backslash }\mathrm{v}11$ automaton. Yosllinaga alld lnoue [16] investigated scveral propertics of $\mathrm{a}$] $\mathrm{t}_{\mathrm{C}\mathrm{r}1}\iota \mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{I}1}\mathrm{b}’$

$1\Pi \mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}$ -coullter automata
$\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{l}\mathrm{l}$ sublincar spacc.

This $\mathrm{p}\mathrm{a}_{\mathrm{I}}$) $\mathrm{e}\mathrm{r}\mathrm{i}_{\mathrm{l}\mathrm{l}\mathrm{V}\mathrm{e}}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{g}\mathrm{a}\mathrm{t}_{\mathrm{C}}S\mathrm{S}\mathrm{O}\mathrm{l}1\mathrm{l}\mathrm{C}\mathrm{f}_{11}1([\mathrm{a}\mathrm{n}]\mathrm{c}\iota 1\mathrm{t}\mathrm{a}1])\mathrm{r}\mathrm{o}_{[})\mathrm{C}\Gamma \mathrm{t}\mathrm{i}\mathrm{e}\mathrm{S}$of alterllating one- way (or two-way) $])\mathrm{u}\mathrm{s}\mathrm{I}\iota \mathrm{c}\iota \mathrm{o}\mathrm{W}\mathrm{l}\mathrm{l}$ automata witll
sublogarithmic spacc.

Section 2 gives tlle dcfinitions and notations necessary for this paper. Lct strong-2APDA $(L\mathrm{t}n))(s\ell_{\Gamma O}ng-2DpDA(L(n))$ ,
$s\ell rong- 2NPDA(L(n)),$ $St\Gamma ong-2UPDA(L(|\iota)))$ denotc the $\mathrm{c}\mathrm{l}\mathrm{a}_{\mathrm{L}}\mathrm{s}\mathrm{s}$ of languages $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{c}_{1}$ ) $\mathrm{t}\mathrm{e}\mathrm{d}$ by strongly $L(’)\mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}- \mathrm{b}\mathrm{o}\iota 11\iota \mathrm{d}_{\mathrm{C}}\mathrm{d}\mathrm{t}\backslash \mathrm{v}\mathrm{o}-$

way $\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\iota \mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ pushdowlt automata (clcterlninistic pushdown automata, $1\mathrm{l}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}i\mathrm{n}\mathrm{i}\mathrm{S}\mathrm{t}\mathrm{i}_{\mathrm{C}}\mathrm{P}^{1}1sl_{1\mathrm{c}}10\backslash \mathrm{v}\mathrm{n}$ automata, alternating
pushdown autolnata\vitll $011$ ] $\mathrm{y}$ ullivc $\Gamma \mathrm{s}\mathrm{a}\mathrm{l}$ statcs), and let weak-2DPDA$(L(n))(weak-\mathit{2}NPDA(L(\prime 1)), weak-2UPDA(L(n)))$

dcnote $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ class of $\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{g}\iota \mathrm{l}\mathrm{a}\mathrm{g}\mathrm{C}\mathrm{S}$ acccpted by wcakly $L(n)$ $\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{e}$-bollnded two-way $\mathrm{c}l$eterlnillistic $1^{)\mathrm{U}S}1\iota \mathrm{c}\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{l}\mathrm{l}$ automata (nondeter-
$\Pi \mathrm{t}\mathrm{i}\mathrm{n}\mathrm{i}_{\mathrm{S}\mathrm{t}}\mathrm{i}\mathrm{C}\mathrm{p}\iota 1S1\mathrm{l}\mathrm{d}\mathrm{o}\mathrm{w}\mathrm{l}\tau \mathrm{a}\mathrm{t}\mathrm{l}\mathrm{t}_{\mathrm{o}\mathrm{m}}\mathrm{a}\mathrm{t}\mathrm{a},$ $\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}:\iota \mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}1^{)}1\iota \mathrm{s}1_{1}\mathrm{C}\mathrm{l}\mathrm{o}\backslash \mathrm{V}\mathrm{n}$autolnata $\mathrm{W}\mathrm{i}\mathrm{t}$] $\iota$ only $\mathrm{U}11\mathrm{i}_{\mathrm{V}\mathrm{C}}\mathrm{r}\mathrm{s}\mathrm{a}1$ statcs). $\mathrm{p}\mathrm{u}\mathrm{r}\mathrm{t}[_{1\mathrm{c}\mathrm{r}}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{r}0$ , lct weak-lAPDA
$(L(n))(weak- 1AsPACE(L(n)), weak- 1USPACE(L(’\iota)))$ denote $\mathrm{t}1_{1}\mathrm{e}$ class of $1\mathrm{a}1\iota \mathrm{g}_{\mathrm{U}}\mathrm{a}\mathrm{g}_{\mathrm{C}}\mathrm{s}\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{e}_{1)}\downarrow \mathrm{G}([[)\mathrm{y}$ wcakly $L(n)\mathrm{s}\mathrm{l})\mathrm{a}\mathrm{c}\mathrm{e}-$

bounded olle-way $.\backslash \mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{l}\iota$ating $1$ ) $\mathrm{t}\mathrm{S}11\mathrm{c}\iota_{0}\backslash \gamma \mathrm{n}$ autolnata (altcrnating brillg $\mathrm{m}\mathrm{a}\mathrm{c}\mathrm{l}\iota \mathrm{i}\mathrm{n}\mathrm{e}\mathrm{s}$ , altcrnating Tnring $\mathrm{I}\mathrm{n}\mathrm{a}\mathrm{c}[\iota \mathrm{i}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{s}\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{l}\iota$ only
llniversal statcs).

$\mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\iota 3\mathrm{i}_{11\mathrm{v}\mathrm{C}}\mathrm{S}\mathrm{t}\mathrm{i}\mathrm{g}\mathrm{a}\mathrm{t}_{\mathrm{C}}S$ a relationsllip bctween the acccpting powers of one-way and two-way { $\iota \mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{l}\iota \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{l}$ [ $)\mathrm{u}\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{o}\backslash \mathrm{V}\mathrm{l}\downarrow$ au-
tomata $\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{l}\iota \mathrm{s}\mathrm{u}\mathrm{b}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{a}\Gamma \mathrm{i}\mathrm{t}111\mathrm{n}\mathrm{i}_{\mathrm{C}}$space, and shows that $s\ell_{\Gamma ong}- 2APDA(\log\log n)-weak-1ASPACE(o(\log n))\neq\emptyset$ (ancl thus
strong-2APDA$(\log\log n)-weak- 1APDA(o(\log n))\neq\emptyset)$. This result strengthens the fact [9] tllat strong-ASPACE$(\log\log n)$

$-weak-\mathrm{i}ASPAcE(o(\log n))\neq\emptyset$ .
Section 4 investigates a relationsllip among tlle accepting powers of $\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}_{1}\mathrm{P}^{\mathrm{t}\mathrm{S}11}\iota(0\backslash \mathrm{v}\mathrm{n}$ automata, noncleterminis-

lic $\mathrm{p}_{11\mathrm{s}1_{1}\mathrm{C}1}\mathrm{o}\backslash \mathrm{v}\mathrm{n}$ autolnata and alterllating $\mathrm{P}^{\mathrm{U}S1_{1\mathrm{d}}}\mathrm{O}\backslash \mathrm{v}\mathrm{n}\mathrm{a}\mathrm{u}\mathrm{t}_{01}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{a}\mathrm{w}\mathrm{i}\mathrm{t}1_{1}$ only univcrsal states $\mathrm{w}\mathrm{i}\mathrm{t}]_{1}\mathrm{s}\mathrm{t}\mathrm{l}\iota \mathrm{J}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{l}\downarrow \mathrm{m}\mathrm{i}\mathrm{c}$ spacc, and
shows, for $\mathrm{e}\mathrm{x}\mathrm{a}:\mathrm{n}_{\mathrm{P}}1\mathrm{e},$ tllat weak-lAPDA$(\log\log n)-(weak- NsPACE(o(\log n))\cup\tau veak- UspACE(\mathit{0}(\log n)))\neq\emptyset$ , and $\mathrm{t}11\mathrm{U}S$

$weak- 1APDA(\log\log n)-(\tau veak-2NPDA(o(\log n))\cup weak-2UPDA(o(\mathrm{l}\mathrm{o}\mathrm{g}’ 1)))\neq\emptyset$. $\mathrm{T}1_{1}\mathrm{i}\mathrm{s}$ result $\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{c}\mathrm{l}\iota \mathrm{g}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{t}11\mathrm{C}$ fact [9] $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$
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weak-lASPACE$(\log\log n)-(weak- NSPAcE(o(\log n)\rangle\cup weak- USpAC\dot{E}(o(\log n)))\neq\emptyset$. We also sbow tllat for any func-
tion log log $n\leq L(n)=o(\log n),$ $weak- 1NsPACE(L(n))$ and weak-lUSPACE$(L(n))$ is $\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{o}\ln_{1}$ ) $\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$. $\mathrm{T}1_{1}\mathrm{i}\mathrm{s}$ result solves
an open problem in [9].

Section 5 investigatcs several fun($\iota_{\mathrm{a}}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{a}1$ closure properties, and shows $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ , for alry function log log ’$\iota\leq L(t\iota)=o(\mathrm{l}\mathrm{o}\mathrm{g}’\iota)$ ,
$weakarrow 1ApDA(L(n))$ and X-YPDA$(L(n))$ ($X\in$ {strong, $weak.1^{\mathrm{a}\mathrm{n}\mathrm{d}Y}.\in\{2D,$

$2N,$ $2U\}$ ) are not closcd $\mathrm{U}\mathrm{l}\iota \mathrm{d}\mathrm{e}\mathrm{r}$ concatenation,
Klcene closurc, and length preserving homomorphism.

Section 6 briefly statcs a $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}11\mathrm{i}_{1)}$ between ‘strong’ and $‘\backslash \mathrm{v}\mathrm{c}\mathrm{a}\mathrm{k}’$.

2 Preliminaries
We $\mathrm{a}ss$ume that the reader is familiar with the $\mathrm{b}\mathrm{a}s$ ic concepts and terminology $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{C}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{i}_{1}\iota \mathrm{g}.\backslash [\mathrm{t}\mathrm{e}\mathrm{r}1\iota \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ machines and

computational complexity. (If necessary, see $1^{3,9},13].$)
A two-way alternating pushdown automaton. $(2\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A})$ is a generalization of a two-way nondeterministic puslldo\vl\iota au-

tomaton $(2\mathrm{N}\mathrm{P}\mathrm{D}\mathrm{A})[11]\mathrm{w}11OS\mathrm{e}$ state set is partitioned into ‘universal’ and ‘existential’ statcs. $\mathrm{T}1\iota \mathrm{c}$ input of a $2\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A}M$ is
delimitcd by $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ lcft endmarker $\sqrt$ and tbe right $\mathrm{e}\mathfrak{n}\mathrm{d}\mathrm{n}\iota \mathrm{a}\mathrm{r}\mathrm{k}\mathbb{C}\mathrm{r}$ $. We can view the $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\iota$ of $M$ as a trec wllose nodes are
labelled by instantaneous descriptions (1D’s). An ID is called universal (existenlial, accepting) if $\mathrm{t}\mathrm{l}\downarrow \mathrm{e}$ state associated with
$\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$ ID is universal (existential, accepting). A computation tree of $\mathrm{A}f$ on input $x$ is a tree, $\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{l}\iota \mathrm{t}1\iota$at the root is labelled by
the initial 1D and $\mathrm{t}1_{1}\mathrm{e}$ cbildren of any nonleaf node labelled by a universal (existential) ID include all (one) of tlle immediate
successors of tllat $1\mathrm{D}$ . A computation tree is accepting if it is flltite and all $\mathrm{t}1_{1}\mathrm{e}$ leaves are labelled by accepting ID’s. $M$

acccpts $x$ if $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{r}\mathrm{e}$ is an accepting trec of $\mathrm{A}f$ on $x$ . A $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{P}^{\mathrm{u}}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ tree of $M$ (on some input) is $l$ space-bounded if all nodes
of the tree are labelled $\backslash \mathrm{V}\mathrm{i}\mathrm{t}1_{1}1\mathrm{D}’ \mathrm{s}$ using at most $l$ cells of the $\mathrm{p}\mathrm{u}\mathrm{S}1_{1}\mathrm{d}\mathrm{o}\mathrm{w}\mathrm{n}$ stack. Let $L(n)$ be a function. $M$ is weakly $L(n)$

space-bounded if for every input $x$ of lellgtll ” $n\geq 1$ , that is accepted by $M$ , there exists an $L(n)$ space-bounded accepting
computation tree of $\mathrm{A}f$ on $x$ . $M$ is strongly $L(n)$ space-bounded if for every input $x$ of lcngtlt 11, (acccpted by $M$ or $1\iota \mathrm{o}\mathrm{t}$ ),
$,\iota\geq 1$ , any computation trce of $\mathrm{A}f$ on $x$ is $L(’\iota))$ space-bounded.

