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Abstract

A state reduct,ion is the $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}_{1}\mathrm{e}$ change caused by a lueasurement on a quan-
tum system conditional upon the outcome. A rigorous theorv of the state
reduction is developed with $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{C}\mathrm{a}}1$formalism, $\mathrm{I}^{)}\mathrm{h}\mathrm{y}\mathrm{s}\mathrm{i}_{\mathrm{C}}\mathrm{a}1$ interpret.ation,
and $\mathrm{n}\iota \mathrm{o}\mathrm{d}\mathrm{e}\mathrm{l}\mathrm{s}$ . A special $\mathrm{e}\mathrm{m}_{1^{J\mathrm{h}}}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{S}$ is on the pure state reduction which trans-

forms a pure $1$) $\mathrm{r}\mathrm{i}\mathrm{o}\mathrm{r}\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{t}_{C}\mathrm{e}$ to the pure posterior state for every outcome. Mathe-
$1\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{C}\mathrm{a}}1$ structure of general pure state reductions is discussed and it is $1$)

$\mathrm{r}\mathrm{o}\mathrm{V}\mathrm{e}\mathrm{d}$

that every pure state reduction is decomposed into just two types, called tlle

von Neumann-Davies $(\mathrm{N}\mathrm{D})\mathrm{t}\mathrm{y}\mathrm{l})\mathrm{e}$ and the Gordon-Louisell $(\mathrm{G}\mathrm{L})$ type; a state
reduction $\psirightarrow\psi_{x}$’ is of the ND type if the $1\mathrm{I}\mathrm{l}\mathrm{a}_{\mathrm{P}1^{\mathrm{i}\mathrm{n}}}$) $\mathrm{g}\psi$) $\mapsto P(x|\psi)1/2_{?}l’ x$’ is
linear, where $P(x|\psi’)$ is the probability density of the outcome $x$ , and of the

GL $\mathrm{t}\mathrm{y}\mathrm{l}$) $\mathrm{e}$ if $\psi_{x}$ depends only on the outcome $x$ (independent of the prior state
$\sqrt))$ .

1. Introduction

From a statistical point of view, a quantum measurement is completely specified by
the following two elements: the probability distribution $P(d_{X}|\rho)$ of the outcolne $X$ cle-
pending on the initial state $/J$ and the state reduction from a $\mathrm{p}_{1}\cdot \mathrm{i}\mathrm{o}\mathrm{r}$ state (represented
by a density operator) $\rho$ to tlle posterior state $p_{x}$ conditional upon the outcome $x$ .
If two measurements on a system share the same outcome $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{t}$)$\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}.\mathrm{v}$ distribution
and the same state reduction, they are said to be statistically $\mathrm{e}\mathrm{q}_{1\dot{\mathrm{u}}\mathrm{V}}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$ . The
problem of m.athenlatical characterizations and realizations of all the possible quan-
$\mathrm{t}\backslash \mathrm{l}\mathrm{m}$ measurements in the standard formulation of quantum mechanics [Yue87] has
considerable potential importance in engineering [YL73, He176, Oza80, Ho182] and
precision measurement experiments [BV74, $\mathrm{C}\mathrm{T}\mathrm{D}^{*}80,$ $\mathrm{Y}_{11}\mathrm{e}83$ , Oza88]. As a general
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solution to this problem, it is proved in our previous work [Oza84] that a measure-
ment is realizable in the $\mathrm{s}\mathrm{t}_{J}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{d}$ formulation if and only if there is a normalized
completely positive $(\mathrm{C}\mathrm{P})$ map valued mea.sllre $\mathrm{X}$ such that $\mathrm{X}(dx)\rho=p_{x}P(d_{X}|\rho)$

where the CP maps $\mathrm{X}(\triangle)$ is defined on the space of trace class operators for all
Borel subsets $\triangle$ of the space of outcomes. The statistical equivalence classes of
measurements are thus characterized as the normalized CP map valued measures.

In this paper, we shall develop t,he ($1^{\mathrm{u}\mathrm{a}\mathrm{n}\mathrm{t}}11\mathrm{m}$ theory of measurement based on
the above characterization. We shall investigate further the structure of a class of
measurements which are important from both foundational and experimental points
of view. A measurement is said to be pure if it reduces pure prior states (represented
by vectors) $\psi$ to pure $1$) $\mathrm{o}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}_{0}\mathrm{r}$ states }$/J_{x}$ with probability one. It is proved in [Oza86]
that, $\mathrm{s}\mathrm{u}\mathrm{c}\cdot \mathrm{h}$ measurements are characterized by $\mathrm{t}_{J}\mathrm{h}\mathrm{e}$ property that the $\mathrm{s}\mathrm{t}$,ate reduction
decreases the entropy in average. The state reductions caused by typical ex\‘aamples

of pure measurements fall into the following two characteristic types. Those of one
type, called the $\mathrm{v}o\mathrm{n}$ Neumann-Davies type, are characterized by the property that
the mapping $W$ : $\psi\mapsto P(x|\psi)^{1}/2\psi_{T}$’ is a linear isometry from $\mathcal{H}$ to $L^{2}(\Lambda, \mu, \mathcal{H})$ ,

where $\mathcal{H}$ is the Hilbert space of the object, and $\mu$ is a measure on the space A of
$\mathrm{o}\mathrm{u}\mathrm{t}_{\mathrm{C}}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{S}$ such that $P(x|\psi)\mu(dX)=P$ ( $dx$ I $\psi f$). Those of the other type, called the
Gordon-Louisell type, are characterized by the propert,$\mathrm{y}$ that the posterior state $\psi_{x}$

$\mathrm{d}\mathrm{e}_{1^{J\mathrm{e}}1}\mathrm{n}\mathrm{d}_{\mathrm{S}(}11\mathrm{y}$ on t,he outcome $x$ (independent of the intial state $\psi$ ). We shall prove
that the $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}_{\wedge}\mathrm{e}$ reduction of a general pure measurement is decomposed into the
above two types in t,he sense that the space $\Lambda$ of outcomes has such a decompositon
$\Lambda=\Lambda_{l}\cup\Lambda_{II}$ that the state reduction is of the von Neunlann-Davies type on $\Lambda_{I}$ and
of the Gordon-Lousell type on $\Lambda_{\Gamma I}$ .

Throughout this paper, any quantum system is a system with finite degrees of
freedo$m$ without, any superselection rules and every Hilbert space is supposed $\mathrm{t}_{J}\mathrm{o}$ be
separable so that the states of the system are described by density operators on a
Hilbert, space and that the observables by self-adjoint operators (densely defined) on
the same Hilbert space. We shall denote by $E^{4}$ the spectral measure corresponding
to a self-adjoint operator $A$ . A standard Borel space is a Borel space A endowed with

a a-field $B(\Lambda)$ of $\mathrm{S}\mathrm{u}\mathrm{b}\mathrm{s}\mathrm{e}\mathrm{t}_{)}\mathrm{s}$ of $\Lambda$ which is Borel isomorphic to the Borel space associated
$\mathrm{w}\mathrm{i}\mathrm{t})\mathrm{h}$ a Borel subset of a complete separable metric space; it is well-known that two

standard Borel spaces are Borel isomorphic if and only if they have the same cardinal
number and that the $\mathit{0}$nly infinite cardinals possible are $\aleph_{0}$ and $2^{\aleph_{0}}$ [Mac57].
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2. Measurement models

In the physics literature [$\mathrm{v}\mathrm{N}55$ , AK65, Cav85, Oza88, Oza90] models of measurement
are described as experiments consisting of the following processes: the preparation
of the probe, the interaction between the object and the probe, the measurelIlellt for
the probe, and the data processing. In what follows we shall give a mathematical
formulation for general features of such $\mathrm{m}o$dels of measurement.

Let 7# be a Hilbert space which describes a quantum system $\mathrm{S}$ , and A a standard
Borel space which describes t,he space of possible outcomes of a measurement. A
measurement model for $(\Lambda, \mathcal{H})$ is a 5-tuple $\mathrm{M}=[\mathcal{K}, \sigma, H, \langle M_{1}, \ldots, M_{n}\rangle, f]$ consisting
of a Hilbert space $\mathcal{K}$ , a density operator $\sigma$ on $\mathcal{K}$ , a self-adjoint $\mathit{0}$perator $H$ on $\mathcal{H}\otimes \mathcal{K}$ ,
a finite sequence $\langle M_{1}, \ldots , M_{n}\rangle$ of self-adjoint operators on $\mathcal{K}$ , and a Borel function
$f$ from $\mathrm{R}^{n}$ to A.

According to the following physical $\mathrm{i}_{11\mathrm{t}\mathrm{e}\mathrm{r}_{\mathrm{P}}}\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of the measurement model $\mathrm{M}$ ,
the Hilbert space $\mathcal{K}$ describes the probe, a describes the preparation of the $1$)$\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{e},$ $H$

describes the interaction between the object and the probe, $\langle M_{1}, \ldots , \Lambda^{t}I_{n}\rangle$ describes
the measurement for the probe, and $f$ describes the data processing.

The measurement model $\mathrm{M}$ represents the mathematical features of the following
$\mathrm{p}^{\}_{1}}\mathrm{y}\mathrm{s}\mathrm{i}_{\mathrm{C}}\mathrm{a}1$ description of a model of measurement. The probe $\mathrm{P}$ is-a $\mathrm{m}\mathrm{i}_{\mathrm{C}\mathrm{r}\mathrm{o}\mathrm{S}}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{J}\mathrm{i}\mathrm{c}$ part
of the measuring apparatus which directly interacts with the object S. The probe $\mathrm{P}$

is described by the Hilbert space $\mathcal{K}$ . The probe $\mathrm{P}$ is coupled to $\mathrm{S}$ during finite time
interval from $\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{e}t$ to $t+\triangle t$ . The $\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{e}t$ is called the time of measurement and the
time $t+\triangle t$ is called the time just afler measurement. The system $\mathrm{S}$ is free from the
measuring apparatus after $t+\triangle t$ . The $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{e}/$) of $\mathrm{S}$ at the time of measurement is
called the prior state. In order to assure the reproducibility of this $\mathrm{e}\mathrm{x}_{1^{)\mathrm{e}\mathrm{r}\mathrm{i}}}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}$, the
$\mathrm{p}\mathrm{r}o$ be $\mathrm{P}$ is always prepared in a fixed state a, called the probe preparation, at the
time of measurement. The composite system $\mathrm{S}+\mathrm{P}$ is thus in the state $p\otimes\sigma$ at the
time of measurement.

Let $H_{\mathrm{S}}$ and $H_{\mathrm{P}}$ be the free Hamiltonians of $\mathrm{S}$ and $\mathrm{P}$ , respectively. The total
Hamiltonian of the composite svstem $\mathrm{S}+\mathrm{P}$ is taken to be

$H_{\mathrm{S}+^{\mathrm{p}}}=H_{\mathrm{S}^{\otimes}}1+1\otimes H_{\mathrm{P}}+KH$ (1)

where $H$ represents the interaction and $I1^{r}$ the coupling constant. The coupling is
assumed for simplicity so strong $(1 \ll K)$ that t.he free Hamiltonians $H_{\mathrm{S}}$ and $H_{\mathrm{P}}$

can be neglected. The duration $\triangle t$ of the coupling is assumed so small $(0<\triangle t\ll 1)$

that we can choose the units such that $K\triangle t=1\sim k$ . Thus the unit,ary $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}_{J}\mathrm{o}\mathrm{r}$
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$U$ , called the time evolution operator, on $\mathcal{H}\otimes \mathcal{K}$ representing the time evolution of
the composite system $\mathrm{S}+\mathrm{P}$ from time $t$ to $t+\triangle t$ is given by

$U= \exp(-\frac{i}{h}H)$ . (2)

At the time just after measurement the composite system $\mathrm{S}+\mathrm{P}$ is in the state
$U(p\mathfrak{G}\sigma)U\dagger$ .

