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Abstract

We present a new proof of Chew’s theorem, which states that normal forms are unique up to conversion
in compatible term rewriting systems.

1 Introduction

A term rewriting system (TRS) R is compatible if for each pair of rules in R, there exist appropriate linearizations
and they are almost non-overlapping. Chew’s theorem [Che81] states that the unique normal form property
(UN) holds in a compatible TRS, i.e., normal forms are unique up to conversion. The theorem is important
since compatibility is a syntactic condition and the class partly contains non-left-linear non-terminating TRSs. -
However, there is a general feeling of doubt about the original proof in [Che81]. In fact, there is a gap in the
proof of a key lemmal.

There have been several attempts at a new proof, and partial answers have been obtained [dV90, Oga92,
TO94]. De Vrijer showed that UN of a TRS R can be reduced to the Church-Rosser property (CR) of its
conditional linearization, RL [dV90]. In RZ, reductions are associated with subproofs that solve equivalence
constraint. If R” is non-overlapping, R’ is CR [BK86]. De Vrijer [dV90] showed that a particular compatible
TRS CL-pc (combinatory logic with parallel-conditional) is UN by the following: (1) construct a model, (2) show
CL-pct to be semantically non-overlapping, (3) CL-pcl is thus CR. However, it is generally not easy to find such
an appropriate model for a compatible TRS. Ogawa proved that UN holds for so-called weakly compatible TRSs
[Oga92]. This class contains CL-pc, but is incomparable with the class of Chew’s compatible TRSs. Toyama and
Oyamaguchi [TO94] introduced a variant of conditional linearization and gave a sufficient condition of UN for
non-duplicating TRSs. In this paper, we will give a new proof of the entire statement of Chew’s theorem itself in
a complete form.

Let us briefly outline the methodology of our proof. Given a compatible TRS R, we transform it into
conditional linearization R with extra variables [TO94]. Similar to what de Vrijer observed, it is sufficient to
prove that CR holds for R in order to conclude that R is UN. We will prove CR of R by a peak elimination
process. Given a prooft; « --- < t, in R, the peak elimination replaces a peak t;,_; < t; — t;¢; in this proof
with a conversion #;—y <* t;41 in R according to the peak elimination rules. If all peaks are eliminated by
applying the rules to the given proof repeatedly, i.e., if the peak elimination process eventually terminates, then
we find a term s such that ¢; —»* s —* ¢,, as shown in figure 1. (Section 3)

We say a reduction is in a proof t; & -+ < t, not only for the reductions ¢; — t;4; (or t; « t;41) but
also for the ones in the subproofs. When a proof A’ is obtained by applying a peak elimination to a proof A,
any reduction o’ in A’ can be regarded as a descendant of a reduction in A. Unfortunately, if a peak is made
with overlapping reductions, the peak elimination may cause multiple descendants of a reduction. That is, if
the reductions vy : t;_; « t; and 2 : t; — ;11 are overlapping and a reduction « is in a subproof of v; (or
v2), then multiple descendants of @ can be caused by eliminating the peak made with v, and 75. In this case,
« is said to be duplicated by v, (7y2). This makes it difficult to prove termination of peak elimination processes.
However, we can estimate how many times eliminations of overlapping peak occur by examining which reduction

1See section 2.2 for details.
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Figure 1: Peak elimination

(or descendants of it) can not go into a subproof of reductions making a overlapping peak during the process.
Therefore, we introduce a binary relation independence on the reductions that satisfies the following properties:

1. Independence is preserved during a peak elimination process. (Theorem 4.1)

2. A reduction is not independent of its subproofs. (Lemma 4.4)

3. If two reductions are independent, their subproofs are also independent. (Lemma 4.5)
4. Two descendants of a reduction are independent of each other. (Lemma 4.6)

One of the candidates of independence is “parallelness” formally defined as 1L; in this paper. In fact, if
the conditional linearization R is non-overlapping, “parallelness” satisfies the above properties. However, for a
compatible TRS this is not enough. Consider the following compatible TRS2:

R={f(z,a) -z, f(a,9) -y}
Note that R is overlapping. Its conditional linearization Ris:
R={f(e',a) »eifa’ =2 --- (1), fla,y) > yify =y (2)}'
Suppose that t; «<* @ and ¢ «* 13 in I%, then there is a peak of the form:

t, < a a ¥ty : subproofs
t1 —@ fla,a) —@ t2 :peak

where t; +* a contracts with the first argument of f(a,a), and ¢ —* t3 with the second argument, so they are
“parallel”. A peak elimination replaces the peak with: '

ti o a "ty

and “parallelness” is not preserved. However, in this case the term a is a normal form (since R contains only
root-to-root overlap and a is a proper subterm of the LHS of a rule) and it “splits” the proof into t; «* a
and @ —* t5. By exploiting this observation, independence must be defined for the conditional linearizations of
compatible TRSs. (Section 4)

We then introduce initial labeling and a descendant forest for a peak elimination process. Each reduction in
the process is labeled an snitial label, which indicates the ancestor of the reduction in the starting proof. For each
reduction in the starting proof of the process, a descendant tree in the forest is associated; the reduction in the
starting proof is the root vertex of the tree. Each path of the tree traces the descendants of the starting reduction,
and non-leaf vertices represent applications of peak eliminations that duplications of descendants of the reduction
occurred in. From the property of independence, if a reduction « is duplicated by another reduction labeled [v],
then any descendants of v will never be duplicated by the reductions labeled [v] any more. This proves that the
descendant forest is finite, which leads to the termination of the peak elimination process. Therefore, CR of R
is obtained, and so we complete the proof of Chew’s theorem. (Section 5)

2This is an example which is compatible butt not weakly compatible[Oga92].
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2 Preliminaries

2.1 Abstract reduction systems and term rewriting systems

The definitions and terminologies of abstract reduction systems, terms, and term rewriting systems are taken
from [Kl1092].

Let — be an abstract reduction system that is a binary relation on some underlying domain. The symmetric
closure, the reflexive transitive closure, and the reflexive transitive symmetric closure of — are written as <, —*
and «*, respectively. If there is no a’ such that ¢ — a’, then a is a normal form of the reduction system. A
sequence a; « --- « a, is called a proof. A subsequence of the form a’ «— a — a” is called a peak.

A reduction system — has the unique normal form property (UN) if a «* a’ = a = o’ for each pair of normal
forms a,a’. We say — has the Church-Rosser property (CR) if, for any a <> @', there exists b such that a —* b
and @' —*b. _ _

Let F be a set of function symbols, and let V be a countably infinite set of variables. The set of all terms
built from F and V is defined as usual. The set of variables occurring in a term ¢ is denoted by V(t).

Let O be a fresh special constant symbol. A contert C[] is a term in F U O and V. When C[] is a context
with n O’s and ¢y,---,t, are terms, C[t;,--,t,] denotes the term obtained by replacing all O in C[] with ¢; in
a left-to-right manner.

Let t be terms s.t. ¢t = C[s] with a context C[] and a non-variable term s. If s and t’ are unifiable with a
most general unifier 8, then C[s6] is called a superposition of t and t'.

Positions of a term are encoded in the sequences of natural numbers. The set of positions of a term ¢ is
denoted by P(t). For a position p € P(t), t/p is the subterm occurring at p in ¢. For terms ¢, s and a position
p € P(t), t[p « s] is the term obtained by replacing the subterm at p in ¢ with s.

