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Minimization Algorithms based on Set-Valued Maps
Hr B (Tamaki TANAKA)  SARTRSE BEE (BHAER)*

Abstract. The paper presents a study of semicontinuity of set-valued maps.
First, connections between optimization algorithms and semicontinuity of set-
valued maps are presented with some examples. Next, upper semicontinuity of
set-valued maps is extended to a weaker condition, which has a theoretically
conformable duality to a kind of improved lower semicontinuity of set-valued
maps. The weaker definition is defined in terms of both neighborhoods and
sequences. '

Key words: Upper semicontinuity, lower semicontinuity, set-valued maps, opti-
mizing algorithms, iterative method, global convergence property, stability.
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DEDEALIZE DSV THRDO HNE B DNEL, ZOEADIBEINLL Lo bFEL KT
LTWwh, DT kid, Banach ZHE 7% EOZMHEIEKFEL THBY, Cauchy FIHNCRF|TH
52 EIZENREEINTVS ([6]34 BESHR), 72721, FHEMR LTS K5 oRE{LEE
WAEBRRXRITARZ P VERTHY), ZORELETELENRV,

LZAT, [MASHOEEET] DORT 5 LI,

Bz b BB RER L Z0OEBR E N SFh3@Elas 2 Hoh, HL
CRZOBESIIBTIERSZEHE-TWwWAZ L

ELTERTLOPVEETH 5o L, TOMMALERRFIN D% BTG Z OWENS
ALY BB, ZOT7NVTY XLH [KBRGRME] 2280w (B FE6ETNVTY XL
D—ZFHER) o COWEEERT LRI, BIEROERY H L AHEEBRDEN SN
JMNVeBETRERG LEAPHREN IV, 2%, oFle F(2F) 2HRETHRZ PV
ol BB B YD b NAIV— VRHHE (criterion) BB VIIFEIIE-> TEBRT B ETH 5B,
DD, REMEER F OXERESZONWCREDO+5E&HL 2%,

—%, BRESMRPRERERL EOMREIZBVTHESEEROLERENEE R RE
ZR72LTHBY, a marginal function LI TV B f*(2) := sup,cp, f(z,y) REE
F(CE) = UyEG(a:) {f(may)} T EDBTIZLEEE D,

Z D& ) ZREEEHROEEFMEOBIFR & BB LOFIRITFEICBRLTBY, k1
RREINTE, LA L, REEBINEFOREICE o THRABAKEY (UER), 20
ABELDPRVFH L ZoTn5E, ZOBKRTIE, E6LMEDEHHSLULED L ) BEHIZ
bAOND, UTTIX, FEHOREOWEICEEL /23 0DOEAHRBAZRLEND, £E
EEGOLEGEHEOMRE NI LD LETH S Z L KT S,

2.1 NJMIWEI =7 v I XFEHE

FEBOMRO—DDT T U FELT, NI MUEBRBOI =<y 7 AFELRH S (]9, 11]
EENLOBEXHESR), T, HBLERICBT 22 HNEENEL Y — 2BH0
SMBHPHLERL, —BONRY N IVERECEGRORN T E NS O ER R REET 5
FERI =Y I ARERPBALT B0 DEEEHRTHDDOTH 5,

CHOEBIZBETEHRILIDPLYHEH, bTPLREVERITE, Iovyv 7 Ag8BLE20
BERREZRDL ) ZRETHL TS L Vo THRV, NRIZT 5 HFHZEMIZ (pointed
2) I L o TRBEBENDEEFENGZ b7, (FEALDPERED) H B~ b L2
BTHoT, ZOEMOBFEAIINLT, EDEFICHET2H5EOR/ITEESRUEK
TREDVENENEREINS, ZLT, HIEBRES X XY DOLZ0OXY VBB OHA
DHHEH f BEZ SN, RO5TDDES

minimax f(z,y) & maximin f(z,y)
z€X yeY YEY z€X

DEIE) S OBRE o TV D, &2 TIRENENE I Zwy 7 ABERIT Y 2 A3 =
BELFERZLIZT S, INOLRF—L2DBRFIIBIIAILBENDI =y AL~y 7 A3
SRS T 20 B3 f ASERMERROR (EEA Y L EMAEREROR) 113, —i



12, v 7 AI BRI =y 7 AEL D REQIZE LR, HAFGFRLTHE, h
LOEIF—BT B, SO L FEHEBRRDOI =<y 7 AEB LIRS, X7 b VEBRICHT
LTh, BYEREEDOT TR, BDOI=ZT v 7 AEFIIEINE VL D2POXRS P Vid<Ty
JAIZEBIEEINDE VL OPORI PV EDD (BEINJEFICELT) A3
BELWEWS T ERKIT B,