A one-way alternating pushdown automaton (IAPDA) is a $2\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A}\mathrm{w}$] $\mathrm{l}\mathrm{o}\mathrm{S}\mathrm{e}$ inpnt hcad cannot lllovc to $\mathrm{t}11\mathrm{C}$ left. We dcnote
by $2\mathrm{U}\mathrm{P}\mathrm{D}\mathrm{A}$ (IUPDA) a $2\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A}$ (IAPDA) whose statcs are all universal. A one-way $\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{d}_{\mathrm{C}}\mathrm{t}_{\mathrm{C}}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{o}_{]\mathrm{V}}$) $\mathrm{u}\mathrm{S}$ ] $1\mathrm{c}1_{0\backslash }\mathrm{n}\mathrm{a}\iota \mathrm{l}\mathrm{t}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}0\mathrm{n}$

(INPDA) is a IAPDA $\mathrm{w}1_{1}\mathrm{o}\mathrm{s}\mathrm{e}$ statcs are all existential. Of course, a $2\mathrm{N}\mathrm{P}\mathrm{D}\mathrm{A}$ is a $2\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A}$ whosc states are all existential. A
two-way (one-way) deterministic $1$) $\mathrm{u}\mathrm{s}1_{1\mathrm{d}\mathrm{W}\mathrm{l}1}0$ automaton, denoted by $2\mathrm{D}\mathrm{P}\mathrm{D}\mathrm{A}$ (IDPDA), is a $2\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A}$ (IAPDA) $\backslash \mathrm{v}1_{\mathrm{t}}\mathrm{o}\mathrm{S}\mathrm{e}\mathrm{l}\mathrm{D}’ \mathrm{s}$

$\mathrm{e}\mathrm{a}\mathrm{d}\iota$ have at most one successor.
For each $X\in\{2A, 1A, 2U, 1U, 2N, 1N, 2D, 1D\}$ , let $s\ell rong-XPDA(L(,))$ denote the class of sets acccpted by strongly

$L(f\iota)$ space-bounded XPDA’s, $\mathrm{a}11([\uparrow veak- xPDA(L(’\iota))$ denote the class of sets acccpted by wcakly $\mathrm{L}(\mathrm{n})$ space-bounded
XPDA’s.

A two-way (one-way) $\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{C}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{l}$ Turing nlaclline, denoted by $2\mathrm{A}\mathrm{T}\mathrm{M}$ (IATM), has a two-way (ollc-way) read-only $\mathrm{i}\mathrm{n}\mathrm{p}\iota\iota \mathrm{t}$

tape (with $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ lcft endmarkcr $\sqrt \mathrm{a}\mathrm{l}\mathrm{l}\mathrm{d}\mathrm{t}[_{1}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{g}^{[_{1\mathrm{t}}}$endmarker $) and a separate two-way read-write storage-tape.
Let $\mathrm{L}(\mathrm{n})$ be a function alld $\Lambda f$ be a $2\mathrm{A}\mathrm{T}\mathrm{M}$ . The concepts of ‘a computation tree of $\Lambda f’,$ $‘ \mathrm{L}(11)$ space-boundcd $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{e}_{1}$) $\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$

computation tree’, and (weakly (strongly) $\mathrm{L}(11)$ space-bounded’ are defined as above.
We denote by $2\mathrm{U}\mathrm{T}\mathrm{M}$ (IUTM) a $2\mathrm{A}\mathrm{T}\mathrm{M}$ (IATM) whose states are all universal. A two-way (ollc-way) nondeterministic

?hring $\mathrm{m}\mathrm{a}\mathrm{C}1_{1}\mathrm{i}\mathrm{n}\mathrm{e}$ , clcnoted by $2\mathrm{N}\mathrm{T}\mathrm{M}$ (INTM), is a $2\mathrm{A}\mathrm{T}\mathrm{M}$ (IATM) whose states are all existential, al1($]$ a two-way (one-way)
$\det_{\mathrm{C}}\mathrm{r}\mathrm{n}\mathrm{l}\mathrm{i}1\mathrm{l}\mathrm{i}\mathrm{S}\mathrm{t}\mathrm{i}_{\mathbb{C}}$ Turing machine, denoted by $2\mathrm{D}\mathrm{T}\mathrm{M}(1\mathrm{D}\mathrm{T}\mathrm{M})$ , is a $2\mathrm{A}\mathrm{T}\mathrm{M}$ (IATM) whose 1D’s $\mathrm{e}\mathrm{a}\mathrm{d}\iota 1\iota \mathrm{a}\mathrm{v}\mathrm{e}$ at most one successor.
For $\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\iota X\in\{A, U, N, D\}$ , let $s\ell rong- xSPACE(L(n))(weak- xSPACE(L(n)))$ denote thc $\mathrm{c}1:1S\mathrm{S}$ of sets accepted by
strongly (weakly) $L(n)$ spacc-bounded 2XTM’\S , and $stro’ \mathrm{t}g- 1xsPACE(L(n))(weak- 1XSPACE(L(’ l)))$ denote $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ clas$s$ of
sets acceptcd by strollgly (weakly) $L(n)$ space-bollndcd lXTM’s. This paper is mainly $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{e}\Gamma 1\mathrm{l}\mathrm{C}\mathrm{c}[\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{l}\iota$ strollgly and weakly
$o(\log n)$ space-bounded APDA’s $(\mathrm{A}\mathrm{T}\mathrm{M}_{8}’)$ .

Let $M$ be a $2\mathrm{A}\mathrm{T}\mathrm{M}$ , and $S_{M}=Q\mathrm{x}(\Gamma-\{E\})\mathrm{x}N$ , where $Q$ is tlle sct of states of $\Lambda f,$ $\Gamma$ is $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{C}\mathrm{S}$ toragc-tapc alphabct
of $M,$ $E$ is the blank symbol, alld $N$ denote tbe set of all positive integers. $\mathrm{A}_{1}\iota$ elclnent $(q, \alpha,j)$ of $S_{\mathrm{A}}$, is called a storage
state of $\Lambda f$ , and reprcsents the statc of $\mathrm{t}1_{1}\mathrm{e}$ finite control, $\mathrm{t}1_{1}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{l}- 1$) $\mathrm{l}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{k}$ contcnts of $\mathrm{t}1_{1}\mathrm{C}$ storagc-t.ape, and tbe storage-bead
position.

We coltclucle this section $|$)$\mathrm{y}$ giving $\mathrm{s}\mathrm{e}\mathrm{V}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{l}_{110}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}1\iota s$ used below.
Notation 1. For any string $w,$ $|w|$ denotes thc $\mathrm{l}\mathrm{c}\mathrm{l}\iota \mathrm{g}\mathrm{t}\mathrm{l}\mathrm{t}$ of $\mathrm{u}|$ , and $w^{R}$ denotes tlle reversal (i.e. , mirror inlage) of $w$ . For

$\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{y}$ set $S,$ $|S|$ denotes the number of elements of $S$ .
Notation 2. For each integer $n\geq 1$ , and for each integcr $i(1\leq i\leq 2^{n})$ , let $B(f\iota, i)$ denote the binary number of $\mathrm{n}$

bits with $\downarrow 11\mathrm{C}1_{\mathrm{C}\mathrm{r}\mathrm{t}}\mathrm{t}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{s}$ bit as the most significant bit which represents tlte integer $i-1.$ Tlrus, $B(3,1)=000,$ $B(3,2)=$
$001,$ $B(3,3)=010\cdots$ , $B(2,2^{3})=\cdot B(3,8)=111$ .

Notation 3. For $\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\iota \mathrm{i}_{\mathrm{I}}1\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{C}\mathrm{r}n\geq 1$, and for each integer $i(1\leq i\leq 2^{2^{*}})$ , let

$\mathfrak{s}\prime V(n, i)=B(n\triangle_{x_{i1}}, 1)Xi2B(n, 2)\cdots X_{12}\mathrm{B}B(n, 2’)$ , and

$1\prime V’(n, |.)=\triangle\{$

$x_{i\iota}B(1\iota, 1)_{X}\mathrm{i}2B(n, 2)\cdots X_{i2}*B(n, 2^{n})$, if $i$ is odcl,
$x_{i1}B(n,1)n_{X_{i}}\mathrm{z}B(n,2)n\ldots*X_{i2}B(n, 2\mathfrak{n})R$ , if $i$ is evcll,

wllere $X_{1}j^{\prime_{S}}\in\{a, b\}$ , and $h(\nu V(n, i))=h(1\prime V’(" i))=B(2^{\mathfrak{n}}, i)$ (whcre $h:\{0,1, a, b\}arrow\{0,1\}$ is a $1_{1\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{o}1}\mathrm{n}\mathrm{o}\Gamma \mathrm{p}1_{1}\mathrm{i}\mathrm{s}\mathrm{m}$ such tllat
$h(\mathrm{O})=h(1)=\lambda,$ $h(a)=0$ and $h(b)=1)$ .

Notation 4.
$\mathrm{F}\mathrm{o}.\mathrm{r}$ eadl integer $n\geq 1$ , let:

$Ruler_{1}(n)=\Delta\dagger 4^{\gamma}(n, 1)\#\iota V(n, 2)\#\cdots\#^{\nu}V(n, 2^{2})*$, and $Ru1er_{2}(n)=W’(\triangle,,1)\#\mathrm{w}^{\gamma}’(f\iota,2)\#\cdots\#\mathfrak{s}\prime V/(n, 2^{2}\mathfrak{n})$ .
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$\mathrm{T}1\iota \mathrm{r}\mathrm{o}\mathrm{u}\mathrm{g}^{]\mathrm{u}}1\mathrm{o}\mathrm{t}$ tbis paper, lct $h$ denote $\mathrm{t}$ ] $\iota \mathrm{e}1\iota \mathrm{o}\mathrm{m}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}_{\mathrm{P}^{1_{1}\mathrm{i}}}\mathrm{s}\mathrm{m}$ described above, and $\mathrm{l}\mathrm{c}\mathrm{t}$ :

: $D(\mathfrak{n})=\{x1B($” $1)x_{2}B(n, 2)\cdots X2^{n}B(fl, 2^{1}’)|\forall i(1\leq i\leq 2^{n})[x_{1}\in\{a, b\}]1$ for $\mathrm{e}\mathrm{a}\mathrm{c}[\iota f\iota\geq 1$ , and

$D’(n)=\{x_{1}B(n, 1)n_{X_{2}}E(n, 2)n\ldots\dot{B}x2*(n, 2n)n|\forall i(1\leq i\leq \mathit{2}^{n})[x_{\dot{\mathrm{i}}}\in\{a, b\}]\}$for eaclm $\geq 1$ .

3 Two-way versus One-way
This section investigates a $\mathrm{r}\mathrm{c}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}]_{1}\mathrm{i}\mathrm{p}$ between $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ accepting powers of one-way and two-way alternating $\mathrm{P}^{\mathrm{u}\mathrm{s}11\mathrm{d}_{\mathrm{o}\mathrm{w}}\mathrm{n}}$

$\mathrm{a}\mathrm{u}\mathrm{t}_{0}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{C}\mathrm{a}$ with sublogarithmic space.
We flrst give solne deflnitions necessary for proving Theorem 1 below. Let $M$ be a IATM, and $\Sigma$ be the input alphabet

of $M$ . For each storage state $(q, \alpha,j)$ of $M$ and for each $w\in\Sigma^{+}$ , let a $(q, \alpha,j)$ -computation tree of $M$ on $\mathrm{c}v$ be a computation
tree which represents a computation of $M\mathrm{o}\mathrm{l}1$ w$ starting with the $\mathrm{i}_{11}\mathrm{p}\mathrm{u}\mathrm{t}$ head on the leftmost position of $w$ and with the
storage state $(q_{)}\alpha,j)$ . A $(q, \alpha,j)$ -accepting computation tree of $M$ on $w$ is a $(q, \alpha,j)$-computation tree whose leaves are all
labelled with accepting 1D’s.

Theorem 1.
$st\mathrm{r}o’\iota g-2ApDA(\log\log n)-\tau veak-1ASPACE(o(\log n))\neq\emptyset$ .
Proof.
Lct $L_{1}=$ {Rulerl $(f\iota)_{\mathrm{C}}\dagger lCu_{1}cu2^{C\cdots C1l}k\in \mathrm{t}0,1,$ $a,$ $b,\mathrm{C},$ $\#$ } $+|n\geq 1$ $\ k\geq 1\ u\in D’(’\iota)\ r$

$\forall i(1\leq i\leq k)[\uparrow\iota_{1}\in D(n)]\ \exists r(1\leq r\leq k)1^{h}(u)=h(u_{\mathrm{r}})]\}$ .
To prove the $\mathrm{t}1_{1\mathrm{C}\mathrm{O}}\mathrm{r}\mathrm{c}\downarrow\iota 1$, we $\mathrm{s}\mathrm{l}_{1}\mathrm{o}\mathrm{w}$ that

(1) $L_{1}\in s\ell_{Ton}g-2APDA(\log\log n)$, and

(2) $L_{1}\not\in\tau veak-1ASP\Lambda cE(o(\log n))$ .
(1): The set $L_{1}$ will bc $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{e}_{1}$ ) $\mathrm{t}\mathrm{e}\mathrm{d}[_{)}\mathrm{y}$ a strongly log log $n$ space-bounded $2\mathrm{A}\mathrm{P}\mathrm{D}\mathrm{A}M\mathrm{w}1_{1}\mathrm{i}_{\mathrm{C}}1_{1}$ acts $\mathrm{e}\mathfrak{B}$ follows.