For positions p1, pz, p1 < ps if py is a prefix of ps. We write p; < pa if p; < pp and p; # ps.- When neither
p1 < p2 nor p; < pi, p1 and py are said to be parallel (notation p; L ps). The longest common prefix of p; and
po is denoted by A(p1, p2)-

A term rewriting system (TRS) is a finite set R of rewrite rules. A rewrite rule is a pair of terms denoted by
I — r satisfying (1) [ is not a variable and (2) V(1) 2 V(r).

The reduction system — g on the set of terms is defined from a TRS R as follows:

—gr = {C[l8] »r C[rf] | C[]is a context, § is a substitution, and [ — r € R}.

A term 16 is called a redez of R if | —» r € R. For a reduction a : C[l6] — g C[rf], the position of the redex 1§ in
C[19] is denoted by p(a).

When we think of a pair of rules S and S’, we assume that S and S’ are standardized apart, i.e., the variables
in S and S’ are renamed appropriately so that S and S’ do not share variables.

Let C[] be a context with n O’s, and let t; &% t; be proofs in R for 1 < i < n. The embedding of the proofs
into C[] is the following:

C[tlat2a" 'atn] H);i C[tllat27" ) ,tn] H*R C[tg’tlm v >tn] H*R H)‘I({ C[tll,tlm ) "t:z]’

which is denoted by C[t1,--,tn] ©& C[t}, -+, th].

Rewrite rules S and S’ are overlay if a superposition of I and I’ exists only in a root-to-root case, i.e., the
context C[] in the definition of superposition is O. If S and S’ are overlay and ro = r’s for all unifiers o of
and I, then S and S’ are almost non-overlapping.

Definition 2.1 A term { is a linearization of a term ¢t if (1) 7 is linear, and (2) there is a substitution o s.t.
for=tand zo €V for all z € V. For a rewrite rule | — r, [ — 7 is called a linearization of I — r, if the following
properties hold:

e [is a linearization of I s.t. lo =1, and
e To=T.

Definition 2.2 ([Che81, dV90]) Rewrite rules S and S’ are said to be compatible® if there exist linearizations
S, 8" of S, 8 such that S and S’ are almost non-overlapping. A TRS R is compatible if each pair of rules is
compatible.

3 De Vrijer’s terminolog; dV90] is used here. The corres ponding notion in Chew’s original paper is “strongly non-overlapping and
Y 8. I g 24 paj A ppimng
compatlble” .
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Example 2.1 Combinatory logic CL can be regarded as a TRS if the function application is expressed explicitly
by a binary symbol, e.g., Ap. A compatible TRS CL-pc is the union of CL and the following parallel-conditional
rules.

SKI parallel-conditional
Szyz — zz(yz) CTzy — =«
Kzy — =z + CFzy — vy
Iz - Czzz — z

The aim of this paper is the proof of Chew’s theorem [Che81].
Theorem 2.1 A compatible TRS is UN.

2.2 Scenario of Chew’s original proof

Let R be a TRS, and let R’ be the set of all linearizations of all rules in R. For example, if g(h(z,z)) — h(z,z) € R,
then g(h(z1,x2)) — h(x1,1), g(h(*rl,m)) — h(z1,22), g(M(z1,22)) — (22, 1) and g(h(z1,22)) — h(x2,z2)
are in R’. For a reduction —, t 25 ¢’ denotes reduction sequence preserving the root symbol of ¢. In order to
avoid difficulty caused by non-left-linearity, Chew introduced closure and marker.

The closure — g of — g with respect to R’ is (inductively) defined as the following conditional TRS obtained
from R’:

g(h(z1,22)) — h(z1,71)

g(h(a?],.’l,‘z)) — h(IL'l,CIZz) . . nr*
a(h(21.72)) — h(zz,21) if IM s.t. M is a redex of R and M S g(h(z1,22)) .

g(h($1,$2)) - h($2’ :L’z)

Two fresh symbols « and 8 called markers (corresponding to the right direction and the left direction respec-
tively, as will become clear) are introduced to represent “all the possible choices of variables in the linearization”
in one rewrite rule. For example, g(h(z,z)) — h(z,z) is transformed into the following rule using a:

g(h(z1,22)) = a(h(zy,21), h(z1, 22), h(22, 1), h(22, 22)).

The TRS obtained by such a transformation from R is denoted by aR. GR is defined similarly using the symbol
3. To simulate — g, the following additional reductions are also introduced, i.e., copying reductions — o4, =g+,
selecting reductions —,_, —g—, and distributing reductions .4, —gq. For instance,

h(tl,tg) o+ a(h(tlat‘l),h(tl’tZ))’
a(h(ti, t2),h(ts, ty))  —a—  h(ti,t2) or h(ts,ts),
gla(h(ti, t2),h(ts,t4))) —aa  g(h(a(ti,ts),a(tz, ts)))).

A reduction —4ge (—gRe, Tesp.) is the closure of R with respect to R (6R) using ﬁ; in the conditional part,
where mg=—age U —=gpe U —ar U =g U =4 U 25 U —44 U —p4. Let =s=—apr: U —oq U —p¢
U —>[§_, and sr=—gp: U —=pgq U =4y U—q_.

The outline of Chew’s original proof is the following. At first, similar to what de Vrijer observed, UN of —p
is reduced to CR of — . Next, — 5 and — are shown to be commutative. Finally, CR of —p is proved by the
following steps: given a proof t &% ',

1. transform it into ¢ &% ¢’ (since - and — g are the same in convertibility),

2. replace each —p with —qpe - —a4 (€5 - 1) and replace each «pg with —gpge - g4 (E—5 - 1),
3. t =% - <% t' from the commutativity of —s and —r,

4t =% t"by “stripping” «’s and f3’s.

The key lemma 6.1 in [Che81] is necessary in the final step. It states that if A is a redex of —,pc (by
definition, this means that there exists a redex B of R such that B 5}, A), then any —,_ U — 3_-normal form

4Notations and definitions are slightly different from the original. We use —gr., —g, —aRs. —~gRe¢. —% instead of the original
notations — g, —¢» —aGes —3G —R-
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A of A is a redex of — . The “proof” of the lemma is due to the induction on the length of B —x A. However,
here is a gap which seems to be difficult to remedy.
The induction does not work for — o4 [vO94]. Let us consider the following example:

B —% gla(h(ti,tz), h(ts,ts))) —aa  g(h(a(ty, ts),a(tz, ts))),
(=B (= A)

where ¢; are arbitrary terms containing neither o nor 8. Removing the markers by —,_ and —g_, we obtain

Cp = {g(h(t1,12)), g(h(ts, t4))} from B’ and Cp = {g(h(t1,t2)), g(h(t1,t4)), g(h(ts,t2)), 9(h(t3,t4))} from A. In
the induction step, it must be shown that for each s, € Cy4, there exists sg: € Cg: such that sp: —% 54; this is
impossible in the case s4 = g(h(t1,t4)) or g(h(ts,t2)).

2.3 A property of compatible rewrite rules
In this section, we establish some properties of compatible systems used in the later sections.

