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1 Infroduction

Studies of the Langevin equation for quantum systems were started by Senitzky [1], Lax
[2] and Haken [3]. They investigated the Langevin equation for a quantum mechanical
damped harmonic oscillator. In the quantum Langevin equation, variables in both relevant
and irrelevant systems are stochastic operators. Putting the condition that the equal-time
canonical commutation relation should hold for all time even for stochastic operators, they
derived commutation relations among random force operators and their corrélations.

In thei'r studies, Senitzky, Lax and Haken did not construct a representation space
e'x'plicitly. In quantum theory, observable operators do not have physical meaning until a
representation space is specified. As was pointed out by Kubo [4], the quantum Langevin 4
equation is an operator equation defined on a total representation space, i.e., a space of
relevant system and of random forces. Any representation space of random force operators
had not been constructed by physicists. '

Mathematicians such as Hudson, Parthasarathy and their co-workers [5]-[10] con-
structed explicitly a representation space of random force operators. With the represen-
tation space, they realized a stochastic Schrédinger equation by analogy with the usual
quantum mechanics. A time-evolution genérator satisfying the stochastic Schrédinger
equation was determined on the requirement of its unitarity, which is one of the neces-
sary conditions for construction of a canonical operator formalism. It seems that, for
mathematicians, a construction of the stochastic Liouville equation was out of their con-
siderations. | ‘

The stochaStic Liouville equation was introduced first by Kubo [11, 12] in order to

investigate classical stochastic systems. In classical systems, the stochastic Liouville equa-
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tion is an equation of motion for a probability distribution function in phase space under
the influence of random forces. There had been a few attempts to extend the stochastic
Liouville equation to quantum syst.ems. Gardiner et al. [13, 14] and Dekker [15] derived
a quantum stochastic Liouville equation by obtaining, within the trace formalism, an
adjoint operator of a time-evolution generator for quantum Langevin equation. Further-
more, Gardiner et al. {16] rederived their stochastic Liouville equation on the basis of the
stochastic Schrédinger equation introduced by Hudson et al. by making use of the fact
that a density operator is a functional of wave functions. Within the density operator
formalism, it is impossible to extract an explicit form of the time-evolution generator sat-
isfying the stochastic Liouville equation, since the Liouville equation has entanglements
between relevant operators and a density operator due to commutators and anticommu-
tators among them. These difficulties prevent one from constructing a canonical operator
formalism based 6n the stochastic Liouville equation.

On the other hand, within the framework of Non-Equilibrium Thermo Field Dynamics
(NETFD) [17}-[19], a unified canonical operator formalism of quantum stochastic differen-
tial equations was constructed [20]-[30] on the basis of the stochastic Liouville equation.
The quantum stochastic differential equations include the quantum Langevin equation
and the quantum stochastic Liouville equation together with the corresponding quantum
master equation. Within NETFD, introducing two kinds of operators, with tilde and
without tilde, the entanglements between relevant operators and a density operator in the
stochastic Liouville equation can be disentangled. Therefore, one can extract the explicit
form of the time-evolution generator satisfying the stochastic Liouville equation, which
enables us to construct a unified canonical operator formalism.

In this paper, we will construct quantum Wiener processes by means of boson annihi-
lation and creation operators with their representation space extending mathematicians’
procedure and implanting it into NETFD. The thermal degree of freedom in the quan-
tum Wiener processes will be introduced by a Bogoliubov transformation in the thermal
space which is a representation space within NETFD. Then, starting from a stochastic
Shrédinger equation, we will show how one can obtain the time-evolution generator sat-
isfying a stochastic Liouville equation with the help of the fact that a density operator
is a functional of wave functions together with the principle of correspondence between
quantities in the thermal space and in the Hilbert space. We will also show how one

can construct a unified canonical operator formalism of quantum stochastic differential
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equations on the basis of the time-evolution generator.

2 Quantum Wiener Processes

We will construct quantum Wiener processes at zero temperature according to Hudson

and Parthasarathy [5, 9, 10].

2.1 Fock Space

We introduce boson operators b(t) and bf(t) with ¢ € [0,c0) satisfying the canonical

commutation relations A
[b(2), b'()] = 6(t — 3), [5(t), b(s)] = 0, | (1)
and define the vacuums |0Y and (0] by
b()|0) =0, (O[p*() = 0. | (2)

We introduce ket- and bra-vectors defined by

o1t = b HEIOD, (-t = (O=blt) - Bl )

which satisfy the orthonormalization condition
1
«th T :tnlsl; te 73m» = 5nmm ;5@1 - Sl) e 6(tn - sn)) (4)
and the completeness relation

i() (ﬁ/()oodtl> Itla' o 1tn>)«tl7" : atnl = 1. (5)

Here, }" p indicates the summation over all possible permutations of ¢,,- - -, ¢, with s1,---.s,
fixed. Therefore, the set of ket-vectors {|t, -, t,)} and that of bra-vectors {{(t1,- -, .|}
form complete orthonormal systems. The vector space I'° built on the complete orthonor-

mal basic vectors |tq,--+,t,)) and {1, -,%,| is called the Fock space*.

*Since annihilation and creation operators b(t), bf(t) satisfy bosonic canonical commutation relations
(1), the vector space I'® is also called the boson Fock space or the symmetric Fock space [10).
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2.2 Quantum Wiener Processes

Let us define the operators B; and B;' on the Fock space I’ 0 by

Bt=/otds b(s), BJ:Ltds bt(s). (6)

Taking average of B, B;r and the product B! B, B; B! with respect to the vacuums
|0)) and (0], we find that
(01B.|0) = (0l B{|0) =0, (7)

(O|BI Bs0) =0, {0|B:B}|0) = min(t,s), (8)

where we used (2) and (1). Since the correlations (7), (8) indicates that the operators B,
and B} on the Fock space I'° can be interpreted as the Wiener process for a quantum
system, we call the operators the quantum Wiener processes. The processes B; and B}

are also called annihilation and creation processes, respectively [9, 10].

