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Introduction.

Langlands’ principle of functoriality [B] conjectures that there is a paramet,rization of the
set $\mathrm{R}\mathrm{e}\mathrm{p}_{F}(G)$ of admissible [BZ] or automorphic $[\mathrm{B}.\mathrm{T}]$ representations of a reductive group $G$

over a $1\mathrm{o}\mathrm{c}$,al or global field $F$ , by admissible homomorphisms $\rho:W_{F}arrow\hat{G}\lambda W_{F}$ . Here $W_{F}\mathrm{i}\backslash \mathrm{s}$

a form of the Weil group [T] of $F$ , and $\hat{G}$ is the connected (complex) Langlands dual grolll)

[B] of $G$ , on which $W_{F}$ acts via the absolute galois group of $F$ . If $H$ is $\mathrm{a}\mathrm{n}\mathrm{o}\{_{}\mathrm{h}\mathrm{e}\mathrm{r}$ reductive
group over $F$ and there is an $\mathrm{a}\mathrm{d}\mathrm{n}1\dot{\mathrm{L}}\mathrm{S}\mathrm{S}\mathrm{i}\iota_{)}1\mathrm{e}\text{ノ}$ map $\hat{H}\rangle\triangleleft W_{F}arrow\hat{G}\rangle\triangleleft W_{F}$ , then composing with
$\rho_{H}$ : $W_{F}arrow\hat{H}\rangle\triangleleft W_{F}$ we get $\rho$ : $W_{F}arrow\hat{G}\rangle\triangleleft W_{F}$ , and by the $\mathrm{f}_{11\mathrm{n}\mathrm{C}}\iota_{0\Gamma \mathrm{i}}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}c\mathrm{y}$ conjecture we
would $\exp^{\mathrm{Y}}‘ \text{ノ}\mathrm{c}\mathrm{f}$

) a $‘$ (
$\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$

” map $\mathrm{R}\mathrm{e}\mathrm{p}_{F}(H)arrow{\rm Re}\iota$) $F(G)$ .
The trace formula has been used t,o establish the lifting in a few cases. For a test function

$f=\otimes f_{v}\in C_{c,}^{\infty}(c(\mathrm{A}))$ , the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{o}\mathrm{l}\iota 1\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ operator $r(f)$ maps $\phi$ in $L^{2}(G(F)\backslash G(\mathrm{A}))$ to the
function whose value at $h\in G(\mathrm{A})$ is $\int_{G(\mathrm{A})}f(g)\phi(h.q)dg$ . It is an integral operator with

kernel $K_{f}(x, y)$ which has geometric expansion $\sum_{\gamma\in G(F)}f(x^{-}\gamma 1y)$ , and spectral $\mathrm{e}\mathrm{x}_{\mathrm{I}^{)\mathrm{a}\mathrm{n}}}\sigma.,,\mathrm{i}\mathrm{o}\mathrm{n}$

$\sum_{\pi}\sum_{\Phi}r(f)\phi(X)\overline{\phi}(y)$ . Here $\pi$ ranges over the set of the irreducible direc. $\mathrm{t}$ summands of $L^{2}$

as a module under the action of $G(\mathrm{A})$ by $\mathrm{r}\mathrm{r}1111\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{i}_{\mathrm{C}\mathrm{a}}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ on the right, and $\phi$ ranges over an
orthonormal basis of smooth vectors. Integrating over $x=y\in G(F)\backslash G(\mathrm{A})$ we $\mathit{0}\iota_{)}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}$ the
trace formula $\sum_{\pi}$ tr $\pi(f)=\sum_{G/\sim}\Phi f^{(\gamma)}$ . Here $G/\sim$ denotes the set of conjugacy classes
in $G(F)$ , and $\Phi_{f}(\gamma)=\int_{G(\mathrm{A})/}z(\gamma)f(x\gamma x^{-1})dx$ is an orbital integral of $f$ . In this outline we
ignore all questions of convergence, which make the developlnent of the trace $\mathrm{f}_{\mathrm{o}\mathrm{r}\mathrm{m}}111\mathrm{a}\mathrm{S}11\langle i11$