Definition 2.3  The set of non-common positions NC;y of terms ¢ and ¢’ is the set of all minimal elements in
{p| Root(t/p) # Root(t'[p)} wrt <, where Root(s) is the root symbol of the term s. The common context Cy /[]
oftand t' ist[p — O|p € NCy ] (=t'[p — O|p € NCy4]).
Definition 2.4  For terms ¢, t’, a relation ~; 4 is defined as follows:

s~y s iff s=t/pand s’ =t'/p for some p € NCy .
Lemma 2.1 Let t, t’ be terms without shared variables. Assume s ~;4 Clu] and w ~; 4 w'. Then u is a

ground term. 1

Lemma 2.2 Let t, ¢ be linear terms without shared variables. Suppose that ¢t and ¢’ are unifiable. Then the
substitution defined as below is a unifier of ¢ and #:

00 ={z =8|~y SYU{a" ;= 5|5~ 2’ and s ¢ V). ;

Lemma 2.3 Let S:! — r, §': ' > v’ be compatible rewrite rules with unifiable linearizations of left-hand
sides, i.e., there exist linearizations S : [ — 7, §' : I — 7 of S, S’ respectively such that [ and I’ are unifiable
and 7o = 7o for each unifier o of I and I. Then for all g€ N C 7, either of the following holds:

1. 7/g € V, and there exist a context Cy[] with m’ O’s (m’ > 0), ground terms gy, -, gn and variables
x, -,z in & s.t.
i f/q ~L C{][gla T :gm']’
® gr~ipxy forall k=1,...,m/, and
o /g =Colay,---, 2]
2. 7'/q € V, and there exist a context C[] with n’ O’s (n’ > 0), ground terms gi,---,g", and variables
Ty, ", Ty in S s.t.
L4 Cq[gia ) g:z’] ~Lr F,/q’
o i~ gy forallk=1,...,n', and
o 7lg=Cylzy, -, zn]
Proof Since ¥ and 7 are unifiable, 7/q € V or #//q € V. We only check the former case. The other case is

treated similarly. Let C¢[] = 7/¢{x := O] 26,1 # x}, where 6;1 is the unifier defined in lemma 2.2. Since 6; 1 is
a unifier of 7 and 7/, there are terms ¢, -, g, and variables af,---, 2!, satisfying the three conditions. From

*m

lemma 2.1, gy, is a ground term for k =1,...,m/. '}
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3 Conditional linearization and peak elimination

3.1 Left-right separated CTRS and conditional linearization

Definition 3.1 A lefi-right separated conditional term rewriting system is a finite set of conditional rewrite
rules with extra variables of the form | —» r < 21 = 91, -+, T = Yn satisfying the following conditions:

1. 1is left-linear, V() = {z1, -, 2n},
2. V(r) S{y,- > ¥nbs
{zla"'awn}n{yla"'ayn}':‘0), and
z; gy ifi#j5°

] — 7 is called the unconditional part and z1 = y1,--+,%n = Yn is called the condition partof l - r &z, =

=

Y1, ,Tn = Yn. For convenience:
1. A condition part is often abbreviated by Q, @', etc.
2. Variables @1, , &, are assumed to appear in the left-to-right order in [, e.g. | = F(z1, 9(x2,23)).

Definition 3.2 Let R be a left-right separated CTRS. The reduction AN &, 1s inductively defined as follows:

v

—~h = 0 .

Z’R.-“ = {C’[lﬂ]X»I,;,H_1 C[rﬂ]‘i—»f%::cl.—_yl,-u,mn:ynGRandw,—BgRiy,-ﬁfori:l,...,n}.
Then, —V> _U—>

Proofs z ;0 & R; yjﬁ are called subproofs associated with C[i6] AA Ripa ‘C[#6]. Subproofs of an R, reduction are

called trivial subproofs, and we eventually denote AA R, 3 g -

When a reduction ¢ —e t' is done by a rewrite rule S € R, it is also denoted by ¢ -—) t’. For a reduction
C'[lﬁ] & C[74], 16 is called a redex.

Reductlons are often treated as more than a relation; we assume a reduction in R is associated with the
following “information” implicitly: the rule used, the position, and the subproofs.

Similarly, a rewrite proof A : ¢; & B & ftnis regarded as a hierarchical object. Reductions t, ti+1 (or
t; & # ti+1) themselves are top-level components, reductions in subproofs of them are second-level components,
etc. A reduction « is in A when « is a component of the hierarchical object. Moreover, the top-level component
is called the top-level reduction. '

Definition 3.3 For a rewrite rule S : | — 7, a conditional linearization S : 10— 7 <« Qis a left-right separated
conditional rewrite rule constructed as follows:

1. [is a linearization of I s.t. lo =1 and V() NV (1) = 0,
2. #=r, and
3. add zo = z to the condition part @ for all z € V(I).

Note that conditional linearizations of § are unique up to renaming of variables in [. In the rest of this
paper, R denotes the TRS and R denotes the collection of conditional linearizations of all rules in R, called the
conditional linearization of R.

Example 3.1 R is the conditional linearization of R.

d(z,z2) — 0 d(z1,22) — 0 e =2, 9=2
R=4 fly) — dy,fy) ¢- fy1) — Ay, f(¥) < n=y
1 - f) 1 - f(1)

=
Il

5y; = y; may hold for i # j.
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The following theorem appeared in [TO94] with the condition of non-duplicating. The expansion to the
general case is straightforward.

Theorem 3.1 ([TO94]) If Ris CR, then Ris UN. 1

For left-right separated conditional rewrite rules S, 8, § and &' are said to be non-overlapping (almost
non-overlapping, overlay) if their unconditional parts are overlapping (almost non-overlapping, overlay). A left-
right separated CTRS Ris non-overlapping (almost non-overlapping, overlay) when every pair of rules in Ris
non-overlapping (almost non-overlapping, overlay). A left-right separated CTRS R is compatible if there exists
a compatible TRS R such that R is the conditional linearization of R.

Definition 3.4 A term t is a head normal form of R if s is not a redex of R for all s such that ¢ —V—>j{ s. A
term t is a quasi-ground normal form of R wrt ¢ € P(t) if

1. for each ¢’ < g, t/¢' is a head normal form of R, and

2. t/q is a ground normal form of R.

Lemma 3.1 Let{ — # <« Q € R. Suppose that R is compatible. Then for each non-variable proper subterm
t of | and substitution 6, t0 is a head normal form of R. 1

3.2 Conditional peak elimination

In this section, the following notations will be established:
1. R is a compatible TRS.
2. 8:l—>r,8:I'—>7r€R.

3. §:1—> 7 8 :10' - 7 are linearizations of § and S’ s.t. Fo = 7o for all unifiers o of  and 7'.

4. S:loteai =y, Bn=yn, S : I > # <2, =y, --,a!, =y, are conditional linearizations of S
and §'s.t. I=Tand ' =7

Definition 3.5  Suppose that there is a peak of the form C[#6] <4 C[i8] = C[i"] S, C[#6]. For p € NC;,
the left connecting proof A, of the peak is defined as follows:

ot
*

A _ ) vt Z_f{ z;0 = Cpl2}0,- -+, 2%, 0] <¥>j2 Coly0,--- ,y*;-_H-,B] ifi/p=az;and I'/p= Cplal, -2y ol
g Cplyib, -+, yiyi0) g)ﬁ Cplzib, -, ziy00] = 230 (Y-)ﬁ y;0  ifl/p = Cylai,---,zipi] € V and U'fp =z,

where 20 S5 ykf (c40 S7 yl0) are the subproofs of Cli] S5 C[#0] (CM0] S5 C#0)), V(i/p) =
{zi,-,2ipe} and V(I'/p) = {25, -, @y}

Definition 3.6 For a rewrite rule $:{ — # < 37 = Y1,"**»Tn = Yn, Iz is a substitution defined as follows:
Ty ={z1:=¥y1,"" ", Tn = Yn}.