We assume $\backslash \mathrm{v}\mathrm{i}\downarrow 1\mathrm{l}\mathrm{O}\mathrm{U}\mathrm{t}$ loss of generality $\mathrm{t}1\iota$ at an input string to $M$ is of the form

$Ruler_{1}(n)cucu1^{Cu}2c\cdots \mathrm{c}u_{k}$ ..... . (1)

for some $n\geq 1$ , where $k\geq 1$ and

(i) $|\iota=y_{11}vy2v2\ldots y(v_{\mathrm{t}}$ ( $\backslash \mathrm{V}1_{1\mathrm{e}\mathrm{r}\mathrm{e}}l\geq 2,$ $y_{j’}s\in\{a,$ $b\}$ , and $v_{j’}s\in\{0,1\}^{+}$ ), and
(ii) for each $\dot{|}(1\leq i\leq k),$ $\tau\iota:=y_{11}.v_{1}|.y_{2}|.v|.2\ldots y|.\iota_{l}v|.\iota_{\mathrm{t}}$ (where $l_{1}$. $\geq 2,$ $y:j’s\in\{a,$ $b\}$ , and $v_{ij’}S\in\{\mathrm{o},$ $1\}^{+}$ ).

This is because it is $\mathrm{s}1\iota \mathrm{o}\mathrm{W}\mathrm{l}\mathrm{t}$ in [5] tllat the set $\mathrm{t}$ Rulefl $(n)|n\geq 1\}$ can be recognized by a strongly log log $n$ space-bounded
$\mathit{2}\mathrm{D}\mathrm{P}\mathrm{D}\mathrm{A}$ , and tllus input strings of $\mathrm{t}1_{1}\mathrm{e}$ form different from the above can easily be rejcct.ed by $M$ .
After recognizing $R1\iota\iota er1(’\iota),$ $M\mathrm{c}1\iota$ccks $\mathrm{w}\mathrm{l}\iota \mathrm{e}\mathrm{t}\mathrm{l}\mathrm{l}$ er $\forall j(1\leq j\leq l)[v_{j}=B(n,j)^{R}],$

$v_{l}=\sim 11\cdots 1$, and $\forall i(1\leq i\leq k)[\forall j(1\leq$

$j\leq l_{1}\cdot)[v_{1j}=B(" j)]$ and $v_{1\int_{1}}$. $=\vee 11\cdots 1$ ]. $\mathrm{T}1_{1}\mathrm{i}\mathrm{s}$ check is determinislically dolle $1_{\mathrm{J}}\mathrm{y}\iota|\mathrm{s}\mathrm{i}_{1}||\iota \mathrm{g}Z^{1}$’ stored in the $1$) $\mathrm{u}\mathrm{s}\mathrm{l}\iota \mathrm{d}_{0}\backslash \mathrm{v}\mathrm{n}$

$n$

stack while $\mathrm{A}f$ rccognizcs $Rule\mathrm{r}_{1}(’),$ $\mathrm{w}]_{\mathrm{t}\mathrm{e}}\mathrm{r}\mathrm{C}\mathrm{Z}$ is a pushdown stack symbol.
After this chcck, $\Lambda^{J}I$ existentially $\mathrm{c}1\iota$ooses solllc $\mathrm{r}(1\leq r\leq k)$ , moves to tlle segment $u_{r}$ , and $\mathrm{t}\mathrm{l}1\iota \mathrm{i}\mathrm{V}\mathrm{e}\mathrm{r}s$ally checks $\mathrm{W}]_{1\mathrm{e}\mathrm{t}}11\mathrm{C}\Gamma$

$\mathrm{t}\mathrm{h}^{j}\mathrm{e}$

“$\mathrm{y}\mathrm{a}\mathrm{r}\mathrm{d}y_{\Gamma}=y_{j}\mathrm{f}_{\mathrm{o}\mathrm{r}}..\mathrm{e}\mathrm{a}\mathbb{C},|\iota 1\leq j\leq l_{\mathrm{r}}$

.

is ($[\mathrm{e}\mathrm{t}\mathrm{C}\Gamma \mathrm{l}\mathrm{n}\mathrm{l}\mathrm{N}]\mathrm{S}\mathrm{t}\mathrm{i}_{\mathrm{C}:\iota}11\mathrm{y}$ done by tlsing $v_{\Gamma}j$ in the pushdown stack and the yardstick string $v_{j}=B(n,j)^{n_{)}}$ , and en.ters an
$\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{c}\mathrm{p}\mathrm{t}\mathrm{i}_{\mathrm{l}\mathrm{l}}\mathrm{g}$ state only if it finds out $\mathrm{t}1_{1\mathrm{a}\mathrm{t}}y_{\mathrm{r}j}=y_{j}$ .
It will be $\mathrm{o}\mathrm{b}\mathrm{v}\mathrm{i}_{0}\mathrm{t}1S\mathrm{t}1\iota$at eacll computation $\mathrm{I}$) $\mathrm{a}\mathrm{t}\mathrm{l}\iota$ of any computation tree of $M$ on $\mathrm{t}1_{1\mathrm{C}}$ input $\mathrm{x}$ of $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ form (1) is sucll
that the space of $\mathrm{t}11\mathrm{C}$ pushdown stack is bounded $1_{J}\mathrm{y}’\iota\leq\log\log|x|$ . (Note that Af marks off $,$ $\leq\log\log|x|$ stack cells
aftcr $\mathrm{r}\mathrm{c}\mathrm{c}\mathrm{o}\mathrm{g}1\iota \mathrm{i}7_{\mathrm{J}}\mathrm{i}_{1\mathrm{l}}\mathrm{g}Ru\iota er_{1}(n).)$

(2): Suppose tllat tltcrc cxists a weakly $L(’)$ space-bounded IATM $M$ accepting $L_{1},$ $\backslash \mathrm{v}]_{1\mathrm{C}1}\cdot \mathrm{e}\mathrm{L}(11)=o(\mathrm{l}\mathrm{o}\mathrm{g}’\iota)$ . Lct $s$ and $k$ bc
the numbers of states (of $\mathrm{t}1_{1}\mathrm{e}$ finitc control) and storage-tape symbols of $\mathrm{A}f$ , respectively. For cach $,$ $\geq 1,$ $\mathrm{l}\mathrm{c}\mathrm{t}$ :
$V(’\iota)=$ {Ruler] $(n)_{C}uC1\iota 1C\iota\iota 2^{C\cdots C}u_{2}’\cdot\in L_{1}|\forall i(1\leq i\leq \mathit{2}2^{*})1^{u}i\in D(n)]\ u\in D’(f\iota)$ },
$\dagger\prime V(’ \mathrm{t})=\mathrm{t}cu_{1}Cu2c\cdots Cu_{2},*|\forall i(1\leq \mathrm{i}\leq 2^{2^{\mathfrak{n}}})[u_{\mathrm{i}}\in D(n) ]\}$ .
For $\mathrm{e}\mathrm{a}\mathrm{c}1_{1}x$ in $1^{l}r(’ l)$ , We llave:

(i) $|x|=\mathrm{I}Rule\Gamma 1(n)|+|_{\mathrm{t}l}\mathrm{I}+(22*+1)+22^{*}|u:\mathrm{I}=22*$ . $(n+1)\cdot 2^{\cdot}1+2n(n+1)+2^{2^{*}}+1+2^{2^{*}}\cdot(l\iota+1)\cdot 2’$.
$=r(n)\Delta=o(n\cdot 2^{n}\cdot 2^{\mathrm{z}^{n}})$

(ii) Thcre exists an $\mathrm{L}(\mathrm{r}(11))$ space-bounded accepting computation trce of $\mathrm{A}f$ on $x$ .
For $\mathrm{e}\mathrm{a}\mathrm{c}[_{1}$ storage state $(q, \alpha,j)$ of $M$ and for each $y$ in $W(n)$ , let
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$M_{y}(q, \alpha,j)=$

1 if there exists an $L(r(’ \mathrm{t}))$ space-bounded
$(q, \alpha,j)$-accepting computation tree of $\mathrm{A}f$

on $y$ .
$0$ otherwise.

For any two strings $y,$ $z$ in $\mathfrak{s}\gamma(’ l)$ , we say $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}y$ and $z$ are $M$-equivalent if for $\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\iota$ storage state $(q, \alpha,j)$ of $M$ with
$|\alpha|\leq L(r(n))$ and $1\leq j\leq|\alpha|,$ $\mathrm{A}f_{y}(q, \alpha,j)=M_{z}(q, \alpha,j)$ . Clearly, $\mathrm{M}$-equivalence is all cquivalence relation on strings
in $W(n)$ , and there are at most

$E(n)=2^{\cdot}\cdot \mathrm{r}L\mathrm{t}r\mathrm{t}n))\mathrm{I}\cdot \mathrm{k}\mathfrak{s}\mathrm{L}(’(\mathfrak{n}))\mathfrak{j}$

$\mathrm{M}$-equivalence classes denoted by $C_{1},$ $C_{2},$ $\cdots,$ $C_{E}(\mathfrak{n})$ .
For each $y=cu_{1}cu_{2^{C}}\cdots cu_{2}’ n$ in $\mathrm{W}(\mathrm{n})$ , let

$b(y)=\{u\in D’(n)\mathrm{I}\exists j(1\leq j\leq 2^{2^{*}})1^{h}(\Downarrow j)=h(u)]\}$ .

Furthermore, for each $n\geq 1$ , let $R(,\iota)=\{b(y)\mathrm{I}y\in W(n)\}$ Then $|R(n)|=2^{2}’*-1$ .
Since $\lim_{\mathfrak{n}arrow\infty}L(’\iota)/\log n=0$, it follows that $\lim_{narrow\infty}L(r(n))/\log r\mathrm{t}n)=0$. $\cdots\cdots(2\rangle$

Since $r(’\iota)=O(n\cdot 2^{\mathfrak{n}}\cdot 2^{2^{*}})$ , it follows $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$ for some constant $a>0,$ $\log r(’)<a\cdot 2^{1}$ . From $\mathrm{t}]_{1}\mathrm{i}_{\mathrm{S}}$ and equation $(2\rangle$ ,
we bavc $\lim,.arrow\infty^{L}(r(n))/a\cdot 2^{n}=0$ . $\mathrm{F}\mathrm{r}\mathrm{o}\ln$ this, it follows $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}\mathrm{l}\mathrm{i}\ln narrow\infty L(r(n))/2^{||}=0$ . So we have $|R(’ \mathrm{t})|>E(’\iota)$ for
large $\mathrm{n}$ . For such 11, there must be some $Q,Q’(Q\neq Q’)$ in $\mathrm{R}(\mathrm{n})$ and some $C_{1}.(1\leq i\leq E(’\iota))$ such tllat the following
statement holds:

$‘(\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}$ exists two strings $y,$ $z\in W(’\iota)s\mathrm{u}\mathrm{c}1_{1}$ tltat (i) $b(y)=Q\neq Q’=b(z)$ , and (ii) $y,$ $z\in C_{i}$ (i.e. $y$ and $z$ arc
M-equivalent.)”
Because of (i), we can witllout loss of generality assume that there is some $n$ snch that $u\in b(y)-b(z)$ . It is clear
that $y’=Ruler_{1}(n)cuy$ is in $\mathrm{V}(11)$ , so $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ exi $s\mathrm{t}\mathrm{s}$ an $L(r(n))$ space-bounded $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{i}_{1}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}$ [ $)1\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ tree of $M$ on $y’$ .
Because of (ii), $\mathrm{F}_{\Gamma \mathrm{o}\mathrm{n}1}\mathrm{t}1_{1\mathrm{i}\mathrm{S}}$ tree , we can easily

$\mathrm{c}\mathrm{o}\mathrm{n}S,\mathrm{t}.\mathrm{r}\mathrm{u}\mathrm{c}\mathrm{t}$
an $L(\mathrm{r}(n))$ space-bounded accepting $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{p}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ tree of $\mathrm{A}f$ on

$z’=Ruler\iota(n)cuZ$ . Thus, wc can conclude tllat $z$ is also accepted by $M$ . Since $z’\mathrm{i}\mathrm{b}$ llot in $L_{1}$ , We get a contradiction.
This completes $\mathrm{t}1\iota \mathrm{C}$ proof of (2). $\cdot$ . $\mathrm{Q}.\mathrm{E}$ .D.

Theorem 2.
stro’tg-2DPDA$(\log\log n)-weak- 1NsPAcE(o(\log n))\neq\emptyset$

Proof.
Let $L_{2}=\{R\tau\iota ler_{1}(n)1n\geq 1\}$ . Since $L_{2}\in strong- 2DPDA(\log[\mathrm{o}\mathrm{g}n)[5]$ , to prove this $\mathrm{t}\mathrm{l}\iota \mathrm{C}\mathrm{O}\Gamma \mathrm{e}\mathrm{m}$ , it is sufficellt to sllow $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$

$L_{2}$ is not in weak-lNSPACE$(o(\mathrm{l}\mathrm{o}\mathrm{g}’\iota))$ .
It is shown in [4] that for any $L\in weak- 1NsPACE(o(\log n)),$ $L$ satisfies the pumping property that, for large enough $\mathrm{n}$ ,

if $w$ is such that $|w|\geq n$ and $\tau v\in L$ , then $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{r}\mathrm{e}$ exist $x,$ $y$ , and $z$ such that (1)$w=xyz$ , and (2) $xy^{1}z\in L$ for all $i\geq 0$ . From
this and the obvious fact tllat $L\mathrm{z}$ does not satisfy the pumping property , it follows tllat $L_{2}\not\in weak-1NspAcE(o(\log n))$ .
This completes the proof. $\mathrm{Q}.\mathrm{E}$ .D.