2.8 Product Rules

Let us introduce the exponential vector le(f)), {e(f)| € I'° by

le(f)) = exp

fo * dt f(t)bf(t)] 0), (e(f)] = (0] exp

[Fa o], @

where f is an element of the set L? of square integrable functions satisfying 5~ dt|f )2 <
0. Since the sets {|e(f)) |f € L?} and {{(e(f)| |f € L?} of all exponential vectors are
linearly independent and total in the Fock space I [10], any operator on the Fock space is
characterized by the action on the exponential vectors [5]. The annihilation and creation

operatofs b(t) and b(t) are characterized by the relations

b(®)le(£)) = fBle()),  Le(HIB'E) = Le(HIf (1), (10)

respectively.
With the help of the properties (10), the quantum Wiener processes B; and B defined

by (6) are characterized by the following relations:
(e(N)IdBile(f)) = f'{)dt{e(f)le(f/)D, (11)
(e(NIdBlle(f) = f*@)dtle(H)le(f))- (12)
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The products of the increments dB; = By 4 — B;, dB} = BI +dt — BI and dt are charac-

terized by the following relationst:
(e(f)ldB.dBle(f)) = O(dt?), (13)

(e(f)ldB.dBlle(f")) = dt{e(f)le(f")) + O(dt?), etc.. (14)

Taking into account of the terms of O(dt) in L2?-space and neglecting the terms of

o(dt), we have, from the matrix elements (11), (12) and (13), (14), the following product

rules [5]:
| | dB, dB! adt
dB,| 0 dt 0O
15
dBf| 0 0 o0 (15)
d¢ |0 0 0

3 Quantum Wiener Processes at Finite Tempera-
tures

We will construct quantum Wiener processes at finite temperatures considering boson
operators on the thermal space, which is the représentation space within NETFD. This
is the reconstruction of quantum Wiener processes at finite temperatures introduced by
Hudson and Lindsay (7, 8], within the framework of NETFD.

3.1 Representation Space

We introduce the tilde operators (b(t),b'(¢)) on the tilde conjugate space I'® associated
with (b(t),b!(¢)) on I'°. Here, the tilde conjugation ~ is defined by

(A14)~ = A1 A, (16)
(@A1+ @A)~ = A1 + G A, (17)
(A)~ = 4, (18)
(Ah~ = At (19)
tO(z) indicates that
O(z)
M =7l
while o(z) indicates that
lim 2%) =
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where A;, Az and A are arbitrary operators on I 0 and ¢; and c; are c-numbers. Note that
the tilde conjugate space I is the Fock space built on the basic vectors made by cyclic
operations of bt(t) on the vacuum |0) and b(t) on the vacuum ({0|, where the vacuums
|0Y) and (0| are defined by

b(©)I0) =0, (Olb'(®) = 0. (20)

Note that [0) and (0] are the tilde conjugate of |0)) and (0].

We consider the tensor product space
r=r°erm. (21)
The vacuum states |0) and (0] of I" is defined by
0) = [0) ®[0), (0] = (0l ® (0l, (22)

which are invariant under the tilde conjugation, i.e., {|0)}~ = |0), {(0]}" = (0]. Note that
I is the Fock space built on the basic vectors made by cyclic operations of (bf(t), b (t))
on the vacuum |0) and (b(t),b(t)) on the vacuum (0. In the following, we will use the

notational conventions such as
bt) @ T = b(t), bl(t)®I=bi(t), (23)

I@b(t) = bt), I®bl(t)=b(t), | (24)

where I and [ stand for identity operators on I"® and I, respectively. The annihilation
and creation operators b(t), bi(t), b(t), bl(t) on I satisfy the canonical commutation

relations

b(@®), b'(9)] = [b(2), bi(s)] = 6(t - 9), (25)
b(®), b(s)] = [B(2), b(s)] = [b(2), b(s)] = [b(2), ¥'(s)] = O. (26)
Note that the vacuums |0) and (0| satisfy

b(£)[0) = b(£)[0) = 0, (0[bf () = (0JB!(¢) = 0. (27)

The thermal degree of freedom can be introduced by Bogoliubov transformation in I'.

First, we require that the expectation value of bf(¢)b(s) should be

(b1 (£)b(s)) = Ab(t — s), | (28)
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with a real positive number 71, where (- - -) indicates the expectation with respect to some
states |} and (|. We find that in order to insure the equation (28), it is sufficient to impose

the following conditions on the states |) and {|:

Ml = =B O, (¥ = (5. (29)

In fact, using the conditions (29), we have
(B (£)b(s)) = {<|b*<t )b(s)l) + 6(t — 5) }, (30)

which leads to (28). We call the states |} and (| the thermal ket-vacuum and the thermal
bra-vacuum, respectively, and the conditions (29) the thermal state conditions for the

thermal ket- and bra-vacuums.
We introduce annihilation operators c(t), &(t) and creation operators c¥(t), &*(¢) for

the thermal ket-vacuum |) satisfying
@) =e&w) =0, ()= (@) =0, (31)

and the canonical commutation relations

[e(t), c*(s)] = [e(2), &¥(s)] = 6(t ~s), (32)
[e(®), e(s)] = [&(2), &s)] = [e(®), &s)] = [e(t), E¥(s)] =0, (33)
[F(®), F(9)] = [E%(1), EX(9)] = [c*(1), &ls)) = [c*(), &¥(s)] =0 (34)

Recalling the thermal state conditions (29), we see that such operators c(t), c*(¢) and

their tilde conjugates are related to b(¢), b'(t) and their tilde conjugates through the

ct) \ _ [ 1+a —7a [ b BN
(a*(t))‘( ~1 1n)(5f(t)>' | (35)

The transformation (35) is called the Bogoliubov transformation* [31]. The Bogoliubov

transformation

transformation is the canonical one such that the canonical commutation relations do not
change under this transformation.