a forniidable task.
To develop a theory of lift,ings of representations from the group $H$ to $G$ , one proves a

trace $\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{n}\mathrm{l}\iota 1\mathrm{l}\mathrm{a}$ for a test $\mathrm{f}\iota\ln(:\mathrm{f},\mathrm{i}_{\mathrm{o}\mathrm{n}f_{H}}$ on $H(\mathrm{A})$ , of the form $\sum_{\pi_{H}}$ tr $\pi_{H}(f_{H})=\sum_{H/\sim^{\Phi}f},J(\gamma_{H})$ .
One then compares $\mathrm{t},\mathrm{h}\mathrm{e}$ geometric sides of $\mathrm{t},\mathrm{h}\mathrm{e}$ two trace formulae. For this one needs: (1) A
notion of a norm map $N$ : $\{G/\sim\}arrow\{H/\sim\},$ $\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{l}$ a stable conjugac. $\mathrm{y}$ class $\gamma$ in $G(F)$

to $\gamma_{H}$ in $H(F)$ , locally and globally. In our contQxt,, this has been defined by Kottwitz-
Shelst,ad [KS]. (2) A statelnent of transfer of orbital integrals, asserting that given a test,

filnc,t,ion $f\in C_{c}^{\infty}(G(F))$ , where $F$ is a $1\mathit{0}$ cal field, there exists a test function $f_{H}$ , and given
$f_{H}$ there is an $f$ , with “matching orbit,al $\mathrm{i}\iota 1\mathrm{t}t\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}1_{\mathrm{S}}$”, i.e. $\Phi_{f}(\gamma)=\Phi_{fH}(N\gamma)$ . The $\mathrm{g}\mathrm{l}\mathrm{o}\mathrm{f}$) $\mathrm{a}\mathrm{l}$ test
fllllctioll $f$ is a product of local $\mathrm{f}\mathrm{i}_{\mathrm{l}\mathrm{n}\mathrm{C}}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ which are alnlost all the $\mathrm{t}\mathrm{l}\mathrm{n}\mathrm{i}\mathrm{t}_{}$ elelnent, $f^{0}$ of the
Hecke algebra of spherical ( $\}_{)}\mathrm{i}$-invariant by a standard $\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{l}_{\mathrm{C}\mathrm{O}}\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{t}$ subgroup $K$ of the
local group $G(F)$ ( $K$ is hyperspecial, [Ti, 3.9.1]) functions on $G(F)$ . Hence one $1\iota 11\iota \mathrm{s}\iota 1_{1}\mathrm{a}\mathrm{v}\mathrm{e}$

also the statement: (3) $\Phi_{f^{0}}(\gamma)=\Phi_{f_{H}^{0}}(N\gamma)$ for all (regular) $\gamma$ . This staternent is $\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}‘\backslash ,\mathrm{d}$ the
$\mathrm{f}\mathrm{t}\ln$ ($\mathrm{l}\mathrm{a}\mathrm{m}\mathrm{e}\text{ノ}\mathrm{n}\mathrm{t}.\mathrm{a}\mathrm{l}1_{\mathrm{C}_{\text{ノ}}\mathrm{n}}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{a}.$ It, is a necessary initial $\mathrm{I}$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$, for the colnparison t,o exist.

Further, the admissible map $\hat{H}\rangle\triangleleft W_{F}arrow\hat{G}\rangle\triangleleft W_{F}$ defines a lifting map for llnranlified
representations fronl $H(F)$ to $G(F)$ , and via the Satake $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{f}_{\mathrm{o}\mathrm{r}}111$ a dual lllap fronl the
Hecke algebra of $G$ (locally) to the Hecke algebra of $H$ , and one needs: (4) an extended
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$\mathrm{f}1_{1}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}1$ lemma, relating the orbital integrals of the corresponding spherical functions.
Once all this is accomplished, the spectral sides of the trace formulae arc equal for sufficiently
many corresponding test functions, which are used to isolate individual contributions to the
formula, and thus derive the lift,ing of global and local representations.