Theorem 3.
$s\ell_{ro}ng-2DPDA(\log\log \mathfrak{n})-weak- 1UsPA\dot{C}E(o(\log n))\neq\emptyset$

Proof. Let $L_{3}=\{R1\downarrow l\mathrm{c}r1(’\iota)cucu’|n\geq 1$ & $\tau\iota\in D(n)$ & $u’\in D’(n)$ & $l\iota(\tau l)\neq \mathrm{I}\mathrm{t}(u^{l})1$ . We can show $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\downarrow L_{3}\in$

$s\ell rong-2DPD\Lambda$ ( $1$ og log’t). ( $\mathrm{T}11\mathrm{C}$ proof is left to the reader.) We below prove $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}Ls$ is not ill $1v\mathrm{e}‘\iota k-1UsP\mathcal{K}|E(o(\log n))$.
Suppose tllat $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ exists a weakly $L(n)$ space-bounded IUTM, $M,$ $\mathrm{w}\mathrm{h}\mathrm{i}\mathrm{C}\mathrm{l}\iota$ accepts $L_{\},$ $\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{r}\mathrm{e}L(’)=o(\mathrm{l}\mathrm{o}\mathrm{g}’)$. For each

$u\in D(’\iota),$ $’\iota\geq 1$ , there exists exactly one $u’\in D’(n)$ such that $h(u)=h(u’)$ . We denote $\mathrm{t}\mathrm{l}\iota \mathrm{i}\mathrm{S}u’$ [$)\mathrm{y}[n]$ . For $\mathrm{c}\mathrm{a}\mathrm{c}[\iota’\iota\geq 1$ , let

$V(n)=\{Ru\iota_{ef}1(n)cuC11]|u\in D(n)\}$ .
For each $x=Ruler_{1}(n)c\iota C1u]$ in $V(n)$ , thcre is at least one computation path of $M$ on $x$ in which A,f never enters an accepting
state, $1$) $\mathrm{e}\mathbb{C}\mathrm{a}\mathrm{u}\mathrm{s}\mathrm{e}X\not\in L_{3}$ . Fix such a computation path of $M$ on $x$ , and denote it by $l$)$(x)$ . Let $s(x)$ be tbe storage state of $M$

just after the point where in $p(x)\mathrm{t}1_{1}\mathrm{e}$ input $1_{1}\mathrm{e}\mathrm{a}\mathrm{d}$ left the second $‘ \mathrm{c}$
’ of $x$ . Then the following proposition must hold.

Proposition 1. For any two differcnt strings $x.y$ in $V(n),$ $s(X)\neq s(y)$ .
[Proof. For $\mathrm{o}\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{r}\backslash \mathrm{v}\mathrm{i}\mathrm{s}\mathrm{C}$ , suppose tllat $x=Rul_{C}r_{1(}n$ ) $Cuc[u],$ $y=Ruler_{1}(n)_{C}vc[v],$ $u\neq v,$ alld $s(x)=s(y)$ . Then, $\iota 1_{1\mathrm{e}\mathrm{r}}\mathrm{e}$

would be a $\mathrm{C}\mathrm{o}\ln\iota$) $\iota \mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ path of $M$ on $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ string $Ruler_{1}(n)Cuc[v]$ in wllicl\iota $M$ nevcr cnters an accepting state. $\mathrm{T}1_{1}\mathrm{i}\mathrm{s}$ nlealls

that $Rule\mathrm{r}_{1}(n)cuc[v]$ is rejected by $M$ . This contradicts the fact tllat $Ruler_{1}(n)\mathrm{C}uc[v]$ is in $L_{3}$ . ]
Proof of theorem 3 (continued).
For each $n\geq 1$ , let $V’(n)=\{Rule71(n)cuCu’|u.\in D(n)\ u’\in D’(n)$ &h(u) $\neq l\iota(\mathrm{V})/1,$

$\mathrm{a}1\iota \mathrm{c}1$ let. $q’(,\iota)$ denote tbe $\mathrm{l}\mathrm{t}\mathrm{U}\ln[)\mathrm{c}\mathrm{r}$

of possible storage statcs of $M\mathrm{j}_{\mathrm{l}1}\mathrm{S}\mathrm{t}$ after the point wllcre the input ltcad left the second $‘ \mathrm{c}$
’ of strings $\mathrm{i}\iota\iota V’(’\iota)$ . Then it

is easily to see tllat $q(/n)\leq k^{L(r(}n)),$ $\mathrm{w}1_{1\mathrm{C}}\mathrm{r}\mathrm{e}k$ is a constant depending only on $M$ , and $r(’\iota)$ is $\mathrm{t}1\iota \mathrm{e}1_{\mathrm{C}}11\mathrm{g}\mathrm{t}1_{1}$ of $\mathrm{e}\mathrm{a}\mathrm{d}\iota$ string in
$V’(’ \mathrm{t})$ . Note that $r(n)=O(n\cdot 2^{n}\cdot 22^{\mathfrak{n}})$. For each $n\geq 1$ , let $q(n)$ denote the number of possible storage states of $M$ just
after the point whcre the input head just left the second $‘ \mathrm{c}$

’ of strings in $V(n)$ . Since $M$ is a olle-\vay machine and has only
universal states, it follows $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}q(n)=q’(n)\leq k^{L\mathrm{t}^{r}\mathrm{t}^{\mathfrak{n}})})$ . From this and the assumption that $L(’)=o(\log n)$ , it follows that
$|\dagger^{\gamma}(’)1=2^{2^{n}}>q(n)$ for large ,

$\iota$ . For sucll a large $n$ , there must be two different strings $x,$ $y\in V(’)\mathrm{s}\iota 1\mathrm{c}1_{\mathrm{t}}$ tllat $s(x)=s(y)$ .
This contradicts Proposition 1. Tllus, we complete the proof of $\iota\iota L_{3}\not\in weak- 1UsPACE(o(\mathrm{l}\mathrm{o}\mathrm{g}’\iota))$ ”. $\mathrm{Q}.\mathrm{E}$ .D.

$\mathrm{R}\cdot \mathrm{o}\mathrm{m}\mathrm{T}1\iota \mathrm{e}.$ orenl l, Tlleorem2, and Tbcorem 3, we have the following corollary.
Corollary 1. For any function log log $n\leq L(’\iota)=o(\log n)$ , and for $\mathrm{e}\mathrm{a}\mathrm{c}1_{1}X\in$ { $stro’ g$ , wcak} and $\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\iota Y\in 1^{A,N},$ $U,$ $D$ },

$X- 11\prime PDA(L(n))\subsetneq X- 2]\prime pDA(L(’ \mathrm{t}))$.
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4 A relationship among determinism, $\mathrm{n}\mathrm{o}\mathrm{n}\det\dot{\mathrm{e}}$rminism, and alternation
Tbis scction mainly invcstigates a realti.onship among $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ accepting powers of one-way (or $\mathrm{t}\backslash \mathrm{v}\mathrm{o}-\backslash \backslash \prime \mathrm{a}\mathrm{y}$) alternating $\mathrm{p}_{\mathrm{U}\mathrm{S}11}\mathrm{d}_{\mathrm{o}\mathrm{W}}\mathrm{n}$

automata, deterministic $\mathrm{p}\mathrm{t}\iota \mathrm{s}1_{1}\mathrm{d}\mathrm{o}\mathrm{W}\mathrm{n}$ automata, nodeterministic puslldown automata, and $\mathrm{a}\mathrm{l}\mathrm{t}_{\mathbb{C}\mathrm{r}1}1\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{l}1$ ) $11\mathrm{s}11\mathrm{d}\mathrm{o}\mathrm{W}\mathrm{l}\mathrm{t}$ automata with
only universal states with $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}$] $\mathrm{l}\mathrm{m}\mathrm{i}\mathrm{c}$ space.

Theorem 4.
weak-lAPDA$(\mathrm{l}\circ \mathrm{g}\mathrm{l}\circ \mathrm{g}n)-(weak- NsPAcE(o(\log n))\cup weak- UsPACE(o(\log n)))\neq\emptyset$

Proof:
Let $L_{4}=\{R\tau\iota\iota er2(n)_{C}1\iota_{1}CT\iota_{2^{C\cdot c}}\cdot\cdot u_{k}cu\in\{0,1,$ $a,$ $b,$ $c,$ $\# 1^{+}|$

$n\geq 1$ $\ k\geq 1$ &\forall i(l $\leq i\leq k$ ) $[u_{1}$. $\in D(n)]$ &
u\in D’(n)&\exists r(l $\leq r\leq k$ ) $[l\iota(u)=h(u\mathrm{r})11$ .

To prove the theorem, we show tliat

(1) $L_{4}\in weak- 1APDA$ ( $\log$ [og $n$ ),

(2) $L_{4}\not\in weak- NsPAcE(o(\log n))$ , and

(3) $L_{4}\not\in weak- UsP\Lambda cE(o(\log n))$

(1): $\mathrm{T}1\iota \mathrm{e}$ set $L_{4}$ will be accepted by a weakly log log $n$ space-bounded IAPDA $M\mathrm{w}1\iota \mathrm{i}\mathrm{c}[_{1}$ acts as follows. Suppose $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$ an
$\mathrm{i}\mathrm{l}\mathrm{l}])\mathrm{U}\mathrm{t}$ string

$x=w_{1}\# w2\#\cdots\# wdcu1Cu2C\cdots$ cukcu
is prcscnted to $\Lambda f,$ $\backslash \gamma]_{1\mathrm{C}}\mathrm{r}\mathrm{e}d\geq 4,$ $k\geq$ l,and

(i) for $\mathrm{e}\mathrm{a}\mathrm{d}$} $\mathrm{s}(1\leq s\leq d),$ $w$. $=x.1 \ell 2\iota x_{2}2\ell\cdot 2\ldots x\iota\iota.t.\int.$ (wllere $l$ . $\geq 2,$ $x_{j’}.s\in\{a,$ $b\}$ , and $\ell_{\iota j’}S\in\{0,1\}+$ ),
(ii) for caclt $i(1\leq i\leq k),$ $u|$.

$=y_{i\mathrm{l}}v_{\mathrm{i}}1y.\cdot 2vi2\ldots y_{i}l|v1i|$ (wllerc $l|’$. $\geq 2,$ $y_{ij^{\prime_{s}}}\in\{a,$ $b\}$ , and $v_{\mathrm{i}j’}s\in\{0,1\}^{+}$),
(iii) $u=y_{1}v_{1}y2v2\ldots y_{l}v\iota$ (whcre $l\geq 2,$ $y_{j’}s\in\{a,$ $b\}$ , and $v_{j’}s\in\{0,1\}^{+}$ ).

(Input strings of the form different front the above can be easily rejected by $M.$ ) Let $n=|\ell_{11}|$ . $\mathrm{A}\ell$ makes a universal
$\mathrm{b}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{d}_{1}$ as follows.

(a) In $\mathrm{t}1_{1}\mathrm{e}$ first branch $B_{1},$ $\Lambda f$ chccks $\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{C}\mathrm{t}$ ] $\mathrm{l}\mathrm{e}\mathrm{r}$

$\forall s(1\leq s\leq d)\forall i(1\leq i\leq k)$

$[|t.1|=|\ell\cdot 2|=\cdots=|\ell_{\iota}\iota.|=1v_{1}|.|=_{\mathrm{I}^{v}\cdot|=\cdots=}|2|v_{i\iota_{:}^{\prime 1}}=|v_{1}\mathrm{I}=|v_{2}|=\cdots=|v\iota|=n]$.
$\mathrm{T}]_{1}\mathrm{i}_{\mathrm{S}}$ is universally done by using $n$ space of $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ puslldown stack.

(b) 111 the second $\mathrm{b}_{\Gamma \mathrm{a}\mathrm{n}\mathrm{C}}11B_{2},$ $M$ checks whether
$(\mathrm{b}-1)$ for each odd lrunlber $s(1\leq s\leq d)$

[
$t_{1}.=B(,\iota, 1)=00\cdots 0\sim_{n}’\ell\cdot\iota$. $=B(n, \mathit{2}^{n})=\sim_{\mathfrak{n}}11\cdots 1$

, and $\forall j(1\leq j\leq l$ . $-1)[nut’\iota(\ell\prime j+1)=’\iota um(t_{j}.)+1]$ ,

$\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ for eacb string $w\in\{0,1\}^{+},$ $num(w)$ denotes $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ integer represented by $\mathrm{t}1\iota \mathrm{c}$ ‘binary number’ $w$ with
the leftmost syrnbol as $\mathrm{t}[\iota \mathrm{c}$ most signiflcant bit.

