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T-stability analysis of numerical schemes for stochastic differential equations
Yoshihiro SAITO
Shotoku Gakuen Women’s Junior College

1 FU&®IC
KRDOA N5 — EEIR Tio BHESMAHHER (SDE)

{ dX(t) = f(X)dt + g(X)AW(z), t€[o,T],

X(0) = z; (1)

£HXB. ZIT W) L Wiener BEETH B, SDE(1) ICH LT, M %A % —
ANRESHTER (L, 5, 8,9, 11, 12, 14, 15, 16, 20]. ZHHDBEX F— Aid SDE(1) D
fROHIE (sample paths F 721X trajectories) DFEPFIZ ERT 5. &AEIZ% Y, SDE OAE
AIZEETE B B SRR T & 72 (2, 3, 6, 12, 13, 20]. A S ZODRKERDOBES L IRE
L72[17, 18, 19]. — DD 2 RE—2 ¥ MCBTBREMT, MSREML AT [17].
DTERENREEET 5. . P

F (18] TiE, T-REBOMEZTRFEL, Euler-Maruyama A ¥ —ATLA b AT EER
(driving process) & LT 2 BB R U3 EBB LA L7258 I oW TRERDER LT\,
zh %%1#0757&@%%%% PRL-ZPTTH o7z, SEIXHVERT 2 XD Taylor 2 F—
NEMZ, E5105 ARE ATBRL T 5MEbEL 5. 7, Euler-Maruyama A % —
A& 2RD Taylor A¥ — 1 & DHEREFT 179 '

AREOEHRIE, TTF2HTEMEAF —LIZ2WTHRS, RIZIETTRERDOESICD
WO, RN, REEROERLERS (48) . RECE LD LABOBELR
~5 (5 Hi).

il

2 BEXX—L
ZODBAEAF — A RIBAT B, —2id Euler-Maruyama A ¥ — A
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Thb. 22T, hIiZAT vy TR, AW, IE Wiener BIEEDMGTHAH. AW,LIERD L 912

Mo THEITTS.
: o AW, = U,Vh. (3)

2T, USERERTH S, 7, U dEHE Sz 0T 5 28, 3 ARUT5 miEREK

VWL ELH L. TNODMERERISROMERSA T D D.

i) 2 MHEREH

P(U, = +1)=1/2 (4)
i) 3 HMEREK
P(U, = +v3)=1/6, P(U, =0)=2/3 (5)
i) 5 FHERER
P(U, = +V6) =1/30, P(U,==+1)=3/10, P(U,=0)=1/3. (6)

Euler-Maruyama A ¥ — &3, 2 HHERER, 3 HAMEREBR UL SHERERCHWTY
§9\VEBR (Monte Calro Approximation) T1 X TH A Z LICHEELTBL. 7, 3 4HEE
BT ERT 2 K%, 5 ARSEEIETERT 3 KA RS DS £ TE S [10).

RKIZFGAEBRT 2 RD Taylor A F — A

Xn+1 = X.+ f(Xn)h + g(‘Yn)AWn + %[ggl](Xn){(AWn)z —h}
N R)AZ, + L[F 1 + Lf7g2) (R, )R? (7)

+[fg' + 1g"g?|( X ){AW,h — AZ,},
<hb. T, | “ ) 1

AW, =UpVh,  AZy= ShAW, = UK. (8)
U 3 TFREIBIE DR = &, 3 AHEREH (5) % 5 AHEREH (6) #FIV:A S LdTE 5.

3EMEERED D, COZODAF—24 (2), (7) 13HEZFE Y A7 LD Lyapunov exponets
ZRDBHDIfFEDNIS [20, 21].

3 TEREM
s R L CRIBRERRIT 2179 BE, BB T X b jifriit *Ez1-[1. %
NEFBEIZSDE SR LTY, KDL RERH N, pid 27 X MR

dX(t) = AXdt + pXdW(2), t € [0,T] .
{X@=L )
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PEZLH. ZOHEHIX
X(t) = exp{(A = 5t + W (D)} (10)

TH5. SDE WM, S, HHEE () IS 2E/MX() =01, A\-Lpl <0k FXKE
B\ HESR ML ZE 7€ ( stochastically asymptotically stable in the large) , € LTA— %;ﬁ >0
DEEREEICRBIEVFHOLNTWS, LoT, BEICRRIZHEAF —LIHLTID
PE AT e v T 20U REVZ LY. COBMEV TEERTDH 5.

FH 1 HDASERE (driving process) Db & THHEAF — 2% 7 X PR (9) ITER L7
L&, BN BERDT,

| X — 0 (n — o0)
ZW7z T 25, %@lﬂi@?ﬁ%ﬁlﬁi?:iﬁ1lﬁz F—LFTRETHS L. 0

ToEMIE MSEREM &, 7 A R (9) 128 LTHEEN+ £2/2 < 0 24 L &,
Y oT, TH#EMZ LY SDE 0EHBERICHELBMETHH L V) ZEWFTES.

