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On the number of pyramids of a generic space curve

J. J. NuNo BALLESTEROS (V5L VY7 K)
and

OsaMu SAEKI (4 18 fy , LB AE)

Abstract. We prove that for a generic closed space curve, the number of
pyramids (triple points of the tangent developable) is congruent modulo 2 to the
sum of the indices of the torsion zero points. This index is defined as the number
of trisecant lines of the curve passing through the torsion zero point. The result
is deduced from the study of the singularities of the tangent developable surface
of the curve.

1. INTRODUCTION

In this paper we study the number of triple points of the tangent devel-
opable of a space curve. The tangent developable of a space curve a : S — R3
is the surface x(c) in R3 defined by the tangent lines of a. The local form of this
surface was first studied by Cleave [C], and recently the first author [N] proved
that it is a topologically stable surface when the curve is generic (for a definition
of a topologically stable surface, see [IM]). He obtained as a consequence that
if the curve has no torsion zero points (topological cross caps of x(a)), then the
number of pyramids of the curve (triple points of x(a)) is even.

Here, we give one step more in this direction. The above mentioned result
can be easily generalized by applying a theorem by Sziics [Sz], which gives the
following congruence:

. k
T(a) = Zn(z;,a) mod 2.
: i=1
The number T'(c) is the number of pyramids of a, z;,:--, 2 are the torsion

zero points of a and n(z;, a) is the index of each torsion zero point conveniently
defined (see also [NS]). The problem is that this index, n(z;, «), does not give
a priori any information on the geometry of the curve. We will show, by using
a new proof of the Sziics theorem given by the authors in [N'S], that the index
n(z;,a) can be interpreted geometrically as the number of trisecant lines of &
passing through z;.
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Note that this result can be considered dual to the congruence obtained by
Banchoff, Gaffney and McCrory in [BGM], where they show that for a generic
space curve a : St — R3 we have

Ma-

T(c) =

n(z;,2) mod 2,

i=1

where now T'(«) is the number of tritangent planes of « and the index 7(=;, @) is
one half of the number of points in the intersection off the point z; of the curve
with the osculating plane at the torsion zero point z; (see also [O]). Although
their paper [BGM] is previous to the Szics one, they implicitly use the Szucs
result for the dual surface of the curve. Remember that the dual surface of a
regular space curve is the surface in (RP3)* defined by the tangent planes to
o. When the curve is generic, the dual surface is again a topologically stable
surface, the triple points corresponding to the tritangent planes to o and the
cross caps to the torsion zero points (see [BGM] for details and [Sch] for the
duality between the dual surface and the tangent developable of a generic space
curve). '

2. THE NUMBER OF PYRAMIDS OF A GENERIC SPACE CURVE

Suppose that a : S — R3 is a smooth space curve satisfying the general
position conditions (GP) given in [N]. We also assume the conditions (1) and (2)
in [N, Lemma 7]. Furthermore, we assume the additional conditions as follows:

(i) If 7(s) = 0, then there are no quadrisecants of o passing through
a(s), where 7 is the torsion of a.

(i) If there is a trisecant to « at a(sg), a(s1), a(ss) with 7(so) =0,
then the vectors a(s;) — a(so),@'(s1) and o'(s2) are linearly
independent.

(i) The tritangent planes of & do not osculate at the tangency points.

iv) The number of osculating planes of a containing a trisecant is
g g
finite.
(v) The subset 7 of S* x S x S* — A defined by

T = {(s1, 82, 83) : (2(s2) — ee(51)) x (ex(s3) — (s1)) = 0},
is a closed 1-dimensional submanifold of S x S* x S* — A, where

A = {(s1,52,s3) : ; = s; for some i # j}.

LEMMA 2.1. The set of smooth curves « satisfying the above general position
conditions is residual in the space C*° (S, R3), with the Whitney C*°-topology.
PROOF: We consider the multijet space 4J3(S, R?) and take the coordinates

0,0 .0 .0
(51,32,53;54,7‘1,7'2;7‘3,7‘4, 7'1;7'2>7'3)"4)
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where s; € S' and r} € R3. Then we define the subset W; C 4J3(S*, R3) by
the equations:

(12 = 9) x (8 = 19) = (13 — 1) x (1§ — 19) =,
det(r],r?,r3) = 0.
Clearly, W, is an algebraic subset of 4 J3(S*, R3) of codimension 5. By the multi-
jet version of the Thom transversality theorem, the set of curves o € C*(S 1 R3)
such that 453 : (SN — 4J3(S!,R3) is transversal to Wi is residual in

C>(S', R?). But since (S')(*) has dimension 4, it is obvious that the transver-
sality condition is equivalent to condition (i).