The technique of comparison of trace formulae has been applied to $1\mathrm{i}\mathrm{f}\mathrm{t}_{r}$ representations
of the multiplicative group of a central simple algebra of degree $n$ , to $GL(n)$ . Note that,

inner forms of $G$ all have the same dual group $\hat{G}$ . This is due to Jacquet-Langlands for
$n=2$ , Deligne-Kazhdan for all $n$ and local as well as automorphic representations with
$\mathrm{t}_{\eta}\mathrm{w}\mathrm{o}$ supercuspidal components, and [FK2] with “one” rather than “two” such constraints
(see [F1] for the special case of a division algebra). However, in this case the $\mathrm{t},\mathrm{w}o\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\iota \mathrm{p}_{\mathrm{S}}$

under comparison are $\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{C}_{\text{ノ}}$ for almost all completions of the global field $F$ , and the
fllndanlental lenlma holds automatically.

$\iota$

The next case of such a conlparison concerns endoscopy for $G=GL(n, F)$ , where
$H=GL(m, E),$ $E/F$ is a cyclic field extension of degree $n/m$ . Labesse-Langlands dealt
with $n=2$ , Kazhdan [K] $\mathrm{w}\mathrm{i}\mathrm{t})\mathrm{h}$ all $n$ and $m=1$ , and Waldspurger [W1] with the general case.
The fnndamental lenlma in this endoscopic case implies th.e fundamental lemma needed to
establish t,he $1\mathrm{n}\mathrm{e}\mathrm{t},\mathrm{a}_{\mathrm{I}}$ ) $1\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{C}$ correspondence of [FK1], between $GL(n)$ and any central topo-
logical covering group of it. This lifting generalizes Shimura’s in the case of $n=2$ . The
extended fundamental lemma follows (as in [F2]) from the fundamental lemma of [W1] by
means of the (simple) regular filnctions technique introduced in [FK1], or alternatively by
using the spherical functions technique of Clozel.

For a cyclic extension $E/F$ one has the base change lifting from $H(F)$ to $H(E)$ . Viewing
$H(E)$ as the group of $F$-points of the $F$-group $G={\rm Res}_{E/F}H$ obtained by restricting scalars
frolll $E$ t,o $F,$ $\mathrm{t},\mathrm{h}\mathrm{e}$ lifting is compatible with the diagonal map of $\hat{H}\rangle\triangleleft W_{F}$ to $\hat{G}\aleph W_{F}$ . Here $\hat{G}$

is a $\mathrm{p}_{\Gamma \mathrm{o}\mathrm{d}_{1}}1\mathrm{c}\mathrm{t}$ of $[E:F]$ copies of $\hat{H}$ , on which $W_{F}$ acts via it, $\mathrm{s}\mathrm{q}\mathrm{u}\mathrm{o}\mathrm{t},\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{G}\mathrm{a}1(E/F)$ . H. Sait, $0$

used (in the context of rnodular forms) the t,wisted (by a generator $\sigma$ of the galois groul)

$\mathrm{G}\mathrm{a}1(E/F))$ trace formula $\sum$ tr $\pi(f\sigma)=\sum\Phi_{f}(\gamma\sigma)$ , for $\mathrm{t},\mathrm{h}\mathrm{e}$ convolution operator $r(f\sigma)$ . Here
$\mathrm{t}_{)}\mathrm{h}\mathrm{e}$ twisted orbital integrals are $\int f(x^{-1}\gamma\sigma(X))dX$ . For $n=2$ the base change lifting for
$GL(n)$ has been carried out by Sait, $0,$

$\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{t},\mathrm{a}\mathrm{n}\mathrm{i}$, Langlands, and for general $n$ by Art,hur-