4 BEIXF—L0D TERENEE

2 TR oDFfEAF — 2, Euler-Maruyama A ¥ — A EFFVEBRT 2 XD Taylor
2% — MDWT TREW R ZET 5. BMSHEROBEMEIC B 5 HR% e T &
K, REMEE (stability function) #EH L 217 Hid %z 5%\ [7,18]. ¥, Euler-Maruyama
AF— 5L (2) IZDNT, ZEBEBIITIET 2 0 FEH L X 9. Euler-Maruyam A ¥ — 2
(n+1)A7v 7, 7APFEKX(9) ICEHL-EE

Xnp1 = . (1 + A+ ,UUn\/E)Xn

= H'(1'+ Ah+ ;AU,'\/E)XO

=0

EpFA. 22T, (n+ 1) BHATy TICEHLTEYZ LS &,

X1 = R(hy A, p) Xn (11)

EEERTIEITES., TIT, R p) 2SN REEEE (averaged stability
function) EWER. FHIN-RERERIBER ¥ — 23 @0l L, AJEk {U,}
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ICXoTHEDLLZ LICERT . 72, PHIS-RENEBIIARNTER T2 &8
TE5%.

Elog| X, 41| — log | X,
log |R(h; A, u)] = gl nt'l 0g | Xo|

= Elog|l + A + pU. VA (12)

=[ log [1 + Ak + uyvh|x, dy.
Z T xy THERER U, DMEREEERKTH 5.

UL, Euler-Maruyama A ¥ — A ZDWT, BEBEKBEOER # R T&/205, HWEKT
2RD Taylor AX —ATLFEBETHS. I TRUD TREDERICES) (EF1). &
EA X — 20T ZETHDHZ T EINT-REREB REHVE L, XD LI I2ET
ZEDHIRS.

X, —0 (n — o0) & |R(h; A, p)| < 1. (13)
[EMEBA4R (13) ICBVTC, RICETA5MEMZZT () p) OFE R, ThbD,

R = {(h; A, p); |R(l; A, p)| < 1}

% AR (U} % b OBAEA % — A0 TEE & IT5.
ZRTR, 2B T2 AR S b OBAEA % — A LCRRAL S N 7S R &
SRR R X 5

1. Euler-Maruyama A % — A
1) 2 HHERERK

Rhdm) = (143 uvE)(L 4+ M — u/B)
(14)
= (1+ Ah)? — u2h

a) A=0, u>0.
R*(h;0,p) = 1 — p*h

£oT
2
|R(h;0,p)| <1 0<h<—
7

L7955 T 2 BERZH % b2 Euler-Maruyama A ¥ — AR TEEE R D LM 0 < b <
2/ TH 5.
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b) A#0
k=p?/\ k=X £BL L, PHLENTZLERERE (14) &

R*(h,k) = (1 + h)> — kh (15)

Eed., O TERERE YR 1 ROR 2 12RT.

TTT, A= < 020X < 22 YLD, £5T, A>0DEE, k>0 HD
2< A=kt %B. WRIZ, k>2. T, A<O0DEE, k<0PD2>kERDB. ®Z
2, k<0, L7ZWo T, HIZBWT kDEDOFIFIZE <0 & k>2%2Z2nEInwz &z
%5, T, MOREBRBOKIIOWTLIRLTH S,

i) 3 HHEREK
RS(h; A\, p) = O+Ah+u¢ﬁfoMfU+Ah—p%ﬁ)
| | - (16)
= (14 AR)*{(1 + AR)? — 3u?h}

a)A=0,p>0
‘ R°(R;0,u) =1 —3uh
£oT

2
|R(h;0,p)| <1 & 0<h< 37

L72%%> T 3 HifEERAAE % b D BEuler-Maruyama A ¥ — A1k 0 < h < 2/3u2D & & THRET

5.
b) A #0 |
RO(h, k) = (L+R)'{(1+R)? = 8kR}, k= p?/), h=Ah. (17)

CDTEERBIIH3I RUOTH4ADEH IR 5.

iii) 5 FFERER ‘
5 HMERERDOLGEL, 30 ATy TEZBUNENHS. LoT, FHREREK RIZAD L
IIEEIRES. _

RP(h; A, p) = {(1 4 Ah)? — p? - 6A}{(1 + Ah)? — u2R}°(1 + AR)™® (18)

a) A=0,u>0.
D, FRREREBIIRD L)1k 5

R®(h;0,p) = (1 — 64°h)(1 — p?h)°
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Lo<T, Dk %5 HB% DD Euler-Maruyama A ¥ — AP TREICRAFEMHIZ0<h <
LTTT i T % »
b) A #£0 o
k=u?/), h=Xh B, ZDEE, (18)RFKD L) KERTES.