$(\mathrm{b}-2)$ for each even llu $\mathrm{I}\mathrm{n}\mathrm{b}_{\mathrm{C}}\mathrm{r}s(1\leq s\leq d)$

$1^{\ell}\cdot 1=E(n, 1)^{n}=00\cdots 0\vee n’\ell.\iota$ . $=B(n, \mathit{2}^{n})^{R}=11\cdotarrow.\cdot\cdot 1|$ ’ and $\forall j(1\leq j\leq l.-1)[,\iota 1t$ ”$1(\ell\cdot j+1)J\iota u=n’ n(\ell\cdot jn_{)+1}|$,

$(\mathrm{b}-3)\forall i(1\leq i\leq k)1v_{i1}=B(n, 1),$ $v_{il’}‘=B(f\iota, 2^{n})$ , and $\forall j(1\leq j\leq l_{i}’-1)[mlm(v|.j+1)=nu’ n(v_{1}.j)+1]]$ , and
$(\mathrm{b}-4)v_{1}=B(’\iota, 1)n,$ $v_{l}=B(n, 2^{n})^{R}$ , and $\forall j(1\leq j\leq l-1)1num(v_{j+1})=nu’ n(vj)+1]$

$(\mathrm{b}-1)$ is universally $\mathrm{c}\mathrm{l}\iota \mathrm{e}\mathrm{c}\mathrm{k}\mathrm{e}\mathrm{d}$ as follows.
The $\mathrm{c}\mathrm{l}\iota \mathrm{c}\mathrm{C}\mathrm{k}$ of ‘

$\ell_{\iota 1}=B(n, 1)’$ alld ‘
$t_{\iota l}$. $=B(n, 2^{n})$ ’ is straightforward. For eaclt odd $s(1\leq s\leq d)$ , in one brancll,

$M\mathrm{c}1_{1\mathrm{C}\mathrm{C}}\mathrm{k}\mathrm{s}$ that $num(\ell_{\iota j+}1)=num(\mathrm{f}_{j}.)+1$ for each $1\leq j\leq l_{\iota}-1$ . To do so, $\mathrm{A}f$ makes a universal branch. For
eacll $\mathrm{j}(1\leq j\leq l$. $-1)$ , in the j-th branch, $M$ universally checks $\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{t}1_{1\mathrm{e}\Gamma n}u’ n(t.j+1)=nu$”$\iota(\mathrm{f}\iota j)+1$ . That is, for
each ”$(1\leq m\leq|\ell\cdot j|)$ , in $\mathrm{t}1_{1\mathrm{e}n}$’ th brallcll, $M$ stores the symbol $\ell_{\iota j}(m)(\backslash \mathrm{v}1_{1}\mathrm{e}\mathrm{r}\mathrm{c}\ell\cdot j(’)$ denotes $\mathrm{t}1_{1\mathrm{e}n}$,-th symbol
(from the lcft) of $t.j$ ) ill its finite control, stores $Z^{m}$ in thc $\mathrm{p}\mathrm{u}\mathrm{s}\mathrm{l}_{1}\mathrm{d}\mathrm{o}\mathrm{W}\mathrm{n}$ stack ( $\mathrm{w}1_{1\mathrm{c}\mathrm{r}}\mathrm{e}\mathrm{Z}$ is a $\mathrm{p}_{11s1}1\mathrm{d}\mathrm{o}\mathrm{W}\mathrm{n}$ stack symbol),
picks $\mathrm{t}\mathrm{l}\mathrm{p}\mathrm{t}11\mathrm{C}’ n- \mathrm{t}1_{1}s\mathrm{y}\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{o}[\ell\cdot j+1(m)$ of $\ell\cdot j+1$ by using $Z^{m}$ in the $\mathrm{p}\mathrm{u}\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{d}\mathrm{o}}\mathrm{w}\mathrm{l}1$ stack, and $\mathrm{C}11$ ters an accepting stale
only if it finds out that if either $(’=|\ell_{j}.|)$ or $(m\neq|\ell_{j}.\mathrm{I}\ \ell_{*j}(m+1)=\ell\cdot j(r|1+2)=\cdots=\ell\cdot j(1\ell\cdot j|)=1)$, then
$t_{\epsilon j+1}(fn)=\overline{t_{\iota j}(m)}$, and otherwise, $t.j+1(m)=t.j(m),$ $\mathrm{W}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}\overline{1}=0$ and $\overline{0}=1$ .
$\mathrm{T}1_{1}\mathrm{e}$ cllecks of $(\mathrm{b}-2),$ $(\mathrm{b}-3),\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{d}(\mathrm{b}-4)$ are similar to the check of $(\mathrm{b}-1)$ .

(c) In the third branch $B_{\},$ $\mathrm{A}f$ checks whether
$(\mathrm{c}-1)x_{11}X_{12}\cdots X1\iota_{1}=aa\cdots$ $a$ and $x_{d1^{X_{d2d}}}\cdots x\iota_{d}=bb\cdots b,$ alld
$(\mathrm{C}-\mathit{2})\forall s(1\leq s\leq d-1)1,\iota u$”$1(h(x.+\mathrm{l},1x.+1,2\ldots x_{+1_{\mathfrak{l}}}.\iota_{\dagger 1}.))=num(h(X.1^{X_{2X_{\iota}}))1}.\ldots\iota.+|$.

$\mathrm{T}1\iota \mathrm{e}$ check of $(\mathrm{c}-1)$ is trivially done by using the finite control. On the otllcr hand, $(\mathrm{c}-2)$ is universally checked as
follows.
For each $s(1\leq s\leq d-1)$ , in the s-th branch , $M\mathrm{c}1_{1}\mathrm{e}\mathrm{c}\mathrm{k}\mathrm{s}$ whether

$, \iota u\prime n(\int\downarrow(x.+1,1^{X}\cdot+1,2\ldots X_{\iota}+1,\iota_{+1}.))=f\iota um(h(x1X\iota 2\ldots x_{\iota}\iota.))\iota+1$

59



To do so, $\mathrm{A}f$ further makes a universal brandt. For each $j(1\leq j\leq l.)$ , in tlte j-tll $\mathrm{b}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{C}]_{1},$
$\mathrm{A}f$ stores tlte symbol

$X.j$ ill the finite control, and stores the “yardstick” string $\ell_{j}$. (positioned just after $x_{sj}$ ) in $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ pushdown stack.
$\mathrm{T}]_{1\mathrm{C}\mathrm{n}},\mathrm{b}\mathrm{y}$ using $\ell_{\iota j}$ stored in $\mathrm{t}1_{1}\mathrm{e}$ puslldowll stack, $M$ tries to pick up the symbol $x_{s+1,j}$ and check that $x.i$ and
$x_{e+1,j}1\iota \mathrm{a}\mathrm{v}\mathrm{C}$ a dcsired rclatiol\iota shiI). To do so, $M\mathrm{a}\mathrm{g}\mathrm{a}\mathrm{i}_{1}\mathrm{t}$ lnakes a universal branch. Tllat is, for cacll $j’(1\leq j’\leq l_{+1}.)$ ,
in tltc $j’- \mathrm{t}1\iota$ brallcl\iota , $M$ stores $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{s}\mathrm{y}\mathrm{n}\mathrm{l}\mathrm{b}_{0}1x_{\iota+1_{\mathrm{t}j}}$ ’ in $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ flnite control and compares $\ell_{\iota j}$ (stored in $\mathrm{t}1_{1}\mathrm{e}$ pushdown
stack) with $\ell_{+1,j^{l}}.$ . If $\ell_{+\iota_{t}i’}.\neq\ell\cdot jR$, tlten $M\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{m}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}$ enters an accepting state. If $\ell_{\epsilon+1,i}’=t.i^{R}$ , then $M$

enters an accepting state only if one of tlle following three conditions is true.

(i) $j= \int.$ &x.+l,j $=\overline{x_{lj}}$ ,
(ii) $j\neq l$ . $\ x_{\iota j+1}=x_{\iota j+2}=\cdots=x.\iota.=b\ X.+1,j’=\overline{x_{j}.}$ ,
(iii) $j\neq l$. &\exists r(j+l $\leq r\leq l.$ ) $[x.r=a]\ X.+1,j’=x_{j}$.

$\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{r}\mathrm{e}\overline{a}=b$ and $\overline{b}=a$ .
(d) In the $\mathrm{f}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{t}\mathrm{l}\iota$ brandl $B_{4},$ $\mathrm{M}$ cllecks whether $h(u_{r})=h(u)$ , i.e. , $y_{\mathrm{r}}\iota y_{r}2\ldots y_{rl}:=y_{1}y_{2y\iota}\ldots$ for some $r(1\leq \mathrm{r}\leq k)$ .

To clo so, $\mathrm{A}f$ existentially chooscs some $r(1\leq r\leq k),$ lnoves to $\mathrm{t}$ ] $\iota \mathrm{e}$ segment $\dot{t}l_{\Gamma}$ , and universally $\mathrm{c}1_{1\mathrm{e}\mathrm{C}}\mathrm{k}_{\mathrm{S}}$ whethcr
$y_{\mathrm{r}j}=y_{j}$ for eacll 1 $\leq j\leq l_{\acute{\mathrm{r}}}$ . To check $\mathrm{t}]_{1}\mathrm{a}\mathrm{t}y_{rj}=y_{j},$

$\Lambda f$ stores $\mathrm{t}1_{1}\mathrm{c}$ symbol $y_{\mathrm{r}j}$ in the finite control, stores
the “yarclslick” $\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{l}\tau \mathrm{g}v,.j$ (positioned just after $y_{\mathrm{r}j}$ ) in the pushdown stack, cxistentially guesses $j’$ (such $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$

$v_{j’}=v_{rj})n$ , picks up $\mathrm{t}1_{1}\mathrm{e}$ symbol $y_{j’},$ alld enters an $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{l}\iota \mathrm{g}$state only if it $\mathrm{f}\mathrm{i}_{11}\mathrm{d}\mathrm{s}$ out tllat $vj’=v_{\mathrm{r}j}n_{\mathrm{a}1}1\mathrm{d}\nu,.j=y_{j^{i}}$ .
( $\mathrm{A}_{11}\mathrm{o}\mathrm{t}11\mathrm{C}\Gamma$ lIletllo(l to $\mathrm{c}1_{1\mathrm{e}\mathrm{C}}\mathrm{k}$ tllat $y_{j}r=y_{j}$ is to use a $\mathrm{t}\mathrm{e}\mathrm{C}[_{\ln}\mathrm{i}\mathrm{q}\mathrm{U}\mathrm{e}$ similar to tbat ill thc last $\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{g}\Gamma \mathrm{a}[$ ) $]_{\mathrm{t}}$ of (c) above.

$\mathrm{T}1_{1}\mathrm{a}\mathrm{t}$ is, $M$ stores $\mathrm{t}1_{1\mathrm{e}S}\mathrm{y}111\mathrm{b}\mathrm{o}1y_{\mathrm{r}j}$ in the finite control, and stores tbe $\mathrm{y}\mathrm{a}\mathrm{r}\mathrm{d}_{\mathrm{S}}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{k}$ string $v_{j},$. (positioned just after
$y_{\mathrm{r}j})$ in $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{I}$ ) $\mathrm{u}\mathrm{s}\mathrm{l}\iota \mathrm{d}\mathrm{o}\mathrm{w}\mathrm{l}\mathrm{l}$ stack. Thcn, $\mathrm{A}f$ makes a univcrsal $\mathrm{b}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{c}1_{1}$ as follows. For eacll $j’(1\leq j’\leq l)$ , in tlle $j’- l11$

$\mathrm{b}\mathrm{r}\mathrm{a}11\mathrm{C}1_{1},$ $M$ stores $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{C}\mathrm{S}\mathrm{y}\mathrm{m}$ [ $01J\tau j’$ in tlle finite control and compares $v_{rj}$ (storcd in $\mathrm{t}1_{1}\mathrm{c}$ ] $)\mathrm{u}\mathrm{s}]1\mathrm{C}1_{0}\backslash \mathrm{V}11$ stack) $\backslash \mathrm{v}\mathrm{i}\mathrm{t}1_{1}\mathrm{t}\mathrm{l}\iota \mathrm{c}$

yardstick string $v_{j’}$ . If $v_{j’}\neq v_{rj}n,$ $\mathrm{t}\mathrm{l}\iota \mathrm{c}\mathrm{n}M$ immediately enters an accepting statc. If $\mathrm{c}\prime_{j’}=v_{j^{R}},$. , $\mathrm{t}1\iota$ cn $\Lambda f$ enters
an accepting state only if $y_{rj}=y_{j’}$ . )

$\mathrm{A}f$ accepts the input string $x$ if and only $\mathrm{i}f$
$(\mathrm{a})$ , (b), (c), and (d) above are all chccked sncccssfnlly if and only if $x$ is in

$L_{4}$ . It will $\mathrm{I}\mathrm{J}\mathrm{e}$ obvious tbat each computation path in an accepting colnptltatiolt trce of $M01\mathrm{t}x$ is $\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{l}\iota \mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$ the spacc
of $\mathrm{t}1_{1\mathrm{e}\mathrm{p}\mathrm{u}s}11\mathrm{C}\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{n}$ stack is boundcd by $n=|\ell_{11}|\leq\log\log|x|$ .