Clozel [AC]. The $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}$) $\mathrm{l}\mathrm{e}$ fundamental $1_{\mathrm{C}\mathrm{n}}1\mathrm{r}\iota 1\mathrm{a}$, matching stable orbital integrals and stable
twisted ones, has been proven by Kottwitz [Ko] for any $G$ . Regular $\mathrm{f}_{11\mathrm{n}\mathrm{C}}\iota \mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}$ are used in
[F3] to give a simple proof of the (unconditional) base change $1\mathrm{i}$.fting for $GL(2)$ . and in $[,\mathrm{F}4]$

for cusp forms on $GL(n)$ with a $\mathrm{S}\mathrm{l}\iota \mathrm{p}\mathrm{e}\mathrm{r}\mathrm{C}\mathrm{l}\mathrm{l}\mathrm{s}\mathrm{p}\mathrm{i}\mathrm{d}\mathrm{a}\mathrm{l}$ component.
$i$

$\mathrm{N}\mathrm{a}\mathrm{t}_{\mathrm{s}}1\iota \mathrm{r}\mathrm{a}\mathrm{l}1.\mathrm{y}$ one can consider actions other than that of the Galois group. $\mathrm{T}\mathrm{w}\mathrm{i}_{\mathrm{S}\dot{\mathrm{t}}}\mathrm{i}\mathrm{n}\mathrm{g}$ by
the outer automorphisrn $\theta(g)={}^{t}g^{-1}$ ( $t$ for “transpose”) of $GL(n)\mathrm{w}o$uld lead to $1\mathrm{i}\mathrm{f}\mathrm{t},\mathrm{i}\mathrm{n}\mathrm{g}_{\mathrm{S}}$

fronl syinplect,ic and $\mathrm{o}\mathrm{r}\mathrm{t}_{}\mathrm{h}\mathrm{o}\mathrm{g}\mathrm{o}\mathrm{n}\mathrm{a}1$ groups $\mathrm{t},\mathrm{o}GL(7\iota)$ . The first example in this line concerns
$\mathrm{t}_{l}\mathrm{h}\mathrm{e}\mathrm{s}\mathrm{y}_{1}11\iota 1\mathrm{e}\mathrm{t},\mathrm{r}\mathrm{i}\mathrm{C}$ square lift,ing $([\mathrm{F}6])$ from $H=SL(2)$ t,o $G=PGL(3)$ , which is $\mathrm{a}\mathrm{S}\mathrm{S}\mathrm{o}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{t},\mathrm{e}\mathrm{d}$

with t,he dual grollp $\mathrm{h}_{\mathrm{o}\mathrm{m}\mathrm{o}}1\iota 1\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{S}\mathrm{n}1$ embedding $\hat{H}=PGL(2, \mathrm{c})=SO(3, \mathrm{c})=\hat{G}^{\hat{\theta}}$ in
$\hat{G}=SL(3, \mathbb{C})$ . Here $\hat{H}=Z_{\hat{G}}(\hat{\theta})$ is a twisted endoscopic group. More generally, for $n\geq 3$ ,
$\hat{G}=GL(7\iota, \mathbb{C}),$ $\theta(.q)=J^{t}g^{-11}J^{-}$ for $\mathrm{s}\mathrm{o}\mathrm{l}\iota \mathrm{l}\mathrm{e}$ symmetric or $\mathrm{a}\mathrm{n}\mathrm{t}_{\mathit{1}}\mathrm{i}$-symmetric matrix $J$ , since
$\hat{H}=Sp(r\iota/2, \mathbb{C})$ or SO $(n, \mathbb{C})$ , one expects to obtain liftings from orthogonal or symplectic
groups to t,he general linear group. The purpose of this lecture is to report on a proof of
the fundament,al lemma in the next case, of $GL(4)$ , by means of a new technique, which
also provides a more element, $\mathrm{a}\mathrm{r}.\mathrm{y}$ proof in other (known) cases, and a hope for extension.
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The orbit,al integral $\int_{G}f0(x-1\gamma x)d_{T}$ is the $\mathrm{n}\mathrm{t}1\ln\}_{)\mathrm{e}\mathrm{r}}$ of cosets $xK$ in $G/K$ ( $G$ is a $I$)$-$

