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Periodic Waves as Exact Imbricate Series of
Rational Growing Modes

BRRFA LT BET B BN (Yosuke Watanabe)
BRAFA T #HET HR &% (Masayoshi Tajiri)

Boussinesq HBERIC T, % DEAFEMECTH 5 rational growing mode fi# %, IEFRHE
*ZELCRLEDEEC L GEHRRER) L), IERBRRKERLEBRT 2 L 5T
%2, %%k, 68T Schrodinger HFRRRIC I =T, % D rational growing mode fF% K9,
ZDIFEWERIC K v, R ARKIE LB L o

§1. Introduction

Bxavy bty HBRHEL, 20 FHELZ, V) Vv ACOEENCHBEL B
(ULF, EABRER PR tcT3)ofme LTtETc e i@}, LALEAfTbhTE AL
LTH 3, &Al, M. Toda (&, Toda BB FHEX & KAV FERCH LT, 2 Efho 7/
AFALERY Y brvoFlick WV FEEZC L EFRLAEY, ¥ KAV FER LT, A.
Korpel and P. P. Banerjee % Fourier £#i0FE#FVWCRAC L 2 RLTw3Y, ©
nig,U(z—cst) D 2ERHHFERXDOY Y P v Lt B, AHF u(z —ct) %, Z
OFEYE h LT,

u(x—ct)= > aU(z —ct—nh), (1)

PRKETIDOTH B . ¢ cC, A OMEEE c @, IERHHEEVERC X Y, Bl
Y v oBEE bt ERE>Tw 3,

¥k, 2+ ) RTCEBATH, REVY FvoRLEDbET, BHFESERTE 2 C 23
HoiTw3, A. A. Zaitsev 1, K-P HERC T, REV Y + v, ZR—FHE (¢ %
ik y M) kBT 3 RLEbERT -, BHY Y F v BER©DAY, B, M. Tajiri and
Y. Murakami &, REV YV + v %,z & yOZER_FRCELELEZC LICE Y, BFY
Y P UBEBR LAY, CoBRE, —EMEPEIBCLARLZDT, BTV Y + R, FE
MRE%L (Weierstrass D pB$l) cEI b, CCTHEE LAV &, REY Y + v 2 ER
BRERL LASE, VY FWEBRERL LA VD) R0BELEEA Y, HEABRER
OF, Thbb, RLELEEDOREY Y rrvoBr, BELAThEALA R, E»
5z eTHb, thid, REY Y + vEIOHERBEEVERC LY, MEEEAEL S DA
Ao, REVY P vOBFIZERL, BEF® Uz, y,t) BEEBELT 22D TH 5, L
L, RE Y + o 2ERLABBKCI >TEBRINEKRTFY Y VB, BLEDEDH
% o K LASE, REV Y FBCRETIOT, REY Y P v 2EABRERE LT
wnr tpbhsd,



201

AWFFE T i, Boussinesq HER & FEFRI Schrodinger FEX zh Fhicd L, F x5
rational growing mode & FEA T\ 2 RREM AR+ EABRER L Z 2 <, AHELER T
5T LREXTHhiko

§2. Boussinesq F#&3{

2-1. Boussinesq 512t DR &
N. Yajima [Z, (RO D Boussinesq HER,
Vit — Vgz — 6(v?), — Vezze =0, (2)

st L, Hirota @ 5% T, growing mode & PRI 3 B % 3K % %%, Boussinesq
BR (2) &, KE HEHoOBICH LT, BAREETH 3, growing mode fRix, FIH DR
20 LIREIICRE U, BIEEEOSBERSEAEL & b, Z20RAEELTW <, BN
BELBTH D, Tk, CORE, c FECBELTREAHNCTH 3,

EIFcik, Bk 5 Boussinesq FBH %, (2) ROFE 2HOFS 2R L %,

Uge + Ugpy — 6(’“2)‘.”: = Uzzzz = 0 ’ (3)