Analogously, we see that the rest of conditions (ii),...,(v) give residual sub-
sets in C*(S1,R3). 1

LEMMA 2.2. Let p = a(sg) be a torsion zero point. If o satisfies the above
genera] position conditions, then the number of trisecants of o passing through
p is finite.

The proof of Lemma 2.2 will be given later (see the paragraph just after
the proof of Proposition 2.8).

DEFINITION 2.3. For a torsion zero point p = a(so) of , we define the indez
n(p, @) (€ Z) to be the number of trisecants of a passing through p.

Recall that if o satisfies the condition (GP) as in [N] (condition 3), then
the number of torsion zero points is finite.
The main purpose of this section is to prove the following.

THEOREM 2.4. Let o : St — R2 be a smooth space curve satisfying the general
position conditions as stated above. Then we have

k
EZ (z;,@) mod 2,
i=1

where T(«) is the number of pyramids of o and z1,--- , &y are the torsion zero
points of .

LEMMA 2.5. Let f: (so —€,80 + €) — R be a C* function. Then there exists
another C* function f, : (so — €, 80 + €) — R such that if s # so, then

f(s) - f(so)’

8 — 8¢

df*( o F(5)(s = 50) — (F(s) = £(50))

(s — s0)? ’

fu(s) =
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and if s = sq,

f+(s0) = f(s0), —=(s0) = 51" (s0)-

ProoF: Just apply a classical argument of analysis. We see easily that

1) = flo0) = [ Glf(on +1(s = so)a

1
_ /0 F'(30 +1(s — 50))(s — s0)dt
=(s— SO)f*(S)

where f.(s) = fo (so +t(s — so))dt. The rest is easy to check. i

Now let o : S — R3 be a C* curve which is regular and simple. Given
a point p € R® we define ¢, : S — RP? by t,(s) = [a(s) — p] if a(s) # p, and
tp(s) = [&/(s)] if a(s) = p. Note that ¢, is a smooth map.

LEMMA 2.6. Suppose that p = a(sg). Then t, is an immersion at sg if and only
if k(s0) # 0, where & is the curvature of «.

PROOF: Suppose for instance that aj(so) # 0, where a(t) = (ai(t), aa(?),
as(t)). We take coordinates in RP? such that the homogeneous coordinate

[X Y, Z] corresponds to (X/Z, Y/Z ). Then ¢, gives the map £, in a neighbour-

hood of s given by S ' ' .

t”,,(s).z (al(s) — a1 (s0) 01’2(S) - c¥2(30)>

a3(s) — 013(30), ozg(s) - a3(80)

when s # sg and

i (s) = (a'l(SO)’ a’z(so)) )

az(s0)” a3(s0)

when s = sgp. By Lemma 2.5, this map is

7.(s) = (061*(5)’ az*(3)> ,

ag*(s) ag*(s)

for s in a neighbourhood of sg. Then t~p 1s differentiable at sg and

t,(s0) = W(aﬁ'(so)aé(%) — a1 (s0)@3(s0), a3 (s0)a5(50) — ay(s0) 5 (s0))-

Therefore #,(so) = 0 if and only if &/(s0) x &(s0) = 0; i.e., if and only if
k(s0) =0. 1
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LEMMA 2.7. Suppose that p = a(so). Then t, is an immersion at s # so if and
only if a'(s), a(s) — a(so) are not collinear.

PRrooF: Taking coordinates as in the proof of Lemma 2.6, we have

- (al(s) — ay(s0) aa(s) - ag(so)) .

tp(s) = az(s) — as(s0)’ as(s) — as(so)

Hence we have that .tz,(s) = 0 if and only if &'(s) x (a(s) — a(sg)) =0. 1

ProPosITION 2.8. If «a is a smooth curve satisfying the general position condi-
tions and 7(sg) = 0, then t, is an immersion with normal crossings for p = o(so).

