goooboooobgon

9550 1996 0 75-79 75

The number of compact leaves of a one-dimensional foliation
on the 2n — 1 dimensional sphere $?*! associated with a
holomorphic vector field.

" Toshikazu Ito

Introduction

Let Z = Y., fi(2)8/8z be a holomorphic vector field in some neighborhood
of the 2n-dimensional closed disk D**(1) = {z € C"| || z||< 1} in C™. We denote

by F(Z) the foliation defined by the solutions of Z. In this paper we will prove the
following . '

_ THEOREM A. If the 2n—1 dimensional sphere S?*~1(1), which is the boundary
dD?*(1) of D?*(1), is transverse to F(Z) then the number of the compact leaves of
the foliation F(Z)|gan-1(1) i5 1,2,...,n or oo.

In [5], A. Douédy and the author proved the following Poincaré-Bendixson type
theorem for a holomorphic vector field.

THEOREM 0.1 (A. Douady and T. Ito). IfS2"~1(1) is transverse to F(Z), then
each leaf L of F(Z) which crosses S?*~1(1) tends to the unique singular point P
of Z in D?*(1). Furthermore, since we can move P to the origin O of C™ by the
Mbobius transformation, we see that the sphere S** " (r)={z2€ C"| ||z ||=1r} is
transverse to F(Z) for any real number r, 0 <r < 1.

In the case n = 2 we used Theorem 0.1 as well as the existence theorem of
separatrix proved by C. Camacho and P. Sad ([3]) to obtain an affirmative answer
to a special case of the Seifert conjecture:

COROLLARY 0.2 ([5]). Under the hypothesis of Theorem 0.1, the foliation F(Z)|ss(y)
on S3(1) has at least one compact leaf.

We use Theorem 0.1 to prove the following

THEOREM B. Under the hypothesis of Theorem 0.1, the set of the eigenvalues
{A1,..-, A} of the n x n matriz (?(0)) belongs to the Poincaré domain.
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The proof of Theorem A follows from Theorem 0.1, Theorem B and the Poincaré-
Dulac theorem ([6], [4]. See §3).
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1. Examples
To shed some light on Theorem A, we give some examples in this section.

EXAMPLE 1.1. Let A\; and )y be non-zero complex numbers. Assume that
A1/)z2 is not a negative real number. Consider Z = A;210/02; + A2220/0z3 on
C2. For any positive real number r, the 3-dimensional sphere S3(r) is transverse
to F(Z). The solution set L, of Z with the initial condition w = (wy,ws) is
{ (21, 22) = (w1eMT,wze*?T) € C?|T € C}. In particular, if w; is different from
zero we may write :

(1)  zg = woet2/Mlog(z1/w1)

Case (i). If A\2/A;1 = ¢/p is a positive rational number every leaf of F(Z)|gs3(y) is
compact. This is a Seifert fibration over S3(1). In the case where A2/); is equal

to 1, F(Z)|s3(1) is a Hopf fibration. In this case we have infinitely many compact
leaves ,

Case (ii). If Az/); is either posxtlve irrational or non-real, then { (zl,O) € C?|z| =
1} and {(0,22) € C?||23] = 1} are compact leaves of F(Z)|s3(1)- The equation
(1.1) implies that the set L,,N.S3(1) is not a compact leaf when every w; is different
from zero. In this case F(Z)|sa(1) has exactly two compact leaves. - ‘

EXAMPLE 1.2. Let A and € be two non-zero complex n{xmbers. Considef Z =
X210/8z; + (Azz + €21)0/02z2. The solution set Ly, is {(z1,22) = (w1e*T, (w2 +
ew T)e*T)| T € C}. If wy is different from zero we may write - ' R

2 (e S () )

If r > 0 is small S3(r) is transverse to F(Z). If r > 0 is large, on the other hand,
S3(r) is not transverse to F(Z). In the case where S3(r) is transverse to F(Z), the
set {(0,22) € C?||zz| = r} is a compact leaf of F(Z). The equation (1.2) implies
that the leaf L,,NS3(r) is not compact if w; is different from zero. Thus F(Z)|gs ()
has exactly one compact leaf.