Lemma 3.2  Suppose that there is a peak of the form C[#6] ‘Y‘S Clio) = c|i'g) Z)g, C[#'8]. Assume t ~;; t'.
Then there exits p € N Ci,i' such that t7;0 A # t'7¢.0 is the left connecting proof 4,. i

Lemma 3.3  Suppose that there is a peak of the form C[#6] (y_s Clig) = C[i'g) X’S' C[#'6). For ¢ € NCs s,
either of the following holds:

1. #/q € V, and there exist a context C’('][] with m’ O’s (m' > 0), ground terms gy, -, ¢m ahd variables
ol al o«
YooY, St

o 7/qb Z»R Cilgrs -+ gm:|T50 is a left connecting proof of the peak,

® gi X>H y;, 0 are left connecting proofs of the peak for all k =1,..., m’,
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o /g0 = Cilys, - -,y}m,]Tg,B, and
o Cilgs, - , gm0 is a quasi-ground normal form of R wrt g for each position g; of O in Cj[].

2. #/q € V, and there exist a context Cy[] with n' s (n' > 0), ground terms gi,---,g, and variables
Yirs s Yi s.t.

o Cylgl,- - 9n]T50 ‘z’iz 7#/q8 is a left connecting proof of the peak,

® y; 0 & g are left connecting proofs of the peak for all k =1,... ,n,
k R 9k g
d ';:/qo = C‘][yil PR ?/i,,,]Tga, and
o Colgi,-- gn|Ts0is a quasi-ground normal form of R wrt gj, for each position gz of O in Cy[].

Proof We only check the former case. The other case is treated similarly. The first three conditions are
satisfied by lemmas 2.3 and 3.2, # = 773, and 7 # = #'T3,. The last condition follows from lemma 3.1 and the fact
that Cglg1,- - -, gm] is a proper subterm of 7. 1

Definition 3.7 Suppose that there is a peak of the form C[#6] "V_’é Clio] = C[i'] —V+§, C[#6). For g € NC5 3,
the right connecting proof By of the peak is a proof connecting #/¢f and #'/qf described in the previous lemma,
ie.,
N v* v*
Bq — { ’I'/q9 R Ccl][gla o ’gVTYi']Té’e <:>R Cl [y.;n : ayj /]TS'G if T/q € V
Colyirs > ¥i, 1 T50 S5 Calgr, -+ 93750 Sn'fed i ijggVand/qeV.

Definition 3.8 For a proof Aty Z NA g tnin R a peak elimination is a transformation of A where a
peak in A, e.g., t;—1 <—— t; AN # tit1, is replaced Wlth the sequence defined below. If A’ is obtained from A by a

conditional peak ehmmatlon of A, we write Ar> A’
There are three peak elimination rules corresponding to the relative position of the reductions making the

peak.

P;) If two reductions making the peak occur at parallel positions, then the replacement sequence #;—1 2,
g R

t} & f tit1 is obtained by exchanging the order of reductions making the peak.

(P<) Suppose that two reductions making the peak are nestmg, eg., s Z) s 8 isa subproof of t; A & tis1,
i1 Z t; occurs below the substitution part s of t; —» tiv1, and ¢ C’[u] i Cls] = ti. The
replacement sequence is ¢; 1 AA # ti+1 which has the same subproofs as tZ AN & it except for the modified

v v* v
subproof u «p 5 <> 8. It is similar when ¢;_; « p ¢; occurs above t; —»R tiy1-

(Pc) Suppose that two reductions making the peak overlap. ‘Since R is compatlble, the reductions makmg the
peak occur at the same position in ¢;. Assume the peak is of the form C’[r9] C[l&] C[l’@] & C[#'0].
The replacement sequence is

tiiy = ClChmls1,- > sull S5 ClChl8h, -5 54l = tiga,s

where s; & iz 8 are right connecting proofs of the peak.

Example 3.2 Let R be that of example 3.1. Suppose that 1 & & s and that ¢ & 7 8. There is a peak of the
form d(f (1),t) d(1,t) —-> 0, where the left-oriented reductmn is by the third rule and the right-oriented
reduction by the first rule. By P_, it is replaced with d(f(1),t) Y, 7 0 as shown in figure 2.

Example 3.3 Let R be the following:

R= {S flz1,a) = 1 < @1 = h, }
, .
8" flg(ah,a,a), xh) = gy y2.92) & X =yl =y,
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d(f(1),2) |
1)<+ 1*—-"—*—’—> s

t<————‘e3

Figure 2: Rule P,

e 4 \}797 9(3’1’ 312’ 3'2)

Figure 3: Rule P

* %* *
Suppose that t ‘Y’R sy, a ‘Y’R sy and that g(¢,a,a) ‘Y*iz s1. Then there is a peak of the form s, «zg
*

Fg(t,a,a), a) & 9(s1,85,55). By Pc, it is replaced with 51 ("V-’fg 9(5/1’3’2;3’2) (which itself is tl:e right con-
necting proof of the peak) as shown in figure 3. Here, s; 421; g(t,a,a) Z’iz g(si,a,a) and a «Yn} st are left
connecting proofs. Note that g(s},,a) is a quasi-ground normal form wrt p; and wrt py, where p; are the
positions of a' in g(t,a',a?).

Definition 3.9 Let 4: ¢, Xﬁ e "Y’iz t, be a proof in R. Suppose that A A’, where a peak t;_, ZR t; XR
tiy1 is eliminated. For a reduction o’ in A’, the ancestor o in A of o' is defined as follows. We also say o’ is a
descendant of a if « is the ancestor if o'.

o If o' is not in the replacement sequence of the eliminated peak, then the ancestor is the same reduction in
Aasd.

e If o' is in the replacement sequence of the eliminated peak, then we distinguish the following cases according
to which peak elimination rule is applied.

(PL) Notations are the same as those used in the definition of P,. If o' is t;_; —V> 5 1, the ancestor
is t; AA & ti+1. Since t;; ——V-> t; and ¢; —-> t;+1 have the same subproofs, if o’ is in a subproof of
tiq A4 & t;, the ancestor is defined from the natural correspondence. It is similar when o' is t; & & it
or is in a subproof of it. ‘

(P<) Notations are the same as those used in the definition of P.. Here we consider the case t;_; é— t;
occurs below a substitution part s of t, # tit1. The other cases are treated similarly. If o
tia X) t;+1, then the ancestor is t; ——>~ t;y1. Since t;_q Z) tiy1 and t; —> 5 tiy1 have the same
subproofs except for u Z;{ s -part, if @’ is in a subproof of #;_; —V»R t; and not in u Zﬁ s, the ancestor
is defined from the natural correspondence. If o is u < 7 5, the ancestor is t;_; X & t;. Since u & X
and t;_4 <—V- t; have the same subproofs, the ancestor is defined naturally if o’ is in a subproof of
u i S The dash lines in figure 2 illustrate the ancestor-descendant relation.

