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SOME APPLICATIONS OF FRACTIONAL CALCULUS OPERATORS TO CERTAIN
SUBCLASSES OF ANALYTIC FUNCTIONS WITH NEGATIVE COEFFICIENTS
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ABSTRACT. The object of the present paper is to prove various
distortion theorms for the fractional calculus of functions in the
class P*(n,a,ﬁ) consisting of analytic and univalent functions
with negative'coefficients. Furthermore, distortion theorem for a
fractional integral operator of functions in the class P*(n,a,ﬁ)

is shown.
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1. Introduction

Let S denote the class of functions of the form

fCz) = z + }d akzk (1.1)

which are analytic and univalent in the unit disc U={z:|z|<1}. For

a function f(z) in 5, we define

p%f¢z) =f(=), (1.2)

pleczy =Dfiz) =zf’ (2), 1.3
and

p¢zr=Dd" TF(z)) (n e N = £1,2....3). (1.4)

The differential operator D" was introduced by Salagean [33. With
the help of the differential operator'Dn,‘we say that a function

f(z) belonging to S is in the class Stn,a,3 if and only if

D (=) 3

z < B (neN.=NUEL) (1.5)
D" (2) 0
—-——E—— + 1 _:'.‘:Ol

for 0O £ a1, 0 £ B3 =<1, and for all z « U.

Let T dencte the subclass of S consisting of functions of the

form

K
- >
1 Z (ak z ). (1.6)

—h
F)
N
A
1
™
|
™1s
pT}

k=2
Further, we define the class P*(n,a,ﬁ) by
*
P (n,o,fR) = 5(n,o,B) n T. (1.7)

The class P*(n,a,ﬁ) was studied by Aouf and Nunokawa [Z2].
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We note that, by specializing the parameters n, o, and 3, we
obtain the following subclasses studied by various authors:

i) P*(O,a,ﬁ) = P*(a,ﬁ) (Srivastava and Owa [91 );

* *
{ii) P (1,0,3Y = P (o, (Gupta and Jain [31);
.. * . *% )
(iiid P (0,0,0) = P (o) (Sarangi and Uralegaddi [71 );
(iv) P (l,o,1) = T '(a) (Sarangi and Uralegaddi [71 and

Al-Amivi [C11 ).

In order ta prove our results for functions belonging to  the
*
class P (n,a,3), we shall require the following lemma given by

Anuf and Nunokawa [2].

LeEMma 1. Let the function f(z) be defined by (1.6). Then
*
f(z) € P (n,a,3) if and only if

o0
(k" a < 2p1-00. (1.8
k=2

The result is sharp.

2. Fractional Calculus

We begin with the statements of the following definitions of
fractional calculus (that is, fractional derivatives and
fractional integrals) which were defined by Owa ([41, [3531) and

were used recently by Srivastava and Owa [81.
DEFﬁurnn:l. The fractional integral of order X is defined,

for a function f(z), by

N ) f£C0)
D_ f(z)=~ﬁr-‘[ ———dl (N F 0), (2. 1)
z T Jo TGN

where f(z) is an analytic function in a simply-connected region of
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the z-plane containing the origin, and the multiplicity of

A-1
(=z-0) is removed by reguiving log(z-{) to be real when z-{>0.

DEFINITION . 2. The fractional derivative of order A is

defined, for a function f(z), by

z
(L)
A 1 d J (2.2)
DTf(z)= e o —d{ 0 < X £ 1), Ln
z FOXY 92 [y (Gopn
where f(z) is constrained, and the multiplicity of (z—()_x is
removed, as in Definition 1.
DeEFiniTION 3. Under the hypotheses of Definition 2, the
fractional derivative of order n+X is defined by
n+A d” A ' :
D f(z)= D f(z)» (0 <= X 4 135 ne N.J. (Z2.3)
z d=" z O

TueoreMm 1. Let the function'f(z) defined by (1.6 be in the

class P*(n,a,ﬁ). Then we have

14X _
T |=]". 31—
lDz D f(z))‘ > - |z | (2.4)
B N ¢-25%) 20T T ey (2400
and
1+X ]
o~ i |=| BC1 -0t
le (D f(z))' {1 [=| (2.5
= (2N 2 CC143) (240D

for X\ > 0, 0 £ i < n, and z € U. The result is sharp.

