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$0$ . Introduction. $\mathrm{A}\mathrm{c}\mathrm{c}\mathrm{o}\mathrm{l}\backslash \mathrm{d}\mathrm{i}\mathrm{l}\perp \mathrm{g}$ to M. Yoshida at $\mathrm{I}\backslash ^{r}\mathrm{y}\mathrm{u}\mathrm{S}\mathrm{h}\mathrm{u}$ University,

hypergeometric functions (see [KF] for $\mathrm{e}\mathrm{x}\mathrm{a}\ln_{\mathrm{P}^{1)}}\mathrm{e}\mathrm{d}\mathrm{l}\cdot \mathrm{e}$ very famous but

not so fanlilial\. $\mathrm{T}\mathrm{h}\mathrm{e}1^{\cdot}\mathrm{e}\mathrm{f}\mathrm{o}1^{\backslash }\mathrm{e}$ we begin $\mathrm{w}\mathrm{i}\mathrm{t}1_{1}$ some elelnentary facts. It is
defined by Gauss’s hypergeometric series

$F( \alpha, \beta, \gamma;x)=n\sum^{\infty}=0\frac{(\alpha,n)}{(\gamma,7?)}\frac{(\beta,n)}{(1,n)}xn$ ,

where $( \alpha, n)=\alpha(\alpha+1)\cdots(\alpha+n-1)=\frac{\mathrm{F}(\alpha+n)}{\Gamma(\alpha)}$ . It has an integral

representation and satisfies Euler’s differential equation

(0.1) $x(1-X)Fi//+[\gamma-(\alpha+\beta+1)x]F/-\alpha\beta F=0$ .

The solutions of (0.1) $\mathrm{a}1^{\backslash }\mathrm{e}$ locally $1_{1\mathrm{O}}1\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{c}$ on the Riemann sphere
punctured at three legular singularities $0,1.\infty \text{ノ}$

’ and $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{O}\mathrm{S}\mathrm{e}$ of the de-
terlnining equation at $\mathrm{e}\mathrm{a}\mathrm{c}1_{1}$ point are

$0,1-\gamma(x=0)\rangle.0,$ $\gamma-\alpha-\beta(x=1);\alpha,$ $\beta(x=\infty)$ .

In 1880, Appel [A] generalized it to two variables and $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}_{11\mathrm{e}}\mathrm{d}$

four series

$\Gamma_{1}^{\mathrm{i}}(\alpha,$ $/\mathit{3},$ $\beta’,$ $\wedge(;X, y)=\sum\sum^{\infty}\frac{(\alpha,rtl+7\mathrm{t})}{(\gamma,m+n)}m=\infty 0n=0\frac{(\beta,m)(\beta’,n)}{(1,77\tau)(1,n)}xymn$ ,

$F_{2}(\alpha\beta\rangle’\beta^{\prime/}, \gamma, \gamma).x,$ $y)= \sum_{1\prime \mathrm{t}=0n}^{1\infty}\sum^{\infty}\frac{(\alpha,\uparrow n+n)}{(\gamma,m)(\gamma’)n)}=0\frac{(\beta,m)(\beta’,n)}{(1,m)(1,\uparrow 7)}x^{m_{1}}/^{n}$ ,
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$F_{3}(\alpha, \alpha’, \beta, \beta/, \gamma).X,$ $y)=$ $\sum_{-,n\iota-^{0}}^{\infty}\sum_{n=0}^{\infty}\frac{(\alpha,m)(\alpha’,n)}{(\gamma))7n+\uparrow l}\frac{(\beta,m)(\beta’,n)}{(1,m)(1,n)}X\Gamma\}\mathrm{t}y^{n}$,

$F_{4}(\alpha, \beta)\gamma,$ $\gamma^{J};x,$ $y)=n \iota=0\sum\sum_{n}^{\infty}\infty=0\frac{(\alpha,m+n)}{(\gamma,m)(\gamma’,7\mathrm{t})}\frac{(\beta,m+n)}{(1,m)(1,n)}x^{mn}y$ ,

Each of them satisfies a Pfaffian equation and has also integral repre-
sentations.

In 1893, G. Lauricella [L], generalizing thenu to $n$ variables, de-
fined also four series $F_{A},$ $\Gamma_{B,C,D}^{\prec\Gamma}\{F$ . The nlost interesting one among
thenl is

$F_{D}(\alpha, \beta_{1}, \cdots, \beta n’\gamma;x1, X_{2}, \cdots, xn)$

$= \sum_{m_{1}=0}^{\infty}\cdots\sum_{m_{?\iota}=0}^{\propto)}\frac{(\alpha,m_{1}+\cdots+m_{n})}{(\gamma,\uparrow n_{1}+\cdots+m)n}\frac{(\beta_{1},\uparrow n1)\cdots(\beta_{n},\uparrow\tau ln)}{(17n_{\mathrm{J}}))\cdots(1,?n_{n})}Xm_{2\ldots x}m_{1},$ .

It coincides with $F_{1}(\alpha, \beta 1_{\text{ノ}}./j_{2,\gamma;}X_{1,2}x)$ if $n=^{\underline{\mathrm{Q}}}$ a,nd with $F(\alpha, \beta, \gamma;x)$

if $n=1$ , and satisfies the Pfaffian differential equation,

$(\{$

0.2)

$x_{i}(x_{i}-1) \partial^{2}\mathrm{i}\Gamma’+[x_{i}(x_{i}-1)1\leq\sum_{\alpha\leq n,\alpha\neq i}\frac{1-\lambda_{\alpha}}{x_{i}-x_{a}}+\lambda_{0i}-1+(2-\lambda_{0}i-\lambda in+1)x_{i]}\partial_{i}F$

$+( \lambda_{i}-1)\sum_{<1a\leq n\mathrm{Q}\neq i},\frac{x_{\alpha_{\backslash }^{(}}x_{\alpha}-1)}{x_{i}-x_{\alpha}}\partial_{\alpha}F+\lambda_{\infty}(1-\lambda i)F=0$

$(x_{i}-Xj)\partial_{ij}\partial,$ $F+(\lambda_{j}-])\partial_{i}F-\overline{(}\lambda i-1)\partial_{j}F=0$ $(i\neq j)$

where $\lambda_{0}=1-\gamma+\sum_{i=1}^{n}\beta i,$ $\lambda_{i}=1-\beta_{i}(1\leq i\leq n),$ $\lambda_{n+1}=\gamma-\alpha$ ,

$\lambda_{\infty}=\alpha,$ $\lambda_{ij}=\lambda_{i}\dashv-\lambda_{j}-1$ and $\partial_{i}=\frac{\partial}{\partial x_{i}}$ .