(Pc) Notations are the same as those used in the definition of Pc. In this case, the replacement sequence
is an embedding of left connecting proofs. Moreover, each left connecting proof is a collection of right
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connecting proofs, and each right connecting proof is a collection of subproofs of the reductions making
the peak as described in definition 3.7 and 3.5. Therefore, for all @' in the replacement sequence, there
is a segment of the sequence such that o’ is in the segment and the segment corresponds to a subproof
of the reductions making the peak. The ancestor is defined from the natural correspondence. The
dash lines in figure 3 illustrate the ancestor-descendant relation.

Moreover, for a peak elimination process A; — ---+ A, and reductions a; in A;, we say a; is the ancestor of
@, and ay, is a descendant of a if @it is a descendant of a; for each 1 < i < n.

Note that, when P¢ is applied, the top-level reductions making the eliminated peak have no descendant.

Definition 3.10 Let A: t; ‘Y*iz e Z’R t, be a proof in R. Suppose that A — A’, where a peak made with
the reductions 7y : ;_; & g tiand t; AA & ti1 is eliminated with Pc. Assume that a reduction « is in a subproof
of 71 (72, resp.). Then, a said to be duplicated by 71 (72)-

Lemma 3.4 Let R be compatible. If a peak elimination process A; — Aj — --- terminates for every proof
A, in R, then R is CR. ' 1

4 Independence of reductions

4.1 Flattening and independence

In this section, the notion of independence is introduced. Independence is first defined for reductions in a proof
in R,. It is then lifted up to any proof in R by flattening.

. %*
Lemma 4.1 For each non-R; reduction ¢ X’R t', there is a proof t = C[s1,--,8m] g)é Clsls -5 8ml =, t
satisfying
v Voo
1. s; & s; are the subproofs of t — 4 ¢/, and

2. in the reduction C[s,---,s;,] =5, ', the same rule is used at the same position as in ¢ A4 at.

Proof Let! — r < z; = y1,***,&m = Ym be the rewrite rule for the reduction ¢ Z)ﬁ t', t = C'[lf] and
t' = C'[r)]. Let C"[] be a context such that C”[z1,---,Zm] = I. The result follows by setting C[] = C'[C"[]]. &

~ *
Definition 4.1  For a non-R; reduction ¢ —zﬁ t/, the proof t = Clsy, -, 8m] g}iz Clsts - s8m] =g, ¢
described in lemma 4.1 is called the flattening of ¢ AA 7 t'. The flattening of a proof A : t; hA FRE & & tn at the

i-th non-R; reduction is obtained by replacing t; hA 7 ti+1 with its flattening.

Lemma 4.2 When a flattening operation is regarded as a reduction on the set of proofs, there exists a unique
normal form for each proof A. The normal form is called the flat proof of A and is denoted by AP,

Proof Since a flattening operation is WCR and SN, it is CR. i
Note that A® contains only R; reductions.

Definition 4.2 Let A: ¢y X’fz . <§7->j2 t, be a proof in R and A’ be a flattening of A. Suppose A’ is obtained

*
by replacing t; _Y,& tip1 with ¢; = C[s1,---,5m] g)ﬁ Clsh,++-»8m) = p, tit1. The mapping flat is a bijection
from reductions in A to ones in its flattening as follows.

1. If o is the top-level reduction ¢; —Y)R tiy1, then flat(a) is Csy, -, 5] =5, tit1-

* *
2. If @ is in the i-th subproof s; Zq} sk, flat(a) is the corresponding reduction in C[- - -, 5;,- - -] Zq} Cl---, 8]
3. Otherwise, flat() is the same reduction in A’ as a.

When A’ is obtained by replacing ¢; & # tit1, flat is defined similarly. For a reduction « in A4, ob in A is
obtained by repeated applications of flat.
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d(d(1, £(1)),1) =0
LN T

~

(1, F0), 1) < d(£(1),1) b a0, 1) > 0

Figure 4: Flattening

Example 4.1 Let R be that in example 3.1. Let A be a one-step proof of the form A : d(d(1, f(1)),1) Z»j{ 0
with subproofs d(1, f(1)) <z, f(1) and 1 -3 f(1). Applying a flattening operation to A, we obtain Ab
d(d(1, f(1)),1) «p, d(f(1),1) =z, d(f(1),f(1)) =, O as in figure 4. The dash-arrows illustrate the bijection
flat.

Lemma 4.3 Let A:t 5 7 ' be a one-step proof where the position of the reduction is p, and let Ab it =

t1 ©p R, tn —p, ¢ Forall i < n, there is a reduction « : ¢; —V*j’g t’ satisfying p(a) = p.

Definition 4.3 Let 4; : ) SR OR tn be a proof in Rl, and let a; : ¢; “p, tit1 Suppose that ¢ < j.
We say t;, is between

t; and tj (or t; andt;) when ¢ <k<j,
a; and tj (or t; and o;) when i+1<k<j,
t; and a; (or a; andt;) when i<k<j,
a; and a; (or aj and o;) when i+1<k<j.
A reduction ay : tp — R, k1 (or ap : tg — B tr+1) is between terms (or a reduction and a term, or
reductions) if both #; and tg4; are between terms (or a reduction and a term, or reductions).

Definition 4.4 Let A; be a proof in R;. Relations A, 1y, Uy and Z2 on reductions «, § in A; are defined
as follows:

allgifal, foraldsp.

all, Bif

L. p(a) L p(8), and
2. p(v) £ A(p(a),p(B)) for all reductions v between a and 3.

a lly 3 if either o« 4o B or B 42 .

a Ly B if there are a term ¢t between a and 3, positions p € P(t) and q € P(t/p) s.t.

1. t/p is a quasi-ground normal form of R wrt q,

2. p(a) 2p-q,

3. p(8) 2 p,

4. p(m) £ p - ¢ for all reductions ; between a and ¢, and
5. p(v2) £ p for all reductions v, between ¢ and 3.

For a proof A in R and reductions a, 8 in A, we also write @ 1L 8, o 11 8, @ 1L, B and a £, B if a® 1L 8,
o 1Ly 8%, o 1Ly B° and o Z, B°, respectively.

Reductions o and 3 are independent if o« 1L 3. If o 1L, 3, the term ¢ in the definition of Z4 is called a split
of c and 3. Moreover, the term in the definition of 4, is called the body of the split t.

Example 4.2 Let R be that in example 3.3. Consider the following proof in Ry:

flo(f(a,a),a,a), (L)g_g,g(f((l., a), a, (1,)335{/((1,, a, a)?‘—sgg(a, fla,a), a’)(e"—"‘;,g(a,, fla,a), fla.a)),
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where underlines indicate the redexes contracted. Then, ay 1l; a3, a3z 13 oy, and a4 1l; ap. Furthermore,
as Lg ay and a4 La oy since g(f(a,a),a,a) is a quasi-ground normal form wrt p; and pz, where p; are the
positions of a’ in g(f(a,a),al,a?).

Suppose that A — A’. For any reduction o in A’, there is a corresponding reduction « in A. If o is in the
replacement sequence, then we can find « in the peak that o’ originates from (indicated by dash-arrows in figure
2 and figure 3); otherwise, « is the same reduction as o’. In this case, o' is called a descendant of a. Moreover,
for a peak elimination process A; — - — A, and reductions «; in A;, we say a, is a descendant of a; if a;14
is a descendant of o; for each 1 < i < n. k

4.2 Properties of independence

Theorem 4.1  Let R be compatible and let A, A’ be proofs in R. Suppose that A — A’ and that reductions
o, B’ in A’ are descendants of a, 3 in A, respectively. Then, o I 3 implies o’ 1L §'.

