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ON THE EXISTENCE OF
THE HARMONIC VARIATIONAL FLOW SUBJECT TO
THE TWO-SIDED CONDITIONS

BEEBAY BTYE  TE - (J. Haga)
BREERAY BTYE %tk (N Kixuck)

ABSTRACT. We shall devote ourselves to a study of constructing the weak solutions to parabolic systems
of the variational flow type associated with the quadratic functional with the initial and boundary data
from a suitable Sobolev space, subject to the two-sided conditions. In order to do this, we shall present
an approach made by extending Rothe’s method which is useful for solving the Cauchy problem and the
initial- boundary-value problems for many sorts of equations.

0. INTRODUCTION

The aim of this paper consists in investigating the existence of the variational flow related to
the quadratic functional with the initial and boundary data from some Sobolev space, obeying the
two-sided conditions.

In this context, M.Struwe [10] has established the global a-priori Holder estimate of the weak
solutions to the equations of the same type as described here, but not necessarily restricted to the
variational structure, and, in the joint work [3] with M. Giaquinta, has weakened the condition on
the parabolic constant to be supposed there. Further, also, improving the condition on the parabolic
constant needed in [3], P.Tolksdorff [11] has achieved the a-priori Holder estimates and, hence, the
existence result. As long as the dimension of the definition domain is limited to two, with the less
restricted condition, what is called the one-sided condition, W.Wieser [12] has demonstrated the
existence of the strong solutions to the equations imposing the variational structure similar to ours
but that he has moreover assumed to place the Lipshitz continuity on the coefficients in the main part
of equations.

All the keys leading to these results are the a-priori Holder estimates up to the boundary. The
authors of the works cited above have essentially used the Holder continuity of the initial and boundary
data. On the other hand, our situation doesn’t allow such estimation at the vicinity of the boundary
in view of the lack of the hypothesis of the Holder continuity of them. Therefore, we have to look for
a way to overcome this difficulty.

For this purpose, we shall present a scheme which adds Rothe’s approximation method to the direct
method in the calculus of variations. To put it more concretely, we shall introduce a family of function-
als whose first variations take form of the difference partial differential equations representing Rothe’s
approximation to the differential equations prescribing the variational flow under consideration.

Apart from the routine treatment, our approach is characteristic in some respects that we shall
resort to the minimality of the functlona.ls and that we shall perform the local estimates for the
solutions in question. See [5], [6] and [7] in this regard.
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These two devices are main tools for our reasoning, and do work effectively. In fact, the first one
permits, despite of merely imposing the measurability on the coefficients standing in the principal
part of the equations, the energy inequality for those solutions as usual known for the heat flow
between two manifolds [1]. The legitimacy of the energy inequality is usually ensured on the basis
of the smoothness of the coefficients. For instance, compare Lemma 2 with [1] and [12]. The second
one enables us to achieve the higher integrability of the gradients of approximate solutions and to
construct weak solutions under the more relaxed initial condition without the Holder continuity than
is involved in [11] and [12], while the requirements on the parabolic constant are both weaker than
ours. This leaves us a suggestion of the possibility of some extension of this paper. For more details,
see Remark 2.1 and the subsequent paragraph.

To make our explanations clear, we shall start by preparing for it. Let Q be a bounded domain
in R™, m > 2, with Lipschitz boundary Q. Wl’p(Q,RM),WOl’p(Q,RM), M > 1, denote the usual
Sobolev spaces. Particularly, we write H(Q,RM) = W12(Q,RM), HL(Q,RM) = W?(Q,RM).

Let T and B be arbitrary assigned positive numbers. In what follows, we use the notations:

@=(0,T)xQ and Sp={ueRM;ul< B}

Throughout this paper, we shall fix uo as a mapping belonging to H!NL> (2, RM™) with ||uo||eo,0 <
v For this ug, we introduce the function spaces:
Hy (Q,RM) ={u € HY(Q,RM);u —uo € H}(Q,RM)},
Hy, (2, RM) ={u € Hy,(Q,RY);||ullw 0 < B},
which are convex and closed in the space H!(Q, RM).