PROOF: Since x(sg) > 0 and there are no cross tangents passing through a(sg)
(see the condition 7 of [N]), ¢, is an immersion.

On the other hand, a self-intersection of ¢, happens when #,(s1) = t,(s2)
for s; # ss. Again the fact that there are no cross tangents passing through
a(so) implies that s1,s2 # so; therefore [(s1) — a(sg)] = [a(s2) — a(s0)], i.e.,
there is a trisecant to « passing through a(so), a(s1), @(s2). By our condition (i)
t, has no triple points. We prove that condition (ii) implies the normal crossing
condition at a double point, that is, that ¢;(s1) and ¢, (s2) are not collinear.

Since a(s1) - a(sp), (s3) — a(so) are collinear, we can choose a coordinate
- which is not zero for both vectors, for instance, as(si) — as(s0) # 0, i = 1,2,
Then taking coordinates as in the proof of Lemma 2.6, ¢, gives the map

3 (011(5) —a1(s0) az2(s) — az(so)) ’

%0 = (o) = asteo)” as(e) — as(oo)

for s # s¢ in a neighbourhood of 51, 52 and hence

ty(si) = L (0q(8i)(es(s:) — a3(s0)) = (e (s:) — a1(s0))(e3(5)),

 (as(si) — a3(s0))?

ay(si)(a(si) — @s(s0)) — (@alsi) — @a(s0))(a(5:))).

Now, if we set

a(s1) — a(so) = (a11,a12, a13),
a(s2) — a(so) = Ma(s1) — a(so)) = XMa11,a12, ¢13),
a'(s1) = (021, as2, a23),
a'(sz) = (as1, asz, a33),
then an easy (but tedious) computation gives

1
a3\

det(i)(s1),1,(s2)) = det(a;;) # 0.



This completes the proof. I

Note that Lemma 2.2 is a direct consequence of Proposition 2.8, since
n(a(so), @) is equal to the number of double points of the immersion with normal
crossings t, : ST — RP2.

Let o : S' — R3 be a smooth space curve which satisfies our general
position conditions as above. We define x, : S* x R — R® by xa(s,t) = a(s) +
ta!(s). We denote by x(a) the tangent developable of a; i.e., x(a) = Xa(S* XR).
Furthermore, we define the smooth map ® : S* x S x R — R? by

B(sq,89,1) = %}—;—;«(sﬁ +t/0 o' (51 + (52 — 81))dr.

Note that, if s; # s2, we have

B(s1, 89,1) = afsy) ‘; afs2) +ta(s:2 : '(:1(31)‘

and that, if s; = s, we have
®(s1,81,t) = afs1) +ta'(s1).

Thus, for a point ¢ € R® — x(«), t, has a double point at s; and s; if and only
if ®(sy1,s2,t) = ¢ for some .

Set B(C S x S') to be the bitangency set of a defined in [NR]. We
know that B is a closed 1-dimensional submanifold of S* x S!. Define Q to be
®(B x R). Furthermore we define T(C R?) to be the union of the trisecants of
a. We see that T is of dimension 2 by our assumption (v). Note that 2 is also

92-dimensional and that the complements R3 —Q and R — T are open and dense
in R3.

The following lemma can be proved by the same argument as in the proof
of Proposition 2.8.

LEMMA 2.9. Forp € R®—(x(a)UQUT) the mapt, : S* — RP? is an immersion
with normal crossings.

LEMMA 2.10. Suppose that p,p' € R® —(x(a)UQUT) and that they are in the
same connected component of R® — x(«). Then the number of double points of
t, has the same parity as that of t,:.

The above lemma is obvious, since ¢, and ¢, : S — RP? are regularly
homotopic and the parity of the number of double points is an invariant of the
regular homotopy class.

Remark. There are exactly four regular homotopy classes of immersions f :
S1 — RP?, which are characterized by:
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1) the Z, class of f in 1 (RP?); ) 3
2) the parity of the number of double points of f, where f is an immersion with

normal crossings that approximates f. Note that, for p € a(S'), t, represents
the nontrivial class of 7 (R P?), while for p ¢ a(S?), the trivial class of m, (RP?).