EXAMPLE 1.3. Let X and a be two non-zero complex numbers. Let k be an in-

teger bigger than two. Consider Z = A2,8/02; + (kAzz + az¥) 8/8z;. The solution
set Ly of Z is

= wleAT and

21
T

23 = | wy + / awkek,\T e~ FAT g7 | eFAT
0

= (wy + awXT)eFT.

If w, is different from zero we may write

(1.3) 29 = (wz + ﬂ;\)—ilog(zl/wl)) (%)k
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For a small r > 0, $3(r) is transverse to F(Z) and the set { (0, 22) € C?||2| =1}
is a compact leaf of F(Z)|g3(,). We see from the equation (1.3) that L,, N S3(r)
fails to be compact if wy # 0. Thus F(Z)|ss(-) has one and only one compact leaf.

We mention that we investigated in ([5]) a global property of contact sets
between spheres and F(Z).

2. The non-existence of transversal maps

Let p; (1 < ¢ < n) be non-zero complex numbers. Assume that the set
{1t1,...,un} belongs to the Siegel domain. Consider a linear vector field Z =
Z?___,l piz;0/9z; on C™. To prove Theorem B we need a non-existence theorem of
a transversal map f of a manifold to the foliation F(Z).

THEOREM 2.1. Let p and pa be non-zero complez numbers Consider Z =
p1210/0z1 + p2298/8z; on C?, Let M be a closed connected C’°°-mamfold of di-
mension either two or three. If p Jug is a negative real number, then there exists
no C®-map ¢ of M to C? such that (M) is transverse to F(Z).

. PROOF. Suppose that there exists a C*-map ¢ of M to C? such that p(M)
is transverse to F (Z). We may select a negative rational number —p/q sufficiently
close to p1/p2 such that (M) is transverse to F(Z’), where Z' is the linear vector
field defined by Z’ = p210/0z; — qzza/ 0zy. The solution L of Z' with the 1mt1al
point w = (wl,wz) is 2020 = wiwk. Set F(z1,23) = z728. Then the map & =

[Foy|: M % ct L5 ¢ Y, R attains a maximal value ®(P) at some point

P € M. At the point o(P), @(M) is not transverse to F (Z’), but this contradicts
our transversality assumption, . ‘ S .

THEOREM 2.2. Consider a linear vector field Z = Y o, piz:i0/92; on 'C",
n > 3, where the p;’s are non-zero complex numbers and the p;/p;’s, i # j, are
imaginary. Let M be a 2n—2 or 2n—1-dimensional closed connected C*®-manifold.
If the set {p1,..:,1in} belongs to the Siegel domain, then there is no C*-map ¢ of
M to C™ such that p(M) is transverse to F(Z).

PRrOOF. Let Y ={ze C" Y mizZ = 0} be the contact set between the
spheres 5?"~1(r) and F(Z). Then the set T is a cone and ¥ — {0} is a submanifold
of dimension 2n — 2. C. Camacho, N. H. Kuiper and J. Palis proved the following

Fact ([2]). If we take a point w € ¥ — {0}, the distance between L., and the
origin 0 of C™ attains a unique minimum at w and L, N ¥ = {w}. Further the
set W = {2 € C"|0 ¢ L,} of leaves which do not tend to 0 is diffeomorphic to

(£ — {0}) x C. The projection map «# : W — ¥ — {0} indicates that each leaf
Lcw corresponds to the point LN X.

Assume that there exists a C°°-map ¢ of M to C™ such that ¢ (M) is transverse
to F(Z). The transversality condition implies that the restricted map Tlwnp(M)
WnNe(M) — £ —{0} is a submersion. Since 7(W Ny(M)) is open closed connected

in £ - {0}, (W N ¢(M)) is equal to & — {0}. This contradlcts the fact that
7(W N p(M)) is bounded. ‘ ‘ O

We will conclude this section ‘by proving Theorem B.