Let the boson Fock space built on the basic ket- and bra-vectors made by cyclic
operations of (c*(t),&%(t)) on the thermal ket-vacuum |) and of (c(t), &(t)) on the thermal
bra-vacuum (|, be denoted by I'?. - '

In the expression of the Bogoliubov transformation, there is a freedom of normahzatlon constant.
The expression (35) is the only one that is linear with respect to #i.
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Note that the Bogoliubov transformation (35) is rewritten as

c(t) = Ug'b(t)Us, &*(t) = Ug'd'(t)Us, (36)

where

Up = exp [—7‘1 /0 > dt bt ()51 (t)] exp [ /0 ” at b(t)é(t)] , (37)

Us' = exp [— /0 > dt b(t)é(t)] exp |7 /0 * dt bf(t)Bf(t)] . (38)

The equations (36) together with the properties (27) and (31) give the relations between

the thermal vacuums in I"? and the vacuums in I as follows:
) =Uz'0), (= (0|Us. (39)

Using the formula of the Lie algebra of SU(1,1) group [32]-[35], we can rewrite Uz' as

normal ordered product

Uz = exp [1_:'_5 /0 * dt b*(t)z“ﬂ(t)]

x exp [—In(1 + 7) /0 Ve {B(2)b(2) + B (0)B(2) + 5(0)}]
X exp [—1-% [ a b(t)E(t)] | (40)

Here, §(0) is the delta function §(¢) with ¢ = 0. The equations (39) and (40) together
with the property (27) give

) = exp [—5(0) In(1 + 7) /0 > dt]'exp [HLn /0 * dt bf(t)iﬂ(t)] 10). (41)

Since §(0) = oo, the equation (41) shows that in the thermal ket-vacuum |[), infinite
number of the (b(t), b(t))-pairs are condensed and the Fock space I'? is inequivalent to the
Fock space I" in the sense that any vector in I’ can not be written as a superposition of
vectors in ' and vice versa.

On the other hand, the equation (39) together with the expression (37) of Ug gives
7 / % dt o' (1) bt (t)] exp [ / * dt b(t)B(t)}
0 0
= (0 ~ dt b(2)b(t 42
©lexp [ [~ at be)b(0)]. (42)

(I = (Ofexp

where we used the property (27). We see that the equation (42) is consistent with the
thermal state condition (29) of the bra-vacuum. In fact, using the equation (42) and the

property (27), we can prove the thermal state condition (29).
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3.2 Quantum Wiener Processes at Finite Temperatures

Quantum Wiener proceéses at finite temperatures are defined by the operators

t ¢
B = / ds b(s), Bl = f ds bt(s), | (43)

0 0
and their tilde-conjugates represented in the Fock space I'’. The explicit representa-

tions of the processes B, BI , B, and Bf in I'? are given in terms of the Bogoliubov

transformation (35) by
t ~
B, = / ds [c(s) + 7c*(s)] = C, + ACH, (44)

Bl = / ds [2(s) + (14 A)c(s)] = Co+ (14 A)CE,  (45)
and their tilde conjugates, where C,, C¥, C’t and C} are the annihilation and creation

processes in I'? defined by

t ¢
Cy =/0 ds c(s), Cf =/0 ds c*(s), (46)
and their tilde-conjugates.

Any operator in the Fock space I'? can be characterized by the exponential vectors
le(f,9)), (e(f, )| in P with f, g € L? defined by

(90 = exp [ [~ at {70t + 5 (9F ()} @)
(e(f,)] = (lexp [ [~ dt {1 @ett) + a(s)2)] (48)
which satisfy the following relations:
cWle(f,9)) = FOle(f,0)), (elF,0)Ie"(®) = (eF,0)If" () (49)
&(t)le(f,9)) = 9" Wle(f,9)), (e(f,9)E¥ () = (e(f,9)I9(0)- (50)

As the case of the construction of annihilation and creation processes B;, B,;r in Fock
space I'°, the evaluation of matrix elements of the products of the increments dC;, dCy,
dC,, dC;t and dt between exponential vectors le(f,q)) and (e(f,g)| with the help of the
properties (49), (50) gives the product rules of the increments dC;, dCf, dC;, dCf and dt,

which are summarized as the following table.

dc, dc} dC, dC} dt
dC,| 0 dt 0 0 0
dcil o 0 0 0 0
d, |0 0 0 dt O 1)
A}l o 0 0 o0 O
d¢ |0 0 0 0 0
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By means of the expressions (44), (45) and their tilde conjugates and the product rules
(51), we can evaluate the products of the increments of dB:;, dB!, dB,, dB] and dt and

obtain the product rules summarized as follows:

dB, dB} dB, dB! dt
dB;| 0 (1+n)dt ndt 0 0
dB} | ndt 0 0 (1+n)dt O (52)
dB, | adt 0 0 (1+n)dt 0
dBl | 0 (14 #)dt ndt 0 0
dt | 0 0 0 0 0

Using the equations (44), (45) and their tilde conjugates, the commutation relation
(32) and the properties (31) of the thermal vacuums, we obtain the correlations of the

increments dB,, dB{, dB, and dB] with respect to the thermal vacuums |) and (| as

follows:
(dB.) = (dB]) = (dBy) = (dB]) = 0, (53)

(dB{dB,) = (dBdB,) = (dBidB,) = (dB.dB,) = (¢ — s)dtds, (54)

(dB.dB}) = (dB.dB}) = (dBldB}) = (dBldB}) = (1+ R)6(t — s)dtds, (55)
(others) = 0, (56)

where (---) = {|---]). From the correlations (53)-(56), we see that putting #i to the

Planck distribution given by

1
n_M’ (57)

with some positive number w and the inverse of the temperature, 8 = 1/T', the quantum
Wiener processes B;, B} are essentially equivalent to those introduced in the problem of

quantum optics [3].