adic. group and $K$ denotes a hyperspecial nlaximal colnpact subgroup), which are fixed by
the action of 7. Since $G/K$ is the Bruhat-Tits $\mathrm{b}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{d}\mathrm{i}\mathrm{l}$ of $G$ , Langlands interpreted the
$\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{p}_{11\mathrm{t}}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of the orbital integral as a problem of counting points on the building. This
led to a satisfactory proof of the stable fundamental lemnla for base change $([\mathrm{K}\mathrm{o}])$ , and to
a counting proof for the symmetric square lifting $([\mathrm{F}5, \S 4])$ . Langlands and Shelstad then
$\mathrm{s}\mathrm{t}$,udied t,he $\mathrm{a}\mathrm{s}\mathrm{y}_{\mathrm{I}11}\mathrm{P}\mathrm{t}_{\mathrm{O}}\mathrm{f}|\mathrm{i}\mathrm{C}$ expansion of orbital integrals of general $(C_{\mathrm{C}}^{\infty})$ functions for a general
$G$ , and Hales [H] in the context of $Sp(2)$ . A recent coherence result, of Waldspurger [W2]
for the unit elelnent $f^{0}\mathrm{s}\iota_{1\mathrm{O}\mathrm{U}}1\mathrm{d}$ lead to a computation of the $\mathrm{o}\mathrm{r}\mathrm{l}$) $\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{l}$ integral of $f^{0}$ too. $()\mathrm{u}\mathrm{r}$

$-$ elelnentary -approach is entirely different,. It, involves neither buildings llor gernls.

To $(^{\backslash }.,\mathrm{t},\mathrm{a}\mathrm{r}\mathrm{t}$ with, we note that a useful reduction of the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{p}_{\mathrm{U}}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$of $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ orbital integral
of $f^{0}$ at, all elenlenf, $k$, of $K$ is given by Kazhdan’s decomposition [K] of $k$ as a comlnuting
product of an absolutely semi-simple element $s$ , and a $\mathrm{t}\mathrm{o}_{\mathrm{I})\mathrm{o}\mathrm{l}\mathrm{i}_{\mathrm{C}\mathrm{a}}}\mathrm{o}\mathrm{g}11\mathrm{y}$ unipotent element $u$ .
The int,egral is then reduced to that of $u$ , where $G$ and $K$ are replaced by the centralizers of
$s$ in these $\mathrm{g}\mathrm{r}\mathrm{o}11\mathrm{I}^{)\mathrm{s}}$ . A twisted analogue of $\mathrm{t}1_{1}\mathrm{i}\mathrm{s}$ result, is developed in [F7], where-taking the
group to be the semi direct product of $PGL(3, F)$ and the group generated by the twisting $\sigma$

-the twisted $\mathrm{o}\mathrm{r}\mathrm{f}$) $\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{l}$ integrals of $f^{0}$ are reduced to orbital integrals on $\mathrm{f}_{0\mathrm{r}\mathrm{n}}\mathrm{L}\mathrm{S}$ of $GL(2)$ , which
can be directly computed, and compared with the orbital integrals on the “lifted” groups
( $SL(2)$ and $PcL(2)$ ). This reduction is carried out in the context of $GL(4)$ rather t,han

$GL(3)$ in $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ work reported about below. It pernlits us to colnpare the resulting integrals
on the group $Sp(2)$ of fixed points of $\sigma(g)=J^{t}g^{-1}J-1$ on $GL(4)$ , with the int,egrals of $f^{0}$