DEFINITION 2.11. Let C be a connected component of R3 — x(«a). Take a point
p € C —(QUT), which is non-vacuous. We say that C is a blue region (resp.
red region) if the number of double points of ¢, is odd (resp. even). Note that
this does not depend on the choice of the point p by Lemma 2.10. Furthermore,
define B (resp. R) to be the union of all blue (resp. red) regions of R? — x(a).

LemMa 2.12. BNR =08 = 0R = x(a).
For the proof of Lemma 2.12, we need the following lemmas.
- LEMMA 2.13. x(a) — is dense in x(e).

ProoF: Take a point p € x(a) N Q. We have only to show that there exists a
point ¢ € x(a) — Q arbitrarily close to p. We may assume that p is a simple
regular point of x(«). Suppose p € x(a) N Q. Note that p = ®(s, 5;¢) for some
s € S! and t € R3; in other words, p = x(s,?). First suppose that (s,s) € B.
Then's is a torsion-zero point of a.-Since o has only finitely many torsion-zero
points, such a point p should lie in a 1-dimensional subspace of x(c). Thus we
may assume that p = ®(s1,s9;t') for some (s1,$2) € B (s1 # s2) and some
t' € R. It is easily checked that the tangent space of {2 at p is spanned by
{a(s2) — a(s1),@'(si)}, where i =1 or 2. On the other hand, the tangent space
of x() at p is spanned by {&’(s), a"(s)}. Thus, if ®|(B x R) and x, are not
transverse at p, then there exists a plane P tangent to « at si, s, and s which
osculates at a(s). Suppose that s = s;. Then P is a bitangent osculating plane of
«. Since there are only finitely many pairs (¢1,%2) € B ({1 # t2) corresponding
to bitangent osculating planes ([NR]), the point p = ®(s1,s2;t') is in a 1-
dimensional set. Hence, we may assume that s,s; and s are all distinct. This
contradicts to the condition (iii). Thus ®|(B x R) and x, are transverse at p.
Hence the intersection of Q2 and x(«) at p is of 1-dimension. This completes the
proof. |

LEMMA 2.14. x(a) — T is dense in x(«).

ProoF: Take a point p in x(a) NT. We will find a point ¢ € x(a) — T which is
arbitrarily close to p. We may assume that p is a simple regular point of x(a).
Define

©:7TxR—R?

N O(s1, 52, 831) = tw (: 1&/01 o (814 o(sg — sl))da) :

89 — 81
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Note that © is a smooth map of a 2-dimensional manifold (see our condition

(v)) and that ©(T) =T.

Let V be the union of the tangent lines of o at the points where the
osculating plane contains a trisecant. By our condition (iv), it is a finite union
of lines. Thus we may assume that p € x(a) — V.

Now suppose that, for a point (s1, 82, 53;t) € T xR, p = O(s1, s2,53;t) and
that © is not transverse to x(a) at (s1, s2,53;¢). We assume that p = xq(s',t')
(s' € S1,#' # 0). Then we see that the osculating plane of a at «a(s’) contains
a trisecant. This contradicts to the fact that p € V. Hence, © is transverse to
X« at p. Thus the intersection of @(7) and x(«) is of 1-dimension at p. This
completes the proof. |

ProoF oF LEMMA 2.12: Take a simple regular point p € x(a) of the tangent
developable. We have only to show that p € BN R. By Lemmas 2.13 and
2.14, we may assume that p € x(a) — (QUT). Suppose p = a(sg) + roa’(so)
(sg € St,70 € R — {0}). Note that sg is not a torsion-zero point, since p ¢ 2.
By the proof of Proposition 2.8, the map ¢, : S' — RP? is an immersion with
normal crossings off so. If ¢, has a double point at sg, there exists a cross tangent
passing through a(sg). Since there are only finitely many cross tangents (see
[NR]), we may assume that ¢,(so) is not a double point of ¢,, changing p if
necessary.

We may assume that o(sg) = (0,0,0), a'(s0) = (1,0,0), that the (=1, z2)-
plane osculates at a(sg), that (o/(so) X &’’(s0))-(0,0,1) > 0 and that the torsion
of a at sg is positive. Then we have a4(so) > 0 and of’(sg) > 0. Hence, for
some small positive number 8, a(s) € {z; < 0,z3 < 0} for sp —§ < s < 509 and

a(s) € {z1 > 0,23 > 0} for S0 < 8 <so+ g, where we 1dent1fy a neighborhood
of sp in S* with an interval in R.