Note that, even in the case where t,he above assuInptions on If and $\triangle t$ cannot
apply, if the interaction $H$ is perturbed as

$H \mapsto H-\frac{1}{K}(H\mathrm{s}\otimes 1+1\otimes H_{\mathrm{P}})$ (3)

then Eq. (2) may give the time evolution of $\mathrm{S}+\mathrm{P}$ in the units with $K\triangle t=1$ ;
see [$\mathrm{v}\mathrm{N}55$ , pages 352-357] for the discussion on the time of measurement and the
perturbations of measuring interactions.

At the time just after measurement, the systems $\mathrm{S}$ and $\mathrm{P}$ have no interaction,

and in order to obtain the out,come of this experiment a finite sequence $\langle M_{1}, \ldots, M_{n}\rangle$

of compatible observables, called the probe observables, of the system $\mathrm{P}$ is measured
by the subsequent macroscopic stages of the measuring apparatus. By this process
the probe observables $M_{1},$

$\ldots,$
$\mathrm{J}/I_{n}$ are transduced to the macroscopic meter $variable\mathit{8}$

$\mathrm{m}_{1},$
$\ldots,$

$\mathrm{m}_{n}$ so that the joint probability $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{r}\dot{\mathrm{i}}\mathrm{b}\mathrm{u}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}$ of the meter variables in the
prior state $p$ obeys the Born statistical formula for the joint probabihity distribution
of $M_{1},$

$\ldots$ , $1\mathrm{W}_{n}$ in t,he state $U(p\otimes\sigma)U\dagger$ , i.e.,

$\mathrm{P}\mathrm{r}[\mathrm{m}_{1}\in\triangle_{1}, \ldots, \mathrm{m}_{n}\in\triangle_{n}||\rho]=\mathrm{T}\mathrm{r}\{[1\otimes E^{M_{1}}(\Delta_{1})\cdots E^{M}n(\triangle_{n})]U(\rho\otimes\sigma)U^{\uparrow}\}$ (4)

for all $\triangle_{1},$

$\ldots,$
$\triangle_{n}\in B(\mathrm{R})$ , where $B(\mathrm{R})$ stands for the Borel a-field of the real line

R. After reading the meter variables, the observer obtains the outcome of this
measurement by the data processing represented by a Borel function $f$ from $\mathrm{R}^{n}$ to
a standard Borel space $\Lambda,$ c\‘aHed the outcome space, so that the outcome variable $\mathrm{x}$

of this measurement is obtained by the relation

$\mathrm{x}=f(\mathrm{m}_{1}, \ldots, \mathrm{m}_{n})$ . (5)

3. Outcome distribution

The outcome distribution of the measurement model $\mathrm{M}$ is the probability distribu-
tion $\mathrm{P}\mathrm{r}[\mathrm{x}\in\Delta||\rho]$ of the outcome variable $\mathrm{x}$ in the prior state $\rho$ , where $\triangle\in B(\Lambda)$ .
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In order to obtain the outcome distribution, let $E^{\langle M_{1},\ldots,M_{n}}\rangle$ : $B(\mathrm{R}^{n})arrow \mathcal{L}(\mathcal{K})$ be the
joint spectIral $\mathrm{m}\mathrm{e}\mathrm{a}\mathrm{S}\mathrm{t}\mathrm{u}\mathrm{e}$ of $\Lambda l_{1},$

$\ldots$ , $M_{n}$ , i.e.,

$E^{\langle M_{\ddagger},\ldots,M_{n}}\rangle(\triangle_{\iota}\cross\cdots\cross\Delta_{n}\mathrm{I}=EM_{1}(\Delta_{1})\cdots EMn(\triangle n)$ (6)

for all $\Delta_{1,\}}\ldots\triangle_{n}\in B(\mathrm{R})$ , and $E^{f(M_{1}}\ldots,M_{n}$ ) : $\mathcal{B}(\Lambda)arrow \mathcal{L}(\mathcal{K})$ the spectral measure
defined })$\mathrm{y}$

$E^{f(M_{1}}’\ldots,M_{n})(\triangle)=E^{\langle MM\rangle}1,\ldots,n(f^{-}1(\triangle))$ (7)

for all $\Delta\in C,(\Lambda)$ . From Eqs. (4), (5), the outcome distribution is given by

$\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle||\rho]=\mathrm{T}\mathrm{r}\{[1\otimes E^{J(M_{1}}’\ldots,M_{n})(\Delta)]U(/J\otimes\sigma)U^{\dagger}\}$ (8)

for all $\Delta\in B(\Lambda)$ .
Denote by $\mathcal{L}(\mathcal{H})^{+}$ the space of positive linear operators on $\mathcal{H}$ . A probability

operator-valued measure $(POM)$ for $(\Lambda, \mathcal{H})$ is a map $F$ : $B(\Lambda)arrow \mathcal{L}(\mathcal{H})^{+}\mathrm{w}\mathrm{h}\mathrm{i}_{\mathrm{C}}\mathrm{h}$

satisfies the following two conditions:

(1) For any disjoint sequence $\Delta_{1},$ $\triangle_{2},$ $\ldots\in B(\Lambda)$ ,

$F(. \bigcup_{i=1}^{\infty}\triangle i)=\sum_{i=1}^{\infty}F(\triangle_{i})$

where $\mathrm{t},\mathrm{h}\mathrm{e}$ sum is convergent in the weak operator $\mathrm{t}\mathrm{o}_{1^{)\mathrm{o}\mathrm{l}\mathrm{o}}\mathrm{g}\mathrm{y}}$ .

(2) $F(\Lambda)=1$ .

It is easy to see that for any POM $F$ and density operator $p$ the function $\triangle-\succ$

$\mathrm{T}\mathrm{r}[F(\triangle)p]$ is a probability measure on $B(\Lambda)$ . Obviously, a spectral measure is a
$\mathrm{P}O\mathrm{M}$ which is projection-valuecl.

For any $\triangle\in B(\Lambda)$ , let $F^{\mathrm{x}}(\triangle)$ be defined by

$F^{\mathrm{x}}(\triangle)=\mathrm{T}\mathrm{r}_{\mathcal{K}}\{U^{\dagger}[1\otimes E^{f(M_{1}}’\ldots,M_{n})(\triangle)]U(1\otimes\sigma)\}$ (9)

where $\mathrm{T}\mathrm{r}_{\mathcal{K}}$ stands for the partial trace over $\mathcal{K}$ . Then the map $F^{\mathrm{x}}$ : $\triangle[]arrow F^{\mathrm{x}}(\triangle)$ is a
POM for $(\Lambda, \mathcal{H})$ . By Eq. (8) we have

$\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle||\rho]=\mathrm{T}\mathrm{r}[F^{\mathrm{x}}(\triangle)p]$ (10)

for any prior state $\rho$ where $\Delta\in \mathcal{L}(\Lambda)$ . The above $\mathrm{P}O\mathrm{M}F$ is called the $POM$ of M.
A measurement which is described by the measurement IIlodel $\mathrm{M}$ with the out-

come variable $\mathrm{x}$ is called an $\mathrm{x}$-measurement. An $\mathrm{x}$-measurement is called a mea-
surem.ent of an observable $A$ if $\Lambda=\mathrm{R}$ and $F^{\mathrm{x}}=E^{A}$ . Let $A_{1},$

$\ldots,$
$A_{m}$ be mutually
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colnmutable observables of S. An $\mathrm{x}$-measure,ment is called a $\mathit{8}imultaneouS$ measure-
rnent of $A_{1},$

$\ldots,$
$A_{m}$ if A $=\mathrm{R}^{m}$ and $F^{\mathrm{x}}=E^{\langle A_{1},\ldots,A_{m}\rangle}$ . In general, for any Borel

function $g$ : $\mathrm{R}^{m}arrow\Lambda$ an $\mathrm{x}$-measurement is called a measurement of an observable
$g(A_{1}, \ldots, A_{\gamma n})$ if $F^{\mathrm{x}}=E^{g(A_{1}},\ldots,Am$ ).

4. State reduction

The $st_{\text{ノ}}af_{\text{ノ}}e$ reduction of the measurement model $\mathrm{M}$ is the state transformation $\rho\mapsto$

$/^{y}\{\mathrm{x}=\mathrm{a}\cdot\}$ where $x\in$ A which maps $\mathrm{t}_{\text{ノ}}\mathrm{h}\mathrm{e}$ prior state $\rho$ to the state $/^{y}\{\mathrm{x}=x\}$ of $\mathrm{S}$ at the
time just after measurement provided that the measurement leads to the outcome
$\mathrm{x}=x$ . In this case, the fanuily $\{\rho_{\mathrm{f}^{\mathrm{x}=x}}\}|x\in\Lambda\}$ of states is called the family of
$I)osteri\mathit{0}r$ states for the prior state $\rho$ . The family $\{\rho\{\mathrm{x}=x\}|x\in\Lambda\}$ of posterior states
is postulated to be a Borel family, i.e., the function $x\mapsto \mathrm{T}\mathrm{r}[ap_{\{\mathrm{x}xt}=]$ is a Borel
function of A for all $a\in \mathcal{L}$(-?), and that two such families are iclentical if they differ
ollly on a set $\triangle\in B(\Lambda)$ such $\mathrm{t}11\mathrm{a}\mathrm{t}_{J}\mathrm{p}\mathrm{r}\iota \mathrm{X}\in\triangle||p$] $=0$ .

By the measurement $sta\mathrm{f}?stiCs$ we mean the pair of the outcome distribution and
the st,ate reeluction. Two measurement, models for $(\Lambda, \mathcal{H})$ are said $\mathrm{t}_{J}\mathrm{o}$ be $stat?stically$

equivalent if their measurementl statistics are identical.
Consider an ensemble $\mathrm{E}$ of samples of the system $\mathrm{S}$ described by a density

operator $\rho$; in this case we say that the $\mathrm{s}\mathrm{y}\mathrm{s}\mathrm{t}\mathrm{e}\ln \mathrm{s}$ is in the stat, $\mathrm{e}\rho$ if $\mathrm{S}$ is considered to
be chosen randomly from this ensemble. Suppose that an $\mathrm{x}$-measurement described
by the measurernent model $\mathrm{M}$ is carried $\mathrm{o}\mathrm{u}\mathrm{f}$, for every sample in the ensemble $\mathrm{E}$

in a prior state $p$ . For any $\triangle\in B(\Lambda)$ with $\mathrm{P}\mathrm{r}[\mathrm{x}\in\Delta||\rho]>0$ , let $\mathrm{E}_{\{\mathrm{x}\in\Delta\}}$ be the
subensemmble of $\mathrm{E}$ consisting of the samples $\mathrm{s}\mathrm{a}\mathrm{t}_{\ell}\mathrm{i}\mathrm{S}\mathrm{f}.\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{x}\in\triangle$ . Let $\rho\{\mathrm{x}\in\Delta\}$ be the
state of the ensemble $\mathrm{E}_{\{\mathrm{x}\in\Delta\}}$ at the t,ime just after nleasllrement. In this case we
say that the system $\mathrm{S}$ is in the state $\rho\{\mathrm{x}\in\triangle\}$ at the time just after measurement if $\mathrm{S}$

is considered as a random sanple from $\mathrm{E}_{i^{\mathrm{x}\in\Delta}\}}$ or equivalently if the observer knows
the occurrence of $\mathrm{x}\in\triangle$ but no more details.