In 1857, Riemann [R] gave $F(\alpha, \beta, \gamma;x)$ a new point of view.
I-Ie studied the $1^{\mathrm{J}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}}\ln$ called after hinl and proved that the function
which has the sanme singularities as the hypergeometric function $1^{\cdot}\mathrm{e}-$

duces to $F(\alpha, \beta, \gamma;\iota\iota)$ . His method was to collstruct tlle differential
equation (0.1) which $F$ satisfies.

Generalizing his theory to $n$ variable case, there $\mathrm{a}\mathrm{l}\cdot \mathrm{i}\mathrm{s}\mathrm{e}\mathrm{s}$ the
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Conjecture. If a function $F^{l}$ has the salne singularities as $\Gamma_{LJ}^{r}$ ,

then $F$ is equal to $\Gamma_{D}^{\mathrm{i}}$ , that is, $\Gamma^{\mathrm{i}}$ satisfies the Pfaffian equation (0.2).

This is true. As for exact statemellts, see paragraph 3. The lnain
idea to prove is the following:

Let $F$ be any branch and $f_{0},$ $.f_{1,\cdots,.\mathrm{f}n}$ be sonue linearly indepen-
dent branches. Then we have differential equations

$W(.f_{\mathit{0}}, .f_{1}, \cdots)fn’ F;1,$ $\partial_{1},$

$\cdots,$
$\partial n’\partial_{i}\partial_{j}’)=0$

for any $i,j$
) as to the notation $W(\cdot\cdot. )$ , see (1.1). By the cofactor

development with respect to the last $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{n}\mathrm{l}\mathrm{n}$ , we have

(0.3) $A_{ij,0}F+\Lambda_{ij,1}\partial_{1}F+\cdots+A_{ij,n}\partial_{n}F+A\partial_{i}\partial_{j}F=0$ ,

where tlle $\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{S}$ are deternlined explicitly by

$A_{ij,k}=W(.f_{0}, .t.1, \cdots, f_{n}; 1, \partial 1, \cdots,\hat{\partial}k, \cdots, \partial n’\partial i\partial j)$

and
$A=W(f\mathrm{o}, f1, \cdots, fn;1, \partial_{1}, \cdots, C9_{n})$ .

This conjecture was examined by Picard [P] for Appell’s $F_{1}$ in
1881 and Terada [T] for $\mathrm{L}\mathrm{a}\mathrm{u}\mathrm{r}\mathrm{i}_{\mathrm{C}\mathrm{e}}11\mathrm{a}$

)
$\mathrm{s}F_{D}^{J}$ in 1973. In 1993, Kato $[\mathrm{I}\backslash ^{r}\mathrm{a}]$

proved it for $F_{4}$ .
But Deligne, in a letter to tlle author, pointed out the imcom-

pliteness of the $1$)
$1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}$: that is, in $01^{\cdot}\mathfrak{c}1\mathrm{e}1^{\cdot}$ to show $\mathrm{t}1_{1}\mathrm{e}$ equation (0.3) is

not trivial, $A\neq 0$ must be demonstrated. Kato evitated it by $\mathrm{s}\mathrm{t}1^{\backslash }\mathrm{o}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{I}^{\cdot}$

assumptions. So we give here a proof of the non-trivialness of (0.3).
The essential tool is:

For a given finite dimensional vector space generated by germs of
$\mathrm{h}o1\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}1^{3\mathrm{h}}\mathrm{i}_{\mathrm{C}}\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{C}\mathrm{t}\mathrm{i}_{0}11\mathrm{S},$ $,llere exists a regular $\mathrm{W}1^{\cdot}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{k}\mathrm{i}_{\mathrm{l}}\subset \mathrm{n}$ matrix $\iota \mathrm{v}\mathrm{h}\mathrm{i}\mathrm{C}1_{1}$

is as $\mathrm{s}\mathrm{i}_{\ln_{1}}\supset 1\mathrm{C}$ as possible, and, by using it, one can construct a convelliellt
non-trivial $\mathrm{s}\mathrm{y}_{\mathrm{S}\mathrm{t}}\mathrm{e}\mathrm{n}1$ of partial differential equations.
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1. $\mathrm{p}_{\Gamma \mathrm{e}}1\mathrm{i}\mathrm{l}11\mathrm{i}\mathrm{n}\mathrm{a}\Gamma \mathrm{i}\mathrm{e}\mathrm{s}$. At first basic $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}1\perp \mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}\mathrm{S}$ and notations are
collected.

Let $\mathcal{M}$ be the set of germs of meromorphic functions at the
origine of $C^{n}(X_{1}, x_{\mathit{2}}, \cdot. . , x_{n})$ and $D$ bc the set of $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{o}\mathrm{I}^{)\mathrm{e}1}\mathrm{t}_{0\Gamma}\mathrm{s}$

of the form
$T:=\partial_{1}^{d}1\partial_{2}^{d_{2}}$ . . . $\partial_{n^{n}}^{d}$ .

And $d(T):=d_{1}+d_{2}+\cdot$ . . $+d_{n}$ will be called the degree of $T$ .
$\mathcal{V}_{m}$ means the set of $(m+1)-\mathrm{d}\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$ vector space ovel$\cdot$ $C$

which is $\mathrm{g}\mathrm{e}\mathrm{l}\perp \mathrm{e}\mathrm{l}\cdot\partial \mathrm{t}\mathrm{e}\mathrm{d}1\supset \mathrm{y}\uparrow n+1\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}_{\mathrm{S}}$ of $/\vee${ and $\mathcal{L}(f0, f1, \cdot. ., .f_{\mathit{0}1})$

means the elenlen\iota of $\mathcal{V}_{m}$ having $\{f_{0}, .f1, \cdots, .f_{m}\}$ as a base.