PROOF OF THEOREM B. We calculated in 5] that the index of Z at the origin
is one. Hence every eigenvalue of the matrix (8f;/92;(0)) is different from zero.

7



It follows from Theorem 0.1 that for small enough r; > 0 the linear part Z 1) =
> (37=10£:/82(0)2;)0/02; of Z is transverse to S?"=1(r). Suppose that the
set {\1,...,An} does not belong to the Poincaré domain. We may choose an n xn
matrix A = (a;;) close enough to (9fi/92;(0)) that the set of the eigenvalues of
A satisfies the conditions of Theorem 2.1 or Theorem 2.2. The sphere S**~1(r;)
is transverse to F(Z(1)), where Z()) is the linear vector field defined by Z() =
Yo (X7—1 @ij2j)0/02. This is a contradiction to Theorem 2.1 or Theorem 2.2.

O
3. Proof of Theorem A

We recall first a theorem due to H. Poincaré ([6]) and H. Dulac ([4]), which
we shall call the Poincaré-Dulac linearization and polynomialization at an isolated
singular point of a holomorphic vector field.

Let Z =Y, fi(2)0/0z; be a holomorphic vector field defined on some neigh-

borhood of the origin 0 of C™. Assume that the origin is an isolated singular point
of Z.

THEOREM 3.1 (H. Poincaré and H. Dulac). If the set of eigenvalues of the ma-
triz (8f:/0z;(0)) belongs to the Poincaré domain, then there exists a biholomorphic
map ® of some neighborhood of 0 to another neighborhood of 0 in C*, &(z) = w,
®(0) = 0, such that ®.Z2 =W with

n
W = \w10/0w; + Z(Aiwi + bjw;—1 + Pi(wy, ..., wi—1))0/0w;,

i=2 ,

where the b;’s are either 0 or 1 defined by the Jordan block of (8f;/02;(0)) and the
Pi(wy,...,wi—1)’s are polynomials defined as follows:

Let mg = (my(1),...,mi(i — 1)) be an (i — 1)-tuples of non-negative integers such
that Z;;ll mi(k) > 2 anfl Ai = Z;;ll m;i(k) k. Define P; by Pi(wy,...,wi-1) =
2o, amiw’l"‘(’) ... ,wi”:‘l("l). Here the am, are complez numbers.

We note for example in the case where n = 2 the W is one of the following:
1. W= Alwla/awl + )\21.026/611)2.
2. W = w;8/0w; + (Awy + w1)0/0w,.
3. W = dw;0/0w; + (kAws + awk)8/0w,.
We are now ready to prove Theorem A.

PRrROOF OF THEOREM A. We may assume, using the Mdbius transformation,
that the unique singular point is the origin 0 of C™. By the grace of Theorem B and
Theorem 3.1 we may select a sufficiently small number ro > 0 so that F(Z)|p2n ()
is biholomorphic to F(W)|g(p2n(re))- Then F(Z)|szn-1(ro) has 1, 2,..., n or infin-
itely many compact leaves. By Theorem 0.1 F(Z)|g2n-1(;,) is C¥-diffeomorphic to
F(Z)|g2m-1(1y- This completes the proof of Theorem A. O

REMARK. M. Brunella and P. Sad ([1]) proved the following theorem. Define
a linear hyperbolic foliation £y in C? by zdy + Aydz =0, A€ C - R.

THEOREM (M. Brunella and P. Sad). Let Q@ C C? be a generalized bidisc and
let F be a holomorphic foliation defined in o neighborhood of S and transverse to 9.
Then there ezists a locally injective holomorphic map ¢ which sends a neighborhood
of Q to a neighborhood of 0 in C? and such that F = ¢*(Ly) for some A € C\R.
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Furthermore ¢ 1is injective as a map between spaces of leaves, i.e. for every leaf
L € Ly the preimage ¢~ (¢(Q) N L) is exactly one leaf of Flg.

1.
2.

-3.
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