Since the falnily $\{\rho_{t^{\mathrm{x}}}=x\}|x\in\Lambda\}$ of posterior states is a Borel family, there is a
sequence of $\tau c(’ft)$-valued simple Borel functions $F_{n}$ on A such $\mathrm{t}_{\mathrm{r}}\mathrm{h}\mathrm{a}\mathrm{t}\lim_{n}||F_{7l}(x)-$

$\rho_{\{\mathrm{x}=x}\}||_{\tau c}=0$ for all $x\in\Lambda$ , where $\tau c(\prime kt)$ is the Banach space of trace class operators
on $\mathcal{H}$ with trace norm $||\cdot||_{\tau c}$ , so that the falnily $\{\rho_{\{\mathrm{x}=x}\}|X\in\Lambda\}$ is Bochner integrable
with respect to every probability nleasuIe on $B(\Lambda)$ [HP57]. The state $p_{\{\mathrm{x}\in\Delta}$ } is
naturally considered to be the mixture of all $\rho_{\{\mathrm{x}=x}$} for $x\in\triangle$ with relative frequency
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proportional to the outcome $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\iota$ )$\mathrm{u}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}\mathrm{p}\mathrm{r}\mathrm{l}\mathrm{x}\in dx||\rho$ ] and hence we have

$\rho_{\{\mathrm{x}\in\Delta}\}=\frac{1}{\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle||p]}\int_{\Delta}\rho_{\{\mathrm{x}\}}=x\mathrm{P}\mathrm{r}[\mathrm{X}\in dx||/^{j}]$ (11)

wllere the integral is Bochner integral, provided that $\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle||p]>0$. When $\mathrm{P}\mathrm{r}[\mathrm{x}\in$

$\triangle||\rho]=0$ , we assume for mathematical convenience $\mathrm{t}_{J}\mathrm{h}\mathrm{a}\mathrm{t}/^{y}\{\mathrm{x}\in\triangle\}$ is an arbitrarily
chosen density operator. Note that if $\mathrm{P}\mathrm{r}[\mathrm{x}\in\{x\}||\rho]>0$ then $\rho\{\mathrm{x}=x\}=p\{\mathrm{x}\in\{x\cdot\}\}$

from (11). The state transformation $\rho 1arrow/y_{\{\mathrm{x}}\in\Delta$ } where $\triangle\in B(\Lambda)$ is called the
integral state reduction of the measurement model M.

5. Integral state reduction

Suppose that an $\mathrm{x}$-measurement described by the measurement model $\mathrm{M}$ is followed
immediately by a $\mathrm{y}$-measurement described by a measurement model $\mathrm{M}’$ for $(\Lambda’, \mathcal{H})$

so that the time just after the $\mathrm{x}$-measurement is the time of the y-measurement.
Let $\rho$ be the prior state of the x-meastlrement. Then if the outcoIne of the x-
measurement is $\mathrm{x}=x$ then the state of $\mathrm{S}$ at the time of y-measllrement is $p_{\{\mathrm{x}=x\}}$ .
Thus $\mathrm{t}_{J}\mathrm{h}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}_{01}\mathrm{f}\mathrm{f}\mathrm{i}$ probability distribution $\mathrm{P}\mathrm{r}[\mathrm{y}\in\Gamma|\mathrm{x}=x||\rho]$ of $\mathrm{y}$ given $\mathrm{x}=x$ in
the prior state $p$ of the $\mathrm{x}$-measurement is given by the $\mathrm{o}\mathrm{u}\mathrm{t}_{\mathrm{C}\mathrm{o}}\mathrm{n}\mathrm{l}\mathrm{e}$ distribution of the

$\mathrm{y}$-measurement in the posterior state $p_{\{\mathrm{x}=x\}}$ , i.e.,

$\mathrm{P}\mathrm{r}[\mathrm{y}\in\Gamma|\mathrm{x}=x||p]=\mathrm{P}\mathrm{r}[\mathrm{y}\in\Gamma||\rho_{\{}\mathrm{x}=x\}]$. (12)

By the definition of the conditional probability distribution in $\mathrm{I}$) $\mathrm{r}\mathrm{o}b\mathrm{a}$}) $\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ theory,
the joint $\mathrm{I}^{)\mathrm{r}\mathrm{o}\mathrm{b}b\mathrm{i}1}\mathrm{a}\mathrm{i}\mathrm{t}\mathrm{y}$ distribution $\mathrm{P}\mathrm{r}[\mathrm{x}\in\Delta,\mathrm{y}\in\Gamma||p]_{\mathrm{o}\mathrm{f}}$. the out,come variables $\mathrm{x}$ and

$\mathrm{y}$ in the prior state $\rho$ of $\mathrm{x}$-measurement satisfies the relation

$\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle, \mathrm{y}\in\Gamma||p]=.\int_{\triangle}\mathrm{P}\mathrm{r}[\mathrm{y}\in\Gamma|\mathrm{x}=x||/)]\mathrm{p}\mathrm{r}[\mathrm{x}\in dx||\rho]$ . (13)

From the integrability of the posterior states, we have

$\mathrm{p}\mathrm{r}[\mathrm{X}\in\triangle||\rho]$ prl $\in\Gamma||p\{\mathrm{x}\in\Delta\}]$

$=$ $\mathrm{T}\mathrm{r}\{F^{\mathrm{y}}(\mathrm{r})\int_{\Delta}p\{\mathrm{x}=x\}\mathrm{P}\mathrm{r}[\mathrm{X}\in dx||p] \}_{)}\mathrm{y}$ Eq. (10), (11)

$=$ $\int_{\Delta}\mathrm{T}\mathrm{r}[F\mathrm{y}(\Gamma)\rho\{\mathrm{x}=x\}]\mathrm{P}\mathrm{r}[\mathrm{x}\in dx||\rho]\}$

$=$ $\int_{\Delta}\mathrm{P}\mathrm{r}[\mathrm{y}\in\Gamma||\rho_{\{}\mathrm{x}=x\}]\mathrm{p}\mathrm{r}[\mathrm{x}\in dX||p]$ by Eq. $(1\mathrm{t}))$ .

From Eq. (12), Eq. (13) we obtain

$\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle, \mathrm{y}\in\Gamma||\rho]=\mathrm{P}\mathrm{r}[\mathrm{x}\in\Delta||\rho]\mathrm{p}_{\mathrm{r}[\mathrm{y}}\in\Gamma||p\{\mathrm{x}\in\triangle\}]$ . (14)
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Recall that, if $\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle|\}\rho]>0$ , the conditional probability distribution $\mathrm{P}\mathrm{r}[\mathrm{y}\in$

$\Gamma|\mathrm{x}\in\triangle||p]$ of $\mathrm{y}$ given $\mathrm{x}\in\triangle$ is defined in probabilityt theory by

$\mathrm{P}\mathrm{r}[\mathrm{y}\in \mathrm{r}|_{\mathrm{X}}\in\triangle||\rho]=\frac{\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle,\mathrm{y}\in\Gamma||\rho]}{|^{:}\mathrm{p}\mathrm{r}[\mathrm{x}\in\Delta||p]}.\cdot$ (15)

Therefore we have the following statistical interpretation of the state $\rho_{\{\mathrm{x}\in\Delta\}}$ for
$\triangle\in B(\Lambda)$ with $\mathrm{P}\mathrm{r}[\mathrm{X}\in\triangle||\rho]>()$:

$\mathrm{p}\mathrm{r}[\mathrm{y}\in\Gamma!|\rho\{\mathrm{x}\in\triangle\}]=\mathrm{p}_{\mathrm{r}[\mathrm{r}}\mathrm{y}\in!.\mathrm{X}\in\triangle||\rho]$ . (16)

In order to determine the illtegral state reduction of the measllrement model $\mathrm{M}$ ,
suppose that the $\mathrm{y}$-measurement is a measurement of an arbitrary observable $A$ of
S. Recall that the $\langle)\mathrm{u}\dagger_{\mathit{1}\mathrm{c}\mathrm{o}}\mathrm{m}‘\supset \mathrm{x}$ of the $\mathrm{x}$-measurement at time $t$ is obtained as the
outcome of a Ineasurement of an observable $f(M_{1}, \ldots , M_{n})$ of $\mathrm{P}$ at time $t+\triangle t$ . On
the other hand, the outcome of the $\mathrm{y}$-measurement is obtained as the outcome of
a lneasurement of an observable $A$ of $\mathrm{S}$ at time $t+\triangle t$ . Thus the $\mathrm{j}_{\mathrm{o}\mathrm{i}_{\mathrm{I}}}\mathrm{I}\mathrm{t}$ probability
distribution of $\mathrm{x}$ and $\mathrm{y}$ is obtained by the Born statist,ical formula for the joint
probability $(1\mathrm{i}_{\mathrm{S}}\mathrm{t}\mathrm{r}\mathrm{i}\})\mathrm{u}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ of $\mathrm{t}_{J}\mathrm{h}\mathrm{e}$ observables in two clifferent, $\mathrm{s}\mathrm{y}_{\mathrm{S}\mathrm{t}\mathrm{e}}\mathrm{m},\mathrm{S}$, i.e.,

$\mathrm{P}\mathrm{r}[_{\mathrm{X}\in\triangle},\mathrm{y}\in^{\mathrm{r}}||p]=\mathrm{T}\mathrm{r}\{[E^{A}(\mathrm{r})\otimes Ef(M_{1},\ldots,M2)(\triangle)]U(\rho\otimes\sigma)U\dagger\}$ (17)

where $\triangle\in C,(\Lambda\rangle, \Gamma\in B(\mathrm{R})$ for any prior state $\rho$ . Thus, if $\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle||\rho]>0$ , by (16)
and (17), we have

$\mathrm{T}\mathrm{r}[E^{A}(\Gamma)p_{\{\in}\mathrm{x}\Delta\}]=\frac{\mathrm{T}\mathrm{r}[E^{A}(\Gamma)\mathrm{T}\mathrm{r}\kappa\prime\{[1\otimes Ef(M_{\mathrm{t}},,M_{2})(\triangle)]U(\rho\otimes\sigma)U\dagger\}}{\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle||p]}$ . (18)

Since $A$ is arbitrary, $/j\{\mathrm{x}\in\triangle\}$ is uniquely determined by the above relation, and hence
by (8) we have

$p_{\{\mathrm{x}\in\Delta\}}= \frac{\mathrm{T}\mathrm{r}_{k^{\wedge\{}}[1\otimes E^{f}(M\iota.’.\cdot.\cdot.,M_{2})(\triangle)]U(\rho\otimes\sigma)U\dagger\}}{\mathrm{T}_{\mathrm{I}}\cdot\{\iota 1\otimes Ef(M1,,M2)(\triangle)]U(\rho\otimes\sigma)U\dagger\}}$ (19)

Therefore, we have determined the integral state reduction $\rho\mapsto\rho_{\mathrm{f}^{\mathrm{x}}\in\Delta\}}$ of the mea-
surenlent model M.