(1.1) Definition. $\mathrm{I}^{\neg}mathrm{o}\mathrm{r}.f_{0},$ $f1,$ $\cdots$ , $f_{n\iota}\in/\vee$[ and differential operat $o\mathrm{r}\mathrm{s}$

$T_{0},$ $T_{1}$ , $\cdot$ . . , $T_{m}$ , we will call

$W$ ( $f0,$ $f1,$ $\cdots,$ $f_{m}$ ; To, $\tau_{1},$
$\cdots,$ $T_{m}$ ) $:=$ $T_{m.\mathrm{f}\mathrm{o}}\tau_{1}^{0}.\mathrm{f}0Tf0$ $\tau_{nx}.f_{1}\tau_{1}^{0}..fT.\cdot f.11^{\cdot}$

. .

$T_{\eta\iota}T_{1}\tau_{0}ff_{n}f_{m}m\iota|$

the Wronskian of $.f_{0},$ $.f_{1},$ $\cdots,$
$.f_{?\iota}.$, with respect to $T_{0},$ $T_{1},$ $\cdots,$ $T_{m}$ .

And a sequence $T_{()},$ $\mathcal{I}_{1}^{\dagger},$ $\cdot$ ., $T_{l}$ of differential operators will be
called $1^{\cdot}\mathrm{e}\mathrm{g}\iota \mathrm{l}\mathrm{a}\mathrm{r}$ with respect to $L\in \mathcal{V}_{m}$ or $L$ -regular if there exist
$f_{0},$ $f1,$ $\cdots,$ $f_{l}\in L$ suclt that

$W(f_{0}, f1, \cdots, fl;\tau_{0}, T1, \cdots, \tau l)\neq 0$ .

(1.2) Definition. A base of $L\in \mathcal{V}_{n\mathfrak{r}}$ defines an analytic $\mathrm{m}\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{i}_{1}$

from a $\mathrm{Z}\mathrm{a}1^{\backslash }\mathrm{i}\mathrm{S}\mathrm{k}\mathrm{y}$ open set of a $1\perp \mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{b}\mathrm{o}\mathrm{r}\mathrm{h}_{0}\mathrm{o}\mathrm{c}1$ of the origine to $\mathrm{t}l_{1}\mathrm{e}m$
-

dimensional projective space. The rank of this mapping is well-defined.
which will be called the rank of $L$ and expressed by $r=\uparrow^{\urcorner}(L)$ .

(1.3) Definition. For two elements $T=\partial^{d_{1}}\partial^{d_{2}}\cdots\partial^{d_{n}},$ $T’=\partial^{d_{1}^{J}}\partial^{d_{\sim}’}\circ\cdots$

$\partial^{d_{n}’}\in D$ , we will say $T<T’$ if one of the following conditions (1), $(\mathit{2})$

holds.
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(1) $d(T)<d(T’)$

(2) $d(T)=d(T’)$ and, by the lexicographical order for $\mathrm{t}1_{1}\mathrm{e}$ se-

quences of exponents, $(d_{1}, d_{2}, ’\cdot\cdot d_{n})<(d_{1’ 2’ n}’d’\cdots d’)$ holds.

Thus $D$ can be $\mathrm{r}\mathrm{e}\mathrm{g}\mathrm{a}$ )

$\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{d}$ as a totally $01^{\cdot}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{d}$ set.

(1.4) Definition. A finite set $\mathcal{O}=\{T0,\mathit{1}^{\urcorner\Gamma}\Gamma 1, \cdots,\mathit{1}\urcorner\}m$ of elelnents of $D$

is said an order ideal, if $T\in \mathcal{O}$ and $T>T’\in D\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{P}^{1}\mathrm{y}T’\in O$ .

2. Regular order ideal and differential equations. Here it

will be shown that every element of $L\in \mathcal{V}_{m}$ satisfies some differen-

tial equations which will be used to solve the Riemann problem for
$\mathrm{h}\mathrm{y}\mathrm{P}^{\mathrm{e}1}.\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{t}1\backslash \mathrm{i}_{\mathrm{C}}$ function of Lauricella and will be also useful for silni-

lar problems for otller functions and for general tlleories of holononlic
systems of partial differential equations.

(2.1) Lennna. Let a sequence $T_{0},$ $\mathcal{I}_{1}^{1}$ , , $T_{l-1}\in D$ be $1^{\cdot}\mathrm{e}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{l}$

.

with respect to $L\in \mathcal{V}_{m}(l\leq 7n),$ tluen $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ exists $T_{l}:=\partial_{i}T,$ $\in D$

$(1\leq i\leq n, 0\leq j\leq l-1)$ such that tlle sequence $\tau_{0},$ $\tau_{1},$
$\cdots,$

$T_{l}$ is also

L-regular.

Proof. By tlle assllnption there exist linearly independent el-

ements $f_{0},$ $f_{1}$ , $\cdot$ . . , $f_{l}\in\vee${ such that $\uparrow/V$ (.$f_{0},$ $f_{1},$ : , $f_{l-1}$ ; $T_{\mathit{0}},$ $q-|1$ ,

, $T_{l-1})\neq 0$ . And let

$\mathrm{T}/\mathrm{f}^{\gamma}/(f_{0}, f_{1}, \cdots, .\mathrm{r}_{l}; \tau_{0,1}.T, \cdots, T_{l-1}, \partial_{i}\mathcal{I}_{j}1)=^{0}$ (1)

holds for any $i$ and $j(1\leq i\leq n,. 0\leq j\leq l-1)$ .