4 Quantum Stochastic Calculus

On the basis of the quantum Wiener processes at finite temperatures, we will investigate

the quantum stochastic calculus.
4.1 Adapted Processes
The Fock space I'® is decomposed as
rf=rjerg, ‘ (58)

v}
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in which for f,g € L?,

le(f,9)) = le(fy, 90)) ® le(fie 9¢)),  (e(f, 9)| = (e(fey, gn)| @ (e(fw- 9)l,  (59)

where we set

fy= Ixy, fe= Ixa (60)

and assumed that |
D=l ®le), (= (gl &l (61)

Here, x4 and X are defined by
xy(s) =0t —s), xa(s)=0(s—1t), fort,s>0. (62)

Note that I'ﬁ is the boson Fock space built on the vacuums |} and (3|, while I; g] is the

boson Fock space built on the vacuums |;) and (]. The quantum Wiener processes B,
BI , B, Ef are operators on the space I’ff . | |

Let us consider a tensor product space Hg ® I'¥ where Hs is a certain vector space.
For the sake of notational convenience, we identify the quantum Wiener processes B;, B,

B,, Bl in Fff with their ampliations to Hg ® I'?, i.e.
Is®Bi®ly= B, Is®Bl®I;= B, - (83)

IS®Bt®I(ti>Bt, IS®BI®I(t=>BL‘ (64)

where Ig and I; are the identity operators on Hs and Fg , Tespectively.

An adapted process F; is defined by
F=F @I (65)

where F? is an operator on Hg @ I # The quantum Wiener processes B;, B}, B,, B are
t p t] q p

adapted. For the adapted process F;, we have
[y, dBJ] = [, dB]] = R, dB)] = [F, dB]] =0. (66)

4.2 Quantum Stochastic Calculus

Let X, denote an arbitrary adapted process in Hs ® I'? and @, denote quantum Wiener
processes By, B!, B,, B}.
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Quantum stochastic integrals of the Ito type are defined by

/ X,dQ, = hmz X, AQ,, = hmz Xe (Qurnr — Q1), (67)
=0
and
Ld@mAmzmwaAmZ@m Qu) X, (68)
=0

while those of the Stratonovich type are defined by

/ X 0dQ; = lim Z Xt’“ X AQy; = lim sz Eﬁﬂ;—XE(th - Qx), (69)
i=0 i=0
and
/ dQ; 0 X, = lim Z‘ AQt,M - limS(QiM - Qti))—(f"*—lztﬁt—‘. (70)
i=0 i=0
Here, the notation lim indicates taking the limit
At — +0, I — +oo, (71)

keeping T' = I At fixed. Note that quantum stochastic integrals both of the Ito and of the
Stratonovich types are adapted processes.

~ We introduce the differential notations of the stochastic integrals (67), (68) and (69),
(70) as

XedQ: = Xi(Qurar — Qu), (72)
dQi Xi = (Qryar — Q1) Xs, (73)
and
XeodQ,= X2, - Q) (74)
xm+&

th o X; = (Qt+dt Qt)

We call (72) and (73) the products of the Ito type, whereas we refer to (74) and (75) as
the products of the Stratonovich type.

(75)

From the property (66), we have in the stochastic calculus of the Ito type
[Xia th] = 01 (76)

which leads to
T T
/ X,dQ, = / d0.X,. « (77)
0 0
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In addition, using the property (61) of the thermal vacuums and the property of quantum
sto’chastic processes , .
dah=o0, (78)
we have '

(IthXtD = (| X:dQ:|) = (ﬂlXtIt])((tlthl(t) =0, (79)
which indicates that there is no correlation between X; and dQ);.
It should be pomted out that while the mcrement d@; commutes with Xt, it does not

commute with X 4. Therefore in the stochastlc calculus of the Stratonowch type the

commutation relation of X, and dQ, of the Stratonov1ch type defined by

(X, dQi) = X, 0dQ, —dQi0 Xs, X (80)
does not equal zero, i.e.
Xes d@i#0, (8]
which leads to , : "
: T T o .
A X, 0 dQ, # /0 dQ, o X,. (82)
Moreover, in contrast with the case of the Ito type,
(IXy0d@ul) #0, (|dQ:o Xi|) # 0. - (83)
Subsﬁituting Xivat = X3 + dX; into (74) and (75), we obtain |
' 1
Xio th - X,dQ, + dXtdQn (84)
and
th o Xy = dQ: X, + thdXt, (85)

Wthh give the relations between the products of the Ito and the Stratonovich types.

4.3 Quantum Ito’s Formula

- We introduce an operator N, constructed by using the stochastic integrals of the Ito type

as
Np= [) (FdB. + G.dB} + JidB, + K,dB] + Hidt), (86)

where Fi, Gi, H;, J;, K; are adapted processes. The operator N, is an adapted process
which satisfies ;
[NV, d@4] = 0. (87)
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The differential notation of N; is given by
dN, = F,dB; + GydB] + J.dB; + K;:dB] + Hydt. (88)
It should be noted that, for an arbitrary adapted process X;, we have in general
[X:, dNy] #0, (89)

because dN; includes not only the increments dB;, dB}, dB., dB! but also adapted pro-
cesses F,, Gy, J;, Ki, H;. Furthermore, for the adapted process X; and the increment

dN;, the property as (79) does not hold because of the term H.dt8, i.e.
(|1 X dN|) = (| X Hy|)dt # 0, (|dN: X:|) = (|H:X.[)dt # 0. (90)
For stochastic integrals, quantum Ito’s formula holds (5, 9, 10]:

Theorem 4.1 (Quantum Ito’s Formula) We set

T - ~
Ny = /0 (FudB, + GidB] + JidB, + K:dB! + Hidt), (61)

T . .