Proof From lemmas A.6, A.7, and A.9 in Appendix. ’ ]

Lemma 4.4 Let A be a proof in R with reductions o and . Suppose that « is in a subproof of 3. Then,
a LS.

Proof Since p(a®) > p(8°), a Ly B. Suppose that there is a split ¢ of a® and §°, where the body t/p is
a quasi-ground normal form wrt ¢. Then, p(8°) L p- ¢ from lemma 4.3 and A.1l. Also, p(a’) L p - g since
p(a”) > p(B°). This contradicts the definition of L. 1 ]

Lemma 4.5 Let A be a proof in R with reductions @ and 8. If @ AL 8 and A’ is in a subproof of 3, then
al g 4

Proof Suppose that 8° is between a and ﬁ’b It is obvious that al; f=al, f. Ifal,f, then any
split ¢ of a® and S” is also a split of o and 8”.

Suppose that ,6' is between a” and (. It is obvious that a 1l; 3 = « 1L, B’. Suppose that o 1L, 8 and
that ¢ is a split of @ and 3, where the body t/p is a quasi-ground normal form wrt g. The result is obvious when
¢ is between a” and ﬂ’b. If ¢ is between 8° and 3, t/p(3°) is a redex from lemma 4.3. Thus, p(8°) Lp-q from
lemma A.1 in Appendix. Hence, p(a®) > p-q so o IL; B. Therefore, o 1Ly 3. 1

Lemma 4.6  Let A, A’ be proofs such that A — A’. Suppose that o, - ,ah, in A’ are descendants of « in
A. Then my # my = ap, Al o,

Proof Notations are the same as those used in definition 3.5 or lemma 3 3. It is clear that « has multiple
descendants only when « is duplicated, i.e., Pc is applied to a peak C’[r9] &5 Clif] = Cli'g) _’s' C[#'6] in A
and when « is in a subproof of either reduction making the peak.

The replacement sequence for the peak is a collection of right connecting proofs, By. If o, is in B,-part and
aj,, is in Bj-part such that ¢ # ¢/, then oy, 1L, a7,,. Suppose that ¢ = ¢’ and assume /g =y; € V. By is as

follows:
v * v *
yif <5 Clor, . gm| T8 & 5 Colyjys -+, 95, 1 Ta0,

* * H
where Ay : y;0 Z>R C! [gl, -+, gm] and Ay, @ gr ZR y; 0 are left connecting plOOfS of the peak. Note that Pk is

the position of 2’ in I'. Since i/pj, = gi are ground terms, A,, themselves are also subproofs of C[l’«‘)] =g, C[#'0]
for1<k<m'.
The other left connecting proof A,, is rewritten as follows:

v* v
yif o p a0 = Clxi0, - 25, 0] S5 Cylyif, -+, y5y 0]

E3
Then, A,, and w9+k,9 Xq‘? y)’-+k,0 can not originate from the same subproof for any &, k’. For Py, > p but
S
pi L p, where 2 is the position of .1:3.+k, inl’.

*
Tt is clear that subproofs @, .0 < 4 y’:_ ,,0 originated from different subproofs. Hence, only the followin
1 Jt+k R J-}—I., g p g

case is possible: «/ is in A, ,-part such that k # &’. Thus, a;,, 1L, «,,. The proof is

is in Ap, -part and a,,

my

similar for #/q ¢ V. i
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Figure 5: Descendant tree

5 Church-Rosser property of R

Let R be a compatible TRS, and let R be the conditional linearization. Assume that A! : t & PEEE hA g tnis
an arbitrary proof in R and that A' — A? ... is an arbitrary peak elimination process. The following section
will show that the process A! s A2 i ... terminates. This implies that CR holds for R by lemma 3.4.

Definition 5.1  The initial labeling on each reduction in A* for i ='1,2,- .- is defined as follows:
1. The set of initial labels is {[a] | o is in A'}.
2. Each reduction « in A! is labeled [a].
3. For each reduction 8 in Af for i > 2, 3 is labeled [a] if 3 is a descendant of o in A!.

Definition 5.2  Let o be a reduction in A'. The descendant tree T(o) associated with o is an edge-labeled tree
defined as follows:

1. The root vertex is the reduction a in A!.

2. Let o’ in A’ be a vertex of Tja)- Suppose that there are k > i, satisfying the following conditions:
(a) In A7 — AI*1, the descendant f; of o/ in A; is not duplicated for j =i +1,...,k — 1.
(b) In A% Ak+1, the descendant G of o’ in Ay is duplicated.

Suppose that (j is duplicated by ’yk.' Then all the descendants f],---,3, in A¥*! of g; are the child
vertices of a’. The label of the edges (o, §}) is the initial label of v, e.g. [y] (figure 5).

The set of all descendant trees associated with reductions in A4; in the peak elimination process is called the
descendant forest of the peak elimination process.

Note that all vertices in Tj«) are descendants of « in A;.
We classify Pc into the following:

(PL) The replacement sequence is empty.
(PZ) The replacement sequence is not empty.

Lemma 5.1  Suppose that P2 is applied in A? - A*1, Then, there are a reduction 3 in A*+! and a descendant
tree T}, such that § is a vertex of Tio)- 1

A path of T}, is a sequence of edges starting from the root. A label path is the sequence of labels of edges in
a path. The set of all label paths of Tj,) is denoted by Lpathr,,.
Lemma 5.2 Let [v1],[72],--- € Lpaths,;. Then, [y;] # [y;] for all i # j.

Proof Suppose that [v;] = [v;] = [3] for some i # j. There exist descendants oy, @y of a and descendants 3,
B2, B3 of B as shown in figure 6, where oy () is a descendant of a; (33).
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Figure 6: Proof of lemma 5.5

Figure 7: Mass

Since f; and B3 are descendants of the same reduction, f; AL B3 from lemma 4.6 and theorem 4.1. Since oy
is in a subproof of 8, oy 1L B3 from lemma 4.5. Hence, az 1L S5, from theorem 4.1. However, as A B2 by lemma
4.4. This leads to a contradiction. i

Lemma 5.3 For each initial label [a], the descendant tree Tj,) is finite. Therefore, the descendant forest of
the peak elimination process is finite.

Proof From lemma 5.2, each path of Ty has finite length (bounded by the number of reductions in A). Since

Ti,) is obviously finitely branching, Kénig’s lemma shows that T[4 is finite. ]
Lemma 5.4 In the peak elimination process A! — A? > - -, only finitely many peak eliminations occur with
P2. |

Proof From lemma 5.3 and 5.1. ' 1

Definition 5.3 Let B:tp Z’i{ e X»ﬁ t, be a proof and let ; : ¢; Z’iz tir1. A reduction +; is right-oriented
v
S

(left-oriented) if ; : ¢; A4 7 tit1 (73t ti & f tiy1). The height of 7; is defined as follows:

height(v:) = #{7v;j | v; is left-oriented and j < i}.
The mass of B is defined as

mass(B) = Z height(v;).
right-oriented ~;

That is, the mass is the number of tiles as shown in figure 7.

Lemma 5.5 Let B, B’ be proofs such that B — B’ with P,, P or P%. Then, mass(B) > mass(B’). ]

Corollary 5.1 Let By il By B Bs B . bea peak elimination process starting from B;. If each P; is any of
Py, P, or P}, then the length of the process is finite. i

Theorem 5.1  Any peak elimination process A! — A? s ... terminates.