T3, 2T, dLu=v—-1/6 tZMTh, vix 2) XS, Tadbb, 3) XD
fRc—EE1/6 #mihnE, (2 XoFc Azt #EELTEL, o7, B)RLxtL
T%, Yajima DFHI & o, [k growing mode %K% 3 € L #TE 3, % %, (3)
KOBBOHREAREZFARCTH2 L, ETOEBICH LT, REETHEC LBbh b, M.
Tajiri and Y. Murakami (&, (3) Ricxt L <,

2 _ 42

(z2+1t2+3)
& 5%%%%2‘?3@&”0 c @ﬁﬂ, %FEﬁE/‘J1 H%FEﬁE/‘JKEI‘EL) ﬁ>o1 éSlZEVC“IEEUVC“é 5, i
e, X DHRE, BEIREWITH 5 DT, b d C D%, rational growing mode f# & &1+
F7co T~ ik, LLFT, C D rational growing mode D L E&b¥2#EZ 3¢k »>T,

Boussinesq AR (3) 0 FHAFE KT 5,

2-2. Boussinesq F12sX -1 2 FAHIR OB

T 7, ¢ HMEIC AR &R % BT % % ® I, rational growing mode o, ¢ HHEICEF 3
BLEbYE %,

“=" mg‘_:oo [(.z' + iv(t) — mh)® + (z — w(t) — mh)2] , )

LRET B 2T, mABETHY, AL XERTH B v(t) BIRETE t OB
Th B, (5)F% B) RIKKRAT 3 &, BBw(t) i,

v(t) = %log [\/I?cosh(ét +0)+ \/K cosh?(dt + o) — 1] : (6)



LREEN B, TTT,

2
. 1449
K = T (8)

TH B, (6) ~(15) K%, (5) RKRAT 3 &, RD & 5 I growing mode f#,
, VK cosh(ét + a) cosyz — 1
(V'K cosh(dt + o) — cos 7:8)2

BELND, CDfFE, Yajima O FEZHVWTE bR % growing mode fi# & —H L Tw»
3, ¥k, COMRE, & FETERICH B L Bbh 5,

Wic, B ¢ B8 L < B, 22/ « B L </HE L % stationary breather f# % FEAK
+3¢c & %#E% %, rational growing mode @, t FHM BT 3R LEbE %,

i 1 1
: (11)

=- + .
¢ ,.:yfw (¢ +iv(t) — nh)®  (z —iv(t) — nh)?
LRET B0 CCTT, n ZBHTH Y, FH b AMEE (b 2 OBERIR) i & B, v(t) Gk
B %t OFSCTH Y, growing mode fEZ KD 7z & ¥ & FRR A FHE % Bs &, stationary
breather f#, ‘

: (10)

= 2 1= VK cosh 'z cos(§'t + ') (12)
= !
(coshy'z — V' K'cos(é't + o))’

21 '
=% 13
N 1— 4712
I&I_: 1_7,2 s (14)

6 =4"y/1- 7%, (15)
7B b B, stationary breather f# (12) DBFESRBZ, DB 0L AbARVWC L XY,

0<K'<1, (16)

TH5bo

Bl ks~ 7% X 5 I, growing mode fi# & stationary breather f#(X, rational growing mode
B, ENEN, s HELtFEICE LEbE R kK ViELN %, 4%, rational growing
mode %, z A & t HAKARCELAbE 3 LY, chbZHmcEHM nECT
% % intermitted wave mode fR%# ¥ 3 ¢ L #& 2 %, intermitted wave mode fi# (X —E
B % 3 D C & b, rational growing mode @, z & ¢t KB8F 3 B L&Y %, Weierstrass
@P%&%ﬁﬁmf,

u=—a? s~ ! - !
B I_,.;, {(af + iv(t) — (mah + 2min))>  (mah+ 27rz'n)2}

202



203

1

et + w0
' 1 1
* ,;, {(aﬁv— iv(t) — (mah + 2min))? B (mah + 27rz'r_z)2 }

1 .