Y, Z EHRTAREBREL, ¢ 22 Z TEHZ SN/ pointed LT 5, TP
pointed &\ 9 HEIX proper & HIFFIIN,

¢n(=C)={0}

R TEER WY, SOMNE C 12X o T, 2l Z AR T A NERE R RO ZIEH

Z1S022§—_‘—22—-21€C

(HZ, NEFRANZ b VEMONER IG5 MENEZ SN, JEF L i B —FITRIST
BT EPMOENT VD, [9] D357 HExslRE L,) F/z, T2 TIRZDNEE C DHES int C
DBERETEVBDET S, T2, 0= (int C)U{0} 12 C XV bBVIEF 222/ Z 12
523, RIZ, &8 AC Z OBNTERERUBRTEESEEHRT S ADHDE 2 H A
DW/ITT (BB WIIIELR) THAETHHEIL, 20—2€C EWITH 2D 2 DA A D
FIZEELZVREEZWH, 2% 0,

{z€eAlz<cz,2# 2} =10

Y AR
) Aﬂ(ZO—C):{Zo}

DI T HEREE Vo THRWV, HFEES AR LT, 20L& ) RB/NTEAn%E%Mind
EFEFTZEIZTNE, EONE C ILL-oTEFHEFIZTOVT, ZO%EAMind IZ4£4 4
DOHOMDITT, LVEFO/IELRDDHIFELEZVEDET Y EEZ NS, FIZLT,
MaxA # A OMKTREEMEZ LIZTH, T2, N C ORDLY I CO 12T 5 A
DR/NTTRE L BMKRITLEE R Ming A & MaxyA TET,

ST, X LY OEREALTERZRINLARZ MVEBEE f: X xY — Z 12X LT,

minimax f(z,y) := Min (J Maxw f(z,Y)
zeX yeY zeX

maximin f(z,y) := Max |J Minw f(X,y)
yeY zeX yeY

RBENENIZ<y 7 AEE, T 7 AIZREEMEI LTS, 1720,

f2,Y):= U{f(z,9)}

yeY

f(X,y) = U {f(z,9)}

z€X
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4%, TZT,
G(z) := Maxy f(z,Y), H(y) := Miny (X, y)

EBLE, Gt HIZEEEEHBELRY, DIy JAEBLT Y I AI ZEENRD
£k B,

minimax f(z,y) := Min |J G(z), maximin f(z,y):= Max |J H(y)

zeX ye€Y zeX yeY z€X yeyYy

CCTEELRILIE, GX)R HY) PEALUEEROLELHLINTH L, BFE, TV
N7 MEDPEIREENDD, ZOLDIIEX LY 0a vy MERTTEL, GR H 0K
BEEROLERENEREINS, LOBEIE, Zhen byt - THERs£4HETS
LB,

Gi(z) := Max f(z,Y), Hi(y) := Minf(X,y)

DFER, £I)%DEFERLR .

2.2 Ekeland D7 )31 X LA

RIZ, Ekeland OESFFHEEEZ Thb, X ZEMEMEMELT, f: X - RU{+o0}
EHEAMEEE g: X x X - RU{4+00} %X 5%, f DETEREZ

dom f:={z € X | f(z) < +o0}
EERLT, dom f #0 Dk f A% ‘strict’) THAHEWVW), f OLET T TENART ST %
epi f 1= {(,) € X x B | £(z) < }

hyp f:={(z,p) € X X R| f(z) > p}

THRT I LTS,

B/MUBEOBOBFEMRIZH LT, EHROI V37 MRS CTEAREE 5 B35
BHPHFELEZLS TO HHNBEBO THRIERME L L THRETE, o032 2 E2ICBEDLS
T, RD Ekeland DEFFEEIRILT 5, U, EBOSFINERTES 2 L 2R L
TWb, ZOPMMEER 1 1I2BWT, 777 THBELTH LD, FLLIE, 8] ® 10 %%
B+akln,

Ekeland D% 4 E3E(Ekeland’s variational principle) Let (X,d) be a com-
plete metric space, and let f : X — R U {400} be strict, positive, lower semi-
continuous (Ls.c., in short). Then, for o € dom f and € > 0 there exists Z € X
such that |

(Z) —ed(z,z) VzeX,z#z.
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flx)

-g(x,y)+ G f;gf';x)

&I T

% Xd)

I Bkeland OERNRE @ rorsTsmAL &S og(a, )
NT 77 eHELET 2BNRAE

CODFEBEPORDT VT ) AL %EZ B ERHEL, M 2I2BVT, fOF57 %8
VLI —g(z,) DT TEFEL LTS, ZOMORKEE G(f,g;7) THET. 2% D,

G(f,g;z) :==sup{u]| f(y) > —g(z,9) + p,Vy € X} zeX.