Ni = /0 (FidB, + G{dB} + JidB, + KidB} + Hjdt), (92)
where F,, Gy, Hy, J;, K, F!, G}, H, J{, K| are adapted processes. The differential
notations of Ny and N; are given by

dN, = F,dB, + G,dB} + J,dB, + K;dB! + Hdt, (93)
and
dN} = F!dB, + G.dB} + J!dB, + K|dB} + Hjdt, (94)

respectively. Then, the differential of the product N;N] can be evaluated by means of the
formula
d(N;N]) = dN; - N} + Ny - dN] + dN;dNj, (95)

with the property (66) of adapted processes and the product rules (52).

Making use of the relations (84) and (85) between the Ito and the Stratonovich prod-
ucts, we have

1
Ny 0 dN] = N.dN] + 5dNidN], (96)

§When H, = 0, dN, satisfies {(0|X;dN¢|0)) = (0]dN;X.|0)) = O, although dN; still does not commute
with X, i.e. [X;, dN;] # 0. When H; = 0, N, is called the martingale (7, 36].
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and : ,
1

dN; o N} = dN;N] + EdNidNt, . (97)

Therefore, we find that quantum Ito’s formula (95) is expressed in terms of the Stratonovich

products as ‘

d(N;N!) = dN, o N! + N, o dN!, (98)

which is identical to the well-known formula of the ordinary differential calculus.

5 Stochastic Schrédinger Equation

In this section, we consider the stochastic Schrédinger equation investigated by Hudson

and Lindsay [7].

5.1 The Ito Type

We consider a boson system which is described by the operators a, a! on a Hilbert space

HY satisfying the commutation relations
[a, a'] =1, [a, o] =0, - (99)

and which interacts with a reservoir at finite temperatures. Let us suppose that the
effect of the reservoir on the system is taken into account by the random force operators
represented by the quantum Wiener processes at finite temperatures constructed on the
Fock space I'’. We sometimes call the boson system the relevant system and the reservoir
system the irrelevant system. :

The state of the system is described by the state vector |1/;(¢))) in the space H} ®
I'f. The state vector |1;(t))) is assumed to evolve in time according to the Schrédinger
equation .
Al () = —iH padtly (1)), (100)
with an infinitesimal time-evolution generator H; including random force operators. We
call the equation (100) stochastic Schrédinger equation.

The formal solution of (100) is written by

W) = Vi)l (0), | (101)
where V(1) is the stochastic time-evolution generator satisfying the equation

dV;(t) = —iM . dtVi(t), | (102)
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with V;(0) = 1. Note that the bra-vector ((14(t)| is defined by

(Wr(®) = (s OV ), (103)

where Vf‘l(t) is the inverse of Vi(t).

For bi-linear and phase invariant boson system with the interaction
iV2k (a'dB, - a dB}),

H;.dt has the form
Hjudt = Zdt +iv2k (aldB, — a dB}), (104)

with Z € H% ® I'? being operators having the forms
Z =751, (105)

where Zg are a operator on H% and I is the identity operator on I'’. dB,, dB] are the
increment of the quantum Wiener processes at finite temperatures and x is a positive
c-number. Note that we adopt the same notations for B;, B and their tilde conjugates
B, B} as (63) and (64). In the following, we will put 7 to the Planck distribution function
(57).

Note that since the equation (102) with the infinitesimal time-evolution generator
(104) is the quantum stochastic differential equation of the Ito type, the time-evolution
generator V;(t) is the quantum stochastic integral of the Ito type which is an adapted
process. ’ '

We require that the time-evolution generator V;(t) should be unitary, i.e.
VIV, = Vi) Vi) = 1. (106)
Therefore, we have the algebraic identities
Vi (&) Vy(®)] = dV} () - Vi(t) + V] (2) - dV;(8) + dV] (8)dVy(t) = 0, (107)

and

dV; () V(@) = dVy(t) - V}(t) + Vi(®) - dV}(2) + dV;(1)aV](t) = O, (108)

where we have made use of the calculus rule of the Ito type (quantum Ito’s formula). The
identities (107) and (108) with the equation (102) and its hermitian conjugates give the
following relation

i(Z' - Z) + 26 [(A+ 1)ata + Raa'] =0, ‘ (109)



where use has been made of the product rules (52). Thus, we obtain
- Hjudt = Hgdt — ik[(R + 1)ata + naal]dt + iv/2k '(a"dBt - adBtf) , - (110)

where we put (Z + Z1)/2 = Hg. Note that Hg is hermitian.
Applying the state vector [17(0))) to the equation (102) of V;(t), we have the stochastic
Schrédinger equation of the Ito type ' ‘ ‘

ds ) = ~Hpedtlos (), o

with the infinitesimal time-evolution generator (110).

5.2 The Stratonovich Type

Using the relation (85) between the Ito and the Stratonovich products, we transform the

stochastic differential equation (102) of the Ito type into that of the Stratonovich type as
dVi(t) = —iH s dtVy(t)
1
= {Hf,tdt O Vy(t) — 3Hyedt dV}(t)}
= —iHydt o Vi(2), : (112)
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where we have substituted (102) into the right hand side of the second equality. Here, we

defined the infinitesimal time-evolution generator Hy, of the Stratonovich type by

. 1 .
Hf,tdt = Hf"tdt + iéHf,tdt’Hf,tdt- ) (113)

With the help of the product rules (52), we obtain the hermitian stochastic infinitesimal

time-evolution generator Hy,dt as
Hyudt = Hsdt + iv/2k (a'dB, — adBY) . | (114)

The hermiticy of Hy,dt guarantees the unitarity of Vj(z).
Applying the state vector [1£(0))) to the equation (112) of V}(¢), we obtain the stochas-
tic Schrédinger equation of the Stratonovich type

dlyps(2))) = —iHyadt o |94 (2))), (115)

with the infinitesimal time-evolution generator (114).
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6 Stochastic Time-Evolution in Thermal Space

On the basis of the stochastic Schrédinger equation, investigated in the previous section,
we will construct a stochastic Liouville equation in thermal space and obtain the explicit
form of the time-evolution generator satisfying the stochastic Liouville equation within
the framework of NETFD. Using the time-evolution generator, we will construct a unified

canonical operator formalism of quantum stochastic differential equations.

