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Periodic solutions of singular Hamiltonian systems

BIRHERFETHE HPFK (Kazunaga Tanaka)

1. Introduction

KD Hamilton R 2 EIIEOFELELET 5.
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Hy(p(t), q(t)), (HS.1)
—H,(p(t), a(t)), (HS.2)

e
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ZZTp,geRY (N>2) &L, Hamilton B3 H(p,q) : RN xRY - R IZ ¢t 12X 5 %0
C*-HBOBEBET 5.
(p(t),q(t)) »% (HS.1)-(HS.2) % A7z1E

d .

—ZH(p(t),q(t)) = Hy(p,a)P+H,(p,q) 4 = 0

THHH, (p(t),q(t) WH D he R K LT
| H(p(t),q(t)) =h VtER | (HS.3)
ZHIZY. BV ZIT (p(t),q(t) € Sh ZTRTD ¢ I LTALT. 22T
Sw ={(p,q) € R*"; H(p,q) = R}.

UTFTid,heR 252N HE L, (HS.3) & A7-F (HS.1)-(HS.2) OEMHHE,
bbdHAHT >0 LT pt+T)=p(t), qt+T) = q(t) &H7=F (HS.1)-(HS.2) D,
DFEXEE L 72\, T DOREIL prescribed energy problem & IFEIZIL 5.

COMEIIRD & ) HRMFANZMEZR>. S c RN @i L L, Hamilton B
H:RYN 5RrR %

S={H=h} 2D VH(z)#0 VzeS§

B LIICER. DL X (HS.1)-(HS.2) DD % flow £ S #RD. €2 TED flow »°
S P EERFONE ) D, $4 bbb § LD Hamiltonian vector field Xz = JVH 1%
FHELE 2O E» 2 E 2 5. PHEOEFEIIME S 12X Y EF Y Hamilton ¥ H O
CHZEERWHEEE RS> TWS,
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Z D & ) A7 1978 4512 Rabinowitz [R], Weinstein [W] 12 & W 58T LD
WFED G0 b, § % compact % 2RO, HAHVIHMHEHO L 212 § EicdkzE b1
DREEIBLEDAFIE T 5 & EAVR 37z, IR, BFZE2%HT & 11, Viterbo [V] (c.f. [HZ]) 2 &
BRI T?D Weinstein conjecture DFREDREZ R TWA. INHIZE L TIEREDH
PO xRNz,

PR CIIF#EOMEL S 25 non-compact DEEIZEZ THhIZW., 2D LD RREY# 2
LEBEDOBEIIRENTFIIBT 5 24K (B 5\ id n4K) BHIREICB VT, energy h € R % H0fF
WBEDTEEEZ S L 3T 5. B) T TRV, 2-MEDHE H(p,g) = 5 | -1
&7 1) energy HiF S = {H = h} /I non-compact TH 5. TN X 9 % Hamilton B % —
fi%1t L 72 Hamilton % Z Z Tid singular Hamiltonian system & FEU7zvy, DUTFRET Tl

1
H(p,q) =5 [p " +V(q)
DIEDH I 7% singular Hamiltonian system % &\, #DHIC 3 FICB W THIZ—BH %

singular Hamiltonian system {ZX 3 4 ft D5 R % R _7- v,

2. Second order singular Hamiltonian systems
C DEITE, BRI H#E 2 R T\ singular Hamiltonian system & LT “HEE” Db D

1
H(p,q)=51pl +V(9) V(g ~ g7 @>0
©¥ 2 5. Z D44 Hamilton & (HS.1)-(HS.2) &
7 +VV(q) =0, (1.1)
S 137 4V(g) = h, (12)

LMY . BOMEREE V(g) = —s (a > 0), KO Z LA 5.

Lemma 1. (1.1)-(1.2) 2EHE 2 F 0720 OLEFFEBFIETROODTH 5.
(i) a€(0,2) DX % h <0,
(i) a>2 D& E h>0,
(i) a=2 DEE h=0.

Proof. ¢(t) % (1.1) DL L, Z20EH%Z T > 0 &5 5. ¢(t) 1TKD functional D
critical point T 5.
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JEAfE q(t) 1L T I'(q)g=0 &1

T, N
AHQ[T?@ﬁ:&

g(t) 75 (1.2) AT ETHE L -2 =h THEDS

1
lg|>

T 2 —
/0 [2h + Iqla]dt—o

THEY, BT A 72012 (1)-(i) DB 1 OVRUT A EPLETHL I L
Bhirb
ms (i)-(ii) P I H 1 OHFKILT 5 Z L5+ BRETH B T &,

q(t) = (R coswt, Rsinwt,0,---,0)

DIEDMWHED BHEIZ R, w > 0 ¥ EONTEM (i)-(1i) O T TiEE EXLTR itk ybr
5. i

E® Lemma 1 £V, singularity ® order a & JEHBEDFFOI L DT Z % energy level
h OEDEEEET 5 2 2ovbh 5. B

1
gl

Sn=A{(p9); 5 lpl - = h}
DHRS h DEBICEYRECERLI L SERLTHS 2.

FRER (1.1)~(1.2) IKBWT V(q) #° singularity 2% WE X, T4bD
Ve CYRN,R) DL &, ROFHOTT (1.1)~(1.2) 7% &b 1 DFHHERHOZ L%
Hayashi [H], Benci [B], Gluck-Ziller [GZ] /R L T\ 5.