ProorF. Note that fi(z) e P*(n,a,ﬁ) if and only if Dt f(z) e
*
P (n-i,o,(3?, and that
00
plfez) =z - ) k'a z . (2.6)

k=2

Using Lemma 1, we know that



o0 E 00
2"—1(1+n>§: k'a, < 2: (+mka, < 2p01-00,
k=2 k=2
that is, that
(s o]
}: klak < n??i;a) .
., 2" e
k=2
Let
F(z) = F(2+K)z—KD;K(D1f(z))
S Mk 1IT(240) y
ST }ﬂ OIS E S I
k=2
[o.¢]
=z - }: w(k)klakzk ;
k=2
where ]
I Ck+1)T (24N
' : > ~y
w o TS ESS) (e 22 .
Since
sy < ~ = 2
0 < wlk) < w2 S !

Therefore,vby using (2.8) and (Z.11), we can see that

oo,
- 2 i

IF(z)| > |z| - w2 |z| Zk a,

k=2
B1-o0 -
Z |z| - n-i-r: 5 . lzl
2 C1+3) (2400
and

[0.¢)

[F(z>| < |=z| + w(2)|z|2 E: kia

k=2
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2.7)

(2.8)

(2.10)

(2.11)
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pCL-o)

b

< |z| + — z (2.12)
=] 2" ey (2400 =] ) '

which prove the inequalitieé of Theorem 1. Further, equalities are

attained for the function f(z) defined by

N z BLL-o)
AT S R X DD I i R —— z (2. 14)
z 24N 2N TS Ly (2400
or
- pC1-o0d -
D f(z) = z - s <. | (2.15)
y (1+73)

Thus we complete the proof of Theorem 1.

Takihg i = 0 in Theorem 1, we have

COROLLARYVI. Let the function f(z) defined by (1.6) be in the

*
class P. (n,a,3). Then we have

N |z |1 RC1-o0
102 fFlzy |2 ——— 4 1 - —— =] (2.16)
CC2+A) | 2"y 2y
and
+ .
N |z |1 AU -0
DMz | —— ] 1 || (2.17)
z (2400 277 143y (2N

for A\ > 0, 0<i<n, and z € U. The result is sharp for the function

f{z) given by

RCL-a)

f(zy =z - e , z
20143 (240

2

- (2.18)

TueoreMm 2. Let the function f(z) defined by (1.2) be in the

class P*(n,a,ﬂ). Then we have
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1-]

N i |z | pCL-o0)

D (D f(z))lz SD— S T == |= | (2.1
< rz-\) 2 (1432 (2-X D

and

N i |z 1= R1L-o0

D f(z)) | ——— 4 1 + — |z | (2.20)
= rez-x3 2 *(1+ﬂ)(1—x)

for 0 A <1, 0 =i £ n-1, and z € U. The result is sharp.

Proor. Let

GCz) = r2-0z"0 )
’ [0 o]
.. - CHITZ-A) ik
T(F1-0) =
k=2
00
=z E: Bkt khk, (2.21)
k=2
where
CUOT(2-0) _
g S S 22
3 (k) . (e > 7). (2.22)
Noting
0 < B(k) < B(2) = —1_ . (2.23)
2N

Consequently, with the aid of (2.8) and (2.232), we have

e o]

2 i+l
|Gezy| = lz| - 3(2) |z | }: I a,,
k=2
BC1L -0 .
S P — HE (2.24)
2N ey (20
and
o0
|6z | < |z| + 8@ |z ) k'*la

I
k=1
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IS B o

< |z} + e b= |~
=] 272 e (20

Thus (2.19) and (2.20) follows  from (2.24) and (2.253,
respectively. Futher, since the equalities in (2.19) and (2.20)
are attained for the function

. 1= BC1-o0
D <D fezyy = A {1 - i z (2.26)
z I(z2-2) 2n-—1—2

C14+73) (2-XD
or for the function f(z) defined by (2.15). Thus we complete the

proof of Theorem 2.