1 7
=y T° (1)

= —a? [p(a + w(t)|w; = ah/2,ws = mi) + p(af — iv(t)|wy, ws) + C] , (18)

LRET B, CTT, Zm,nlki(m,n)=(0,0)%%(’1‘10)%&%7:%0‘/:1@%!1'6250,
¥k, €=c+0 LBk, RALT v(t) 2RET 3 &,

v(t) = ——— enE en(V3wt + 0, k), k] , (19)
1— €3

™ ~

€1 = P(‘zzl‘;l;w:i) ’ (20)
th, _

€3 = P(lel,wg,) ) (21)

B= 252, (22
1

A= (61 - 63) ('3‘ + 4&20 - 63) 3 (23)

B = (61 - 63)2 , (24)

1— k2

w = kVA =+ B, (25)
1

g2 _tate (26)
€1 — €3

by = b (27)

Ja—k2)/k2+ B2

b, CoLE BEEHKER,
A-B>0, (28)

TH5o

§3. FELRHZ Schrodinger Higst

3-1. Benjamin-Feir Instability & 3E#R% Schrodinger 52X DB R

RO DIEFR Schrodinger HER,
1y + Bug, + 6|u[2u =0, (29)

#Z%2 5%, coLE, HEEIRIZ (29) XD u Kz, t) = upexpli(kr — wt + ¢)] ZHRAF
kD,
w = Bk* — duo” (30)



CHBo %7, BUNEEL (MIEE KoL T 3) T 3, BBREHETL &,
o? = B2k*[2(6/B)ue® — ¥7] | (31)

LRBDT, f5>0DLE, N GEH (0 < K < 20u?/B) IKH LT, REETHBC &
b3 (Benjamin-Feir Instability) o LIFTW@, Fxix, 80 > 0DBHODNWT, EXT
Wz kT B,

3-2. rational growing mode f##

Boussinesq AR OHE ¢ A UE 2 A CRAEBEZBR T 3 20 ic, IR Schrodinger
HEX (29) e LT, x &,

(32)

1+ 2i6uy’t )

_ ST VI _
u = ug expliduo”t + i¢] (1 41 + (20up?/f)x? + 462up*t?

hBRERD . T, FEERI Schrodinger R o rational growing mode f#T» %,

C O, TEX,
ity + gy + 2(|u)° — M?)u =0, (33)

st L, N. N. Akhmediev & 733K % 7 rational soliton-like f# LRI L% LT3 8.9 ra-
tional growing mode fi# (32) DZF# X 1 KR T f## (32) &, LLFD & 5 &, Hirota 0
BCX YV RDBCLHTE B, 2-V Y + /fRDOEE,

u=g/f, (34)

(iD;+ D,%)g-f=0, (35)

DAf-f=|lg*, (36)

g = ugexp(i0) [1 + exp(m + 2i¢;) + exp(ns + 2ids) + asexp(m + 12)] , (37)
f=1+expm +expns + bsexp(n + n2) , (38)
ni= Riz_ﬂjt'i'noj (J‘_" 172) ’ (39)

0=kz—wt, (40)

FEE, Tn;, PASER , L TErh T3, xi, Yy, Pi%,

nt=m, (41)
Py'= P, =iea (42)

&igﬁo {_E.L, *ﬁ@ﬁ;ﬂ\:Tﬁéij—o ¢J%7

e=¢r 7, (43)

204



205

LB, |e| =0 233 L %, &,

1+ 2i6up2
210, ¢ ), (49)

“‘“m”( 1+ (20uc?/ B)(= — 2Bkt)” + 462uq*e?