6. Operational measures

In this section, we shall introduce a useful rnathematical notion which is to represent
the statistics of a measurement model in a single mathematical object.
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A linear nlap $T$ on $\tau c(\mathcal{H})$ is said to be completely positive $(CP)$ if

$\sum_{j,k=1}^{n}(\epsilon_{j}|\tau(|_{l}lj\rangle\langle rlk|)|\xi_{k})\geq 0$

for all finite sequences $\xi_{1},$
$\ldots,$

$\xi_{n}$ and $\eta_{1},$ $\ldots,$ $\eta_{n}$ in $\mathcal{H}$ . We shall denote t,he space of
CP maps on $\tau c(\mathcal{H})$ by $CP[\tau c(\mathcal{H})]$ . Every CP Inap is $1$) $\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{V}}\mathrm{e}$ and bounded. For a
$bo$unded $1\mathrm{i}_{11\mathrm{e}\mathrm{a}\mathrm{r}}\mathrm{m}\mathrm{a}_{1}$) $T$ on $\tau c(\mathcal{H})$ , the dual of $T$ is a $\mathrm{t}$) $\mathrm{O}\mathrm{l}\mathrm{l}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{c}\mathrm{l}$ linear $\mathrm{m}\mathrm{a}_{\mathrm{I}^{)}}T^{*}$ on $\mathcal{L}(\mathcal{H})$

such that TrlaT$(p)]=\mathrm{T}\mathrm{r}[T^{*}(a)p]$ for all $a\in \mathcal{L}(\mathcal{H})$ and $\rho\in\tau c(\mathcal{H})$ . The dual of a
CP map $T$ on $\tau c(\mathcal{H})$ is a CP $\mathrm{m}\mathrm{a}_{1^{\mathrm{J}}}$ on $\mathcal{L}(\mathcal{H})$ in the $\mathrm{s}\mathrm{e}\mathrm{I}\iota \mathrm{s}\mathrm{e}$ that

$j,k.= \sum_{\mathrm{l}}’\langle\xi j|\tau^{*}(a_{j}^{\dagger}a_{k})|\xi k)\geq \mathrm{t}\mathrm{I}$ (20)

for all fillite sequences $a_{1},$ $\ldots$ , $a_{n}$ in $\mathcal{L}(\mathcal{H})$ and $\xi_{1},$
$\ldots$ , $\xi_{n}$ in $\mathcal{H}$ ; for a general definition

of CP maps on $\mathrm{C}^{*}$ -algebras or their duals we refer to [Tak79, p. 200].
A map X: $B(\Lambda)arrow CP[\mathcal{T}\mathrm{c}\cdot(\mathcal{H})]$ is called an ($jpe7\mathrm{c}\iota tlonat$ measure $\mathrm{f}\mathrm{o}1^{\cdot}(\Lambda, \mathcal{H})$ if it

satisfies the following two conditions:

(1) For any disjoint sequence $\triangle\iota,$ $\triangle_{2},$

$\ldots$ in $B(\Lambda)$ ,

$\mathrm{X}(\bigcup_{i=1}^{\infty}\triangle i)=\sum_{=i1}^{\infty}\mathrm{X}(\triangle_{i})$,

where the sunl is convergent in the strong operator topology of $CP[\tau c(\mathcal{H})]$ .

(2) For any $p\in\tau c(\mathcal{H})$ ,
$\mathrm{T}\mathrm{r}[\mathrm{x}(\Lambda)p]=\mathrm{T}\mathrm{r}/J$ .

A map X : $B(\Lambda)arrow CP[\tau c(\mathcal{H})1$ satisfying only condition (1) is called a $CPm(r,p$

valued measure for $(\Lambda, \mathcal{H})$ . A CP map valued $\mathrm{m}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{l}\mathrm{u}\cdot \mathrm{e}$ is said to }) $\mathrm{e}$ rlomlalizecl
if (2) holds, so that the operational Ineasures are the noImalized CP map valued
measures. General theory of operational measures are developed in [Oza84, $O\mathrm{z}\mathrm{a}85\mathrm{b}$ ,
$\mathrm{O}_{\mathrm{Z}\mathrm{a}}85\mathrm{a}$, Oza86, Oza93], where they are aLso called CP instrulnents.

For any operational measure X, the relation

$F(\triangle)=^{\mathrm{x}(}\Delta)^{*}1$ (21)

where $\triangle\in B(\mathrm{R})$ determines a POM $F$ , called t,he $POM$ of X. Conversely, any
POM $F$ has at least one operational measure X such that $F$ is the POM of X
[Oza84, Proposition 4.1].
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Let X be an operational measure for $(\Lambda, \mathcal{H})$ . A Borel family $\{p_{x}|x\in \mathrm{R}\}$ of
density (1) $\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{S}$ on $\mathcal{H}$ is called a family of posterior states for (X, $\rho$ ) if it satisfies
the relation

$\mathrm{X}(\triangle)p=\int_{\Delta}p_{x}\mathrm{T}\mathrm{r}[\mathrm{X}(dX)p1$ (22)

for all $\triangle\in B(\Lambda)$ . For the existence of a family of posterior states, the following
theorem is known $[()\mathrm{z}\mathrm{a}85\})]$ .

Theorem 6.1. (Existence of posterior states) A family of posterior $\mathit{8}tates$

for (X, $\rho$) always $exist\mathit{8}$ for any density operator $\rho$ on $\mathcal{H}$ and any $\mathit{0}\prime p$erational measure
X for $(\Lambda, \mathcal{H})$ uniquely up to almost everyu’here unth respect to $\mathrm{T}\mathrm{r}[\mathrm{X}(\cdot\rangle\rho]$ in the
following sense: if $\{\rho^{l}|x\in\Lambda\}\iota s$ another famdy of posterior states for (X, $\rho$), then
$p_{x}’=\rho_{x}$ almost everywhere $u\dot{n}th_{\Gamma}e\mathit{8}pect$ to $\mathrm{T}\mathrm{r}[\mathrm{X}(\cdot)\rho]$ .

We call any Borel family of density operators satisfying (22) as (a version
of) the family of $\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{t}_{}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{o}\mathrm{r}$ states for (X, $\rho$). Let $\{\rho_{x}|x\in\Lambda\}$ be a version of
f,he $\mathrm{f}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{y}$ of posterior states for (X, $\rho$). Then for any $a\in \mathcal{L}(\mathcal{H})$ , the function
$\triangle\mapsto \mathrm{T}\mathrm{r}[a\mathrm{X}(\triangle)\rho]$ is a finite signed measure on $B(\Lambda)$ such that the Radon-Nikodym
derivative $\mathrm{T}\mathrm{r}[a\mathrm{X}(dx)\rho]/\mathrm{T}\mathrm{r}[\mathrm{X}(d_{X})p]$ of $\mathrm{T}\mathrm{r}[a\mathrm{X}(\cdot)\rho]$ with respect to the probability
measure $\mathrm{T}\mathrm{r}[\mathrm{X}(\cdot)\rho]$ is given by the function $x\mapsto \mathrm{T}\mathrm{r}[a\rho_{x}]$ . As suggested by this fact,

we shall also write
$\frac{\mathrm{X}(dX)\rho}{\mathrm{T}\mathrm{r}[\mathrm{X}(d_{X})p]}=/y_{x}$ (23)

for almost every $x\in\Lambda$ with respectf to $\mathrm{T}\mathrm{r}[\mathrm{X}(\cdot)\rho]$ .

7. Measuring processes

In order to eliscuss measurement statistics in the nlost general framework, a math-
ematical notion of measuring process is introduced in [Oza84]. A measuring pro-
cess for $(\Lambda, \mathcal{H})$ is a 4-tuple $\lambda^{f}=[\mathcal{K}, \sigma, U, E]$ consisting of a Hilbert space $\mathcal{K}$ , a
density $\mathrm{o}_{\mathrm{I}^{)\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}o}}\mathrm{o}\mathrm{r}\sigma$ , a unitary operator $U$ on $\mathcal{H}\otimes \mathcal{K}$ , and a spectral nleasure $E$

for $(\Lambda, \mathcal{K})$ . According to the physical interpretation of the measuring process X,
the Hilbert space $\mathcal{K}$ describes the probe system, the density operator a describes
the probe preparation, the unitary operator $U$ describes the time evolution of the
object-probe composite system during the measurement, and the spectral measure
$E$ describes the probe observable with the data processing. The measurement
model $\mathrm{M}=[\mathcal{K}, \sigma, H, \langle ll\ell_{1}, \ldots, M_{n}\rangle, f]$ gives thus naturally a measuring process
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$\mathcal{X}(\mathrm{M})=[\mathcal{K}, \sigma, U, E]$ such that

$U$ $=$ $\exp(-\frac{i}{\hslash}H)$

$E$ $=$ $E^{f(M_{1},\ldots,M_{n})}$ .

The measuring process $\mathcal{X}(\mathrm{M})$ is called the rneasunng process of M. The following
$\mathrm{p}\mathrm{r}o$ position asserts that every nleasuring process arises in this way.

Proposition 7.1. Any measuring $pr\cdot oces\mathit{8}\mathcal{X}$ for $(\Lambda, \mathcal{H})ha\mathit{8}$ at least one 7nea-

surement model $\mathrm{M}$ for $(\Lambda, \mathcal{H})$ such that $\mathcal{X}$ is the measunng process of M.

Proof. Let $\mathcal{X}=[\mathcal{K}, \sigma, U, E]$ be a measurin$\mathrm{g}$ process for $(\Lambda, \mathcal{H})$ . Since A is a
stan($\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{c}\mathrm{l}$ Borel space, there is a Borel isomorphism $g$ of A onto a $\mathrm{B}o$rel subset SZ of
the real line R. (The subset $\zeta$ } can be $\mathrm{t}_{\iota}\mathrm{a}\mathrm{k}\mathrm{e}\mathrm{n}$ to be $\mathrm{R},$

$\mathrm{N}$ , or a finite set, where $\mathrm{N}$

stands for the set of natural numbers.) Let $M$ be a self-adjoint operator on $\mathcal{K}$ such
that $E^{M}(\triangle)=E[g^{-1}(\triangle\cap\Omega)]$ for all $\triangle\in B(\mathrm{R})$ . Let $f$ be a Borel function of $\mathrm{R}$

into A such that $f(x)=g^{-1}(x)$ for all $x\in\Omega$ and $f(x)$ is arbitrary for all $x\in \mathrm{R}\backslash \mathrm{t}l$ .
Then we have $E=E^{f(M)}$ . By the function calculus, it is easy t,o see that for the
$\iota \mathrm{u}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}$ operator $U$ there is a self-adjoint operator $H$ stlch that $U=e\mathrm{x}\mathrm{p}(-iH/\hslash)$ .
Thus X is the measllring process of the measurement, model $\mathrm{M}=[\mathcal{K}, \sigma, H, M, f]$ . $\square$

Let $\mathcal{X}=[\mathcal{K}, \sigma, U, E]$ be a measuring process for $(\Lambda,\mathcal{H})$ . It is easy $\mathrm{t}_{\downarrow}\mathrm{o}$ check $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{l}$

the relation
$\mathrm{X}(\triangle)_{l}’=\mathrm{T}\mathrm{r}_{\mathcal{K}}\{[1\Theta E(\triangle)]U(/)\otimes\sigma)U^{\dagger}\}$ (24)

where $\triangle\in C,(\Lambda)$ and $p\in\tau \mathrm{c}\cdot$( -?) defines an operational measure for $(\Lambda, \mathcal{H})$ , which is
called the operational measure of $\mathcal{X}$ .

The following theorem, proved in [Oza84], asserts that every $01$)
$\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$ measure

arises $\mathrm{f}\mathrm{r}\mathrm{o}\ln$ a $\mathrm{m}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{u}\mathrm{r}\mathrm{i}\mathrm{l}$ process.