6.1 Thermal Vacuums

Let us define the density operator ps(t) corresponding to the state vector |1/¢(t))) by

ps() = s N (] = Vi@ ONws OV () = V;(8)ps (0) V] (1), (116)

where use has been made of (101) and (103) with the unitary time-evolution generator

V;(t). The density operator ps(t) satisfies

troe pp(t) =1, - (117)
where the trace operation try, is defined by

trios = tr @ trg, (118)

with the trace operations tr of the relevant system and trg of the reservoir. The expecta-
tion value of any observable A is given by try, Aps(t).

With the help of the principle of correspondence (see appendix A), the density operator
ps(t) defined by (116) is expressed as a thermal ket-vacuum, i.e.

105()) = los(8)) = V;(8)10;(0)), (119)

- where we have defined the stochastic time-evolution generator by

Vi(t) = Vi) V(). (120)

Note that, since V;(0) = 1, we have V;(0) = 1. The vector space to which the thermal
vacuum |0 (¢)) belongs is assumed to be Hs®I'? where 'Hg is the space of relevant system
and I'? is the Fock space of the system of random force operators constructed in section
3. The operator V}(t) defined by (120) is on the space Hs ® I¥ and turns out to be

unitary from the relation

~

Vi) = vievie = Vit vt = vit, (121)
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where use has been made of the unitarity of Vy(t). Note that the space of states Hg of
relevant system is expressed as Hgs = H% ® H$ with the usual Hilbert space HY for wave
function and its tilde conjugate space H3.

The equation (117) requires that
(Leat 04 (1)) = 1, (122)
where the thermal bra-vacuum (1;,| is defined by
(Lo = (11, (128)

with the thermal bra-vacuum (1| in the space Hg of the relevant system and the thermal
bra-vacuum (| in the space I'® of the irrelevant system. The expectation value try,; Ap £(t)

is expressed as the expectation with respect to the thermal ket-vacuum |04(¢)) and the

thermal bra-vacuum (1;4], i.e.
(Ll AI04(2)) = treor Apy(2)- (124)
Note that for any relevant system operator A, we have

(1]AT = (1|4, (125)

which is the basic property of thermal space [17]-[19]. Furthermore, for the random force

operators dB;, dB], we have
(B} = (|dB,, (126)

which follows from (29).
The equation (122) together with (119) yields

<1tot|Vf(t)lof(O)> =1 (127)

Since the equation (127) should hold for any time ¢ and for any initial thermal vacuum
|0£(0)), we have & '
(Lot V7(2) = (Lict|V7(0) = (Luat, (128)

where we used the fact that V;(0) =1



6.2 Stochastic Liouville Equation
6.2.1 The Ito Type

Using the calculus rule of the Ito type, we have ffom (120)
dVy(t) = dVy(2) - V;(t) + V;(2) - dVs(2) + dV;(2)dV; ().
Substituting (102) and its tilde conjugate:
dVy(t) = iFlzdtVy(t),

into (129), we have ‘
dV;(t) = —iH;,dtV(2),

where
Hypdt = Hyadt — Fpadt + iHy dtHyydt.

With the help of (110) and the product rules (52), H,dtH ,dt is calculated as
HysdtHyodt = 26[(R + 1)ad + natal)de.
Putting (110) and (133) into (132), we obtain

Hyodt = Hodt + i (z‘irR + f]D) dt + dM,,

where
Hg = Hs — H,
Iy = —k [(a'r — &) (pa +vat) + t.c.] ,
iIp = 2x(@ + v)(a! — &) (a! - a),
and

di, = i {[(a! - &)dW, + tc.| — [(ua + vat)dw} + te]},
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(129)

(130)
(131)

(132)

(133)

(134)

(135)
(136)

(137)

(138)

with real numbers p, v satisfying 1+ v = 1. The operators dW, and dW;* are defined by

dW, = V2x (udB, + vdB), dW}=Vak (dB] - dB,).
Making use of the relations (125) and (126), we see that (134) satisfies

(Liot | Flgadt = (|(1|Hpedt = 0,

(139)

(140)
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which is consistent with the relation (128). Note that
(1| pedt # 0, . (141)

which indicates that the conservation of probability does not hold within only the space

of states of relevant system, i.e.

(1ose) £ 1. (142)
Similarly, from the definition
vie) = Vi, (143)
we obtain «
| dvj(t) = iV} (t)A§; M, (144)
with :
Hydt = Hsdt — i (1T + IIp) dt + dIV,. (145)

We see that the equations (131) with (134) and (144) with (145) satisfy

dVi(t) - Vp(t) + V() - dVp(t) + df/}(t)di‘/,(t) =0, . (146)
and
dVy(2) - Vi) + V5 (t) - dV} () + dV;(8)dV](2) = 0, (147)

which are consistent of the unitarity of V;(t).

Since V;(t) and V; (t) are subject to the stochastic differential equations (131) with
(134) and (144) with (145) of the Ito type, respectively, they are quantum stochastic
processes consisting of quantum stochastic integrals of the Ito type. Therefore, Vf(t) and
fo (t) are adapted processes.