BB ON5, k=0 &< L, rational growing mode f# (32) 35 bhn %,

3-3. rational growing rmode fRI—& 2 R DERK

rational growing mode % (32) iZ,

e 1
u = ug exp[idug’t +1g]| 1 +
i0uo2t + /1 + (20ue?/B)z? /2

1
: (1 i iug2t — /1 + (2Ju02/ﬁ)x2/2) ' (45)

LERTE B, &ANIC, Boussinesq HFEX OHE & Rk IC, ¢ HHICEAHKcBE ¢t ko
WTHEEL T 3, growing mode f## KT %, (45) XD A b, rational growing mode
D ﬁﬁm%?%;@béb&%,

u = ug expli(ot + ¢)] (1+b;iat+:(m)+n) (1+b§jmt_ytx)+n,) ., (46)

n!

LIGET %0 BL, HERRFIZ

. n=N
Z = lim Z ,

” N-—oco ne—N |

EERELTwS, (46) X% (29) XKcRAT 3 &, 7, o, v(z) 2%
o = Sug?(1 + 726%)%, (47)
a = dup®(1 + 72b?)b, (48)

1 1 2m2ab
v(z) = o, arecos [—\/TW cos (”T T+ C)] , (49)

LREIND, (47) ~ (49) K% (46) Rk A$ 3 &, growing mode f#,

u = u(1+ 726) expliduo®(1 + 7262)°t + ig]
27h wbcosh 2wat + 1 sinh 27wat

14726 cosh2mat — (1/vV'1 4 72b2) cos(y/27%ab/B © + C)

BB b5, growing mode fEDZEEN# B 2 IK;RF, M. J. Ablowitz and B. M. Herbst (3,
B =1, § =2 DHEEI, Hirota’s method @ 2-V Y + v f#5&, 1% & 73 single homoclinic
orbit EFFATWBIBERDT WS 19 25, chid, 4 258K L 7 growing mode f#ic —
T35,

x |1— ., (50)




R (C rational growing mode %, ¢t FHIC & L &b+ T, stationary breather RErERT
%, rational growing mode f#®, t FEIKET 3 R LEbE %,

u = ug expli(at + ¢)] (1 + z‘bZ . )

—~ at +iv(z)+n

8 (1 tib) z'Vl(:c) n n’) ! 51

nl

L{R5E L, growing mode fR#RERR L 7z & % & EEDOFHE % #52s &, stationary breather f##,

u = up(1 — 7°6%) expliduo®(1 — 2%’ + ig]
2mh mbcos 2mat — ¢ sin 2wat

1—m20% cos2mat — (1/v/1— 7262) cosh(\[—2ﬂ'20‘b/ﬁ z +C)

3K % %, stationary breather fEOZEEI %X 3 IK/R TS

LA E, rational growing mode % ZEAMMER & LT, growing mode fi# + stationary
breather f# % B L 72 2%, S ¥ic, B X W% growing mode f# 0, & L& H& DM
PR AT 2 L 2ELTHB, Thbb, growing mode f# (50),

x 1+ , (52)

u = ug expli(at + ¢)](1 + 2; 1 )

it+v(z)/a+n/a

8 (1 + %Z it — V(:c)}a + n’/a) ’ (53)

nl

CEHNT (0, a, v(z) 2R ZH (47), (48), (49) XTHEx DI T 3), RLEDE DOAH
njak, WRAKICTZ L2175, OB, bja #HBR (=c) KRDX 5K, 0, b0 &
T3, COMWREECLY,

u = upexpli(duc’t + 9)] <1+cm) <1+cm> (5

W(e)= oyfet+ %sz g} (55)

2HY (C=0¢L7k), (54), (55) KT c = 1/6us® & < & rational growing mode f# (32)
L 7% %o stationary breather fi# %, FlEE D REFEHEVEIC X b, rational growing mode fi# i /7
BTbClBRINE, CDXS A, MR &EHOEES L D, rational growing mode
7%, growing mode f# & stationary breather RO EABRER L h>Tn3 L Bbd 3o