Proof From corollary 5.4 and corollary 5.1. ]
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Corollary 5.2 Let R be a compatible TRS, and let R be the conditional linearization of R. Then, R is CR.
Therefore, R is UN. : 1

6 Conclusion and Future Work

We have presented a complete proof of Chew’s theorem which states that compatible term rewriting systems
enjoy the unique normal form property. We exploited a technique introduced in [TO94] and partly extended to
apply it to duplicating systems by introducing the notion of independence.

There are many interesting non-linear term rewriting systems that have (or believed to have) the unique
normal form property, for example, the system of combinatory logic with surjective pairing[KdV89], non-w-
overlapping term rewriting systems[Oga92], etc. Despite of the importance, Chew’s theorem is not powerful
enough to infer the unique normal form properties of these systems. Therefore, we would like to relax the
condition of compatibility. We also interested in extending the result to higher order rewriting systems.
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A Appendix

In the following, it is assumed that R is a compatible left-right separated CTRS.

A.1 Innocent swap

Lemma A.1  Let t be a term such that ¢/p is a quasi-ground normal form wrt ¢. If p’ £ p and ¢/p’ is a redex,
then p’ L p-q. . 1

Lemma A.2  Let t be a term such that ¢/p is a quasi-ground normal form wrt ¢. If there is a reduction

ot —> t’ such that p(«) £ p, then ' /p is also a_quasi-ground normal form wrt ¢. 1
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v v

Lemma A.3 Let A: ¢t &4 -+ <4 t, be a proof with a reduction 7 : ¢; —ng tiy1, and let t; = ] —p

- op " g, tip be the flat proof of t; AN & ti+1. Suppose that there exist reductions a, B in A satisfying
(1) o” ALy %, (2) both t; and t;4, in A® are between o’ and A°, and (3) there exists j s.t. t] is a split of o” and
°. Then t;4; is also a split of a” and 3.

Proof Let tf/p be the body of tf Since 4” is between o and 8%, p(7*) £ p. From lemmas 4.3, A.1, and A.2,
the result follows. (]

Lemma A.4 Let A be a proof in R and let a, 3 be reductions in A. Suppose that « 1L, 3 and ¢ is a split of
o and %, where the body t/p is a quasi-ground normal form wrt g. Assume there is a position p’ > p satisfying
(1) t/p' is a redex, (2) for each reduction v between ¢ and £°, p(v) £ p’, and (3) p(8°) > p'. Then, o 1L, B.

Proof Since t/p’ is a redex, p’ L p- ¢ from lemma A.1, so p(8) L p-q. Thus, a Z, (. Hence, p(a®) > p-q,
and p(v') £ p - q for each reduction 4’ between o’ and ¢. Moreover, p(8°) > p’, and p(y) & p’ for each reduction
~ between t and 3°. Therefore, o IL; 3. ]

Definition A.1  Let A: ¢t ‘Y’R “ee ‘z’iz t, be a proof, and let v; : t;—1 X)f{ t; and v5 : t; ‘Y’fi t;+1 be reductions
such that p(y1) L p(y2). Suppose that either v, : ¢; Z’iz tiv1 or 11 :ti1 ‘ZR t; holds. '

When 7, : ¢; A4 & tit1, the innocent swap of ¥, and -y, is a transformation that changes the order of v; and
~9 in A, i.e., A is transformed to

v v v v v v
Aity op o optigoptiopti ©Op - Spta,

where v, : t & gty (72 1 tic1 A 7 ti) is a reduction with the same rule, position, and subproofs as 1 (72). In
the case y; : £, A # ti, an innocent swap is similarly defined. For a reduction « in A, the descendant o' in A’
is defined in the same way as that of peak eliminations by P,.

Lemma A.5 Let a, 3 be reductions in a proof A. Suppose that A’ is obtained by applying an innocent swap

to A and that o' and 8’ are the descendants of o and 3, respectively. Then o 1L 3 = o/ 1L '

Proof Let A:t; X,ﬁ e ‘Y*iz t,. Assume that the innocent swap is applied to y; : t;_1 X,é ti, vt —V»R tive-

Let p1 = p(11) and ps = p(y2). Let C[] = ti—i[p1 « O,p2 « O], ticy = C[s1,52], t; = Cl[s}, 2], and
tiv1 = C[s1, s5]- We divide A and A’ into the following proofs:

o Aty “v":‘g tio1, Az 1tip Z’:‘z tn,
] Bl : (ti—l E) C[Sl, 52] ‘ZI:Z C[Sll, 82] (E t,), 32 . (tl E) C[Sll, 82] .Y-)ﬂ C[Sll, 5’2] (E ti+1),
o By« (ti1 =) Clist, 2] S5 Clos, st] (= £0), BL : (¢ =) Clon, 5] S, Clsh, 5] (= i)

where A (A’) is the concatenation of A, By, B, and Ay (A, B, Bj and A3).

Since an innocent swap preserves the positions of reductions, it is obvious that a Il § = o' 11, #'.

We will now prove that @ Iy 8 = o' 1L 3.

Without loss of generality, it can be assumed that a’ is on the “left-hand side” of ” in A®. Let t be a split
of &’ and $° in A®, where the body t/p is a quasi-ground normal form wrt g. Then the following cases exist:

1. Both a and 8 are in any of A;, A2, By or Bs.
2. aisin Ay, B is in By.
3. aisin Ay, Bis in Bs.
4. aisin A1, B isin As.

a is in By, B isin Bs.

(@31

6. isin By, fisin Aj,.

=1

aisin Bo, 3 isin As.
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Case 1. The result is obvious.

Case 2. 1If the split t is in A%, then it is obvious. If the split ¢ is in B}, then ¢’ = t[ps « s}] in B!" is a split of
o” and A" from lemma A.2. Thus, o L, f'.

Case 3. If the split t is in A%, then it is obvious. If the split ¢ is in either B! or BS, t/p, is a redex by lemma
4.3. For all reductions -y between t and 3°, p(v) £ p2 since v is in either B! or BS. Suppose that p2 > p. Then,
o 1, 3 from lemma A.4, so o’ 1L, 3. Next, suppose that p, ¥ p. Since p; < p(8°) and p < p(8°), p2 < p.
Hence, t[p; « s1] in Bj is a split of o and ,@’b. Therefore, o’ 1L 3.

Case 4. If the split ¢ is in either A% or A}, then it is obvious. If the split ¢ is in B}, then t[p; « s}] in Bib is
a split of o'” and ,B'b from lemma A.2. If the split ¢ is in ng, then t;;, is also a split of a” and B° from lemma
A.3. Thus, t;;; is a split of a” and §”. Therefore, o/ iL, 5.

Case 5. Since p(a’) > p1, p(8°) > p2 and py L pa, o' 1y §'.

Case 6. If the split ¢ is in Ab2, then it is obvious. Assume that the split ¢ is in B:. Since p < p(a") and
p1 < p(a®), p L p1. Thus, po £ p from the assumption p; L py. Hence, t[ps — s3] in B{b is a split of o' and
8 > from lemma A.2. Next, assume the split ¢ is in BS. Then t;4; is also a split of o” and B° from lemma A.3.
Therefore, o 1Ly (.