(al) V € C*(RN,R),

(a2) @ = {g € RY; V(q) < b} BHFRER,

(a3) VV(q) #0 Vg€ 0Q.
Z 2T (a2) 13 S % compact THAHI L%, (a3) i § VEAILGMETHSZ & LFMET
5%, V1

£ D Lemma 1 12 k7L, potential V() 2HHD 5 |
X 92 potential well Q WIZ singularity ¥ 2O% &, £
D order a 7% 2 LLED & X — I ORI IR
T&ERW, LPL ac(0,2) DHRIEE)THA )T

RO %
o
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Theorem 2 ([T2]). V(q) iZRZ AT LT 5.
(V1) V € C*(RN\{0},R),
(V2) @={qe RV \{0}; V(q) < R}U{0} REFREE,
(V3) KDEKRT V(q) ~ —I—éll—"' near ¢ = 0; W(q) = V(q) + # LBk

| 1" W(g), 1 g1°™* VW(q), | ¢|*** V*W(q) =0 asq—0.
P EDRECIAT
(i) a € (1,2)if N > 4,
(i) a € (4/3,2)if N =3,
% 56I1E (1.1)-(1.2) 3% < &b 1 DEIM . |

Remarks. (i) potential well O N singularity DMEEIIA RME 7% & (X EHD B HI#E O IAAE
RRDBALY 5. LVEFL I V(g) € C*(RY \{p1,p2,-++,pe}, R), V(g) ~ —D‘_‘%‘I‘;
near g =p; £ L Tha; € (1,2) (N >4), aj € (4/3,2) (N =3) 5FXTD 3 b:’)b\]“CﬁjZ
T 5%, S R ED 1 OFET 5.
(i) $XTD N > 2122V T a € (1,2) R LTHFEERIBONLTHAH L FEIR
A, BIEETTOL I AEMMLZBERICE VMO N TR LD EORERETTH 5.

T h>0,a>2 DEEZHoTFHILE LTIE [P], [ACZ] B LU %D references %¥
HIFoNL. 2T [P DEROENLHEEH T AHI0LED 5,
Theorem 3 (c.f. [P]). N>2 &L, V(q) i&

(i) V(q) € C*(R\{0},R),

(i) V(g) <0 Vg #0,

(iii) V(q) ~ —ﬁ near ¢ = 0. |
CDEE, a>2 % LEEED R >0 LT (1.1)-(1.2) TEPFETFD.

INDDMERIIESRFHEICLVIEH I NS, B 1 OFHAEEOZ=H
E ={ue H'(0,1;R"); u(0) = u(1)}
@ functional
1 1
ﬂ@:/1¢MRh/m_vwmnw
: 0o 2 0
? critical point u(r) T J(u) >0 Z AT H DI LT

L e 1/2
fo%luldr >

t) =u(t/T), T= T

ott) = ult/m) (fo[h—V(um)]df
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EBE g(t) 1T (1.1)-(1.2) 2AT T LEFIHL T, H AHTED minimax % J(u) (SEH
T5ZLICE VERIIATbNA. FEHOFEMICOWTIIERER L [T2], [P] 2A b/, &
7oA B (1.1)-(1.2) & 5\ id (1.1) 1243 % prescribed period problem DAFZEIZD
WL [ACZ] B &L % D references & TETH X 72\,

3. First order singular Hamiltonian systems
AIEI T3 “HHAA” O Hamilton ;2% # 2 72%%, Theorem 2, 3 Tﬂﬁ‘ﬂﬁp@ﬁﬁﬁ‘ﬁpﬁéﬂ
72 non-compact % BHIE S = {(p,q); 3 1P +V(g) =h} 2&H, AHHEDHFLELZIRT
TEDTELELI—MM R 7 T ARAP? L) DIBERRMVTH S ). F72208%E
277 AL symplectic BRI L TARETHLRNETHD

L LBRERFOLBRAETTOLI S “HMRY 2E5F—fILL7:

1
| q |~

DIED b DI U TR EBZICBEL V. T2 Tk [CST] DEREZBA L 72\,

H(p,q)N%IPIﬂ—

Theorem 4 ([CSTD‘ H(p, q) bi%ﬁ a, :8 > 17 a1, G2, *+,011 > 0 O:iﬂ‘bfﬁff&f:j—
ERET 5.

(h0) H(p,q) € C*(RY x(RY \1{0}),R);
(h1) H(p,q) <a1|p|° a2y g VP g #0;
_ 1
(h2) | Hy(p,q) < as | p = +a4m +as Vp,g#0;
(h3) (i) Hy(p,q)p > as Ipllﬁ —a7 Vp,q#0;
(i) Hy(p,q)q > as PIc Vp, ¢ # 0

1 1 '
(h4) a0 (EHP(IMI)P - ;Hq(p, q)q) — a1 < H(p,q) < ar12Hy(p, q)p + a13H,(p, q)q
Vp, g #0;

(h5) FEHEIMBIEL ro(p) € C([0, 0),R) PSHFIEL

ko(p) — 0 as p — 00,

| Hy(p,q) I< so(| ¢ (I p P +1) Vp, ¢ #0;

(h6) § >0 BLUR% A(g) € C(RY \{0},R) "L
| Hy(p,q) IS a1a | pI°7° +A(g)  Vp, g #0.

CDEE a>PF>1 %HLIEEED R >0 13 LT (HS.1)-(HS.3) 4% &b 1 D%
rH o, i
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Eow#iZ Lemma 1 128172 (i) DHEZ—BILLALDDEVZ L. (1) DIEFEE—
At L7zb o & LTid, 558 (FHLEDS singularity 0 (C AL W REE 2 RO 72 — EFERE
L <& [ACZ]) DFFAE% 7~ L7z Ambrosetti and Struwe [AS] & ZH S L7z,
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