Let $C_{0},$ $C_{1},$
$\cdot\cdot.,$

$C_{l-1}\in/\vee$[ be the solution of the $\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{u}\mathrm{U}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{e}\mathrm{o}\iota \mathrm{l}\mathrm{s}$

equations

$\{$

$T_{0}.f\iota=c_{0}\tau 0f_{0}+C_{1}T\mathrm{o}f1+\cdots+c_{l}-1T0.\mathrm{f}l-1$

$T_{1}f_{l}=c_{0}T_{1}f\mathrm{o}+C1\tau 1.f1+\cdots+C_{l-1}T_{1}fi-1$

$T_{l-1}.\mathrm{f}_{l}=C0\tau l-1.\mathrm{f}\mathrm{o}+^{c_{1}T_{l}f}-11+\cdots+^{c_{l-}}1Tl-1.\mathrm{r}_{l-}1$

(2)

As $W(f_{0}, .f_{1}, \cdot. . , f_{l-1} ; \tau_{0}, \tau_{1}, \cdots, \Gamma T_{l-1})\neq 0,$ $C_{k}$. are $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{q}_{\mathrm{l}\mathrm{e}_{\lrcorner}}1\}^{\gamma}$

determined. In fact, by the formula of Crarner, we luave
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$C_{k}= \frac{\mathrm{M}^{r}/(f0,\cdots,.\mathrm{r}k-1,.fl-,fk+1,.\cdots,.\cdot fl-1)\tau_{0},\cdots,\tau l-1)}{\mathrm{w}_{J(}^{\gamma}f\mathrm{o},\cdot\cdot,fl-1)\tau_{0},\cdot\cdot,\tau l-1)}$

.

By (1) and (2), the following equations are also true for any $\dot{l}(1$

$\leq i\leq n)$ .

$\{$

$\partial_{i}T_{0}fl=C_{0}\partial_{i}\tau_{0}f0+C_{1}\partial_{i}\tau_{0}f1+\cdots+C_{l-1}\partial_{i}T_{0}fl-1$

$\partial_{i}T_{1}f\iota=C_{0}\partial_{i}T1.t0+C_{1}\partial_{i}T_{1f_{1}}+\cdots+C_{l-1}\partial_{i}\tau_{1}f_{l-}1$

$\partial_{i}T_{l-1}f_{i\tau}=C_{0}\partial il-1.f0+C_{\text{ノ}}1\partial i\tau l-1.f1+\cdots+Cl-1\partial i\tau l-1.fi-1$

(3)
Operate $\partial_{i}$ on each equation of (2) and conlpare with (3). Then

we have

$\{$

$(\partial_{i}c_{0})T_{0.t\mathrm{o}}+(\partial_{i}C_{1}\mathrm{I}T\mathrm{o}f1+\cdots+(\partial_{\dot{\mathrm{t}}}c_{\text{ノ}}l-1)\tau_{\mathit{0}}.f_{i-}1=0$

$(\partial_{i}C_{0})T1f_{0}+(\partial_{i}C_{1})T1f1+\cdots+(\partial_{i}C_{l-}1)\tau_{1}.f_{l1}-=0$

$(\partial_{i\mathrm{o})T_{l-1.f_{0}}}c+(\partial_{\dot{t}}c_{1})\tau_{l}-1.f_{1}+\cdots+(\partial_{i}C_{l-1})T_{l-1}.fl-1=0$

As $W(f_{0}, .;_{1}, \cdots, f_{l}-1;^{\tau_{0}}, \tau_{1,l}\ldots, T-1)\neq 0$ , we have $\partial_{i}C_{k}=0\mathrm{f}\mathrm{o}1^{\cdot}$ any $i$

and $k$ . Therefore all $C_{k}$ are constant, which contradicts to the lillear
independence of $f_{0},$ $.f_{1},$ $\cdots fl$ .

The following $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{c}\ln$ is due to Noumi $([\mathrm{N}],\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}1.1)$ . But,
as his proof is not so easy to understand, we will $1$) $\mathrm{r}\mathrm{o}\mathrm{V}\mathrm{e}$ it agaill ele-
mentarily.

(2.4) Theorelll. For $L\in \mathcal{V}_{rn},$
$\mathrm{t}\mathrm{l}\tau \mathrm{e}\mathrm{r}\mathrm{e}$ cxist an order ideal $\{T_{0},$ $T_{1},$ $\cdot$ .

., $T_{m}$ } which is $\mathrm{r}\mathrm{e}_{\mathrm{o}^{\mathrm{r}}}\{1\iota 1\mathrm{a}\mathrm{r}$ with $1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}$ to $L$ .

Proof. Put $T_{0}=$ identity, and, after the $L$-regular order ideal
$\mathcal{O}’=\{T_{0}, T1, \cdots, \tau l-1\}$ is deterInined, we can, by lelnnla (2.1), choose as
$T_{l}$ the mininual element of tlle $\mathrm{f}_{0}1^{\cdot}\mathrm{m}\partial i\tau_{j}\in D$ such $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}O=\{T_{1}, \cdots, T_{l}\}$

is $L$-regular. Put $\ulcorner \mathit{1}_{l}^{\urcorner}=\partial_{i}T_{j}$ . If $\mathcal{O}$ is not an $01^{\cdot}\mathrm{d}\mathrm{e}\mathrm{r}$ ideal, there exist $b$ and
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$k$ such that $i\neq b,$ $T_{j\prime}=\partial_{b}T_{k}$ and $\partial_{i}T_{k}\not\in \mathcal{O}’$ . Because $T_{l}=\partial_{i^{(}}?_{l)}\tau_{k}>$

$\partial_{i}T_{k}\not\in O’$ , there $\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{s}\mathrm{t}.f_{0},$ $f1,$ $\cdots,$ $.fl$ such that $l/V(.f_{0},$ $f1,$ $\cdots,$ $.t_{l}-1;T_{1},$ $\cdot\cdot$

$.,$ $T_{l-1})\neq 0$ and $W(.f_{(\mathrm{J}},$ $f_{1,\cdots,.f_{l-})}1;T1,$$\cdots,$
$\tau l-1,$ $\partial i\tau_{k}=0$ . $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{f}_{\mathrm{o}\mathrm{l}\mathrm{e}}$ , for

some $A_{a}\in/l\Lambda,$ $\partial i\tau k\sim\sum^{-}Aa=0l1a\ulcorner\tau_{a}$ holds, $\mathrm{w}\mathrm{h}\mathrm{i}\mathrm{c}1_{1}$ lllealls $\partial iTk.\mathrm{f}=\sum_{a=0}^{l1}A_{a}r\Gamma_{a}-f$

for any $f\in L$ .