For simplicity, we assume rg > 0. Take a point ¢ = p+(0,0,¢3) = (70,0, ¢3)
close to p with g3 # 0. Note that ¢, is an immersion with normal crossings, since
q ¢ x(a) UQUT. Furthermore, the number of double points of ¢, is equal to
that of ¢, off a small neighborhood of so. Recall that ¢, has no double points
in a neighborhood of sg. Now we consider the number of double points of £,
in the neighborhood of sg. We will prove that if g3 < 0, then ¢, does not have
any double points in the neighborhood of sq, while if g3 > 0, ¢, has exactly one
double point in the neighborhood of so.

For a small open disk neighborhood D of p with DN(QUT) =@, D — x(«)
has exactly two connected components D, and D_, where D, is the region
which contains a point ¢ with (¢ — p) - @’(s0) > 0 (i.e., g3 > 0).

LEMMA 2.15. If D is sufficiently small, t; has exactly one double point in a
neighborhood of sq if ¢ € D, and it has no double point in the neighborhood
ifqge D_.
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PrOOF: We identify a neighborhood of so € S with (—¢, ¢), 59 being identified
with 0, and we set W = {(s1,82,t) € (—¢,€) x (—¢€,&) X (ro— 6,70 +6) : 51 > 82}
(6 > 0). Recall that the image of W' = {(s1,52,t) : 51 = 52} by ® is precisely
the tangent developable of o. We have only to show that ® maps W injectively
onto D4 for some ¢ and 8. For this, we calculate the differential of ® at u =
(0,0,70). As a basis of T,(S* x S* x R), we take {(0/0s1) + (0/8s3),(8/0s1) —
(0/8s3),(8/0t)}. Note that {(8/0s1) + (8/0s2),(0/0t)} constitutes a basis of
T, W' and that (8/0s1) — (8/8sz) is the direction normal to W' in S* x S' xR
toward W. Then we have

d®,((0/8s1) + (8/0s2)) = %@(s, 5,1)

(s,8,t)=u

o ,
= o(als) +ta'(5))

(s,s,t)=u
= a'(s0) + roc’’ (s0),
0
d@u(a/at) = -67@(51, Sg,t) ( )
81,82,t)=u
1
= (/ o' (s1+ 7(s2 — 51))d7> = o/(s0),
0 ) (81,82,t)=u

.and

d®,((0/8s1) — (8/s2))

0
= —®(s,—s,1)

0s (s,8,t)=u

_ 1

= -?— (M +t/ o (s — 2s7')d7'>

Os 2 0 (s,—s,t)=u

/ PV I 1
_ (“ (s) — &(=3) +tf (1—2T)a"(s—237)df> —o.
2 0 (s,—s,t)=u

Thus the rank of d®, is equal to 2. Note also that d®, (T, (S* x S x R)) =
d(®|W")(T,W') and that ®|W' is a local diffeomorphism around u onto an
open neighborhood of p in x(a). Furthermore, we have

62

—®(s,—s,1)

9s? (s,s8,t)=u

! RV Y 1

= _6_ o(s) — o'(~s) + t/ (1 —27)a"(s — 2s7)dT

Os 2 0 (s,—s,t)=u

" "e__ 1
= (a (s) + o(=s) + t/ (1—27)%a" (s — 2s7)dT
2 0 (3,—s,t)=u

=a"(so) + %)a"'(so).
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Thus, if we take the derivative of second order along (8/0s1) — (8/8s2), it does
not lie on the image of d®,. Hence we can change the system of coordinates of R3
around p in a homeomorphic way so that d(®|W UW'), has rank 3 with respect
to this new C° coordinates. Hence, ® maps W injectively onto D, for some
small W. (In other words, ® has a fold singularity (or X; o-singularity) along
W' in a neighborhood of u, the discriminant set being the tangent developable.
See [Mo].) This completes the proof of Lemma 2.15. 1

Thus we see that p is in the closure of both B and R. This completes the
proof of Lemma 2.12. i

Remark. As a digression, it would be interesting to study the behavior of the
map ®. For a generic curve, is ® stable? What are the singularities and the
critical values? Is it related to the theory of self-translation surfaces [MINR]?