Applying the state vector the thermal vacuum |0;(0)) to the equation (131) of V}(t),

we obtain the quantum stochastic Liouville equation of the Ito type
d|0(t)) = ~iF74dit]0; (1)), (148)

with the infinitesimal time-evolution generator (134).
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6.2.2 The Stratonovich Type

Using the calculus rule of the Stratonovich type, we have from (120)
df/f(t) = de(t) o Vf(t) + Vf(t) o de(t) (149)

Substituting (112) and its tilde conjugate

dVy(t) = iH;,dt o V;(2), (150)
into (149), we obtain
dVy(t) = —iHdt o Vy(t), (151)
where
H;,dt = Hy,dt — Hy,dt. (152)

Putting (114) into (152), we get
H;.dt = Hgdt + dM,, (153)

which is apparently hermitian.

Taking the hermitian conjugate of the equation (151), we have the equation of Vft (1)

dV}(t) = iV}(t) o Hydt, (154)

where use has been made of the hermiticy of A et
The equations (151) and (154) with (153) satisfy the following equations

AV} (2) o V;(t) + V] (t) 0 dV(t) = 0, (155)

dV;(t) o VI (t) + Vy(t) 0 dV](t) = 0, (156)

which show the unitarity of Vf(t).
With the help of the properties (125) and (126), we see that the expression (153)
satisfies
(Liotl Hpadt = (|(1[Hedt = 0, (157)
which is consistent with (128).
The time-evolution equation (131) of the Ito type with (134) is connected to the

equation (151) of the Stratonovich type with (153) by the relation (85) between the Ito
and the Stratonovich products. In the same way, the equation (144) of the Ito type with
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(145) is connected to the equation (154) of the Stratonovich type with (153) through the

relation (84).
Applying the state vector the thermal vacuum [0;(0)) to the equation (151) of Vj(2),

we have the quantum stochastic Liouville equation of the Stratonovich type
d|0s(t)) = =il udt 0 |0,(2)), (158)
with the infinitesimal time-evolution generator (153).

6.3 Fokker-Planck Equation

- Applying the random force bra-vacuum (| to the stochastic Liouville equation (148) of

the Ito type with the infinitesimal time-evolution generator (134), we have

d(|0f(2)) = —i{|HL1,dt|0f(2)) |
= —i {Hde(|07(2)) + (|dML|0;(2))} . (159)
Under the assumption
10£(0)) = [0s)]), (160)

with the thermal vacuum |0s) of relevant system at ¢ = 0, (|dM;|04(t)) can be evaluated

as
(ldM,|04(2)) =0, (161)

where we used the definition (119) of the thermal vacuum [0s(¢)) and the property (79)
of the products of the Ito type. Therefore, putting |0(¢)) = (|0;(t)), we finally obtain the

Fokker-Planck equation for bi-linear and phase invariant system as
0 .
5;10(8)) = —iH[0(2)), (162)
where the infinitesimal time-evolution generator H is given by
H=Hg+ill, (163)
with
T = iz + I1p

=~k [(14 27) (ata + a'a) —2(1+ 7) aé — 2aata!] — 267, (164)
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which is identical to that obtained within the framework of NETFD [17]-[19]. Note that
we can also derive the Fokker-Planck equation (162) by applying the random force bra-
vacuum (| to the stochastic Liouville equation (158) of the Stratonovich type with the
infinitesimal time-evolution generator (153) [17, 20].

Recalling the equation (119) and taking (160) into account, we find that

02)) = (IV;(£)1)]0s)- (165)

On the other hand, the time-evolution generator V' (t) of the thermal ket-vacuum |0(t)) is
defined by '

0(£)) = V(®)|0(0))- - (166)

Provided that |0(0)) = |0s), thé.equations (165) and (166) yield
V() = (V- (167)
6.4 Quantum Langevin Equation
Since V(t) is unitary, we have
VW@ = ovie =1 (168)
From the equation (168), we see with the help of the property (128) that
(1tot|V;(t) = (Liot]- (169)
The expectation value of any observable A with respect to the state [07(t)) is given by
(Lal AI07(8)) = (Ll AT4(0]07(0)) |
= (Ll V] () AV;(2)[04(0)), (170)

where we have used the equation (119) and the property (169). If we define the operator

in the Heisenberg representation
A(t) = V() AV;(2), (171)

we consider (170) to be the expectation value of A(t) with respect to the initial state
|0£(0)). Note that, as Vj(t) and V;(t) are adapted processes, the operator A(t) defined

by (171) is also an adapted process. Therefore, the following commutation relation holds:

[A(t), dB)) = [A(t), dB]] = [A(t), dBi] = [A(t), dBf] =0, (172)



for quantum Wiener processes B;, BtT and their tilde conjugates Bt‘, Btf , Which comes from
(76). o ‘
Any operators in the Heisenberg representation defined by (171) keep the equal-time

commutation relations, such as
o), a'@®] =1, [, &) =1. (173)
Note that, using the properties (125) and (169), we have for A(t) defined by (171)
(Liat AT (2) = (Lot A(2).- (174)

Using the calculus rule of the Ito type, we have the algebraic identity for the operator

A(t) defined by (171)
dA(t) = dV}(t) AV;(2) + V] () AdV (t) + dV] (£) AdV; (t). (175)

Substituting the equations (131) with (134) and (144) with (145) into (175), we obtain
the quantum Langevin equation of the Ito type.
On the other hand, making use of the calculus rule of the Stratonovich type, we have

the algebraic identity for the operator A(t) defined by (171)
dA(t) = dV} (t) o AV;(t) + V] () A 0 dV;(1). | (176)

With the help of the equation (151) and its hermitian conjugate (154) together with the
identity (176), we obtain the quantum Langevin equation of the Stratonovich type. We
see that the quantum Langevin equation of the Stratonovich type can be expressed as the

Heisenberg equation for A(t):

dA(t) =i [H,(t)dt s AQD)], )
where we defined
Hy(t)dt = V}(t) o Hpudt o Vi(2). (178)

The symbol [- ¢ -] is the commutator defined by (80). |

6.5 Equation of Motion of Expectation Value

Let us assume that the initial vacuum |07(0)) can be expressed by the product of the

vacuums of the relevant and the irrelevant systems as

107(0)) = |05) = [0s)]), (9

249
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where |0s) € Hs is the thermal ket-vacuum of the relevant system at time ¢ = 0.
Applying the bra-vacuum (1s| to the quantum Langevin equation of the Ito type, we

have
ALt A() = i(Lit] [Hs(t), AD)] dt
1 ((Litla (1) [AQD), a(®)] + (Luel [a 1), A)] a(t)) 0
+267(Liat| [af (1), [AQD), a(t)]] dt
+(Litl [A(1), ()] dF: + (Luatl [a(t), A(t)) Y, (180)
where wé used the properties (126) and (174).