We shall concern ourselves with a study of the existence of the weak solutions to parabolic systems
of the form

(0.1) %‘—:- = Do(A% (z,u) Dgu’) — %Az?(:c,u)Dauijuj in Q

" with the initial and boundary conditions
u=1wu on {0} xQ U (0,T) x 8%,

where Do = 8/0z4 (= 1,2,--- ,m), while A% = 9A°P /9u?.
Here and elsewhere, the summation convention is used.
The coefficients { A%’} are assumed to satisfy the conditions:
(1) A*? = A%F(z,u) : @ x Sp — R is measurable in z € Q and continuously differentiable in u € Sp
with A%% = AP«
(2) There exist positive numbers L, A and a such that
4% (2,u) < L,

(0.2) AP (z,u) €65 > NI,
1, . . )
-2-|Au?($’,u) é‘é'salglz (7’=1!2;M)
for almost every z € Q and every u € Sg, and for all £ = (¢}) € R™M.
We take a positive integer N and put

h=T/N and t,=nh (n=0,1,---,N).



For our investigation, we shall introduce a family of functionals:
1 .
(03) Fn(u): -};/ﬂlu—un—llz d:l?+F(’LL) n H&q,B(Q)RM) (n= 1a2)"'N);

where
F(u):/Ao‘p(z,u)DauiDpuid:c.
Q

The Euler-Lagrange operator of F(u) is the right-hand side of (0.1).

Beginning with the initial data ug, we shall inductively determine u,, as a minimizer of the functional
F, in H 30’ 5(Q,RM) the existence of which is assured by the sequentially lower semi-continuity of
F,, with respect to the weak convergence and the coercivity of F, in H&D (2, RM) and, in addition,
H‘(}.o,B(Q’ RM) being convex and closed in H!(Q, RM).

Henceforce, we shall use the compact expression for A, there being not any confusion likely to arise.

The minimizer u, of F, in H, 10' (%, RM) will satisfy the Euler-Lagrange equations of functional

U
F,:

/ﬂ(;l;(un — up_1)p + A(z, u,) (Duy, Dp) ) dz
(0.4)
= —%LPAu(x,Un)(Dun,Dun) dz (n — ,1)2)"' ,N)

for any ¢ € L® N HE(Q, RM) such that u, + ep € Sp for sufficiently small & > 0.
By an approzimate solution to system (0.1) with the initial and boundary data ug, we will mean an
h-step mapping u,(t) € Hy (2, RM), 0 <t < T, connected by the relations

(05) U(;.)(O) = uo, U(h)(t) =u, for t,1<t<t, (n =12, ’N),

where u, is a minimizer of functional F,, in H} p(f, RM).
In this response, we shall define a Cauchy-Euler polygon

tp—t t—1,_1

Uy (1) = Fr— 1+ ——"un for tp1<t<ty (=12, ,N)

and a mapping shifted backward in ¢
Uy (t) = um(t — h).

This way, identity (0.4), which is of discrete form, is representable in the continuous expression:

du?, :
/L( 8?) em + A(@, um) (Dupy, Do) ) dide
(0.6) ]
= —§/v/c\2 SO(h)Au(Z',U(h)) (DU(h),DU(h)) dtdl'

for any h-step mapping ., generated by ¢, € L® N H}(Q, RM) in the same manner as in (0.5) such
that ug, £ €p,y € Sp for small enough € > 0.
To proceed our scheme, it is required that two-sided conditions

0.7) © A>2B

be placed on the elliptic constant A from (0.2), where a is a positive number from (0.2), while B is
such that ||u|lc o < B.

Throughout this paper, the same letter C' will be used to denote different constants depending on
the same set of arguments, particularly not on h.
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1. MAIN RESULT

We shall give the definition of a weak solution to system (0.2) with the initial and boundary data
Ugp.
By a weak solution u to system (0.1) with the initial and boundary data ug, we will mean a mapping

we L®(0,T, Hl (Q,RM) nH(0,T, L*(Q,RM))

which satisfies

(1.1) // (2% + A(z,u) (Du, Dy)) dtds = —1// 0Au (2, u) (Du, Du) dtdz
for every ¢ € L®(Q,RM) N L2(0, T, H} (Q,RM)),
and

lim u(t) = uo in L3(Q,RM).

t>0

We are now in a position to state the main result.