Now as $T_{l}= \partial_{b}\partial_{i}T_{k}\sim\sum_{a=0}^{l-1}(\partial_{b}Aa)\tau_{a}+\sum_{a=0}^{larrow 1}A_{a}(\partial_{b}T_{a})$, there exists

$p(=0,1, \cdots, \mathit{1}-1)\mathrm{s}\mathrm{u}\mathrm{c}1_{1}$ l,hat $\tau_{0},$ $\tau_{1},$
$\cdots,$

$\tau_{l-}1,$ $\partial_{b}\tau p$ is $1^{\cdot}\mathrm{e}\mathrm{g}_{\mathrm{U}\mathrm{l}\mathrm{a}1}\cdot$ . By the
minimality of $T_{l},$ $\partial_{b}T_{p}>\partial_{b}\partial_{i}T_{k}=T_{l}$ and therefore $\mathit{2}_{p}\urcorner>(?_{i}\prime l_{k}\urcorner$ holds.
But, as $\partial_{i}T_{k}\not\in \mathcal{O}’$ implies $\mathrm{t}1_{1}\mathrm{e}$ regularity of $T_{0},$ $T_{1},$

$\cdot\cdot.,$ $T_{p-1},$ $\partial iT_{k}$ , it
contradicts to the lllinimality of $T_{p}$ , which $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{l}$) $\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{s}$ tlle proof.

(2.5) Corollary. Let $L=\mathcal{L}(f_{0},$ $.\mathrm{f}_{1,\cdots,.\mathrm{r}_{\rho\tau})}\in \mathcal{V}_{m},$ $\{T_{k}\}\subset D(0\leq$

$k\leq m)$ be tlle, $L$-regular order ideal just $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{l}\cdot \mathrm{u}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{d}$ above allcl $\ulcorner l^{\mathrm{t}}$ be
any elelnellt of $D$ . Then any $F\in L$ satisfies the following differential
equation with $\Lambda\neq 0$

$A_{0}F+A_{1}T_{1}F+\cdots+A_{n\iota}T_{m}F+ATF=0$ , (4)

where $A_{k}=\mathrm{M}^{\Gamma}.(f\mathrm{o}, f_{1,\cdots,.f}m \tau_{0}, \cdots, \tau k-\tau\eta\tau,\cdots, T)$ $(0\leq k\leq$

$m)$

$A=\mathrm{T}\tau^{r}/(f_{0}, .f1, \cdots, .\mathrm{f}_{7}n;T_{0}, \tau 1, \cdots, \tau_{n\tau})$ .

and
$\mathrm{M}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{o}\mathrm{v}\mathrm{e}\mathrm{r}$ , if $r$ is the rank of $\mathcal{L}$ and $T$ is of degree 1, we have

$A_{r+1}=A_{r+2}=$ . . . $=A_{m}=0$ .

Therefore (4) is a $\mathrm{p}\mathrm{a}\mathrm{l}\cdot \mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}$ differential equation of first order, $\mathrm{a}\iota 1(1$ the
coefficiellts can be calculated explicitly by means of $\Gamma l_{k^{(}}^{1}.\mathrm{i}\mathrm{n}\mathrm{d}.tk(0\leq k\leq$

$m)$ .

Proof. For any $F\in L,$ $m+2$ elelnents of $L$ being linearly
dependent, we have

$W(f\mathrm{o}, .f1, \cdots, fm’ F, 1, T_{1}, \cdots, Tn\iota’\tau)=0$ . (5)
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As the regularity of $T_{0},$ $T_{1},$
$\cdots,$

$T_{m}$ nleans $A\neq 0$ , the statements
follow ilnediately by the cofa ctor developmellt of the left side of (5) $\mathrm{w}\mathrm{i}\mathrm{t}1_{1}$

respect to the last colunm. The second part is evident by the definition
of the rank and by the fact $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}W(f\mathrm{o},$ $.f1,$ $\cdots,$

$f_{\gamma}.+1;1,$ $\tau 1,$
$\cdots,$ $T.,$$T\mathrm{I}\gamma=0$

holds for any $r+2\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{s}.f0,$ $f1,$ $\cdots,$ $.f_{+1}.,$. of $L$ .

3. The Wronskian of the $1_{1}\mathrm{y}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{C}$ function $F_{D}$ . Let X
be the $\mathrm{p}_{\mathrm{l}\mathrm{o}\mathrm{d}\mathrm{t}}\mathrm{c}\mathrm{t}$ of $\gamma\gamma$ Riemann $\mathrm{s}\mathrm{p}\mathrm{h}_{\mathrm{e}}1^{\cdot}\mathrm{e}\mathrm{S}$ lvitll $\mathrm{i}\mathrm{n}\mathrm{h}_{0\ln}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{o}\mathrm{t}\mathrm{l}\mathrm{s}\mathrm{C}\mathrm{O}\mathrm{o}\mathrm{l}\cdot \mathrm{d}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{S}$

$x_{1},$ $x_{2},$ $\cdots,$ $x_{n}$ and
$D:=X-$ $\cup$ $S_{ij}$

$0\leq i\leq j\leq\infty$

be a domain on $X,$ $\mathrm{w}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\cdot \mathrm{e}x0=0,$ $x_{n+1}=1,$ $!_{\infty}=\infty$ and

$S_{ij}=\{x_{i}=X_{j}\}(i,j=0,1, \cdots, n+1, \infty, i\neq j)$ .

And, in the sequal, let $\mathcal{F}$ be a locally constant sheaf on $D$ , whose
stalk at $x\in D$ is a vector $\mathrm{s}_{1^{)\mathrm{a}\mathrm{C}\mathrm{e}}}\mathcal{F}_{x}$ over $C$ generated by $n+1$ lin-
early illdepenclent $\mathrm{g}.\mathrm{e}1^{\backslash }\mathrm{m}\mathrm{s}$ of $\mathrm{h}\mathrm{o}1_{01\mathrm{n}\mathrm{o}1}\cdot \mathrm{P}11\mathrm{i}\mathrm{c}$ functions, and.$f_{0},$ $f_{1},$

$\cdot\cdot.,$
$.f_{J\overline{\iota}}$

be linearly independent sections of $\mathcal{F}$ on a simply connected $\mathrm{d}_{\mathrm{o}\mathrm{m}\mathrm{a}}\mathrm{i}_{11}$

$D_{0}$ made of $D$ by means of slitting.