Theorem 7.2. (Realization Theorem) For any operational measure X for
$(\Lambda, \mathcal{H}),$ $th,ere$ ex$sts at least one measuring process for $(\Lambda, \mathcal{H})$ such that X is the
operational $mea\mathit{8}ure$ of $\mathcal{X}$ .

Proof. Follows fr$o\mathrm{m}$ Theorem 5.1 and Corollary 5.2 of [Oza84]. $\square$
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8. Measurement statistics

Let $\mathrm{M}=[\mathcal{K}, \sigma, H, \langle M_{1}, \ldots , M_{n}\rangle, f]$ be a measurement model and $\mathrm{x}$ the outcome
variable of a measurement described by M. Let, X be the operational measure of
the measuring process $\mathcal{X}(\mathrm{M})$ of $\mathrm{M}$ , which will be called as the operational measure
of M. Tllen the statistics of measurement model $\mathrm{M}$ is represented by X as follows.
By (8), the outcome distribution of $\mathrm{M}$ is given by

$\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle||\rho]=\mathrm{T}\mathrm{r}[\mathrm{X}(\triangle)p]$ (25)

for any prior state $p$ where $\triangle\in B(\Lambda)$ . By Eq. (19), the integral state reduction of
$\mathrm{M}$ is given by

$\rho\mapsto\rho_{\mathrm{t}^{\mathrm{x}\in\Delta}}\}=\frac{\mathrm{X}(\triangle)p}{\mathrm{T}\mathrm{r}[\mathrm{X}(\triangle)/)]}$ (26)

for any prior state $\rho$ where $\triangle\in B(\Lambda)$ . By Eq. (11) and Eq. (22), the state reduction
of $\mathrm{M}$ is given by

$\rho\mapsto p_{\{\mathrm{x}=x\}}=\frac{\mathrm{X}(dX)p}{\mathrm{T}\mathrm{r}[\mathrm{X}(d_{X})\rho]}$ (27)

for any prior state $/J$ ancl almost every $x$ wit,h respect to Prlx $\in dx||\rho$]. We have
shown that the measurement statistics of a measurement model is determined by its
operational measure. The $\mathrm{f}o$llowing theorem states that two measurement models
are statistically equivalent if and oIlly if they have the same operational measure
and t,hat any operatiollal measure has at least one associated measurement model.

Theorem 8.1. The correspondence frorn measurement rnodels $\mathrm{M}$ to their oper-
ational measures X gives a $one- t_{\mathit{0}}$ -one $corre\mathit{8}pondenCe$ between the statistical equiv-
alence $cla\mathit{8}Ses$ of $mea\mathit{8}u7ement$ models for $(\Lambda, \mathcal{H})$ and the operational $mea\mathit{8}ures$ for
$(\Lambda, \mathcal{H})$ .

Proof. By Eq. (25) and Eq. (27), two measurement models are stat,istically equiv-
alent if they have the sam$\mathrm{e}$ operatioiffi measure. Conversely, if two measurement
models are statistically equivalent, then by Eq. (11) they have t,he same integral
state reduct,ion so $\mathrm{t}l_{1}\mathrm{a}\mathrm{t}$ by Eq. (26) they have the same operational measure. It
follows that the correspondence $\mathrm{M}\mapsto \mathrm{X}$ gives an injective mapping from the sta-
tistical $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}_{\mathrm{V}\mathrm{a}}1\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$ classes of measurement models to the operational measures. To
show t,his mapping is surjective, let X be $\mathrm{a}\mathrm{I}1$ operational measure for $(\tilde{\Lambda},\mathcal{H})$ . By
the Realization Theorem, there is a measuring process $\mathcal{X}$ associated with X. By
Proposition 7.1, there is a nleasurement model $\mathrm{M}$ such that $\mathcal{X}=\mathcal{X}(\mathrm{M})$ . Then the
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operational measure X is the operational measure of M. It follows that for any

statistical equivalence class of measurement nlodek there is an operational measure
associated with it. $\square$

9. Statistics of pure measurements

Let $\mathcal{H}$ be a Hilbert, space and A a stalldard Borel space. In what follows, we shall
consider an operational meastlre $\mathrm{x}$ for $(\Lambda, \mathcal{H})$ and a measurement with the outcome
variable $\mathrm{x}$ t,he measurement statistics of $\mathrm{w}1_{1}\mathrm{i}\Lambda$ is described by X. In the context
where t,he reference t,o $\mathrm{x}$ is obvious, we shall write $P(\triangle|p)=\mathrm{P}\mathrm{r}[\mathrm{x}\in\triangle||\rho]$ and
$p_{x}=/^{y}\{\mathrm{x}=x\}$ for the measurement statistics determined $\}_{)}\mathrm{y}$ X.

In most examples frorn real physical experimeIlts, the $\mathrm{s}\mathrm{t}$,ate reduction reduces a
$\mathrm{I})\mathrm{t}\mathrm{l}\mathrm{r}\mathrm{e}1)\mathrm{r}\mathrm{i}\mathrm{t})\mathrm{r}$ state $p$ t,o a pure posterior state $p_{x}$ for $\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{l}$ ) $\mathrm{o}\mathrm{S}\mathrm{S}\mathrm{i}$}) $\mathrm{l}\mathrm{e}$ outcomes /$\cdot$ . Thus the
characterization of this kind of statistics has a particular importance in applications.
For this purpose, we say that an operational $\mathrm{m}\mathrm{e}\kappa \mathrm{s}\iota \mathrm{l}\mathrm{r}\mathrm{e}\mathrm{X}$ for $(\Lambda, \mathcal{H})$ is pure if for
any $\mathrm{I}$)$\mathrm{u}\mathrm{r}\mathrm{e}$ state $p$ the family $\{\rho_{x}|x\in\Lambda\}$ of $1$) $\mathrm{o}\mathrm{s}\mathrm{f},\mathrm{e}\mathrm{r}\mathrm{i}0\mathrm{r}$ states for (X, p) satisfies the
condition t,hat

$\rho_{x}$ is a pure state for almost all $a\cdot\in$ A with respect to $\mathrm{T}\mathrm{r}[\mathrm{X}(\cdot\rangle p]$ ; such
operational measures are said to be “(lllasicomI)lete” in [Oza86]. A measurement
model is said to be pure if its operational mea.stlre is $\mathrm{p}\uparrow \mathrm{l}\mathrm{r}\mathrm{e}$ . For a $1$) $\mathrm{u}\mathrm{r}em\mathrm{e}\mathrm{a}\mathrm{s}^{\mathrm{Y}}\iota \mathrm{u}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}$

model, the measurement $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}_{\ell}\mathrm{i}_{\mathrm{C}}\mathrm{s}$ is $\mathrm{r}\mathrm{e}_{\mathrm{I}^{)\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{e}}J}\mathrm{n}\dagger \mathrm{e}$(1 for prior $\mathrm{s}_{1}$t,ate vectors $\sqrt$) as follows:

outcome distribution: $\Gamma(dx|\psi)$ ,
$\mathrm{s}\mathrm{t}$,ate reduction: $\tau/$ } $\mapsto?t_{x}$”

where $P(dx|\psi)=P(dx||\psi\rangle$ $\langle\psi|\rangle$ and $\{\psi_{x}|x\in\Lambda\}$. is a family of state vectors such
that $|\psi_{x}\rangle$ $\langle\psi_{x}|=|’\psi_{J}\rangle\langle\psi|_{x}$ .

10. Information theoretical characterization

The $\mathrm{p}_{\mathrm{l}\mathrm{U}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{a}}\mathrm{s}\iota 1\mathrm{r}e$ ment models are know to have the following information $\mathrm{t}1_{1\mathrm{e}}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{t}_{-}$

ical $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{t}_{)}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{Z}\mathrm{a}\mathrm{t}\mathrm{i}o\mathrm{n}$. Let, $/J$ be the $\mathrm{I}$)$\mathrm{r}\mathrm{i}_{\mathrm{o}\mathrm{r}}$ state of a measurement,. Then the $\mathrm{e}\mathrm{n}\mathrm{t}$,ropy
of $\rho$ , called the prior entropy, is

$S(p)=-\mathrm{n}[/y\log\rho]$ . (28)

If the measuring process is given by $\mathcal{X}=[\mathcal{K},$ $\sigma,$ $U,$ $E1$ , then the object-probe $\mathrm{i}\mathrm{n}\mathrm{t}_{1\mathrm{e}\mathrm{r}}-$

action changes the object state as follows:

$\rho\mapsto \mathrm{X}(\Lambda)\rho=\mathrm{T}\mathrm{r}_{\mathcal{K}}[U(p\otimes\sigma)U\dagger]$ . (29)
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This process is an irreversible $\mathrm{o}\mathrm{p}e\mathrm{n}_{- \mathrm{S}\}}\gamma \mathrm{s}\mathrm{t}\mathrm{e}\mathrm{n}1$ dynamics which increases the entropy by
the arnount

$S(\mathrm{X}(\Lambda)\rho)-s(\rho)\geq 0$ .

The observer is, however, informed of the outcome $\mathrm{x}=x$ of the nleasurement. This
infornration $\mathrm{c}\cdot 1_{1\mathrm{a}}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{s}$ the state from $\mathrm{X}(\Lambda)\rho$ to the posterior stat, $\mathrm{e}p_{x}$ . This process
gains the $\inf ormation$ on the system, or equivalently decreases the entropy of the
system, in average by the amoumt

$S( \mathrm{X}(\Lambda)\rho)-\int_{\mathrm{A}}s(\rho_{x})\mathrm{T}\mathrm{r}[\mathrm{x}(dX)p]\geq 0$ . (30)

If the outcome gives enough information $\mathrm{a}\mathrm{l}$) $\mathrm{o}\mathrm{u}\mathrm{t}$ the system, we can expect $\mathrm{t}_{l}\mathrm{h}\mathrm{a}\mathrm{t}$

this information gain compensates $\mathrm{t}_{\partial}\mathrm{h}\mathrm{e}$ dynamical entropy increase so that the total
information gain is nonnegative, i.e.,

$I( \mathrm{x}|\rho)=S(p)-\int_{\Lambda}S(\rho_{x})\mathrm{T}\mathrm{r}[\mathrm{x}(dx)/)]\geq 0$. (31)

Relation (31) is a $\mathrm{q}_{\mathrm{U}}\mathrm{a}\mathrm{n}\mathrm{t}11m$ mechanical generalization of Shannon’s fundamental in-
equality [Khi57, p. 36]; note that original Shannon’s inequality describes the classical
process in which the information on the state of a system is obtained without any
$\mathrm{e}\mathrm{l}\mathrm{y}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{l}\dot{\mathrm{u}}\mathrm{c}\mathrm{a}\mathrm{l}$ interaction so that the first $1$)$\mathrm{r}\mathrm{o}\mathrm{c}\mathrm{e}\mathrm{s}\mathrm{s}$ of entropy increase is neglected. For
a $\mathrm{v}o\mathrm{n}$ Neumaim-Liiders measurement [Lud51] of a purely discrete obselvable $A$ , the
$o_{1^{)\mathrm{e}\mathrm{r}}}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}\mathrm{a}1$ measure of which is given by

$\mathrm{X}(\triangle)\rho=\sum_{a\epsilon_{-}\Delta}EA(\{a\})\rho E^{A}(\{a\})$
, (32)

where $\triangle\in B(\mathrm{R})$ , inequality (31) was first conjectured by Groenewold [Gro71] and
proved by Lindblad [Lin72]. The following $\uparrow \mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}$ characterizes generally the mea-
surements which satisfy this inequality [Oza86].