(2): Suppose that there exists a weakly $\mathrm{L}(\mathrm{n})$ space-bounded $2\mathrm{N}\mathrm{T}\mathrm{M}M$ accepting $L_{4},$ $\backslash \mathrm{v}\mathrm{l}\iota \mathrm{C}\mathrm{r}\mathrm{c}L(\uparrow\iota)=o(1o\mathrm{g}n)$ . We assume
without loss of generality tllat when $M\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{e}_{\mathrm{P}^{\mathrm{t}_{\mathrm{S}x}}}$

.
in $L_{4}$ , it enters an accepting state on $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{l}_{\mathrm{l}\mathrm{t}}$ endmarker ‘$’. For

each $n\geq 1$ , let
$\dagger^{\gamma}(n)=\{Ruler2(’ \mathrm{t})ycu|y\in\nu V(n)\ u\in D’(’\iota)\},$ $\backslash \mathrm{v}1_{1\mathrm{C}}\mathrm{r}\mathrm{e}\nu V(n)=\{cu_{1}Cu_{2}c\cdots Cu_{2}’ n|\forall i(1\leq i\leq 2^{2^{n}})[u_{i}\in D(n)]\}$ .

We coIlsider the computation of Af on $\mathrm{t}11\mathrm{C}$ strings in $V(n)$ . Let $r(n)$ be the $1_{\mathrm{C}1\iota \mathrm{g}\mathrm{t}}[\iota$ of $\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\iota x$ in $V(’\iota)$ . $\mathrm{T}11\mathrm{C}\mathrm{l}1r(n)=$

$O(n\cdot \mathit{2}^{n}\cdot \mathit{2}^{2^{*}})$ . Let $s$ altd $k$ [$)\mathrm{e}$ thc number of states (of the flnite control) and storagc-tape sylllbols of A4. Wben A,f

uses at most $L(r(’\iota))$ storage-cells, $\mathrm{t}1\iota \mathrm{e}\mathrm{r}\mathrm{e}$ will be at most $u(n)=sL((T(n))k^{L\mathrm{t}\mathrm{t}}’\cdot n))1)\mathrm{o}s\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ storage states. We denote
the set of these storage states by $C(n)=\{q_{1}, q_{2}, \cdots , q\mathrm{u}(n)\}$ . For each $y\in W(n),$ $\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\iota q\in C’(’\iota)$ alld eaclt $d\in\{r, l\}$ , let
$M_{\nu}(q, d)$ be a subset of $(C(n)\mathrm{x}\{r, l\})\cup \mathrm{f}H\}\mathrm{w}1_{1}\mathrm{i}_{\mathrm{C}}1_{1}$ is defined as follows( $H$ is a new $\mathrm{s}\mathrm{y}_{\mathrm{l}\mathrm{I}1\iota_{)}\mathrm{o}1}$ ):

(i) $(q’, d’)\in \mathrm{A}f_{\nu}(q, d)\Leftrightarrow \mathrm{w}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}M$ enters $y$ in storage state $q$ by moving riglrt (if $d=r$ ) or by moving left (if
$d=l)$ , there exists a sequence of steps $\mathrm{o}f\Lambda f$ in wllich $M$ enventually exits $y$ in storage state ${}^{t}l’$ by llloving left (if $d’=l$)
or by $\mathrm{n}\tau \mathrm{o}\mathrm{v}\mathrm{i}_{1}\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}(\mathrm{i}\mathrm{r}d’=r)$

(ii) $H\in M_{y}(q, d.)\Leftrightarrow\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}M$ enters $y$ in storage state $q$ by moving $\mathrm{r}\mathrm{i}\mathrm{g}1_{1}\mathrm{t}$ (if $d=r$ ) or by $111\mathrm{o}\mathrm{v}\mathrm{i}_{1}$ lcft (if $d=l$ ),
there exists a sequence of steps of $M$ in wllich $M$ never exits $y$ . (Notc $\mathrm{t}\mathrm{l}\iota \mathrm{c}$ assumption $\mathrm{t}1_{1\mathrm{a}}\mathrm{t}\Lambda f$ llcvcr enters an $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{c}_{\mathrm{I}\mathrm{g}}$) $\mathrm{t}\mathrm{i}_{1}\mathrm{l}$

state in $y.$ )

Let $y_{1},$ $y_{2}$ be two strings in $W(n)$ . $\backslash \mathrm{V}\mathrm{e}$ say that $y_{1}$ and $y_{2}$ are $M$-equivalent if for each $(q, \mathrm{c}l)\in C(,1)\mathrm{x}\{r, \mathit{1}\},$ $M_{y_{1}}(q, \mathrm{c}l)=$

$\mathrm{A}f_{y},(q, d)$ . Clearly, $\mathrm{M}$-eqllivalcllce is an equivalence relation $011$ strings in $\mathfrak{s}\prime V(n)$ , and $\iota 1\mathrm{l}\mathrm{C}\mathrm{r}\mathrm{e}$ arc at $\mathrm{n}\tau \mathrm{o}\mathrm{s}\mathrm{t}$

$E(n)=(\mathit{2}^{2\cdot(}\mathrm{V}n)+\iota)2\cdot \mathrm{u}\mathrm{t}n)$

$\mathrm{M}$-equivalance classes denoted by $C_{1},$ $C_{2},$
$\cdots,$ $C_{E}\langle n)$ .

For cach $y=Cu_{1}cu_{2}\cdots Cu_{2}’*\mathrm{i}11\dagger\Psi(n)$ , let $b(y)=\{u\in D’(n)|\exists j(1\leq j\leq 2^{2^{*}})[l\iota(u_{j})=l\iota(n)]\}$ .
$\Gamma \mathrm{u}\mathrm{t}1_{1\mathrm{c}}\mathrm{r}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{e}$ , for eaclm $\geq 1$ , let $R(’\iota)=$ $\{ b(y)|y\in W(’\iota)\}.$ Tllell $|R(n)|=2^{2}’*-1.$ Si $\iota \mathrm{l}\mathrm{c}\mathrm{e}$ lilll,l\rightarrow \infty $L(n)/\log n=0$ , it
follows $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}\lim_{narrow\infty}L(f(n))/\log r(’\iota)=0$ , and tllus $[\mathrm{i}\ln_{narrow\infty}L(r(n))/2^{n}=0.$ FrolIl $\mathrm{t}]_{1}\mathrm{i}_{\mathrm{S}}$ , it follows $\mathrm{t}1_{1\mathrm{a}}\mathrm{t}|R(’)|>E(’\iota)$

for large $\mathrm{n}$ . For such $\mathrm{n},$

$\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\Gamma \mathrm{e}$ must be so.me $Q,$ $Q’(Q\neq Q’)$ in $R(n)$ and some $\mathrm{M}$-equivalance $\mathrm{C}1_{\iota}\eta s\mathrm{S}C_{i}(1\leq i\leq B(n))$

such that the following statement $1\iota \mathrm{Q}\mathrm{l}\mathrm{d}\mathrm{S}$ :
“There exist two strings $y,$ $z\in \mathfrak{s}’\dagger^{\gamma}(n)$ sucll that (i) $b(y)=Q\neq Q’=b(z)$ , and (ii) $y,$ $z\in C_{i}$ (i.e. , $y$ and $z$ are
M-equivalent.)”

Because of (i), we can, $\backslash \mathrm{v}\mathrm{i}\mathrm{t}1_{10}\mathrm{u}\mathrm{t}$ loss of generality, assume that there is some $u\mathrm{s}\mathrm{t}\mathrm{l}\mathrm{c}[1$ that $u\in b(y)-b(Z)$ . It is clear $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\downarrow$

$y’=Ruler_{2}(n)ycu$ is in $L_{\ell}\cap \mathrm{I}^{\gamma}(,)$, so $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ exists an $L(f\langle’\iota))$ space-bounded $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{l}$ computation trce of $M$ on $y’$ .
Because of (ii), from this tree , we can easily construct an $L(r(’ l))_{\mathrm{S}}\mathrm{p}\mathrm{a}\mathrm{C}\mathrm{C}-\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{d},\mathrm{a}.\mathrm{C}\mathrm{c}\mathrm{e}\mathrm{l})\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ computation tree of $M$ on
$z’=Ruler_{2}(n)zC\mathrm{u}$ . Thus, we can collc[ude $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}_{Z}/\mathrm{i}\mathrm{S}$ also accepted by $M$ . Since $z1\mathrm{S}$ not in $L_{4}$ , wc get a contradiction.

$\mathrm{T}1_{1}\mathrm{i}_{\mathrm{S}}$ completes $\mathrm{t}11\mathrm{C}$ proof of (2)

(3): The proof of (3) is $\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{i}[\mathrm{a}\mathrm{r} \mathrm{t}\mathrm{o} \mathrm{t}]_{1}\mathrm{a}\mathrm{t}$ of (2). $\mathrm{Q}.\mathrm{E}$ .D.
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From $\mathrm{T}1_{1\mathrm{e}\mathrm{o}\Gamma}\mathrm{e}\mathrm{n}14$ , we $1_{1\mathrm{a}}\mathrm{v}\mathrm{e}$ the following corollary.
Corollary 2.

(1) weak-lAPDA$(\log\log n)-(w\epsilon ak- 2NPDA(o(\log n))\cup weak- 2UPDA(o(\log n)))\neq\emptyset$.
(2) For any function log log $n\leq L(ri)=o(\log n)$ ,

. weak-2NPDA$(L(n))\cup weak-2UPDA(L(n))gweak-2APDA(L(n))$ ,

. weak-lNPDA$(L(n))\cup weak-1UPDA(L(n))gweak-1ApDA(L(n))$ .
Theorem 5.
strong-2APDA$(\log\log n)-(weak- NsPACE(o(\log n))\cup weak-USPACE(o(\log n)))\neq\emptyset$ .
Proof: Let $L_{1}$ be the set described in the proof of Theorem 1. By using the same technique as in $\mathrm{t}1_{1}\mathrm{e}$ proof of $\mathrm{T}1_{1\mathrm{C}\mathrm{o}\Gamma}\mathrm{e}\mathrm{m}$

$4$ , we can show that $L_{1}\not\in weak- NSPAcE(o(\log n))\cup weak- USPACE(o(\log n))$. On the otller hand, it is shown in $\mathrm{t}1_{1}\mathrm{e}$

$\mathrm{p}$.roo $f$ of $\mathrm{T}1_{1}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}1$ that $L_{1}$ is in $s\ell rong- 2APDA(\log\log n)$. This completes the proo$f$ of the $\mathrm{t}1_{1}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}$ . Q.E.D.
From Theorcm 5, we $1_{1\mathrm{a}}\mathrm{V}\mathrm{e}$ the following corollary.
Corollary 3.

(1) $s\ell rong-2ApDA(\log\log n)-(lveak- 2NPDA(o(\log n))\cup weak- 2UPDA(o(\log n)))\neq\emptyset$ .
(2) For any function log log ’$\iota\leq L(n)=o(\log n),$ $s\ell rong-2NPDA(L(ft))\cup S\ell_{r\mathit{0}n-}g2UPDA(L(,l))g_{s\ell \mathit{2}}ror\iota g-APDA(L(n))$.
Theorem 6.
weak-lUPDA$(\log 1o\mathrm{g}n)-1veak-1NspAcE(_{o(0}\mathrm{l}\mathrm{g}n)\neq\emptyset.$ TlluS, weak-lUPDA$(\log \mathrm{l}\mathrm{o}\mathrm{g}’\iota)-weak-\iota NPDA(o(\log n))\neq\emptyset$.Proof. Let $L_{2}’=\mathrm{t}Rule\gamma 2(n)1|\iota\geq 1\}$ . It is $\mathrm{i}\mathrm{n}\iota$ plicitly shown in $\mathrm{t}1_{1}\mathrm{e}$ proof $\mathrm{o}f$ Tllcoreln 4 $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}L_{2}’$ is acceptcd by a weaklylog log $n\mathrm{s}_{1^{)}}\mathrm{a}\mathrm{c}\mathrm{e}$ bounded IUPDA. On the $\mathrm{o}\mathrm{t}1_{1}\mathrm{e}\mathrm{r}$ iand, we can show that $L_{2}’$ is not in weak-lNSPACE$(o(\log f1))$ by using $\mathrm{t}1\iota \mathrm{C}$

sarne idca as $\mathrm{i}_{1}\iota$ tllc $\mathrm{p}\Gamma \mathrm{o}\mathrm{o}\mathrm{f}$ of $\mathrm{T}1_{1\mathrm{C}\mathrm{o}\mathrm{r}}\mathrm{e}\ln 2$ . This $\mathrm{C}\mathrm{O}\ln_{\mathrm{P}^{1}}\mathrm{e}\mathrm{t}\mathrm{I}^{*},S$ the proo$f\mathrm{o}f\mathrm{T}1_{1\mathrm{e}}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}6$. Q.E.D.
$\mathrm{S}$ tatement (2) of $\mathrm{t}1_{1}\mathrm{c}$ following corollary solvcs an open problem in [9].
Corollary 4. For any function log log $n\leq L(n)=o(\log n)$ ,

(1) weak-lDPDA$(L(n))gweak-1UPDA(L(n))$ , and

(2) weak-lUSPACE$(L(n))$ and weak-lNSPACE$(L(,\iota))$ are incomparable.