By the above lemma, the decomposition R® — x(a) = B U R coincides
with the decomposition guaranteed by the 2-color theorem ([NS, Lemma 2.1})
applied to the topologically stable map x4 : S x R — R2. (More precisely, we
have to compactify the map as is done in [N] in order to apply the result of [NS]
and then we restrict to S! x R and R3.) Recall that, in [NS], we have made the
convention that the index n(p, x()) of a cross cap point p of x(a) with respect
to the 2-color theorem is defined to be 1 if the outside region of R® — x(«) in
a neighborhood of p is red and 0 if it is blue. Note also that the torsion-zero
points of  coincides exactly to the cross cap points of x() ([N]).

PROPOSITION 2.16. The two definitions of the index of a torsion-zero point p
— the index with respect to the number of trisecants passing through p, n(p, @),
and that with respect to the 2-color theorem, n(p, x(«)) — coincide with each
other modulo 2. :

PROOF: Let p = afsp) (so € S') be a torsion-zero point. Take a point ¢ €
R3 — x(«) close to p. We may assume that ¢ ¢ x(¢) UQUT. Then the map ¢,
and ¢, are immersions with normal crossings. Although ¢, and ¢, are not even
homotopic, yet they have the same number of double points oftf a neighborhood
J of sg. This is because the maps t,|(S* — J) and ¢,|(S* — J) are sufficiently
“close” to each other as immersions into R P? (note that ¢, has no double points
in J). By Lemma 2.10, the parity of the number of double points of ¢, in
the neighborhood of sy depends only on the region to which ¢ belongs; more
precisely it is odd when ¢ is in the “outside region” of the cross-cap point p of
x(a), and it is even when ¢ is in the “inside region”. This is because we can
take an appropriate point ¢ in the “outside region” such that ¢, has exactly one
double point in the neighborhood J of sg. In fact, given a pair of bitangent
points a(s1), a(sz) in J, the segment joining (s1), a(s2) is included in the local
convex hull of the curve, which lies in the “outside region” of the cross-cap
point. Thus, any point ¢ in this segment, ¢, has exactly one double point in J
(for example, see Figure 4 of [C]). Now consider the case where the index n(p, a)
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with respect to trisecants is odd. Then the outside region is the red region and
the inner region is the blue region. Hence the index n(p, x(«)) of p with respect
to the 2-color theorem is equal to 1 and coincides with the index with respect to
trisecants. The other case is similar. Hence the index with respect to the number
of trisecants coincides with the index with respect to the 2-color theorem modulo
2. This completes the proof. I

Now our Theorem 2.4 follows from [NS] (or [Sz]) and Proposition 2.16,
by using the compactification o : S? x R* — RP? of x, as in [N]. Note that
(Xa)«[St x R*] € Hy(RP?;Z,) vanishes, since S* x R* =2 §' x §' is orientable,
where [S! x R*] € Hy(S* x R*;Z,) is the fundamental class.

Remark. Theorem 2.4 implies that the number of pyramids of a generic space
curve is congruent modulo 2 to the number of trisecants passing through the
torsion zero points, where such trisecants are counted with multiplicities which
are defined to be the number of torsion zero points they pass through. We note
that we could add the condition that a trisecant passes through at most one
torsion zero point in the general position conditions from the beginning. This
condition is generic (i.e., even after adding this condition, we have Lemma 2.1),
and then we have that the number of pyramids is congruent modulo 2 to the
number (counted without multiplicities) of trisecants passing through the torsion
zero points: v :

COROLLARY 2.17. Let a : S' — R3 be a smooth curve satisfying the general
position conditions, such that the number of pyramids T'(@) is odd. Then « has
at least two torsion zero points.

A special case of Theorem 2.4 is when the curve « is convex. By using a
result by Sedykh [Se], we can look at the structure of the convex envelope of a
generic curve and deduce that a convex generic curve has no trisecants. Then
we get the following immediate consequence.

COROLLARY 2.18. Let o : S — R3 be a convex curve satisfying our general
position conditions and the general position conditions given in [Se]. Then the
number of pyramids of « Is even.
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