Theorem 10.1. (Generalized Groenewold-Lindblad Inequality) An op-
$erat?,onal$ measure X is pure if and only if it satisfies $I(\mathrm{x}|p)\geq 0$ for every density
operator $p$ with $S(p)<\infty$ .

Theorcnl 10.1 clarifies the significance of pure measurement lnodels. In order to
start the structure theory of pure lneasuremellt models, we shall consider typical
constructions of pure operational measures in the following subsections.
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11. Von Neumann-Davies type

Let $\mu$ be a a-finit, $\mathrm{e}$ measure on $B(\Lambda)$ . The space $L^{2}(\Lambda, \mu, \mathcal{H})$ is defined as $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ linear
space of $\mathcal{H}$-valued Borel functions $f$ on A satisfying

$./\Lambda||f(x)||2(\mu dx)<\infty$ .

With identifying two functions which cliffer oIlly on a $\mu$-null set, the space $L^{2}(\Lambda, \mu,kt’)$

is a Hilbert space with the inner $\mathrm{p}\mathrm{r}o$ duct defined by

$\langle f|g\rangle=\int_{\mathrm{A}}\langle f(_{X})|g(x)\rangle\mu(d_{X})$

for all $f,$ $g\in.L^{2}(.\Lambda, .\mu, \mathcal{H}.)$ . Then, by the corresp$\mathit{0}$ndence $f(\cdot)\xi\mapsto\xi\otimes f$ for all
$f\in L^{2}(\Lambda, \mu)$ and $\xi\in \mathcal{H}$ , the Hilbert space $L^{2}(\Lambda, \mu, \mathcal{H})$ is isometrically isomorphic
to $\mathcal{H}\otimes L^{2}(\Lambda, \mu)$ .

Theorem 11.1. Let $W$ be a linear isornetry from $\mathcal{H}$ to $L^{2}(\Lambda, \}r, \mathcal{H})$ . Then the
Bochner integral formula

$\mathrm{X}_{W}(\triangle)|\xi)\langle\xi|=\int_{\Delta}|(W\xi)(x)\rangle\langle(W\xi)(x)|\mu(dx)$, (33)

$u\prime h,ere\triangle\in B(\Lambda)$ and $\xi\in \mathcal{H}$ , defines uniquely a pure operational $mea\mathit{8}ure\mathrm{x}_{w}$ .

The pure operational measure $\mathrm{X}_{W}$ is called the operational measure for $(\Lambda, \mathcal{H})$ of
the $vor|$, Neurnann-Davies $(ND)$ type determined by $W$ . The nleasur$e$Inent statistics
represented by $\mathrm{X}_{W}$ is given by

outcome distribution: $P(dx|\psi)=||(W\psi)(x)||2\mu(dx)$ ,

state reduction: $\psi\mapsto \mathrm{t}^{l)}x=||(W\psi)(X)||-1(W_{\mathrm{t}’}l)(X)$ .

It is easy to see t,hat the dual of $\mathrm{X}_{W}(\triangle)$ is given by

$\mathrm{X}_{W}(\Delta)^{*}a=W*(a\otimes x_{\Delta})W$

for all $‘\iota\in \mathcal{L}(\mathcal{H})$ . Thus the POM $F_{W}$ of $\mathrm{X}_{W}$ is given by

$F_{W}(\triangle)=W^{*}(1\otimes\chi\triangle)W$

for all $\triangle\in B(\Lambda)$ .
For the lat,er discussion, we say that a CP map valued measure X is of the

von Neumann-Davies type if it is of the form of Eq. (33) wvith a bounded linear
transformation $W:\mathcal{H}arrow L^{2}(\Lambda, l\iota, \mathcal{H})$ .
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12. Gordon-Lousell type

Another $\mathrm{t}\mathrm{y}\mathrm{l})^{\backslash }$‘ of $1$) $\iota \mathrm{l}\mathrm{r}\mathrm{e}\langle \mathrm{j}1^{y\mathrm{e}\mathrm{r}}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1111\langle^{1}\mathrm{a}\mathrm{S}n1^{\cdot}\mathrm{c}\mathrm{i}:$, given as follows. Let $\{\Psi,.|x\in\Lambda\}1)\mathrm{e}$ a
fixed Borel faniily of state $\mathrm{v}\mathrm{e}(\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{t}H’$ and $F$ a POM for $(_{\wedge}i\mathrm{t}. H).$ Tllell $\mathrm{t}1_{1p}$ relation

$\mathrm{X}_{(}’\Delta)/J=./\Delta|\Psi_{S^{\backslash }}.)\langle\Psi_{x}|\mathrm{T}\mathrm{r}[/)F(\gamma l_{J})]$ (34)

for $A1\Delta\in L\supset’(_{\backslash }\Lambda)$ and $/J\in\tau‘\cdot(\mathcal{H})\mathrm{e}1<\cdot \mathrm{f}\mathrm{i}\mathrm{n}\mathrm{t}^{\rangle}:\mathrm{i}$ a $\mathrm{u}11\mathrm{i}\mathrm{c}_{1^{1}}1\{\backslash 1)|1\mathrm{r}\mathrm{e}\{)1)\mathrm{C}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}_{0}1\mathrm{k}11111\langle)\mathrm{A}\mathrm{S}111^{\iota}‘ \mathrm{X}$

$[()’/.\dot{C}\mathrm{t}8\check{‘ v}i\iota,\dot{\subset}11)])\mathfrak{k}^{\backslash }\mathrm{U}(1\mathrm{i}\mathrm{X}\rceil\urcorner$ the $m(^{s}c‘ \mathrm{k}^{\epsilon}$ }( $\mathfrak{u}\{^{1}\mathrm{m}‘\backslash \mathrm{I}\mathrm{l}\mathrm{t}$

“’
$\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\lambda\backslash \mathrm{f}\mathrm{i}$( $‘ \mathrm{b}$ of $\backslash \mathrm{v}\mathrm{h}\mathrm{i}I^{\cdot}\mathrm{h}$ is given $1$ )$.\}^{r}$

$\langle$

$\}\mathrm{t}\mathrm{t}\mathrm{t}$ ( $\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{C}^{\supset}$ lli:,\tril)l\iota tion: $P(dx|l/’)=\langle\iota_{/}^{!’}’|F(\acute{d}X)|\iota/’\rangle$,

$\mathrm{S}\mathfrak{s}\mathrm{a}\zeta‘ s1(^{\backslash \iota_{\mathrm{u}}\cdot \mathrm{t}\mathrm{i}\mathrm{o}}\mathrm{c}(\mathrm{n}:$ $l_{t}’\mapsto 1_{tx}^{l}=\Psi_{J}.$ .

$\backslash \backslash ^{\tau}$( $\iota$ shall $\mathrm{c}_{\dot{C}}\iota 11$ tlli:, $\mathrm{t}_{\}^{r}1}.$) $‘\backslash$ of $1-$) $11\mathrm{r}\mathrm{t}^{\mathrm{Y}}\mathrm{o}1$)
$(^{1}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11\mathrm{a}\mathrm{l}\mathrm{m}(^{\backslash }\mathrm{a}\mathrm{s}\mathrm{t}\urcorner \mathrm{u}\cdot \mathrm{e}^{1}\mathrm{a}\dot{\mathrm{s}}$ the $c_{\mathit{0}7\prime}ion$-Louzsell type

[GL66. $()’/_{\lrcorner}\lambda 89$]. A $\mathrm{I}$) $111 \mathrm{e}(1)\in \mathrm{Y}\mathrm{r}i1\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{U}i11\mathrm{U}\mathrm{l}\mathrm{e}^{s}\mathrm{a}^{\iota}‘\int,11\mathrm{r}‘\cdot \mathrm{X}$ of $\mathrm{t}_{n}1_{1}\mathrm{e}\mathrm{V}$ {$)11\perp\backslash ^{\mathrm{T}}(’ 11\mathrm{m}$ ilnIl-Davies $\mathrm{t})^{7\mathrm{I}^{\mathrm{J}\}}}$‘

$\mathrm{i}‘\backslash$ also of tlle $\mathrm{G}\mathrm{t}1^{\cdot}\mathrm{C}\mathrm{l}\mathrm{o}\mathrm{I}1-\mathrm{L}\mathrm{o}11\mathrm{i}l\mathrm{s}\mathrm{f}^{\iota}11$ type if tlle linear $\mathrm{i}_{5\mathrm{t}\ln}e\mathrm{t}\mathrm{r}.\mathrm{Y}7\mathrm{t}$

’ is given $|$)$.\mathrm{Y}$ a $\mathrm{f}\cdot \mathrm{d}\mathrm{n}\mathrm{l}\mathrm{i}1_{\mathrm{Y}}.V$

$\{_{4}4_{1}.\cdot|.t\cdot\in.1\}$ of $\mathrm{r}_{\dot{C}}\mathrm{t}11\mathrm{k}$ one operators on $\mathcal{H},\mathrm{b}$ltch that $(1k^{-}\xi)(x)=A_{r}\xi$ for almost $\mathrm{a}\mathrm{U}$

$.;\cdot\in.\backslash$ .
$\mathrm{F}\mathrm{t}\rangle 1^{\cdot}$ the $1_{\subset}\mathrm{t}\mathrm{r}(11^{\cdot}(1\mathrm{i}_{\backslash }\backslash (\uparrow 1\mathrm{t}\searrow \mathrm{S}\mathrm{i}\mathrm{o}11$ , we $.\mathrm{c}_{\backslash \dot{c}1\mathrm{v}}$ that a CP map $\backslash ^{r}\dot{C}\iota 1_{1}(^{\backslash }(1$ meabllrt\X is of the

$c_{t)r\prime}lo\eta- L$( $\mathrm{t}\iota L5$ ( $\tau,lt_{\mathrm{t}},/p\prime\prime$ if it is of the form of $\mathrm{F}_{\lrcorner}\mathrm{c}_{1}$ . (34) with a $1^{)\{)_{\backslash }\backslash ^{\backslash }\mathrm{i}}\mathrm{t}\mathrm{i}_{\mathrm{V}\epsilon^{1}}\mathrm{o}\mathrm{l}$) $\mathrm{c}\mathrm{r}\dot{\mathrm{e}}\mathrm{l}\mathrm{t}\langle$) $\mathrm{r}\mathrm{v}\dot{C}\mathrm{t}\mathrm{l}\mathrm{u}\mathrm{e}(1$

$11\mathrm{t}\mathrm{t}_{\dot{\subset}}^{1}\};,\cdot 111^{\cdot}‘\}F:c,(\Lambda)arrow \mathcal{L}(\mathcal{H})$ .

13. Structure of pure llleasurenlents

$\mathrm{T}11$ ( following Stin$‘ 1‘,1$ )$\mathrm{r}\mathrm{i}\mathrm{n}_{h1}\Gamma \mathrm{f}_{\mathrm{V}})‘)$ (lihfion the$()1$ elll is $\mathit{0}\dagger$ ) $\mathrm{t}_{)\dot{(}}1\mathrm{i}\mathrm{n}P\mathrm{d}$ in $[()’/_{\lrcorner}\mathrm{a}84]$ .