Proof.
(1): $\mathrm{T}1_{1}\mathrm{i}\mathrm{s}$ follows directly from Theorem 6.
(2): From Theorenl 6, to prove (2), it is $\mathrm{s}\iota 1\iota \mathrm{r}_{1}\mathrm{C}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ to show that weak-lNSPACE$(\log\log n)-weak- 1UsPAcE(o(\log n))\neq$. $\emptyset$ .
It is known tllat $\mathrm{t}\mathrm{l}\iota \mathrm{c}$ set $L’=\{0^{n}10^{m}|n\neq m\}$ is in weak-lNSPACE$(\log\log n)[6]$ . We below prove $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}L’$ is not inweak-lUSPACE$(o(\log n))$ .
Stlppose that there exists a weakly $L(’\iota)\mathrm{s}\mathrm{P}^{\mathrm{a}\mathrm{C}}\mathrm{e}- \mathrm{b}_{0}\mathrm{u}\mathrm{n}\mathrm{d}_{\mathrm{C}}\mathrm{d}$ IUTM $\mathrm{A}f$ , which accepts $L’,$ $\mathrm{w}\mathrm{l}\mathrm{l}\mathrm{e}\Gamma \mathrm{C}L(’\iota)=o(\log n)$ .
We first note $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ for each ’$\iota\geq 1,$ $\mathrm{t}1\iota \mathrm{c}\mathrm{r}\mathrm{C}$ is at least one computation path of $M$ on the input string $0^{n}10^{n}$ in $\mathrm{w}1_{1}\mathrm{i}\mathrm{c}1\iota M$

never enters an accepting state, $\mathrm{b}_{\mathrm{C}\mathrm{C}\mathrm{a}1}1\mathrm{s}\mathrm{e}\mathrm{o}f0n10^{\cdot}|\not\in L’$. Fix $\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{l}\downarrow$ a computation path of $M$ on $0’.10’,$${}^{\mathrm{t}}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{d}$ denote it by $p(f\iota)$ .Let $s(’)$ deltote tllc storage state of $\mathrm{A}f$ just after tlle point where in $p(n)$ the input hcad left $\mathrm{t}11\mathrm{C}$ symbol ‘1’ of $0^{n}10^{n}$ . $\mathrm{T}1_{1}\mathrm{e}\mathrm{n}_{)}$

$\mathrm{t}\mathrm{I}_{\mathrm{l}\mathrm{C}}\mathrm{f}_{0}]1_{0}\backslash \mathrm{V}\mathrm{i}\mathrm{n}\mathrm{g}$ proposition $\ln\backslash \mathrm{l}\mathrm{s}\mathrm{t}$ llolc$[$ .
Proposition 2. For ally two $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\iota|\mathrm{t}\mathrm{S}\mathrm{t}_{\Gamma}\mathrm{i}\mathrm{l}\mathrm{t}\mathrm{g}S0^{n}10^{n}$ and $0^{m}10^{n}’(n\neq n\iota),$ $\epsilon(n)\neq s($”$\iota)$ .
[Proof. For $\mathrm{o}\mathrm{t}1_{1\mathrm{e}}\mathrm{r}\backslash \mathrm{v}\mathrm{i}\mathrm{S}\mathrm{c}$, suppose tllat $s(n)=s(m)$ . Then, $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ would be a $\mathrm{c}\mathrm{o}\mathrm{m}_{\mathrm{P}}\mathrm{u}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11\mathrm{p}\mathrm{a}\mathrm{t}\mathrm{l}\iota$ of $\mathrm{A}\prime f\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{l}\iota \mathrm{e}$string $0$ ” $10^{n}$’

in $\backslash \mathrm{v}\mathrm{l}\downarrow \mathrm{i}\mathrm{c}\mathrm{h}M$ ncver cntcrs an $\dot{\mathrm{c}}\mathrm{l}\mathrm{c}\mathrm{c}\mathrm{e}\mathrm{P}\mathrm{f},\mathrm{i}\mathrm{l}$state. Tllis means tllat $0^{n}10^{m}$ is rcjected by $\mathrm{A}f.$ Tllis colltradicts $\mathrm{t}1_{1\mathrm{c}}$ fact that $0^{\mathrm{i}}’ 10^{m}$

is $\mathrm{i}_{11}L’$ . ]
Proof of Corollary 4 (continued).
For $\mathrm{e}\mathrm{a}\mathrm{c}1_{1}n\geq 2$, let $V’(n)=\dagger^{0^{i}10}\mathrm{I}2\leq i\leq’\iota\},$ alld let $q’(n)$ denote $\mathrm{t}1_{1\mathrm{e}\mathrm{n}\mathrm{u}1}11\mathrm{b}\mathrm{C}\mathrm{r}$ of possiblc $\mathrm{s}\mathrm{t}_{0}\mathrm{r}:\iota \mathrm{g}\mathrm{c}$ statcs of $M\mathrm{j}\iota_{!}\mathrm{s}\mathrm{t}$ after

$\mathrm{t}1_{1\mathrm{C}}1)\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ wllere tbe $\mathrm{i}_{\mathrm{l}1}\mathrm{P}^{\mathrm{t}1}\mathrm{t}1_{1}\mathrm{e}\mathrm{a}\mathrm{d}$ left $t1_{1}\mathrm{e}\mathrm{s}\mathrm{y}_{1}\mathrm{n}\mathrm{b}\mathrm{o}1$ ‘1’ of strings in $V’(n)$ . $\mathrm{T}1_{1}\mathrm{c}\mathrm{n}$ it is easy to see tllat for infillitely lnany ,
$\iota$ ,

$q’(n)\leq r^{L(_{\hslash+}2)}$ ( $\mathrm{w}1_{1\mathrm{C}\mathrm{r}}\mathrm{e}T$ is a constant depending only on $M$ ). For $\mathrm{c}\mathrm{a}\mathrm{c}1_{1}n\geq 2$ , let $V(n)=\{0^{i}10^{i}|2\leq i\leq n\}$ , and let $q(n)$
clellote the $111\iota \mathrm{m}\mathrm{b}\mathrm{C}\mathrm{r}$ of $1^{)\mathrm{O}\mathrm{S}\mathrm{S}\mathrm{i}}\mathrm{b}\mathrm{l}\mathrm{c}$ storage states of $M$ just after $\mathrm{t}11\mathrm{C}\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{t}\backslash \mathrm{v}1_{1\mathrm{e}}\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{i}\mathrm{n}$]) $\mathrm{u}t$ ltcad lcft $t1\iota \mathrm{e}\mathrm{s}\mathrm{y}_{111\mathrm{b}}\mathrm{o}$[ ‘1’ of strings
$\mathrm{i}_{\mathrm{I}}\iota V(n)$ . Noting $\mathrm{t}1_{1}\mathrm{a}t\Lambda f$ is a one-way machine and las only universal states, we can easily $\sec \mathrm{t}1_{1}\mathrm{a}\mathrm{t}q(,\iota)=q’(f\iota)$ . Since$L(’)=o(\log n)$ , it follows $\mathrm{t}1\iota$ at $n>q(n)$ for some large ,

$\iota$ . For such a large $n$ , there mtlst bc $\mathrm{t}\backslash \mathrm{v}()$ integers $n_{1},$ $n_{2}S$ llcl\iota $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$

$(\mathrm{i})2\leq n_{1}<n_{2}\leq n$ ancl (ii) $S$ ( $f\iota_{\iota)}=s(n_{2})$ . This contradicts Proposition 2. $\mathrm{T}1_{1}\mathrm{u}\mathrm{s}$ , wc $\mathrm{C}\mathrm{O}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{P}^{[}\mathrm{e}\mathrm{t}\mathrm{C}$ . $\mathrm{t}1_{1}\mathrm{e}1$) $\mathrm{r}\mathrm{o}\mathrm{o}f$ of “
$L’\not\in w\mathrm{e}ak-$

$1USPACE(o(\mathrm{l}\mathrm{o}\mathrm{g}’))$ ”. Q.E.D.Unfortunatcly, it is $\mathrm{u}\mathrm{n}\mathrm{k}\mathrm{n}\mathrm{o}\mathrm{W}11\backslash \mathrm{v}11\mathrm{e}\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\tau veak-1UPDA(L(n))$and weak-lNPDA$(L(n))$ are $\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{o}111\mathrm{I}^{)\mathrm{a}}\mathrm{r}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{C}\mathrm{r}\mathrm{o}\mathrm{r}$any log log $n\leq$
$L(n)=o(\log n)$ .

5 Closure Properties
Tllis section shows $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ for any fullctiol] log log $n\leq L(n)=o(\log n),$ (1) $weak-1APDA(L(n)),$ $weak- 1UpDA(L(n)),$ alld

$X-]’PDA(L(,\iota))$ ($X\in$ {strong, weak}, and $Y\in\{2N,$ $2U,$ $\mathit{2}D\}$ ) are not closed under concatellation, $1\zeta \mathrm{l}\mathrm{e}\mathrm{c}\mathrm{l}\mathrm{t}\mathrm{e}$ closure, and[ $\mathrm{e}\iota 1\mathrm{g}\mathrm{t}1_{1}\mathrm{P}^{\mathrm{r}}\mathrm{e}\mathrm{s}\mathrm{C}\mathrm{r}\mathrm{v}\mathrm{i}1\iota \mathrm{g}$ llon\iota oll]orpI\iota is111, $\mathrm{a}\mathrm{l}\iota \mathrm{d}(2)_{1veak-1}UPDA(L(n))$ is not closed under $\mathrm{C}\mathrm{O}\ln_{1^{1}(}$) $\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{e}11\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{o}\mathrm{n}$ .
Lemma 1. Let
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. $L_{5}=\{Rule\Gamma_{2}(n)_{CuC}u1Cu2^{C\cdots C}u_{k}\in\{0,1, a, b, c, \#\}^{+}|$

$n\geq$ l&k $\geq$ l&\forall i $(1 \leq i\leq k)[u_{1}$. $\in D(n)]$

&u\in D’(n)&h(u) $=h(\tau tk)1$ ,

. $L0=\{cy1^{\chi}1y2z2\ldots yk^{Z}\mathrm{k}\in\{0,1, a, b, C\}+|k\geq 2\$

$\forall j(1\leq j\leq k)[y_{j}\in\{a, b\}\ z_{j}\in\{0,1\}.]\}.$,

. $L_{7}=L_{5}\cup L_{0}$ ,

. $L_{8}=\{Ru\iota_{er_{2}}(n)c\mathrm{u}_{1}cl\iota_{2^{C\cdot c}}\cdot\cdot uk\in\{0,1, a, b, c, \#\}^{+}|$

$n\geq$ l&k\geq 2&\forall i(l $\leq i\leq k$ ) $[\mathrm{u}_{1}$. $\in D(n)]\}$ , and

. $L_{9}=\{Rule\Gamma 2(n)cuC_{1}u_{1}C_{2}u2\ldots c\mathrm{k}u_{k}\in\{\mathrm{o}, 1, a, b,\mathrm{C}, d, \#\}^{+}1$

$\mathfrak{n}\geq$ l&k $\geq 1\ u\in D’(n)\ \forall i(1\leq i\leq k)[u_{1}$. $\in D(n)\ c_{i}\in\{e, d\}]\$

$\exists j(1\leq j\leq k)$ [ &\forall i(l $\leq i\leq k,$ $i\neq j)1C_{1}$. $=c$] $\ h(u)=h(uj)1\}$ .
$\mathrm{T}1_{1\mathrm{C}1}1,$ $L_{5},$ $L_{0},$ $L_{7},$ $L_{8},$ $L_{9}$ are all in weak-lUPDA$(\log\log n)$ , and in $s\ell_{\Gamma on-}g2DPDA(\mathrm{l}\circ \mathrm{g}1\circ \mathrm{g}’ l)$ .
Proof. By using a $\mathrm{t}\mathrm{e}\mathrm{C}1_{1}\mathrm{n}\mathrm{i}\mathrm{q}\mathrm{U}\mathrm{c}$ similar to tllat in the proo $f$ of Theorem 4, we can $\mathrm{e}:\iota s$ ily show that caclt $L_{1}(5\leq i\leq 9)$ is

accepted by a weakly log log $n$ space-bounded IUPDA, and thus $L_{i}\in weak- 1UpDA(\log \mathrm{l}\mathrm{o}\mathrm{g}’ l)$ .
The proof of “ $L_{i}\in s\ell rof\mathrm{t}g-2DPDA(\log\log n)$ for each $i\in\{5,6,7,8,9\}$” is left to tbe reader. $\mathrm{Q}.\mathrm{E}$ .D.
Lemma 2. Let
$L_{10}=\{Rule\Gamma_{2}(n)\mathrm{C}ucu_{12k}c1lC\cdots c\tau l\in\{0,1,$ $a,$ $b,$ $c,$ $\# 1+\mathrm{I}n\geq$ l&k $\geq 1\ \tau\iota\in D’(’\iota)\$

$\forall i(1\leq..i\leq k)[u_{i}\in D(n)]\ \exists r(1\leq r\leq k)[h(u)=h(u_{r})1\}$.
$\mathrm{T}1\iota \mathrm{C}\mathrm{t}1L10\not\in weak-1APDA(o(\log n))\cup wcak-2NPDA(\mathit{0}(\log n))\cup weak- 2UPDA(o(\log n))$.