R®(h,k) = {(1 + k)? — 6kR}{(1 + R)* — kR}°(1 + R)*®
COLEOTRERABIIRS U6 TH 5.

2. FHVERT 2 XD Taylor A ¥ — A,

Ré(hs A p) = {(L+(A— é,uz)h + %)\2]12 + %,uz -3h)% — (14 A)%u? - 3R}
(19)
{1+ ()= %;ﬂ)h + %/\th’}“
a)A=0,u>0.
ZnEE, 19)RUTKRDLI kB,
Re(h;0,p) = (1 — p®h 4 p*h*)(1 — %ﬂ2h)4

X oT, 3HERE LD 2KD Taylor AF — AN TEHETHH7-0121F 0 < h < 3.189/u?
Thh.

b) A#0

SOBE, k=p*A h=A EBLE, 19)REIRDO LI ICEBTES.

RS(h, k)= {1+ - %k)ﬁ + %712 + g'kﬁf — (14 h)*- 3kh}
D U
x{1+ (1= 5k)h+ —2-h }
ZOEED TRERBZRT RO 8 IR,
ii) b MAERER
Euler-Maruyama X ¥ — A &AL, 3 0R Ty 7 TERS. FRHLEBEBIIRD L) I27%5.
RO p)= {01+ - %;ﬁ)h + ~%/\2hz + %/12 -6h)% — (14 Ah)*u? - 6h}

w{(1+ Ah + %A2h2)2 (L4 M) - u2h)? (20)

x{1+(A— %pz)h + %/\2112}10
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a) A=0, u>0.
SO E, REMEK (20) RO L IHIT 5.

'R“Khﬂhu)=(1-4fh-F%§u”fX1-u”ﬂ%l-%uyﬂm

XoT, TREWCRDEMIET0< h<2801/u2t 75,
b) A #0
CDWE, k=p?/), h=X h EBLE, (20) i

R®(h, k) = {(1+(1_-%ym,+%ﬁ2+3kﬁf._u.+ﬁf.6kﬁ}
xu1+ﬁ+%vy_(y+m?km9

1 7 1_2 10
{1+ (1 - Sk)h + 5h?)

EEFTESL., XoT, ZOTREFBOMIZHN RO 01225,

LIk Euler-Maruyama A % — L L §5WER T 2 XD Taylor A ¥ — A IZoWnWT TERERS
ATCTE. T2 LAJREL LT, Euler—Maruyama AF—nizxLTiE24, 38KkU5
SHEREHZHV, FWEKRT 2RO Taylor 2 ¥ — A6 L Tid 3 SR U5 SiRE s B
Wi 9, ATBREOENS LA, BEAF - LAOREHEBREHBELLY. A=0DBE
THEAF—LOREXMEILET 5. D4 Euler-Maruyama A ¥ — A TH 2 X Taylor
Z%—hTh, 28X 34, 3HLD 5 AL Wiener B8 2 T 2 MR BEDELE S
BiicohT, REXMIRE L Z La%»5b. RICA # 0 DIGEHEMREIZTE RIS,
Wiener 1842 Z i35 AJTBBOEPEE TICoN T, BERBIEE - T EHlIz
HHILHDbPD, | |

% 7z, Euler-Maruyama A ¥ — A L FHWEERT 2 KD Taylor AF — A 2§ 5L, kD
IS X o TEFDH D05, LT 2KD Taylor XF — A DOFPFETLERBRIIE L 2oTW5,

5 FEHESEDRHE

Euler-Maruyama A ¥ — A EFHWVEBRT 2 KD Taylor A ¥ — A IZDOWT, TREMDEE
o7z, THOHDEEFEBORKE R AR Y TiE, Euler-Maruyama AF— A1 LTH, 2
RD Taylor A FoAIILT b, Wiener B2 % L3 A AEZRBED A BE I & EHEE
DR R AEANCH B, BhiA B ATTERE D OBEAF - AOREEBEFRRLT A LIS
XY, BUIRGHLERTHES I EITIETHME AL VD, BERA X — ADPIHFNICIIEERLETS.