Case 7. 1If the split ¢ is in A}, then it is obvious. If the split ¢ is in B, then t;41 in A} is also a split of o” and
8" from lemma A.3. Thus, ¢;;; is a split of o’ and B"°. Therefore, o' 1L, f. 1

A.2 Proof of theorem 4.1

Lemma A.6 Let A, A’ be proofs in R such that A 74 A'. Let reductions o ," in A’ be descendants of a, 3
in A. Thena 1L 8 = o' 1L 3’

Proof From lemma A.5. ]

Lemma A.7 Let A, A’ be proofs in R such that A &5 A’. Let reductions o', 3" in A’ be descendants of a, 3

in A. Then a I 8 = o' 1L 3.

Proof Let t;_; Xﬂ t; —Vek t;+1 be the peak that P. is applied toin A: ¢ Zéﬁ Z)ﬁ tn. Let v 1 t; XR ti
v

and 73 : t; > p iy and suppose p(71) < p(72).

Letl -7 < =z =yi,  +,Tm = Ym be the rule for the reduction 2, where t; = C[I6] and t;, = C[rf)].
Suppose that v; occurs below the j-th substitution part of v5 and that v} : ¢;_; A4 p ti+1 is the replacement
sequence for the peak. Then, the flattening of A at 5 is

v v* v* 1 9* ;v v * v
fA: o tig Cpti=t) Spe SRt Sptl Sp St Sptigg e,
* *
where tf_l hA £ t¥ corresponds to the subproof ;6 hA £ Yk of v2, and the flattening of A’ at 4 is
v* v* i1V i1 v* o5 v v * v
fA -ty Et?_1 SR OhR tf_ll —h tf ! “h tf Speroptlt St

where tf_; = tf[p(m1) < ti—1/p(1)]-
Thus, fA’ is obtained from fA by repeated applications of innocent swaps to flat(y1), 73 (a descendant of
flat(71)), v (a descendant of v1), --- with their right adjacent reductions since p(y) L p(flat(v1)) for each

reduction v in #? & Rt & & t{ ~!. From lemma 4.2 and lemma A.5, independence is preserved.
The proof is similar when p(v1) > p(72)- 1

Lemma A.8 Lett; ha at A4 7 t2 be a critical peak and let A, be a left connecting proof of the peak. Suppose
that a, 8 are reductions in subproofs of either reduction making the peak such that the corresponding reductions,
denoted by ayp, Bp, are in A,. Then o AL 8 = o, AL 3.

* * *
Proof Suppose that A, is of the form & <—V->;Z s = Cplu, -, un) &5 Cpluy,---,up], where s Z»jz s and

u; & & u: are subproofs of the reductions making the peak. The following cases exist:
. v* v * .
1. Both a, and /3, are in either s’ &3 s or Cp[-- -, uj, -] & Cp[-- -, uf,- -] for some i = 1,...,n.
_— v * v * .,
2. apisin Cpl---,us, -] &g Cpl-- - ul, -], By is in Cpl-- - uj,- -} & Cpl -+, ufy -+, and i # j.

.. v* .. v .
3. apisins & psand Bpisin Cpf- -, u4,-- ] @5 Cpl- -+, uj, -+ ] (or vice versa).
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In case 1, it is obvious. In case 2, , ALy fBp. Let us consider case 3. The flat proofs of reductions making the

peak can be written as follows.

t—p, 01 [s'] “% C’1 [s] &% B : the flat proof of t; ev—k t

, v
teh Cz[Cp{ul,-u,un]] @ii,] Cg[Cp[ul, cun]] Hfh s+ —p ty : the flat proof of t = &

where the position of O both in Cy[] and in Cy[] is p. Let p’ be the position of reductions making the peak.
Then, for all reductions v in C[s] %, tort “% CZ[C’ [t1,- -+, un]l, p(7) L p’-p from the definition of flattening.
Therefore, the result follows. The proof is 51m11ar when A, is of the form Cp[s},---, s3] g’iz Cpls1, -+, 8a) =

v*
ueopu. 1
Lemma A.9 Let A, A’ be a proof in R such that A £S A’. 1f reductions «, 8 in A have descendants o, 4’ in
A thena 1L 8= o' 1L A

Proof Let Aty ‘Y’R s oty and ¢ Z— o T —> tir1 be the critical peak eliminated in A — A'. Let

Ytz <— tiy 72 1 i —>R i+1 andp = p(m) “1’(’72)

Wlthout loss of generahty, 1t can be assumed that o’ is on the “left hand side” of ﬁ" in A®. We divide 4 into
the following proofs: A; : <—+R ti_1,q Aoty “"R tn, By :tiq 4—— t;, and By : i tiv1, where A (A') is
the concatenation of A;, By and Ay (A, Bs, Ag).

Let B:t;— «‘—7;}2 ti+1 be the replacement sequence for the critical peak. Note that for each reduction v in B,
p(7) > p’. Then the following cases exist:

1. Both o and 3 are either A; or Asg.
2. aisin A, and g is in As.
3. « and @ are in either By or Bs.

4. aisin A; and 3 is in either By or By (or, « is in either By or By and f is in Ay).

Case 1. 'The result is obvious.

Case 2. Since p(v) > p for each reduction ~ in B, it follows that o L3 8 = o 1l; . Assume that o 1L, (8
and that ¢ is a split of o and ﬁ". Iftisin B then t;_; is also a split from lemma A.3. If tisin Bz, t;4+1 is also
a split from lemma A.3. Thus, we can assume that ¢ is in either A% or Ab. Since p(7y) > p’ for each reduction v
in B®, we have o/ 1L, §'.

Case 3. Recall that B is a collection of the right connecting proofs B, of the peak. Suppose that o, B’ are in
B,-part, By-part of B, respectively. If ¢ # ¢/, then o 1L, ('. Hence, suppose that ¢ = ¢’. Recall that B, is a
collection of left connecting proofs. Suppose that By is as follows: :

v * v *
54 Clgr, -, gm] &1 Clur, -+, um),

*
where A, : s +—>R Clg1, > gmland Ay, : C[---, g4, ] & 5 Cl++ ,uj, - -] are left connecting proofs. If o’ (or 8') is
in A,-part and @' (or o) isin A,,-part, then @’ I, #’ by lemma 3.3. If &', 8 are in Ay;-part, Ay;-part respectively
such that i # j, then o/ 1L; #'. The remaining case is both &’ and (' are in either A;-part or Ay,-part, and the

*

result follows from lemma A.8. The proof is similar when B, is of the form Cf[sy,-- “,8n] g); Clg1,-- -5 gnl Zﬁ u.
Case 4. From symmetry, we can assume that « is in A; and that 8 is in either By or By. If B is either v, or
~a, B3’ does not exist. Thus, ﬂ isin a subproof of v1 or 2. Suppose that o 17 8. Then p(y) £ /\(p(ab),p ) for
each reduction « between o and t;_y since 42 is between o” and $°, and p’ < p(B). Since p(v') > p’ for each
reduction 7’ in B”, we have o’ 1L .

Assume that o 1o 8 and that ¢ is a split of o’ and %, where the body t/p is a quasi-ground normal form
wrt ¢. If tisin A']’, then o 1Ly B’ since p(v') > p for each reduction 4 in B%. Suppose that ¢ is in either B® or
BS. Since 4} is between o’ and t p' & p. Also, p' L p since p’ < p(B°) and p < p( (8°). Hence, p' > p,so a 1Ly 3
from lemma A.4. Thus, o 1, 3. 1