Proof. By using $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ sanlc tcchnique as in the proof of Theorern 1 (Tllcorcln 4), Wc $\mathrm{c}\mathrm{a}\mathrm{l}\iota \mathrm{S}\mathrm{l}\mathrm{t}\mathrm{o}\backslash \mathrm{v}$ tllat $L_{\iota 0}\not\in\tau veak$-lAPDA
$(o(\mathrm{l}\mathrm{o}\mathrm{g}’ l))(L_{10}\not\in weak- 2NPDA(o(\log n))\cup weak- 2UPDA(o(\log n)))$ . Q.E.D.

Theorem 7. For any function log log $n\leq L(’\iota)=o(\log n),$ $weak- 1APDA(L(n)),$ $weak- 1UPDA(L(n)),$ altd X-YPDA
$(L(|\iota))$ (where $X\in\{s\ell rong$ , weak} and $Y\in\{2N,$ $2U,$ $2D\}$ ) are not closed under concatenation, $1\langle[\mathrm{c}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{e}$ closure, and $]_{\mathrm{C}\mathrm{l}\mathrm{t}\mathrm{g}}\mathrm{t}1\iota$

preserving]$\iota \mathrm{o}\mathrm{m}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{r}_{\mathrm{P}^{]\mathrm{i}\mathrm{S}\mathrm{m}}}1$ .
Proof. Let $L_{5},$ $L_{6},$ $L_{7},$ $L_{8},$ $L_{0},$ $L_{10}$ be the set describcd above. We first observe $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$

(i) $L_{5}L_{0}\cap L_{8}=L_{10}$ , and

(ii) $\iota veak- 1APDA(L(n)),$ $weak-1UPDA(L(n))$ , and X-YPDA$(L(n))$ (where $x\in \mathrm{t}S\ell_{ro’\iota g}$ , we$‘\iota k\}$ altd $1’\in\{2N,$ $2U2D1|$ ) are
closed $\iota\iota$ nder intersection.

Nonclosure under concatcnation follows from this observation and Lemma 1 and 2. $\mathrm{N}\mathrm{o}\iota \mathrm{l}\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{r}\mathrm{e}$ under $1\zeta[\mathrm{e}\mathrm{e}\mathrm{n}\mathrm{e}$ closure
follows $f\mathrm{f}\mathrm{O}\mathrm{I}\mathrm{n}(\mathrm{i}\mathrm{i})$ above, Lemma 1, Lemma 2, and the fact tllat $L_{\dot{7}}\cap L\epsilon=L10$ .

Let $g$ be a $\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{g}\mathrm{t}$] $1$ preserving llomomorl)hism such that $g(\mathrm{O})=0,$ $g(1)=1,$ $g(c)=c,$ $g(\#)=\#$ , and $g(d)=c$. $\mathrm{T}\downarrow 1\mathrm{e}11_{)}$

$g(L_{9})=L_{10}$ . $\mathrm{F}_{\Gamma \mathrm{O}}\mathrm{n}1$ this and from Lemma 1 and 2, nonclosure under length preserving $1_{1\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{o}}\ln(\iota\cdot 1^{)[\mathrm{i}}\mathrm{I}\mathrm{s}\mathrm{n}1$ follows. $\mathrm{Q}.\mathrm{E}$ .D.
Theorem 8. For any function log log $n\leq L(n)=o(\log n),$ $weak-1UPDA(L(fl))$ is not closed under $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\iota[)\mathrm{l}\mathrm{e}\iota \mathrm{n}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ .
Proof. Let $L_{11}=$ { $Ru\iota_{e}r_{2}(n)_{\mathrm{C}}ucn/|’\geq 1$ &u\in D(n) $\ u’\in D’(n)$ &h(u) $=h(u’)$ }. By $\mathrm{u}\mathrm{s}\mathrm{i}\mathrm{l}$ a tcchnique similar to

that in $\mathrm{t}11\mathrm{C}$ proo$f$ of $\mathrm{T}1_{1\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{C}}\ln 4$ , we can show $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}L_{1}1$ is accepted by a weakly log log $ns_{\mathrm{P}^{\mathrm{a}\mathrm{c}\mathrm{C}-})}|0\iota\iota 11(\iota_{\mathrm{e}}\mathrm{d}$ IUPDA. On tbe otllcr
hand, by using a $\mathrm{t}\mathrm{e}\mathrm{C}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{q}\mathrm{u}\mathrm{e}$ silllilar to $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ in $\mathrm{t}11\mathrm{C}$ proof of $\mathrm{T}\mathrm{l}\iota \mathrm{e}\mathrm{o}\mathrm{r}\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{l}3$ , we can sllow $\mathrm{t}]_{1\mathrm{a}\mathrm{t}}\overline{L_{11}}(\mathrm{t}1\iota \mathrm{e}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l})\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}$ of $L_{11}$ ) is
not $\mathrm{i}\mathrm{l}1\tau veak- 1UsPACE(o(\mathrm{I}o\mathrm{g}’))$ , and $\mathrm{t}1_{1\mathrm{t}1s}\overline{L_{\int}1}$ is not in $\tau veak-1UPDA(o(\log n)).$ Tllis $\mathrm{C}\mathrm{O}[1]]^{)[}\mathrm{C}\mathrm{t}\mathrm{c}\mathrm{s}\mathrm{t}1\iota \mathrm{C}$ proof of $\mathrm{t}\mathrm{l}\iota \mathrm{c}\mathrm{t}1_{1\mathrm{C}\mathrm{o}\mathrm{r}}\mathrm{C}:\iota 11$ .

Q.E.D.

6 Weak versus Strong
$\mathrm{T}1\iota$ is scction briefly discusses a relationship bctween ‘strongly’ and ‘weakly’.
It is sllown in [$4|$ tbat slro’g-lASPACEto$(\log n))$ is equal to the clas$s$ of rcgular languages. Let $L_{5}$ bc $t1_{1}\mathrm{e}$ sct described

in Lemma 1. Clearly, $L_{5}$ is not a rcgular language. On the other hand, $L_{5}\in weak- 1UPDA(\log \mathrm{l}\mathrm{o}\mathrm{g}’\iota)$ . From this observation,
we $1_{1}\mathrm{a}\mathrm{v}\mathrm{e}$ tbe following $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{l}$ .

Theorem 9. For any function log log $n\leq L(n)=o(\log f\iota)$ ,

(1) $s\ell rong- 1UpDA(L(’ \mathrm{t}))\subsetneq weak- 1UPDA(L\mathrm{t},\iota))$, and

(2) $s\ell_{fo}ng- 1APDA(L(n))gweak-1APDA(L(n))$ .
lt is known that tlle sct $L’=\{0^{n}10\mathfrak{m}|n\neq m\}$ is in weak-DSPACE$(\log\log n)[1]$ , and $L’$ is in weak-lNSPACE$(\log\log n)$

[6], but $L’$ is not in $s\ell ro’ g- ASPACE(o(\log n))[15|$ . $\mathrm{T}\mathrm{l}\backslash \mathrm{u}\mathrm{s}$ , we have, for any function log log ’$\iota\leq L(’\iota)=o([\mathrm{o}\mathrm{g}’\iota)$ ,

. $s\ell rong- XsPACE(L(n))\subsetneq 1veak- xsPAcE(L(n))(X\in\{A, NU, D|\})$ , and

. $S\ell rong- 1NSPACE(L(n))9^{wea}k-1NSPACE(L(n))$.
Unfortunatcly, it is unknown $\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{C}\mathrm{l}\mathrm{l}\iota \mathrm{c}\mathrm{r}$ a similar result $1_{1\mathrm{O}}1\mathrm{d}S$ also for pushdown automata.
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7 Conclusions
We $\mathrm{C}\mathrm{O}11\mathrm{c}1\iota 1\mathrm{d}_{\mathrm{C}l1\mathrm{i}_{\mathrm{S}}}\mathrm{t}$ paper by giving several open problcms. Below, $L(n)$ dcnotes any $\mathrm{f}_{\mathrm{U}11\mathrm{C}\mathrm{t}}\mathrm{i}\mathrm{o}11$ such tllal log log $n\leq L(n)=$

$o(\log n)$ .
(1) . Is $\tau veak-\iota APDA(L(’\iota))\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{o}\mathrm{m}_{\mathrm{I})}\mathrm{a}\Gamma \mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$wilh $w\epsilon ak- 2DPDA(L(n)),$ $\mathrm{r}veak- 2NPDA\mathrm{t}L(\prime \mathrm{t})),$ $:\iota 11\mathrm{d}\tau veak- 2UpDA(L(’))$ ?

. Is $\iota veak- 1UPDA(L(n))\mathrm{i}_{11\mathrm{C}\mathrm{o}\mathrm{n}1}\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}1)1\mathrm{e}\backslash \mathrm{v}\mathrm{i}\mathrm{t}11\tau veak- 2DPDA(L(’\iota))$, and $\tau veak-2NPD_{J}1(L(’ \mathrm{t}))$ ?

. Is wcak-lNPDA $(L(,\iota))$ illcolnparable witll $w\epsilon ak- 2DPD\Lambda(L(n))$ , and $rveak-2UPD\Lambda(L\mathrm{t}’))$?

(2) . $\tau vcak- 2DPDA(L(n))g\uparrow veak-2UPDA(L(n))$ ?
. wcak-2DPDA$(L(’ l))9^{\mathrm{u}\prime eak-}\mathit{2}NPDA(L(n))$ ?
. Is $\tau veak-2UPD\Lambda(L(n))$ incomparable $\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{l}\iota weak-2NPDA(L(n))$?

(3) . $s\ell ro’ g- 2DPDA(L(’ \mathrm{t}))9S\iota_{r}ong-2UPDA(L(n))$ ?
. $Stro’\iota g- 2DPDA(L(’))5^{stng- 2NPDA}ro(L(’ 1))?$.
. Is strong-2UPDA $(L(’))\mathrm{i}_{\mathrm{l}\mathrm{t}\mathrm{C}\mathrm{o}\mathrm{m}\mathrm{a}\mathrm{f}\mathrm{a}}\mathrm{P}\mathrm{b}|\mathrm{e}\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{l}1S\mathrm{t}fong- 2NPDA(L(n))$?

(4) for $\mathrm{e}\mathrm{a}\mathrm{c}|\mathrm{t}X\in\{D, N, U, \Lambda\},$ $st\mathrm{r}o’ tg- 2XPDA(L(n))9^{w}eak- 2XPDA(L(’ l))\mathrm{i}$

(5) Are $\mathrm{t}veak- 2\Lambda pD\Lambda(L(’)),$ $1eak-\mathit{2}UPD\Lambda 1^{L}(’ l)),$ $1veak-2NpD\Lambda \mathrm{t}L(’\iota))$ , and $\tau veak- 1\Lambda PD\Lambda(L(’))\mathrm{C}\mathrm{I}\mathrm{o}\mathrm{S}\mathrm{c}(1\iota 11\mathrm{l}\mathrm{d}\mathrm{C}\mathrm{r}\mathrm{C}\mathrm{o}\mathrm{I}\iota\iota-$

plementation? (It is $\mathrm{s}\mathrm{l}\iota 0\backslash \mathrm{v}\mathrm{l}\iota$ in [ $2|t1\iota$ at rveak-USPACE$(L(n))$ and $weakarrow NspACE(L(’\iota))$ arc ltot closcd $\mathrm{u}1\mathrm{l}(1_{\mathrm{C}}\mathrm{r}$ com-
plcmentation. )

(6) Are stron $g-2\Lambda PDA(L(’ 1))$ , strong-2UPDA$(L(n)),$ $st_{\Gamma on}g-2NPDA(L(n)),$ $\mathrm{a}\mathrm{I}1([st\mathrm{r}o’\iota g-2DPDA(L(n))$ closcd un-
der $\mathrm{c}\mathrm{o}\mathrm{l}\tau 1[)\mathrm{l}\mathrm{c}\mathrm{I}|]\mathrm{C}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{a}l\mathrm{i}\mathrm{o}\mathrm{t}\iota$ ? (It is sltt\v[\iota in [2] tbat strong-DSPACE$(L(’\iota))$ is closcd $\mathrm{t}\mathrm{I}\mathrm{t}(\mathrm{l}\mathrm{C}\mathrm{r}[:(|[1\mathrm{I}^{)}\mathrm{I}_{\mathrm{C}1}1\iota \mathrm{c}11\mathrm{t}:11\mathrm{i}\mathrm{o}1].$ lVllctltcr
$slro’\prime j-\Lambda sPAcE(L(’ 1))$ , strong-USP.4CE$(L(’ \mathrm{t}))$ , and $st\Gamma O’ lg-NSP\Lambda cE(L(’))$ ttfc ($j1_{\mathrm{o}\mathrm{S}}\mathrm{C}11\iota\iota 1\mathrm{l}\mathrm{t}[\mathrm{c}\Gamma$ complcmcntalion is
still an opcn $\mathrm{p}\mathrm{r}o1_{\mathrm{J}}\iota \mathrm{c}\mathrm{n}1.$ )
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