%
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SR, PRAGBIEAF — A LT, AJIBBRZEX P ORERBORIRE RS,
R THEEMIIATIEFE L LT Wiener METEZ L 21 NELbhw, Zo& xiEE %
500, FHLREWEK (12) DEBITOFETHH. Bakzd o, (12) ROALORERES
YHEBERODLZEDPTERW, LIL, BLAE (0 E) BT HREUEBELFETLZ &
WXoT, REHEBORTRMUEBIERFERTH L. 72, 4B HEIC X 2 REHBOK
& Hernandez % [3] #%4T - 72 Monte-Calro # % IV - ZEHBOK & D LI b BERZEV, &
512, FHOWEROBEAF — 22 NRE LTVEY, BOUEROBEAF — A LTI,
TREWMDER1TH) FETH 5. |

RIS, TAMARRELIRTCA NG —TLPbERTHo72. L L, BEHOHEI A
FTHEDENRT MVARTH S, TOHET A MIBRRORBISEZRR TERT 508K T
HbH., LoT, BEREZIOTA MHERXIH LT, TREHBOKRILIEZ T3,

& XA

[1] T.C. Gard, Introduction to Stochastic Differential Equations, Marcel Dekker, New York,
1988.

[2] D.B. Hernandez and R. Spigler, A-stability of Runge-[\"ufta Methods for systems with
additive noise, BIT, 32(1992), 620-633.

[3] D.B. Hernandez and R. Spigler, Convergence and stability of implicit Runge-Kutta meth-
ods for systems with multiplicative noise, BIT, 33(1993), 654-669.

[4] J.R. Klauder and W.P. Petersen, Numerical integration of multiplicative-noise stochastic
differential equations, SIAM J. Numer. Anal. 22(1985), 1153-1166

[5] P.E. Kloeden and E. Platen, A survey of numerical methods for stochastic differential
equations, J. Stoch. Hydrol. Hydraulics, 3(1989),155-178.

[6] P.E. Kloeden and E. Platen, Higher order implicet strong numerical schemes for stochas-
tic differential equations, J. Statist. Physics, to appear.

[7] J.D.Lambert, Numerical Methods for Ordinary Differential Systems, John Wiley, Chich-
ester, 1991. ’

[8] H. H. Liske and E. Platen, Simulation studies on time discrete diffusion approzimations,
Mathematics and Computers in Simulation, 29(1987), 253-260.

[9] G.N. Mil’shtein, Approzimate integration of stochastic differential equations, Theory
Prob. Appl.,19(1974), 557-562.



23

[10] G. N. Mil’shtein and M. V. Tret’yakov, Numerical solution of differential equations with
colored noise, Journal of Statistical Physics, 77(1994), 691-715.

[11] N.J. Newton, Asymptotically efficient Runge-Kutta methods for a class of Ito and
Stratonovich equations, SIAM J. Appl. Math., 51 (1991), 542-567.

[12] E. Pardoux and D.Talay, Discretization and simulation of stochastic differential equa-
tions, Acta Appl. Math., 3(1985), 23-47.

[13] W.P. Petersen, Numerical simulation of Ito stochastic differential equations on super-
computers, Proc. IMA Conference, 18-24th September 1985.

[14] E. Platen, An approzimation method for a class of Ito processes, Lith. Math. J.,
21(1981), 121-133.

[15] W. Rimelin, Numerical treatment of stochastic differential equations, SIAM J. Numer.
Anal., 19(1982),604-613 '

[16] ZEMEsERL - = Ak, My X OMEREM, Bﬂimﬁﬁﬁijﬂi AiCEE, 2(1992), 1-16

(in Japanese).

[17] Y. Saito and T. Mitsui, Stability analysis of numerical schemes for stochastic differential
equations, to appear.

[18] Y. Saito, and T. Mitsui, T-stability of numerical scheme for stochastic differential equa-
tions, World Scientific Series in Applicable Analysis, vol. 2 ” Contributions in Numerical
Mathematics” (ed. by R.P.Agarwal), WSSIAA, 2(1993), pp. 333-344.

[19] BFMEEDL - =3K, HEMS T RRAOBMER ¥ — 4 OREM, BEEHTFFuAT#IuER,
850(1993), 124-138.

[20] D. Talay, Simulation and numerzcal analyszs of stochastic differential systems, INRIA
Report 1313, 1990.

[21] D. Talay, Approzimation of upper Lya’punbv‘empmzents of bilinear stochastic differential
systems, SIAM J. Numer. Anal., 28(1991), 1141-1164.



B 2: The region of T-stability of Euler-Maruyama scheme with 2-point process
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[ 3: The region of T-stability of Euler-Maruyama scheme with 3-point process

h

X 4: The region of T-stability of Euler-Maruyama scheme with 3-point process
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6: The region of T-stability of Euler-Maruyama scheme with 5-point process
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8: The region of T-stability of 2nd Taylor scheme with 3-point process
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9: The region of T-stability of 2nd Taylor scheme with 5-point process

h
3¢
L4
2.5
0
z| 1

[X] 10: The region of T-stability of 2nd Taylor scheme with 5-point process
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