Theorem 13.1. $Ft$)’ any (’$t^{y\xi’ r}ntj_{C},nal,$ $m\theta \mathit{0}sur‘/\mathrm{x}fo7^{\cdot}(.1,\mathcal{H})$ . th $e,r$(. exzst a (sep-
$ar7rbl\Gamma^{\prime)}H\prime f.l,ly’..J\gamma\cdot\dagger\cdot;I^{)\gamma}’,(’/$ A., a spec’fral $r’\prime^{J},aSur7E$ ’ for ( $\lrcorner \mathrm{t},$ $\mathrm{A}’\grave{)}.$ a$71\mathrm{c}l$ an $k9om(^{\supset tr?}\mathrm{e}/V$ : $\mathcal{H}arrow$

$\mathcal{H}(j’\kappa.9ut/’$ that
$\mathrm{X}(\Delta)’(l=\mathfrak{s}^{r}\dagger[‘’ E(\Delta)]V$ (35)

$f\mathrm{o})$ all $a\in \mathcal{L}$ ( -?) arid $\Delta\in B(_{-}1)$ artd that

$\prime rt^{\mathrm{r}1}\mathcal{K}=\{[\mathrm{o}^{(}gE\langle\Delta)|V\xi|\mathrm{t}l\in \mathcal{L}\langle \mathcal{H}). \Delta\in B(\Lambda), \xi\in \mathcal{H}\}^{\perp\perp}$ . (36)

$\prime t\mathit{1}’ h,t^{\prime\gamma \mathrm{c}^{J}},$

$\perp$ stand.s for thcj $(l)(lr7lt\dot{\prime,}\mathit{0}n$ of orihoqon($\mathit{1}l$, complcrnent.

$\mathrm{T}11\{^{1\mathrm{f}1}\mathrm{i}_{1^{1}}$) ( $\langle \mathrm{A}^{arrow}$ . E. $l^{-}\rangle.\mathrm{b}_{\dot{C}}^{\tau}\{\tau \mathrm{i}\llcorner’ \mathrm{f}\mathrm{t}\urcorner.\mathrm{y}$ing the $\mathrm{a}l$ )($\mathrm{V}e$ conditions is ( $\mathrm{a}11\mathrm{t}^{\backslash }\mathrm{t}1$ a $r\dot{m}n?,r\gamma\iota al$ dilation
of an $(\mathrm{I})\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{f}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{m}\mathrm{e}\mathrm{a};\backslash ,1\mathrm{l}\mathrm{r}\mathrm{e}$ X.
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Let $l^{\iota}|$ )( a $\sigma- \mathrm{f}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{t}‘\backslash \mathrm{m}^{1}‘.\mathrm{a}$b.llre $011L;(\Lambda)$ . $\mathrm{A}_{11(1)G\mathrm{r}\mathrm{a}}\mathrm{r}\mathrm{i}\mathrm{t}$ ) $\mathrm{I}\mathfrak{U}1\mathrm{m}\mathrm{e}\cdot\lambda^{\backslash },,111^{\cdot}\mathrm{t}\mathrm{Y}\mathrm{X}$ for $(\Lambda, H)\mathrm{i};$,

( $.\mathrm{t}11\mathrm{t}^{s}\mathrm{d}l’$ -cori $tm\tau/$,($ju.9$ . in ,$\backslash .\mathrm{y}\mathrm{u}\mathrm{l}\mathrm{I}$ ) $0\mathrm{l}‘ \mathrm{C},$

$\mathrm{X}\ll l^{\iota}$ . whenev$‘\backslash \mathrm{r}l^{/}(\Delta)=\{$ ) $\mathrm{i}_{111}1^{1})\mathrm{i}\mathrm{t}^{\backslash }\mathrm{s}\mathrm{X}(\Delta)=$
$()$

for all $\Delta\in C\supset(\Lambda)$ . A $\sigma$-finite $1\coprod(\backslash \mathrm{a}\mathrm{R}\mathrm{s}\iota\iota \mathrm{r}$ ($\}$

$l’$ is ( $\mathrm{a}11_{\dot{\mathrm{t}}(}\cdot 1$ a $()a.s$ ( rnea $97l.7^{\backslash }(.’$ of an (1) $\rho 1^{\cdot}\mathrm{a}$tionill

in$‘ \mathrm{t}\mathrm{f}\mathrm{f}\mathrm{i}\ddagger\iota \mathrm{r}\mathrm{e}\mathrm{x}\mathrm{W}1_{1}‘\cdot \mathrm{n}(.1’(^{\iota}\mathrm{r}l^{\ell()}\Delta=()$ if $\dot{\mathrm{e}}1\mathrm{J}1$ { $1(’$uly if $\mathrm{X}(\Delta)=($} for all $\Delta\in C,(.1)$ .

Proposition 13.2. Any $‘’ \mathit{1}^{j\prime}\gamma\gamma ltion(/,lm‘,a.\mathrm{s}?/,r\cdot\epsilon\cdot f\dot{\prime}J\gamma\cdot(_{-}\mathrm{t}.\mathcal{H})h_{l/9},.if_{9}..\cdot t)(r_{\text{ノ}}(9(\prime\prime n\mathrm{f}’\prime J,.9u\mathit{7}($.

Let $e\{\mathrm{a}\mathrm{n}(1\mathcal{N}\iota)$ ( vou Neumann $\dot{\mathrm{r}}1\mathrm{l}\mathrm{g}\mathrm{e}$
) $|)\mathrm{r}j1\backslash ‘,$ . For any normal CP $1\mathrm{u}\mathrm{a}_{\mathrm{I})}(\mathrm{I})$ : $d^{\vee\{}arrow dl^{a}$ .

$(1\mathrm{e}^{\mathrm{Y}}\mathrm{n}\mathrm{o}\zeta‘ \mathrm{Y}[)\}’\Phi_{\mathrm{t}}$ fhe $1^{)1^{\backslash }\langle}.‘ 1_{1}1C\mathrm{t}111\iota \mathrm{a}1$) $\Phi_{*}:.l_{*}’arrow d^{\vee\{_{*}}(1_{(^{\backslash }}\mathrm{f}\mathrm{i}11\mathrm{e}\mathrm{t}1\dagger))’\langle n, \Phi_{r}\sigma\rangle=\langle^{(}l^{),,.\sigma}\rangle$, for

all $n\in d$V4 and a $\in\nu l_{\star}’$ . Dellot $‘\iota|$ ) $\mathrm{v}L^{\infty}(A\iota, l^{l}, \mathcal{L}’(’H))$ the voll $\perp\backslash ^{7}\langle^{\mathrm{Y}}\iota \mathrm{u}11\dot{‘}\iota 1111\Lambda 1_{\mathrm{b}^{r_{(}}}\tau 1)1^{\cdot}i\iota$

of essentially $1$ ) $0\backslash \mathrm{l}\mathrm{n}\mathrm{t}\mathrm{l}\mathrm{e}(\iota_{\mathrm{W}}(^{1}\mathrm{r}\mathrm{k}1_{\mathrm{Y}^{*}}l^{/- 1\mathrm{o}(\mathrm{a}}11\backslash \cdot\iota \mathrm{I}1(^{\mathrm{r}_{\dot{C}1}}"‘,\iota \mathrm{t}\mathrm{r}\dot{\subset}1\mathfrak{j})1‘\backslash \mathcal{L}(’H)-\iota i\mathrm{t}111^{((}11\mathrm{f}\iota 111(\mathrm{t}\mathrm{i}\mathrm{t})11_{\mathrm{t}}‘$, on $\mathrm{A}($ .

Tllt $1$) $1^{\cdot}\langle$

$)\mathrm{t}\mathrm{l}\mathrm{t}\iota A$ of $L^{\infty}( \Lambda.\int^{(}, \mathcal{L}(\mathcal{H}))$ is the $\backslash _{2}[^{)^{}}u\cdot(\backslash L^{1}(_{4}\mathrm{c}, l^{l.T}(\cdot(\mathcal{H}))$ of $\mathrm{B}\mathrm{o}\{\mathrm{h}\mathrm{n}^{\mathrm{Y}}‘ \mathrm{r}/^{\iota- \mathrm{i}_{11}}\mathrm{t}‘)\mathrm{g}_{1})‘ \mathrm{t}\dagger,\mathrm{l}\mathrm{t}$

$\tau((H)$-valued fnnt $\mathrm{f}\mathrm{i}_{\mathrm{o}\mathrm{n}}\triangle \mathrm{s}$ with $(111‘ A\mathrm{i}\mathrm{f}\gamma 1)\dot{\mathfrak{c}}\dot{\mathrm{u}}1^{\cdot}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{b}$’

$\langle A, F\rangle=./\iota$

.
$\mathrm{T}\mathrm{r}[A4(x)F^{\mathrm{J}}(I\rangle.\rceil_{l}l(\gamma/.\mathfrak{l}\cdot)$

for all $A\in L^{\infty}(.1, ll. L(H))\lambda 11(1F\in L^{1}(\Lambda, l^{\mathrm{t}.\mathcal{T}\mathrm{c}\cdot(}\mathcal{H})\rangle$ [Sak71. 1). $()8$]. The $l^{l-}$

$\mathrm{c}\cdot()\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{i}_{1\iota}1\mathrm{t}()\iota 1_{\iota}‘,$
$\mathrm{t})1^{)}\mathrm{e}\Gamma \mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}11\mathrm{a}1111^{\tau}‘ \mathrm{a}1‘,\mathrm{t}11^{\cdot}\mathrm{t}^{1}\backslash \backslash$ are $\mathrm{t}1_{1\mathrm{d}r}i11^{\cdot}\mathrm{t}‘ 1\mathrm{I}^{\cdot}\mathrm{i}\mathfrak{c}/_{\mathrm{J}}‘’(1\dot{C}\mathrm{L}\mathrm{b}$ follow$‘ \mathrm{s}$ .

Tlleorem 13.3. Let }
$lb\epsilon’$ a $\sigma-fi_{7l\dot{\mathrm{g}}},t(^{\mathit{2}}\gamma n$ ‘ $tl.9?\iota’\gamma/$ on $\mathcal{B}(\mathrm{A}1)$ . The $Bt”\cdot lm‘ r\cdot\angle/\gamma\prime t’.(\prime^{r}(J,l$,

$f_{\mathit{0}\gamma m?/},l_{\text{ノ}}‘\lambda$

$\mathrm{X}(\Delta)\gamma’=./\Delta$

.
$(\Phi_{*/))}(X\rangle l^{l}((l.\{.),$ $(3_{\overline{l}})$

$?lJhc,)\gamma\cdot f’,/J\in\tau‘\cdot\langle \mathcal{H}$ ) $an(f,$ $\Delta\in C,(\Lambda)$ . scit.s $?/_{I)},n$, one-f$( \lambda-(y7l,(\text{ノ}r\cdot or\uparrow\cdot e.\mathrm{S}p_{\mathit{0}}rl(l_{C}\prime n(\mathrm{e},)l)C).tu’((.!7\prime f_{r}\oint l($

$jl-(.()\uparrow \mathrm{t}f_{\dot{l}}.‘\gamma\iota\prime l/,(J\mathrm{t}L\forall()f)ty7ut\dot{l}‘’ nalme(\iota s?\iota\gamma.(^{\mathit{3}}s\mathrm{X}(\iota rl(f$ th$‘(u\mathit{7}lif- p7\prime’\mathrm{s}.\mathrm{f}^{\prime\gamma}?\prime lrl‘ jn()^{}/\cdot 7r"\iota lC,\Gamma m(\iota_{\mathit{1}^{\prime.\backslash }}\Phi$

$f’()\gamma nL^{\infty}(\Lambda.l^{\iota}\cdot c_{(’\prime\{}))$ to $\mathcal{L}(\mathcal{H})$ .