&9 %, ‘Ekeland DESFFEE TlE, g=ced(y,2) L LTHBIEDPERTE L, ZO, &
T WXL T, REMHEEH

F(:Eo) = {:D eX I f(a:) = —h(:L' - 330) + G(f, h; -770)} L

FEABHIEPHRE, TIIL, Fel(z) £%% z A (@) < f(zo) — MZ — zo) BHHRT
DT, TVI)IXL o T(z) BHOPLOGZONEHE L ICE > TED SO NLEER
PELYNELBRBBRMEBRIEBT VT AL THBEEL TV, ZOBE, ZOED

MTL«flvk,7»:UXA@rkﬁmmﬁﬁJ%%ﬁ?é#bk,%Aﬁgﬁr@
SR 2 AT L T R S v,

2.3 Marginal Functions

E/ﬁbl ‘DR R EBEE ICENENRRE L Max BENY ST 2, u..#"Lro
, —H%IZ “marginal functions” LIFFENTWVT, ROBE LTWS,
f*(z) = sup f(z,y)

yEF(z)
ZCT, flz,y) B2EEERMEBEYET, F PEAEEGETHY, 2hdoLiEmIc k-
T, f* 0 (EFLET) PEGREIREENLDE) PO EENTEL . (BEDEZD
WRIZL Y, REEEROLEFRHOELVENTS ZNS0H LWERESEIHTE3,)
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¥, AREDOTNITY) AL E2EZTHE), BB f 0GB MV VX, He
IZBWT f OBEMBA/RA L RBHARDT, BMLEZZLBOENLEREL 25,

FEEOTIVAY XL ([4 F4ESR)
Step 1 (#0#i1k) BEU AP R 20 e R* 2BV, k:=0 £B <,

Step 2 (BRAANEE) Y% ERERNHITH HO % BT, FEFAAZ RV 4B =
_HOV f(2®) #EHET B0 (VD) =0 % 5IZEHEERT T 2,)

Step 3 (E#RR) 1 RXTORELHE

i (k) (k)
Itnzlglf(w + td'™)

ERNTAT v TRt =t 23Rk, oD =gk 4 tBg®) L2, k:=k+1 &B
WT Step 2 NR 5,

ZZ T,
FR(2):={yeY |y=a+t(-HWVf(z)),t >0}

EB< L, Step 3 IXHRIBIB f @ a marginal function f*(z) = infy ¢ puoy) f(y) ERDOTW
BILIhB, 0T, MP()i={y e F(z) | f(y) < (@)} LB L, DRBEOT LT
DX A&z MB(z) EEZ BN, ZORBHICRE % ERT 2 LT, £AEEGZ F R
M®) o EREEHHEE &5,

¥/, REBERTRLNABEEICHALTOUTO L) 1ZBFE, MU X9 % amarginal
function f*(z) = infyer() f(y) DO ND,

F(z):={yeY |g(y) <z}

72721, EME% min,cx f(z) subject to g(z) <0 &£ T 5,

- REEFGOFERMEICE, LRERENE - TREREL V) 200BEr 5, Znbii,
LT LHFMETE W THRAIZEZEIN TS, Hogan (1963 %) 2BV Tk, Berge DE
29 5 Lt - TRESM L Hogan B AW ZDRXOTTEREL TV AN - B0
BALRINTWD, —f%IZ, B¥Ektd - TREGlRaEgEos Lo TEHESNTS
Y, —7, Hogan DF% - BB B DTS 7O ZEE 2 S5 BVWTERI L TW
Bo L DEMTITBWT, Lpdhi L BtE, TEph L mEssheEnbl- &5 RS
THh, LPafts s TRtk AU LEEIlZNENINBLEEE LTREREL T,
5, L2L, EBEZRENL OREERCTMEIIEETEIRL, Abr05&82B T LT
ZOEAUEH > TVEONBIRTSH 5,

CZTR, UTo &) 2&Eo LiEfitoBeMoaaife (M3) LLAEERORE
MBSO L N EREOREOPER (K 4) 2SHHT 2, £/, ZM YRR
HZEM & 5 VIZAAHE DR E D equally w-u.s.c. & equally w-l.s.c. DEHEDFZ b5,
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eauallv w-u.s.c. w-closed

\

w-closed. w-closed
<> Close <> equally w-u.s.c.
> W-U.5.C.