Taking i = O in Theorem 2, we have

CoroLLAarY 2.let the function f(z) defined by (1.6) be in the

*
class P (n,a,?). Then we have

N Iz‘l—x (1o
DofCzy| 2 —— 1 - ~ = (2.27)
= r(z-a) 2T (e (20
and
N ezt BC1-o)
!sz(z) < — |z | (2.28)
rez-a) 2" ey 20y

for 0< XA <1, and z € U. The equalities in (2.27) and (2.28) are

attained for the function f(z) given by (Z2.18).

3. Fractional Integral Operator

We need the following definition of fractional integral

operator given by Srivastava, Saigo and Owa [10].

DeFiniTION 4. For real numbers n >0, » and 6,> the fractional
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N ¥y é
operator IO - is defined by
’L
Nty L G n-1 .
flz)= "~ - (z-t) Finty, -Sin;l- — 3f(trdt (2.1
IO,Z rin) JO nrTY, IRAE -

where f(z) is an analytic function in a simply connected region of

the z-plane containing the origin with the order

f(z) = O (|=

D, T 0,
where

€ >max (0, » - &1 -1,

® a. m
F(a,bscsz) = k k gk (2.2)
TR e TTSI_TTTE' = s
k=0 ¢ :

where vy, is the Pochhammer symbol defined by

P Y
(o) 1 tk =0,

(V)k =W = (3.3
vipv+ld ... (p+k-1) (k « N,

and the multiplicity of (z—t)n—i is removed by requiring log(z-t)

to be real when z-t > 0.

REMark. For y =-7, we note that
Ny My 6 -
I fz)=D_"'f(z) .
0,z z

In order to prove our result for the fractional integral
operator, we have to recall here the fallowing lemma due to

Srivastava, Saigo and Owa [101].

LeMMa 2. If 7>0 and k >p-8-1, then

Ny ¥, 6 CCk+H1IT Qe ~p+85+1) .
I k _ K (3. 4)
0,z * T{k-—p+1IT (Ein+&F1) = - -
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With the aid of Lemma 2, we prove
Tueorem 3. Let n > 0, ¥y < 2, n+é >-2, y-6 < 2 yin + &) < 32n.

<y =

‘ . *
If the function f(z) 'defined by (1.6) is in the <¢lass P (n,q,3),

then
M ¥yS FI2—7+6>]z|1*Y B1-0) (2-p+8)
IO,z fez 2.F(2~y)F(2+n+5) 1- 2n—2(i+b)(2hy3(2+n+é) z|p 3.9
and
Ny S re-p+8) |z| 7Y | [1-00 (2-9+8)
o, TS voprams |1 e |z} 2.6

2N T (143 (2-p) (240 +S)

for ze UO’ where

U (ry < 1
u:{
U-103 (y > 1.

The equalities ik (3.5) and (3.6) are attained by the function

f(z) given by (2.18).

Proor. By using lLemma 2, we have

Neg¥ s O C(2-p+&
I f(z) = 177
0,z - C(Z-pIdT (2 ts) 7
(6 o]
Fik+1)T(k—p+&+1) ,
- a 27" (2.7)
Tk —3p+10T (k4n+d+13 "k~ . 5
k=2 :
Letting
r(2-y)r(24n+s) y Ne¥s S
H{z) = {37557 z IO,: f(=)
[o0]
k -
=z - }: hikda, =z, (3.8)

k=2
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where

(2-p+8), _ (1)

7
(&."‘77""6) -

it

h (k) k2 2)

. (2.9
2-y) '
¢ 2/'k—i

1
we can see that hi(k) is non-increasing for integers k  (k22), and

we have

2(2-p+8)

- - b4
0 h(k) < h(2) CER I (2.10)

Therefore, by using (2.8) ( with i= 0) and (3.10), we have

00
e | 2 |z] = hey|z|? }: a,
k=2
(1 -o) (2-p+S) o
z |=z| - — |z |~ (3.11)
27 TR (Rp) (2D
and
o
(= < |z| + 2|z <
[Hez) | < |z] + he2) |z }: a,
k=2
BC1-a) (2-p+8) -
< |z| + — z|“. (2.12)
2T ey (22 (24nes)
3 4 n
This completes the proof of Theo: om 3.
REMArk. Taking y =-n in Theorem 32, we get the result of

Corollary 1.
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