Theorem. Suppose A > 2aB as in (0.7) and let ug be a mapping belonging to L™ NHYQ,RM) with
the trace uolaq = fio|an for some mapping iy € WhPo (2, RM) with some py > 2. Then, there exists
at least one weak solution to system (0.1) with the initial and boundary data ug. Furthermore, this
solution becomes of class C*(Q;8) for some 0 < o < 1, where é is the parabolic metric:

8(z1, 22) = max{|t; —-'tgll/z, |21 — 22|}, 2z = (ti,25) (1=1,2).

2. PRELIMINARIES

In this section we shall derive some auxiliary lemmata.

Based on the maximum principle for difference equations which is a modification of Lemma 4 in
[8], one can provide the following assertion:

Lemma 1 (Euler-Lagrange equations). Suppose the so-called one-sided condition:
1
(2.1) o —udu(e)(E6) < XER with x> %,

for almost every ¢ € Q and every u € Sp, and for all § € R™M  And let u,, be an approzimate
solution to (0.1) with the initial and boundary data ug, which is generated by minimizers {u,} of {Fy}
in H} (2, RM). Then there is valid the relation

ou*
//Q( “'a_;ﬂ‘/’(h)'*'A(m?”(h)) (Dugy, Dpw,y) ) dtd

1
73 /./ Py Au(E, 1) (Dugy, Duy)) dide
Q

for any h-step mapping @, generated by o, € L® N HY(Q,RM)) in the same fashion as in (0.5).
) 0

Proof. Since
Up — €Ny, = (1 — en)u, € Sp



for every non-negative 7 € C (2, R?), and for all sufficiently small ¢ > 0, it follows that

0 < lim Fﬂ(uﬂ — Enun) - Fn(u") ‘
&0 €
e>0

1
== /Q( ) 7 (U — Up—1) Un + Az, un) (Duy,, Druy,)
+ nA(=, un) (Dun, Dun) + %nunAu(:c,un) (Dun, Du,)) da

1 1 .
<= [[ (g5 (al? = Jwna ) + GAGe, ) (Dln 2, D) + (A= Xl D)

the first and the last inequality arising from the minimality of F,, and assumption (2.1) respectively.
Whereupon,

(2.2) / (n % (vn = vp-1) + A(z,up) (Dv,, D) )dz <0 with v, = |u,,|2,
Q

for any non-negative n € C3°(Q, R!). Inserting into (2.2) as a test function 5
v¥®) = max(v, — k,0), |uol% < k< B,

and taking a summation with respect to n from 1 to I, we find

/ I'ul(k)|2d:c < / ]v(()k)l2 dz=0 ({=1,2,---,N).
Q o
Immediately,

(2.3) [umloo < ftolee < B.

Hence, we get
u, £ep € Sp

for every ¢ € L N HA(Q, R1), and for all small enough ¢. Eventually, we arrive at the relation

d
EFn(un + 650) =0 - 0’

as required.
The following is a consequence of directly working with the functional F,, from (0.3), which is
strictly related to the minimality of the functional.

Lemma 2 (Energy inequality). Let u(,, be an approzimate solution to (0.1) with the initial and
boundary data ug, which is generated by minimizers {u,} of {Fn} in Hy_ p(%, RM). Then there exists
a positive absolute constant C such that

sup /n (s, (&) + [Duty, ()])? d < © /n (Iuol + [ Duol)? dz,

te(0,T)
J5e
ol Ot

and

dtde < C/ | Dug|? de.
Q
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That is, the family of {uf, }r>o is bounded in L*(0,T, H} (2,RM)) n H(0,T, L%(Q,RM)).

Proof. Upon comparing u,_; with a minimizer u, of F, in H&O' 5(Q,RM), we infer

1
/( = — tn-1[? + A(&, un) (D, Dtn)) da < / A(@,un1) (Dtn—1, Dun_,) da,
Q (13

from which
/ A(z,up) (Duy, Du,) dz S/ A(z,upn—y) (Dup—1, Du,_y) dz
Q Q
5/ Az, ug) (Dug, Dug) dz
o)
and
N
_ 2
Zh/ Un h“n—l’ de
n=1 Q
N
< E (A(z,un—1) (Dun—1, Dun—-1) — Az, us) (Dun, Duy)) dz
n=1 Q
< / A(z,uo) (Dug, Dug) dz.
Q
Namely,
sup /|Du:‘h)(t)|2dm SC’/ | Dug|? dz,
te(0,T)Jn Q
and

[
| ot

sup -/n Iu:h)(t)|2 dx <2 sup [‘LUUO'? + [ug,, (t) — uo|?) dz

2
dtdz < C/ | Duo)? de.
Q

Poincare’s inequality yields

t€(0,T) te(0,T)
<C sup f (lol® + [Duguy () * + | D (1)) dz
te(0,T)JQ

<C [ (1wl + Dol da.
Q

Summing up these results, we can draw a desirable conclusion.