(3.1) Definition. We will say that a sheaf $\mathcal{F}$ on $D$ is of exponent
$(1, n;\lambda, f^{l})$ on $S_{ij}$ , if, for every generic point $\xi\in S_{ij)}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{e}$ exist a

$\mathrm{n}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{b}\mathrm{o}\iota \mathrm{t}\mathrm{r}\mathrm{l}\mathrm{u}\mathrm{o}\mathrm{o}\mathrm{d}U$ of $\xi$ , a defining function $x_{ij}$ of $\prime ij\iota_{\underline{)}}^{\gamma}$ on $U$ and holo-
$\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{r}_{\mathrm{P}^{\mathrm{h}\mathrm{i}_{\mathrm{C}}}}$ functions $g_{0},$ $g_{1,\cdots,g_{n}}$ such that, at $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{y}$ point $x$ of $[r_{-}S$ ,
$\mathcal{F}_{x}$ is generated by $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{W}\mathrm{i}\mathrm{l}$ functions

$\{$

$x_{ij}^{\lambda}g_{0},$ $x^{\mu}cij^{f}1,$ $x_{ijJ}^{\prime x\mu}C_{2},$$\cdots,$ $x_{ij}g_{n}$ $(\lambda-\mu\not\in Z)$ ,
$x_{ij}^{\lambda}g_{0}\log xij+cj_{1},$ $x_{i}^{\lambda},\cdot yc_{0},$ $x_{ij}^{\mu}g_{2},$

$\cdots,$
$x_{ij}g_{n}/\mathrm{J}$ $(0\geq\lambda-\mu\in Z)$ ,

$x_{ij}^{;\iota}g\mathrm{o}\log X_{i}j+X_{i}^{\lambda},g1,$ $.\mathrm{z}_{ij}^{l^{l}}.g_{0},$ $x_{ij}^{\mu}g_{2,j}\ldots,$$x_{i}^{\mu}\mathit{9},f$ $(0<\lambda-\mu\in Z)$ .

(3.2) Definition. We will say that $\mathcal{F}$ is of rank $r$ if the rank
of the stalk $\mathcal{F}_{x}$ at a point $x$ is $\uparrow\tau,$ alld $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$ a sequence of differential
operators is $\mathrm{r}\mathrm{e}\mathrm{g}\iota 1\mathrm{l}\mathrm{a}\mathrm{r}$ with respect to $\mathcal{F}$ if it is so $\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{l}\iota$ respect to $\mathcal{F}_{x}$ .
Not depending on $x,$ tlley $\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ well defined.
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(3.3) Tlleoreln. Assume $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ a sheaf $\mathcal{F}$ is of exponent $(1, 7l;\lambda_{i}j)$ $\mathrm{o})$ $(0\leq$

$i<j\leq n+1)$ on $\mathrm{b}_{ij}^{\gamma}$ and $(1, n;\lambda_{\infty}, ]-\lambda_{i})$ on $S_{i\infty}(1\leq i\leq n)$ where
$\lambda_{ij}=\lambda_{i}+\lambda_{j}-1$ and $\lambda_{0},$ $\lambda 1,$

$\cdots,$
$\lambda\lambda n+1,\infty$ are complex constants with

$\sum_{i=0}^{\infty}\lambda i=n+1$ and $\lambda_{i}\not\in Z$ . Then the sequence 1, $\partial_{1},$

$\cdots,$
$\partial_{n}$ is $1^{\cdot}\mathrm{e}\mathrm{g}_{\mathrm{U}\mathrm{l}\mathrm{a}1}$

.

with respect to $\mathcal{F}$ .
Before denlonstrating, we prepare sonle propositions alld defini-

tions.

(3.4) Definition. A rational function will be said of $01^{\cdot}\mathrm{d}\mathrm{e}\mathrm{l}\cdot d$ on

$S_{ij}$ if $\frac{f}{x_{ij}^{d}}$ is $\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{l}1101^{\cdot}\mathrm{P}^{\mathrm{h}\mathrm{i}_{\mathrm{C}}}$ at generic points, and of strict order $\mathrm{c}l$ il it is

of order $d$ but not of order $d+1$ .

(3.5) Proposition. Let.$\mathrm{r}_{0},$ $.\mathrm{r}_{1},$

$\cdots,$ $f.n$ be linearly $\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}_{1}\supset \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{t}$ sections
of $\mathcal{F}$ on $D_{0}$ and $T_{k},$ $:=\partial_{1}^{d_{k1}d_{k2}}\partial_{2}\cdots\partial_{n}^{d_{k\mathrm{n}}}(0\leq k\leq 7?)$ be $\mathrm{d}\mathrm{i}\mathrm{f}\zeta \mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{l}$

operators, then

$\mathrm{T}W(f0, .f1, \cdots)fn;^{\tau}0,$
$T1,$ $\cdots,$ $T_{n}) \cdot\prod_{\prime 0\leq i<j\underline{<}n\prime+1}(_{X}i-x_{j})-\lambda_{i_{j}}$

is a rational function and is of order $- \max\{d_{ai}+d_{aj}|1\leq a\leq n\}$

on $S_{ij}(1\leq i\leq n, 0\leq j\leq n+1, i\neq j)$ and of ordel$\cdot$

$n+ \sum_{a=1}^{n}d_{ai}$ on

$S_{i\infty}(1\leq i\leq n)$ .

Proof. Cenerally, if $\mathcal{F}$ is of exponent $(1, tl, \lambda, \mathrm{o})$ on ,$\iota_{ij}^{\gamma}\underline,(l,j\neq$

$\infty)$ , then $T_{k}.\mathcal{F}$ is also a locally constant sheaf of exponent $(1, n\cdot\lambda)$ $-$

$d_{ki}.-d_{kj},$ $\mathrm{o})$ on ,$g_{tj}$ and if $\mathcal{F}$ is of exponent $(1, n;\lambda, \mu)$ on $\llcorner i\infty \mathrm{t}_{)}^{\gamma}(\dot{\iota}\neq\infty)$ ,

then $T_{k}\mathcal{F}$ is of exponent $(1, n\cdot, \lambda+d_{ki}., \mu+cl_{ki})$ on $S_{i\infty}$ .