Putting the ket-vacuum |04(0)) = |0y) to (180), we obtain the equation of motion of

the expectation value of an arbitrary operator A of the relevant system as

& (1ol AE)107) = il [0, AW [0
+5 ((Leotla’ () [A(®), a(®)]10)) + (Lt [0 (1), AQ)] a(t)]0)))
+26(Lea| [a1 (1), [AQ®), a(®)]] [0 (181)

Here, we used the property (79) of the Ito products.
Remembering (167) and the definition (171) of A(t), we find with the assumption
(160) that '

(Lt A®)10)) = ((LIV} () AV} ()10s)]) = (1| AO(2)), (182)

where we have used the property (169) and the assumption that |0(0)) = |0s). Taking
account of the relation (182), we see that the equation (181) of expectation value is
identical to the equation derived from the Fokker-Planck equation (162) with (163), (164),

which shows the consistency of the framework.

7 Summary and Discussion

In this paper, we constructed the quantum Wiener processes together with their represen-
tation space by extending the work of mathematicians and by implanting it into NETFD.
Then, we constructed a unified system of quantum stochastic differential equations on the

basis of the stochastic Schrodinger equation which was studied by mathematicians.
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The quantum Wiener processes, which we employed as random force operators, are
constructed by using boson operators with time indices together with their representa-
tion space. When we adopted the Fock space I'® for the representation space, in the
same way as Hudson and Parthasarathy, we obtained the quantum Wiener processes at
zero temperature (section 2). Whereas, we obtained the quantum Wiener processes at
finite temperatures by extending the representation space to the Fock space I'® which is
obtained by the Bogoliubov transformation in the tensor product space I' = I® @ .
There, the thermal degree of freedom was introduced by the thermal state conditions
or the Bogoliubov transformation, which is a manifestation of the unitary inequivalence
between the thermal vacuums of zero and finite temperatures (section 3). This notion
of the unitary inequivalence between the vacuums with different temperatures is one of
the remarkable features within NETFD or TFD. The quantum Wiener processes and the
quantum stochastic calculus given in this paper provide the foundation for those used in
quantum optics [3] and quantum stochastic differential equations within NETFD [20]-[30].

We constructed the stochastic Schrédinger equation with the quantum Wiener pro-
cesses at finite temperatures on the requirement that the time-evolution generator should
be unitary (section 5). Then, we introduced the density operator corresponding to the
stochastic wave function. By means of the principle of correspondence between quantities
in the thermal space and in the Hilbert space, we obtained the stochastic thermal ket-
vacuum corresponding to the density operator and a stochastic Liouville equation. On
the basis of the time-evolution of the thermal ket-vacuum, we constructed the system of
quantum stochastic differential equations within NETFD (section 6).

The time-evolution equation of the thermal ket-vacuum gavé the quantum stochastic
Liouville equation. On the other hand, the Heisenberg equation with the ihﬁnitesimal
time-evolution generator of the quantum stochastic Liouville equation gave the quan-
tum Langevin equation. Using the quantum stochastic calculus constructed in section 4,
we constructed the quantum stochastic differential equations both of the Ito and of the
Stratonovich types. ,

Applying the random force bra-vacuum (| to the stochastic Liouville equation of the
Ito type, we obtained the Fokker-Planck equation, which is identical to that derived in
the papers [17]-[19] ,

Taking the expectation with respect to the thermal ket-vacuum |0y) and the thermal

bra-vacuum (1;5| of the quantum Langevin equation of the Ito type, we obtained the
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equation of motion of expectation value of an arbitrary relevant system operator. This
equation of motion is equivalent to that derived by the Fokker-Planck equation, which
shows the self—éonsistency of the system. -

Hudson and Lindsay constructed a unitary stochastic time-evolution in the vector
space H% ® I'?, where HY for relevant system is a usual Hilbert space and I'? for random
force operators is a Fock space in thermal space, which was briefly reviewed in section
5. The fact that the vector space for relevant system is not a thermal space prevents the
system from introducing the quantum stochastic Liouville equation. In this paper, we
completed the motivation of Hudson and Lindsay by adopting a thermal space for the
space of states of relevant system as well as random force system and giving the quantum
stochastic Liouville equation.

The stochastic time-evolution constructed in this paper is unitary. On the other hand,
non-unitary stochastic time-evolution was constructed within the framework of NETFD
[20]-[30]. In this way, it turned out that there exist two kinds of systems in quantum
stochastic differential equations within NETFD, one of them is the system of non-unitary
stochastic time-evolution and the other 1s that of unitary stochastic time-evolution. The
two systems are equivalent in the sense that they give the same equation of motion
of expectation value of any observable. The relation between the two systems will be

investigated in the forthcoming paper.

A The Principle of Correspondence

The correspondence between vectors in the thermal space and operators in a Hilbert space

is given by the following rule {37, 38, 39):

ps(t) «— [0(2)), (183)
Aps) Ay > AA|O()). (184)

Here, pg(t) is a density operator on the Hilbert space, whereas |0(¢)) is a thermal ket-
vacuum in the thermal space. A, A, are arbitrary operators on the Hilbert space. ‘
It was noticed first by Crawford [40] that the introduction of two kinds of operators

for each operator enables us to handle the Liouville equation as the Schrédinger equation.
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