Remark 2.1. The coefficients A%’ (z) = A**(z,u(z)) are measurable in z € Q; nevertheless we
have achieved Lemma 2. This assertion can be assured thanks to the minimality of the functionals
(0.3). On the other hand, as to the heat flows between two manifolds M and N, as well known,
analogous estimates (for example, see [1]) can be derived owing to the smoothness of the coefficients,
say, the metric y*?(z) of M in this situation, whose legitimation follows with the aid of the linear
theory [Theorem 9.1, 8] for parabolic differential equations. Furthermore, for our situation, one usually
needs the a-priori Holder estimations for the solutions in question if one wants the a-priori energy
estimates, because [Theorem 9.1, 8] is the estimation affecting on the modulus of the continuity
of A%(z) = A°P(x,u(z)). See [12]. But, such a-priori Holder estimations will break down in a
neighbourhood of the boundary, unless the initial and boundary data possess the Holder continuity,



corresponding to which so will do the a-priori energy estimates. However, our procedure will be
applicable to it without the Holder continuity of it and even also without the smoothness of A% (z, u)
with respect to 2 € Q and u € RM.

In general, one might not perform local estimates of solutions in dealing with difference partial
differential equations. But, we have encountered the need to do so in [5]. And this enables us to
construct weak solutions to system (0.1), assuming the weaker requirement on the initial condition
than is the Holder regularity (refer to [11] and [12]). To attain our object, local estimations done in
[6] are indispensable for our reasoning.

To be explicit, we now recall the result in [5].

Maintain the same conditions as in Theorem. Let iy be a weak solution to Aég = 0 in Q, and
@ty = tio on Q. Then, for any e > 0, there exist positive constants C' and & such that, for every
h > 0, the estimate ’

%% | Duy P dtdz)*/P < C. wMPﬁm+a%¥
Qr(z0)

| Dy, |2 dtdz
Q2r(20) v

Q2r(z0)
+C. | Ditg|P dz)2/P
Q2r(zo)

is fulfilled for any zg = (tn,,20) €Q (no = 1,2,---,N), 0< R< diam Q and 2<p<min{2 + €, p0},
where C., is a positive number approaching infinity as € goes to zero.
In it, we have used the notations

Qr(ze) = Q2N {z € R™; |z — 29| < R},
Qr(z0) = {t € (0,T);tn, — RE <t <ty } x Qr(zo).

The symbol f stands for an averaging of the integration over the domain A.
A

A direct consequence of this is
Lemma 3. Let ug,, be an approzimate solution to (0.1) with the initial and boundary data uq.
Suppose A > 2aB and ug € L® N HY(Q,RM) with the trace uolan = fig|laq for some mapping

ty € WhPo(Q,RM) with some py > 2. Then there exist positive numbers C,eo depending on
a,m, T, B, and py such that

// [Du(,,)|p dtdz < C/ |DiglP dz
Q Q

holds for every h > 0 and for all p € [2,min{2 + £, po}).

Remark 2.2. Except for Lemma 3, our argument remains available for the case of the one-sided
condition.

3. PROOF oF THEOREM

Proof. By virtue of Lemma 2, we can select a subsequence {U(hj)} with a suitable zero sequence
{h;}, and find a limit mapping u € L*(0,T, H} (Q, RM))NH(0,T, L*(Q, RM)) such that

lim ug, , =u weakly” in L®(0,T,H} (2,RM)),

J—roo

lim Ul = U weakly in H(0,T,L%*(Q,RM))

j—oo

(3.1)
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and hence, due to Rellich’s theorem,
(3.2) Jli)ngo uf,,, = u strongly in L*(Q,RM).