(3.6) Proposition. $\mathrm{s}_{\mathrm{u}_{1^{\mathrm{J}}}}\mathrm{P}^{\mathrm{o}\mathrm{s}\mathrm{e}}$ that tllc $\mathrm{c}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}_{0}11(3.7)$ below $1_{1}\mathrm{a}\mathrm{s}$ , at

a generic point of $\overline{6}_{n_{J}}’\cdot$ , a solution of tlle $\mathrm{f}_{01\ln}$

$\{$

$(x_{n}-Xj^{\prime)()}\lambda.\mathrm{r}X$ $(\lambda\not\in Z)$

$(x_{n}-XJ)^{\lambda}f(X)\log(x_{\iota},-x_{j})+.f1(x)$ $(\lambda\in Z, \lambda\geq 0)$

$f_{1}(x)\log(x-nX\prime j)+(x_{n}-xj)^{\lambda}.f.(X)$ $(\lambda\in Z, \lambda<0)$
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where $f_{1}(x)$ and $f(x)$ are hololnorphic at this point and $f(\mathrm{J}^{\cdot})$ does
not vanish identically on $S_{nj}$ . And assume that the order of every
$A_{i}(0\leq i\leq\uparrow\cdot)$ on $S_{nj}$ is not less than the strict order of $A_{n}$ on $\llcorner \mathrm{t}_{)nj}^{\urcorner}$ ,
then $A_{j}$ has the same strict order as $A_{n}$ . Therefore $A_{n}\neq 0\mathrm{i}_{1}\mathrm{n}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}$

$A_{j}\neq 0$ .

Proof. In (3.7), $\mathrm{r}\mathrm{e}_{1}\supset 1\mathrm{a}\mathrm{c}\mathrm{e}F$ with one of these $\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}_{011\mathrm{s}}$ , and
a contradictoll comes out if this $\mathrm{p}\mathrm{r}\mathrm{o}_{1}$) $\mathrm{o}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ is not $\mathrm{t}\mathrm{l}\cdot \mathrm{u}\mathrm{e}$ .

Proof of (3.3). It is sufficient to sllow the rank $r$ is equal
to $n$ . So suppose $r<n$ .

Choose the order ideal $\{1, T_{1}, T_{2}, \cdots, T_{n}\}$ regular with respect to
$\mathcal{F}$ which was constructed in (2.4). If the rank of $\mathcal{F}$ is $r$ , then we can
suppose $T_{k}$. $=\partial_{k}$. $(1\leq k\leq r)$ without $1^{\backslash }\mathrm{e}\mathrm{d}\mathrm{t}\mathrm{l}\mathrm{c}\mathrm{i}\mathrm{n}\mathrm{g}$ the generality. If $r\neq?l$ ,

then, for ally section $F\in \mathcal{F}$ on $D_{0}$ , we have a differential equation.

(3.7) $A_{0}.F+$
.

$A_{1}\partial_{1}..F+\cdots.+A_{r}\partial,.F+A_{n}\partial_{n}F=0$ ,

where

$A=A_{n}=\mathrm{T}/V(f_{\mathfrak{c}})$ , .$f_{1},$
$\cdots,$

$.f_{n}$ ; $\tau_{0},$ $\tau 1,$
$\cdots,$

$Tn$ )
$\cdot 0\leq\alpha..<\beta\prod_{\leq n+1}(X_{a}-x_{\beta})-\lambda\alpha\beta\neq 0$

,

and, for other $i$ ,

$A_{i}=W(f_{0}, . \mathrm{f}_{1}, \cdots, fn;T_{0,1}\tau, \cdots, Ti-1, \partial n’\tau i+1, \cdots, T,\iota)\cdot\prod(_{X_{\alpha}}0\leq\alpha<\beta\leq n+1-x_{\theta})^{-\backslash _{\alpha\beta}}’$
.

Since $T_{i}=\partial^{d_{i1}}\partial^{d;2}\cdots\partial d_{ir},$ $\mathrm{t}1_{1}\mathrm{e}$ order of $A$ is

$\{$

$n$ on $S_{n\infty}$

$- \max\{d_{ai}|0\leq a\leq n\}$ on $S_{ni}(i\neq n, \infty)$

$\acute{\mathrm{P}}$ ut $\sum_{i=1a}^{f}\sum^{k}\mathrm{n}\mathrm{u}\mathrm{a}\mathrm{X}=0\{d_{ai}|0\leq a\leq‘ k\}=-\uparrow n_{k}$. and let $T_{k}=\partial_{i_{k}}T_{j_{k}}$ . Then

it is evident that $\uparrow n_{k}=\uparrow n_{k-1}+1$ or $m_{k}=7n_{k-1}$. and the $\mathrm{f}_{01\mathrm{m}\mathrm{e}}\mathrm{r}$ case
never occurs if $\partial_{i_{k}}$ is not a component of $T_{j_{k}}.\cdot$ As $7n_{0}=0$ , we have
$m_{n}\leq n$ . Because $\mathrm{t}1_{1\mathrm{e}\mathrm{o}1}\cdot \mathrm{d}\mathrm{e}1^{\cdot}$ of $A$ is 7? $011,\underline{\iota}_{)_{n\infty}}^{arrow}$

’ and $A$ has, regarded as
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function of $x_{n}$ , poles ollly on $S_{nx}(1\leq i\leq\uparrow’),$ $\mathrm{t}1_{1}\mathrm{e}$ equality $m_{n}=n$

nuust hold. This llleans that $m_{k}=\uparrow 7\iota k-1+1$ is true for every $k,$ $\mathrm{w}1_{1}\mathrm{i}_{\mathrm{C}}1_{1}$

takes place if and only if $T_{k}$ are, up to the suffices,

(3.8) 1, $\partial_{1},$ $\partial_{1}^{2},$

$\cdots,$
$\partial 1n_{1},$ $\partial 2,$

$\cdots,$
$\partial^{n_{2}}2’\cdots,$ $\partial,,.,$

$\cdots,$
$(?_{r}^{n_{\Gamma}}$

and
$n_{1}+n_{2}+\cdots n_{r}=n$

holds.