The llnit-l)rtlbt $\mathrm{C}^{\}}\mathrm{r}\mathrm{v}\mathrm{i}\mathrm{n}\mathrm{g}$ llorm$A$ CP $\mathrm{m}\dot{\mathrm{t}}\iota 1^{)}\Phi$ in $\mathrm{E}\mathrm{c}1$ . (37) is $(i\mathrm{t}11‘ 1(1\mathrm{t}1_{1}\mathrm{c}^{s}(’ p’‘\prime rnt\dot{r}(’ 7?(\mathit{1},l$

$(l_{?..\mathrm{t}^{\gamma}},ir\cdot\uparrow f)?\iota t’,(Jrt$ , for (X. $l^{/}$ ).

The following ( $.\mathrm{O}1^{\cdot}\mathrm{t}11\mathrm{a}\mathrm{r}\mathrm{t}’$ is an $\mathrm{i}11$]$\mathrm{n}1(^{\mathrm{Y}}(1\mathrm{i}\mathrm{a}\mathrm{f}()$ (($1\mathrm{L}\mathrm{S}\mathrm{t}^{\mathrm{Y}}(1^{11}(^{1}\mathrm{n}\mathrm{t}\cdot \mathrm{e}\mathrm{f}_{1}\mathrm{o}111$ the $1)\mathrm{r}‘)\langle$) $\mathrm{f}$ of $\mathrm{T}\mathrm{h}\mathrm{t}^{1}(\mathrm{r}\{11\mathrm{U}$

$13.3$ .

Corollary 13.4. $L$et $l^{l}b\mathrm{c}’(x\sigma-fi.n?\mathrm{r}\mathrm{f}\cdot\gamma r’(io,S?/,r(\mathrm{J}$ on $L3(\Lambda)$ . $L(^{}t\mathrm{X}br’$ a $l^{\prime-C\mathit{0}nt}?nu()?\mathrm{A}9$

$(\prime pJ\prime’rtlljC)\gamma l‘ Jjrn\epsilon^{}(\lambda su7^{\cdot}‘ fo\gamma\cdot(\Lambda,$ $\mathcal{H}^{\backslash },$ . $\Phi$ the $(jPe\mathit{7}(\iota tr(\gamma’(\iota l(l?,.\backslash tr\cdot\dot{l}|)uf.\dot{l,}‘ Jnf()r\cdot(\mathrm{X}, \}\iota)$ . $(lrl(l$

$\langle \mathcal{K}, E, \mathrm{T}^{r}\rangle th(7r\prime i7l\prime l.\mathit{7}"\prime r,l‘ l\dot{\uparrow},lat\eta$ , on $()f\mathrm{X}$ , Th ( $\prime r\iota$ . $th_{ll(},\cdot,\dot{?,}.9^{\cdot}$ a $7l()\mathit{7}|,d(.’;(^{\int}n(,7^{\cdot}‘ l\prime\prime. 7’,\mathit{0}7^{\cdot}r’)(J_{\text{ノ}}l,$
$*-$

$7^{\cdot}(l’?(..\backslash \cdot(l7/\dagger\prime xt_{l}J()\gamma’\pi$ : $L^{\infty}( \Lambda, \int l, \mathcal{L}(\mathcal{H}))arrow \mathcal{L}(\mathcal{H}(^{\backslash }|\mathcal{K})\backslash ’(\iota t’/..gf.\iota_{\mathit{1}^{l}q}’$ the $f_{\mathrm{o}ll\mathrm{o}?l?\gamma}’|q(^{1}(’ rl(l\mathrm{t}t_{0}()\gamma’..\backslash$:

(1) $F‘’\gamma(/,l,l‘\iota\in c_{1’H\rangle}‘ x’[](l\Delta\in \mathcal{B}(-\iota)$ ,

X $\langle\Delta)^{*}(t=\Phi(a\cup\nearrow/\searrow,\rangle 1\Delta=\mathrm{t}^{-\perp}\mathrm{I}\mathrm{J})7\mathrm{r}((\mathrm{t}^{(}\backslash \}_{\Delta}$ U.
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(2) $-’|[L^{\infty}\mathrm{t}\mathit{1}-\cdot l/\backslash .\mathcal{L}(H))]\iota\prime H=H_{\mathrm{L}’}^{\wedge}\prime \mathcal{K}J$ .

The following $1^{)1\mathrm{t}}’\iota$)
$(^{\tau}‘,\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{o}11.\backslash \mathrm{h}\mathrm{o}\mathrm{W}‘ \mathrm{b}$ that rlle $1^{\cdot}\mathrm{e}1j\iota \mathrm{t}\mathrm{i}_{\mathrm{o}n}[_{)}\mathrm{e}\mathrm{r}_{1}\backslash \gamma‘\cdot‘\tau 11\mathrm{t}11‘\backslash \mathrm{f}_{\dot{C}}\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{l}1^{-}(\mathrm{f}_{1})0.\backslash$ reriol$\cdot$

stat es and $\mathrm{d}\mathrm{J}1$ op $‘\backslash \mathrm{r}_{\dot{C}}\iota \mathrm{f}\mathrm{i}\mathrm{o}1\mathrm{f}\mathrm{f}\mathrm{i}$ distribution.

Proposition 13.5. $L_{(^{\text{ノ}}}\dagger \mathit{1}^{/}b_{\mathrm{t}^{}}$ a $a- f_{i}r\iota\dot{\iota}t_{(}r\gamma l^{}‘ a\mathrm{s}\prime p\iota r\cdot(,jO7\prime L;(.(). I,\mathrm{r}t\mathrm{X}|)(tJ$ /l-

( $07lt?7’¿(’?l\mathrm{s}op\mathrm{c}\cdot r;t!/onal rn,\mathrm{C}^{}\mathrm{o}S?\iota \mathit{7}\mathrm{C})$ $(A\mathrm{S}’\backslash O(\mathrm{a}rxf_{/}(’/i\mathrm{t}p?fhor\iota \mathrm{o}p(’\gamma(xf?CJ7l(X/(l_{\dot{l\cdot}\cdot;f_{7?}}\cdot b¿ tr(\gamma’\Phi$ . $L_{(}t$

$\{\rho_{x}|.\mathrm{t}\cdot\in-\mathrm{t}\}$ be $n‘ f$ ‘ $7^{\cdot}.\mathrm{s}io7l$ of $thcf(l,’ \dot{l}l\mathrm{t}/()..\oint \mathit{1}J\mathrm{O}9t(??,(JY^{\cdot}9t‘ xt_{\mathfrak{k}}j\..f$($y7^{\cdot}(’$ X. /)). Then $n’(huv($

$( \Phi_{*/)\dot{\mathrm{t}}}’.:.)=\frac{\mathrm{T}\mathrm{r}[\mathrm{x}_{1(}lX)\rho]}{l^{l}(^{}(f.\iota\cdot)}./_{1}’$ . (38)

$l^{/_{}- l,\iota_{rn\mathrm{c}}t}’;(^{J}v(7\uparrow/\mathrm{t}ifl’\prime^{\mathrm{J}}r$ ; or’ A. $(xrl(\mathit{1}$

$l^{\mathit{1}_{J}}=(’, \frac{\mathrm{T}\mathrm{r}[\mathrm{X}(l\supset\cdot 1\prime\prime/J]}{l^{1’}(q_{L)}}‘.\cdot)^{-\iota}(\backslash \text{ノ}\Phi/r)\langle\star.’.\grave{)}$
$(3_{-\rangle}^{\mathrm{e}\}}$.

$\mathrm{T}_{1}\cdot$ [ $\mathrm{X}_{(}\cdot$ I./’]-alrnost $\prime\prime?Jf\gamma’?_{J}wh\mathrm{C}\mathit{7}^{\cdot}‘$ ’on A.

Let $\mathrm{X}_{1}$ ruid $\mathrm{X}_{\underline{J}}.1$ )( $\iota$ CP $111\dot{\epsilon}\iota_{1\dot{\subset}}$) $\mathrm{v}^{\backslash }\lambda 11(1\mathrm{t}1111\mathrm{t}^{\backslash }\mathrm{t}^{\mathrm{t}},)\tau \mathrm{t}1^{\cdot}e\{$, for $\}_{\angle}\mathrm{t}_{1}$ . $H$ ) $\mathrm{d}\mathrm{n}(f\langle_{A}\mathrm{t}_{\mathit{2}}..\prime H)$. $\mathrm{t}^{\backslash }‘.41^{)^{)}(}‘\cdot \mathrm{t}\mathrm{i}\iota^{\tau}‘$
) $17^{\cdot}$ .

$\mathrm{s}111^{)}\iota)\mathrm{t})^{\mathrm{t}},,\mathrm{t}\cdot.\iota \mathrm{t}\cap.l_{2}=\phi.$ Tlle ($l?7^{\backslash }t,J(’ t_{\mathit{8}u7n}$ of $\mathrm{X}_{1}$ antl $\mathrm{X}_{2}$. is a CP $\mathrm{U}\mathrm{l}\mathrm{a}\iota \mathrm{J}\backslash d\backslash \mathrm{l}\mathrm{e}\mathrm{t}\mathrm{l}$ measure X
for $(_{\lambda} \mathrm{t}_{\mathrm{I}}\cup\Lambda_{\mathit{2}}..\mathcal{H})\backslash \mathrm{h}\iota 1(\mathrm{h}\mathfrak{c}1_{1}\mathrm{a}\mathrm{t}\mathrm{x}(\Delta)=\mathrm{X}_{7}(\Delta\bigcap_{-}\mathrm{t}_{\mathrm{t}},\grave{\prime}+\mathrm{X}_{2}\langle\Delta\cap\Lambda_{2})$ for all $\Delta\in B(.\mathrm{t}_{1}(\lrcorner_{arrow}1_{\underline{\prime}}‘)$ .
$\mathrm{T}1_{1^{\mathrm{Y}}}$‘ following $\mathrm{t}11^{1}‘ 01^{\mathrm{J}}‘ \mathrm{m}$ shows that $1$ ) $\ddagger 1\mathrm{f}‘\tau \mathrm{m}\mathrm{e}\ell \mathrm{i}\mathrm{A}‘,\mathrm{u}\mathrm{r}\mathrm{l}\mathrm{Y}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{t}\backslash 1\mathrm{l}\mathrm{t}.\backslash$ are ( $1_{\mathrm{A}\backslash _{\mathrm{L}}\backslash }\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{e}(1‘\cdot.\backslash ,\mathrm{b}\mathrm{c}111\mathrm{t}\mathrm{i}\dot{(}\iota 11\mathrm{t}^{\vee}$ into
two $r.\backslash _{\mathrm{f})\mathrm{s}}^{r}‘ \mathrm{Y}$ .$\mathrm{t}\mathrm{k}\mathrm{l}\mathrm{l}\mathrm{t}\backslash$ ND $\mathrm{f}\mathrm{y}1$ ) $\mathrm{I}^{1}\mathrm{a}11(1\tau 11\epsilon \mathrm{Y}$ GL $\mathrm{f}_{\mathrm{V}\mathrm{I})\mathrm{t}}\backslash$ .

Theoreni 13.6. $L\prec_{l’(7\mathrm{t}/}^{\urcorner}’.l$ ) $?\iota rr;\prime fl^{J}r(l\dagger’()7l(ll\mathcal{T}\prime \mathrm{C}’\iota\backslash l\iota/\gamma e?\backslash (ldlr\epsilon(t$ $\uparrow /rr’ $()ft_{t}’\ell’(\backslash )(^{\bigwedge_{C}}\Gamma\gamma r/(\iota l’$

$?’\Gamma ltu^{\mathrm{J}l}\Lambda" m(a\mathrm{s}ure.\mathrm{q}$ of th $‘\prime \mathit{1}\mathrm{V}Dt_{l/j)}.e$ a$?\iota(f$ of $f/1tGL\dagger.?/p‘.$ .
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