By means of Lemma 2, we readily see

//;2 luen) = ugy|” dtdz < .//Q lueny = tny|* dtdz
- Q ot

which, together with the property (3.2), implies

(3.3)

2
dtde < Chzf | Duo|? dz,
Q

(3.4) lim v, =u strongly in L*(Q,RM).

J—ro0

We carry out an estimation of the following identity by dividing it into three parts:
(3.5) / /Q A, ) (D{un,y = w), Dltryy — u)) dbda
=.//Q Az, uen ;) (Dug ), D(vn ) — u)) dide
- //Q A(z,u) (Du, D(ugw,;) — u)) dtdz

+ // (A(z,u) — Az, un,))) (Du, D(ug ) — u)) dtdz
Q
=: I + II; + 1II;.

In light of Lemma 1, we can transform the expression I; into a more convenient form

B Bu;‘hj) 1 4
I =- { 5 (Ui~ u) + 3 (v = @) Au(®, ue) (Dugn 5, Dun,y) }dtd‘”'

We take advantage of Lemma 2 and 3 to deduce
our, 42
sl < (f/ \——(’)—Jl dtdx)1/2(// lugn,y — ul® dtde)'/?
Q ot o
+ C’(//Q |Du(,.j)|P dtdx)2/p(//Q |U(».,~> - ulP/(p—2) dtdx)l_z/l’
<0 [ 1wl [ by -l
“ Q
+ C(/ |Dito P da:)ﬂp(// ey — uf? didz)'=?/?,
e Q

where p is an index from Lemma 3, while we have utilized the a-priori boundedness of u, ;) from (2.3)
in Lemma 1. Thereby, it turns out that

gliglo =0,
because of (3.4). The property (3.1) with (3.3) directly admits
lim II; =0,

o0
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according to the very definition regarding the weak convergence. Via Young’s inequality, we are led
to the inequality

N
(36) 3] < 5 / [ 1D, — 0 dtde + 1,

where

V; = C// | Az, u) — A(.’v,u(,,J.))|2|Du|2 didz.
Q

The first term of the right hand side of (3.6) can be absorbed into the left-hand side of (3.5) on account
of the parabolicity (0.2), while it follows that

lim IV; =0,

]—)OO

in view of (3.4) and Lebesgue’s dominated convergence theorem. Substituting (3.6) into (3.5), we
accomplish the inequality

//Q 1D (ter,y — )2 dtde < C(I;| + |1I;] + IV;).

After thus, summarize these considerations, and this brings us the relation

Jl_l_)rrgo U,y =u in L*(0,T, Hy (2, RM)).
Consequently, letting j tend to infinity in the relation (0.6) in place of A with h; and in place of ¢,
with .
1 n
Pmt) = 7 p(t)dt for t,_1<t<t, (n=1,---,N)

th-1

for ¢ € L®(Q,RM)NL%(0,T, H} (2, RM)), we reach the conclusion that u satisfies the relation (1.1).
It remains for us to verify that there shall be well-defined the initial and boundary conditions. An
inspection of the fact u,;, € H, (2, RM) apparently shows u € H,, (22, R™) through (3.1) and (3.2). -

On the other hand, we have, with aid of Lemma 2,

(3.7) I (5) = By < VI =11 | 1oy S OV =TI Dwslluaey

for any s and ¢ € [0,T]. Letting j tend to infinity in (3.7) with k; in place of A, this inequality will

take the form
[Ju(s) — w(®)l|2(0) < CV/|s — | [|Duol| L2y

for almost all 5,¢ € (0,T), owing to (3.1). As a result, the limit function u is equivalent in @ to a
function that is continuous in all ¢ € [0, 7] in the norm of L(£2), which we call u again. In particular,
one gains

. — . 2
zh—?(l) u(t) =ug in L*(Q),
>0
as desired.
We shall close the paper by remarking that the property u € C*(Q,6) is derived from the observa-

tion
(3.8) lim inf p~ / / |Du)? dtdz = 0
p>0 U(t z)
for any 0 < o < 1, and any (¢, ) not lying on the parabolic boundary of @), where
Qy(t,z)={s€(0,T);t~ PP < s<t—o2p’} x By(x).

There shall be retained the validity of relation (3.8) from the one-sided condition, especially from
the two-sided condition. In this regard, refer to the contributions {3], [4], [10] and [12].
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