Therefore we llave the following table of orders

$S_{in}$ $S_{j’n}$ $S_{n\propto)}$

$A_{k}$ $-n_{i}$ $-1$ $n+1$

$A_{n}$ $-n_{i}$ $0$ $n$

where $k\neq n,$ $1\leq i\leq r,$ $j=0,$ $\uparrow’+1,$ $\cdots n-1,$ $n+1$ . So $A_{k} \prod_{=a1}^{\Gamma}(x_{n}-$

$x_{a})^{n_{a}}$ a,re of order $0$ on $S_{ni}(0\leq i\leq r)$ and $A_{n} \prod_{1a=}’(x-\prime nx_{a})n_{a}$ is of

strict order $0$ on $S_{in}$ . By (3.6), none of $A_{i}(\prime i=0,1, \cdots\uparrow\cdot)$ vanish, $\mathrm{f}\mathrm{o}1^{\cdot}$

$A_{n}$ is of strict order $-n_{i}$ on $S_{ni}$ .
If $n_{1}>1$ , operate $\partial_{1}^{\prime n_{1}-1}$ on the equation (3.7), tllen we can easily

see that there exist $’\dot{\iota}(=2, \cdots, r, n)$ and $\prime m\in Z(0\leq 7\}\leq n_{1}-1)$ such
that the sequence

1, $\partial_{1},$ $\partial_{1}2,$

$\cdots,$
$\partial^{n_{1}}1-1,$ $\partial_{1}n1-1-m\partial_{i},$ $\partial 2,$

$\cdots,$
$\partial^{\tau \mathrm{t}_{2}}2’\ldots,?\partial.,$

$\cdots,$
$\partial^{n},.$

’

is regular. By (3.8), $i$ lnust be equal to $n$ .
With this $\mathrm{s}\mathrm{e}\mathrm{q}_{\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}}\mathrm{c}\mathrm{e}$ , we can construct a new differential equation

$B_{()}F+B_{1}\partial_{1}fr^{\urcorner}+\cdots+B_{7}.\partial_{l}.F+B_{n}\partial_{\iota},F=0$ , (6)

$\mathrm{w}1\iota \mathrm{i}\mathrm{C}\mathrm{h}$ is essellti($\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{y}$ the $\mathrm{s}\mathrm{a}\mathrm{l}\iota\perp \mathrm{e}$ as (3.7), otherwise, by elilninating the
$\mathrm{t}\mathrm{e}\mathrm{r}\ln$ of $\partial_{n}\Gamma^{l}’$. we see $\uparrow\cdot(\mathcal{F})<r$ .
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If $r<n-1$ , let $p=n-1$ . Thell the orders $B_{k}(k\neq??)\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ as
below, $\mathrm{w}1_{1\mathrm{e}\mathrm{r}}\mathrm{e}2\leq i\leq\uparrow$ and $j=0,$ $r+1,$ $\cdots,$ $n-1,$ $n+1$ .

$\{$

$S_{p1}$ $S_{pi}$ $S_{pj}$ $S_{pn}$ $S_{p_{\llcorner^{\wedge}}\circ}$

$1-n_{1}$ $-n_{i}$ $0$ $-1$ $n$
’

プ

so
$B_{k}.(x_{n}-x_{p})(x_{l})-x_{1})^{n-1}1 \prod_{i=2}(x_{n}-x_{i})^{n_{\iota}}\mathrm{a}\mathrm{l}\cdot \mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{t}$ in $x_{p}$ , which

contradicts to (3.6) and that $\mathcal{F}$ is of $\exp_{\mathrm{o}\mathrm{n}}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}(1, \uparrow\iota;\lambda_{pn}, 0)011S_{pn}$ .
Therefore $7^{\tau}=7l-\rfloor$ , and we $1_{1}\mathrm{a}\mathrm{v}\mathrm{e}$ again the $\mathrm{e}\mathrm{c}_{1^{\mathrm{L}\iota \mathrm{a}\mathrm{t}}}\mathrm{i}_{011}(())1)\mathrm{y}$

lneans of 1, $\partial_{1},$ $\partial_{2},$

$\cdots,$
$\partial_{r\iota-}1,$ $\partial 1\partial,n$

’ for $\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{l}\mathrm{n}\mathrm{I}^{1}$) $\mathrm{e}$ . $\mathrm{E}_{\mathrm{a}\mathrm{C}}1_{1}B_{k}(k\neq r\iota, 1,0)$

is of order $-1$ on $,-kC_{).j}^{t}$ $(j\neq k, 0, n+1)$ and $n\mathrm{o}11S_{k\infty}$ , so $B_{k}=0$

$(k_{\overline{7}}\leq_{n}, 1,0)$ and therefore, by (3.6), $?l=2$ must hold.
Consequently by means of 1, $\partial_{1},$ $\partial_{2},$ $\partial_{1}\partial 2$ , we have

$B_{0}F+B_{1}\partial_{1}F+B_{2}\partial_{\mathit{2}}F=0$ .

By the following table of orders on each singularities,

$S_{01}$ $S_{12}$ $S_{13}$ $S_{20}$ $S_{23}$ $S_{1\infty}$ $S_{2\infty}$

$B_{0}$ $-1$ $-2$ $-1$ $-1$ $-1$ 4 4
$B_{1}$ $-1$ $-2$ $-1$ $-1$ $-1$ 3 4
$B_{2}$ $-1$ $-2$ $-1$ $-1$ $-1$ 4 3

we can consider, by $1\mathrm{n}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}_{\mathrm{P}^{1}}\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}$ some $\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{t}_{01}\cdot,$ $B_{0}=e_{y},$ $B_{1}=ax_{1}+b,$ $B_{2}=$

$cx_{2}+d$ , where $a,$ $b,$ $c,$ $cl,$ $e$ are constant. By $\mathrm{t}1_{1}\mathrm{e}$ situation of $\mathcal{F}$ on $S_{01}$

and $S_{13}$ , we see $a=b=0$ ; sinuilarly $c=d=0,$ $\mathrm{w}\mathrm{h}\mathrm{i}\mathrm{c}1_{1}\mathrm{C}\mathrm{O}\ln_{\mathrm{P}^{1}}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{S}\mathrm{t}1_{1}\mathrm{e}$

proof.
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