4. FLWHESEDRE
Boussinesq 5 #3IC ¥ \»C, rational growing mode O & L &b & T, growing mode

fi#, stationary breather fi#, ¥ X U, intermitted wave mode fE%Z MR L %co ¥ IR
Schrodinger HEERIC 8= T, rational growing mode fi# % ¥ ¥ 3K, Boussinesq HFEK

206



207

D& A L [FERIC, rational growing mode @ & L& b T, growing mode f# & stationary
breather f# % 8K L 7. #iC, growing mode fC, BR L EbEOFELEBERCT 2 C &
iIC X oT, rational growing mode fFIC/EET 5 C & d/RL7%o TD X 51K LT, rational
growing mode 73, ZFRCTHL LT 2 & 5 A BHBC BT, XN AERCTH B3 L 2RL
T&7%o SEOMECET 2, SBOBEL LR, LV DLATROSAHAFBEITON B,

¥ 98— & LT, Boussinesq R, & JEFT Schrodinger HEERIC #» T, rational
growing mode DB L &b ¥ X > T, b2 BRT 2L w5 C &TH 3, Bk,
% ¥, IERRIE Schrodinger 5 IC 1 5 intermitted wave mode % ¥ERK 3 2 ¢ & 23251
bhd, COMBRBELTH, Fxnk, BB, »2 vk, BB >cEF T LT
25, bS5 TEEZb-TEY, BENAREEL TS, LA L, ZEMET 2 E8E.
¥RTDTREL, BEABRBBETH 5, F &, Boussinesq HFERIC 1T, breather f# &
I Mo T3y, BoEB 4 E L AN 23 &, c DRI LT rational
growing mode DR L &b 4 %E X % T & &, BRKE-HETH 3,

E_rd, AR TR ET 2 =200 FBRALND Y J P v HBRCEH T, BAREE
5 % 3L, rational growing mode RO FESE & DR OWTHTERBZ L TH
%, rational growing mode AFEET 3 FERX K >k, 20 LE&bH K L > CHEE
FBR T LEELI TR E L,

BZAE, B o NAMERICD T, 2 Fourier R OMREIREZZR L, BB LE
BRSO %+3ceTHh3B,

DE=R%, SBROFEL LT, L2 ED T E L\,

SH 3k

1) M. Toda : Phys. Rep. 18 (1975) 1.

2) A. Korpel and P. P. Banerjee : Phys. Lett. A82 (1981) 113.

3) J. P. Boyd : Adv. Appl. Mech. 27 (1990) 1.

4) A. A. Zaitsev : Sov. Phys. Dokl. 28 (1983) 720.

5) M. Tajiri and Y. Murakami : J. Math. Phys. 34 (1993) 2400.

6) N. Yajima : Prog. Theor. Phys. 69 (1983) 678.

7) M. Tajiri and Y. Murakami : J. Phys. Soc. Jpn. 60 (1991) 2791.

8) N. N. Akhmediev, V. M. Eleonskii and N. E. Kulagin in: Inter-University Proc.,
Methods of the Qualitative Theory of Differential Equations, Gor’kii State Univer-
sity (1985) [in Russian].

9) V. M. Eleonskii, I. M. Krichever and N. E. Kulagin : Sov. Phys. Dokl. 31 (1986)
226.

10) M. J. Ablowitz and B. M. Herbst : SIAM J. Appl. Math. 50 (1990)
339.
11) M. Tajiri and Y. Murakami : J. Phys. Soc. Jpn. 58 (1989) 3585.



208

T
10 -
X1 JE&RIE Schrodinger HHE o rational growing mode f#
U]
7 -
i
6| ‘\\\\
5 “‘i“‘\\\\\\\\ N
4r *"33:‘333\\\\\\&\\\\\0‘1
3 &
2
1
0
47

10 47

K2 3JEERIE Schrodinger R D growing mode f#



209

15

X3 IJE&RIE Schrodinger HER o stationary breather i