U.5.C:
@

X 3: E¥EHFIEOBL RO TR

equally w-u.s.c.

w=U.s.C.
@

INHOFEMLZIFRICOVTIE, [7] R [12] 22FIZT L IV, UT TR, w270+
BN ERE G 2 TR TNHOEFHARIIIIILAEHLITH S, T2, W 3IIBNT,
w-u.s.c. TH>TH (closed) ZESHEERIIFEL 2V, EbIZ, HARETE (closed-value) X
—fk2 > 7%2 b ¥ (uniformly compact) FEDOFHEDO T TId W { D OIEMHESAFEICR Y,
HHAZBERFBOND,

Definition 1. (Berge’s u.s.c.) A set-valued map F is said to be upper semicontinuous at
zg if for any open set U with F(z¢) C U, there exists a neighborhood V' of zy such that
Flz)CUforallzeV.

Definition 2. (Berge’s l.s.c.) A set-valued map F is said to be lower semicontinuous at

us.c.
F(xp)closed
W-U.S.C.
‘ clF(xo) compact

equally w-u.s.c. equally w-u.s.c. dual equally w-Ls.c. | | equally w-Ls.c.

in terms of seqs n terms of nbdsl‘ " |in terms of nbds |~ | in terms of seqs
ciF(xo) compact |} | cLF(xo) compact

Ls.c. - open

B 4: FFEEOBZOIEER
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o if for any open set U with F(zo) N U # 0, there exists a neighborhood V' of zq such that
Fz)NU #Qforallz e V.

Definition 3. (Hogan’s u.s.c.) A set-valued map F is said to be closed at z; if for any
sequence {z,} with z, — zo and {y,} with y, € F(z,), y» — yo for some yy € Y implies
that yo € F(xp).

Definition 4. (Hogan’s l.s.c.) A set-valued map F is said to be open at x if for any
sequence {z,} with x, — z¢ and yo € F(z), there exists a sequence {y,} such that y, €
F(z,) and y, — v.

T2, THEHEN L PERFE TS 5%, Rl & AL 2 11, RS
fE (closed-value) R —#k 2 > /X7 b # (uniformly compact) EDFEHBLETH B, ZI T,
COFEEREHAT L2012, RO L) BREOHIREIT)

Definition 5. (w-u.s.c.) A set-valued map F is said to be weakly upper semicontinuous
at zg if for any open set U with cl F(zo) C U, there exists a neighborhood V of x4 such that
F(z)cUforallz e V.

Definition 6. (equally w-u.s.c.) A set-valued map F : X — 2" is said to be equally
weak upper semicontinuous (equally w-u.s.c. for short) at zg if for any € > 0 there exists a
neighborhood V' of g such that F(z) C By (F(zo),¢) for all z € V, where By (F(z),¢) :=
{yeY | dy (y, F(zo)) < €} :

Definition 7. (equally w-l.s.c.) A set-valued map F : X — 2Y is said to be equally
weak lower semicontinuous (equally w-l.s.c. for short) at zg if for any € > 0 there exists a
neighborhood V' of zy such that F(z¢) C By (F(z),e) forallz € V.

ZH Y PR ZEM & 5 VAR OB AT, equally w-us.c. & equally w-ls.c. D
ERIZENENRICFAETDH 5,

For any open neighborhood G of the origin 6, there exists a neighborhood V of z, such
that F(z) C F(zo)+ G forallz € V.

For any open neighborhood G of the origin 6, there exists a neighborhood V of zy such
that F(xzo) C F(z)+ G forallz € V.

& 51T, equally w-us.c. & equally w-ls.c. DEBRIRD LI IZHFFHNTIEET
&5,

A set-valued map F : X — 2¥ is said to be equally w-u.s.c. at x, if for any nets {z,} with

zx — 2o and {y»} with yx € F(z,), there exists a net (sequence) {2y} such that zy € F(z)
and dy(zx,y») — 0.
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A set-valued map F : X — 2Y is said to be equally w-ls.c. at g if for any nets {z,} with
zy — g and {z,} with z) € F(zo), there exists a net (sequence) {yy} such that y) € F(zx,)
and dy(y», zx) — 0. :

EopEREEDERKIE, Hogan DRMEICHMTSH S Z &b, FRIC, EFR6.LE
# 2O MHHRBFETH B LIREND, T, RAEEGROERNESEDO LN
7R DB BRI 6 DMk B o

¥/, INHLITRTCOLEEEL VTN, B2 DL EETE S,

Definition 8. (w-closed) A set-valued map F is said to be weakly closed at x, if for any
sequence {z,} with z, — z¢ and {y,} with y, € F(z,), y» — yo for some yp € Y implies
that yo € cl F(=y).
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