.on $cs_{p}(2)$ at the norm of the elernent, $\mathrm{t}l$ .
The basic idea for the computation of the non $\mathrm{t}_{}\mathrm{W}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{r}\}_{)}\mathrm{i}\mathrm{t}\mathrm{d}\mathrm{l}\mathrm{i}\mathrm{n}\uparrow,\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{l}\iota \mathrm{s}$ conles $i^{\mathrm{f}\mathrm{r}\mathrm{o}\mathrm{l}},\mathrm{n}$ the

work of Weissauer [We]. Since the orbital int,egral is an integral over $T\backslash G/K$ , where $T$ is
the $\mathrm{c}(^{\mathrm{Y}}\mathrm{n}\mathrm{f}_{:}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{Z}\mathrm{e}\Gamma$ of our regular element in $G$ , it suffices $\mathrm{t},0$ find a double coset, deconlposition
for $H\backslash G/K$ , for a subgroup $H$ of $G$ which contains $T$ , and then the $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\iota 1\uparrow_{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of t,he

$o\mathrm{r}\mathrm{t})\mathrm{i}\mathrm{f}_{\mathrm{c}}\mathrm{a}1$ int,egral is reduced to one on the sllbgroup $H,$ $\mathrm{w}1_{1}\mathrm{i}\mathrm{c}_{\text{ノ}}\mathrm{h}$ should $\mathrm{f}$) $\mathrm{e}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{l}\iota$ ) $\mathrm{l}\mathrm{e}\mathrm{r}$ than $G$ .
Weissauer [We] proved the fundamental lemma for $cs_{p}(2)$ and its endoscopic group $SO(4)$ .
We report here on the proof of this lenuma from $GL(4)$ to all of its twisted endoscopic
$\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}_{\mathrm{I})}\mathrm{s}$, especially $cs_{p}(2)$ , using this approach. Of course here we consider all tori $T$ of
$cs_{p}(2)$ , not only those whic,$\mathrm{h}$ transfer t,o its $\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{o}\mathrm{S}\mathrm{C}\mathrm{o}_{\mathrm{I}^{)}}\mathrm{i}\mathrm{C}\mathrm{g}\mathrm{r}\mathrm{o}\iota \mathrm{l}\mathrm{I}$). and coInpllte the norm lnap.

T. $()\mathrm{d}\mathrm{a}$ pointed out at the end of $\mathrm{n}\mathrm{l}\mathrm{y}$ talk that results of Murase and Sugano [MS] on
double coset, decompositions of the form $H\backslash G/K$ existed for all c.lassical quasi-split groups,
and our direct and elernentary $\mathrm{a}\mathrm{I}^{)}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{a}\mathrm{c}\mathrm{h}$ might extend to deal with twisted $GL(7\iota)$ for all $n$ ,

namely $\mathrm{w}\mathrm{i}\mathrm{f}_{1}\mathrm{h}$ all $\mathrm{s}\mathrm{y}\mathrm{n}\mathrm{l}\mathrm{I}$) $1\mathrm{e}\mathrm{C}\mathrm{f}_{1}\mathrm{i}\mathrm{c}$, and orthogonal groups. It is easy t,o obtain such a $\mathrm{d}\mathrm{o}\iota \mathrm{l}\mathrm{f}$) $\mathrm{l}\mathrm{e}$ coset,

decomposition ill $\mathrm{t}_{1}\mathrm{h}\mathrm{e}$ context, of $U(2)\cross U(1)\backslash U(2,1)/K$ , where $U$ denote unitary groups of
a quadratic field extension $E/F$ . I have $\mathrm{r}\mathrm{e}\mathrm{t}\cdot,\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{y}$ used this $\mathrm{t},0$ prove the $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{m}\mathrm{C}\mathrm{n}\mathrm{t},\mathrm{a}\mathrm{l}$ lenuma
for $U(2,1)$ and its endoscopic group $U(1,1)\cross U(1)$ , for a torus $T$ split over $E$ when it, is a
quadratic unramified ext.ension of $F$ , or over a biquadratic $\mathrm{e}\mathrm{x}\mathrm{t}\mathrm{e}\mathrm{l}\iota \mathrm{S}\mathrm{i}\mathrm{o}\mathrm{n}$ of $F$ .

It is my great pleasure $\mathrm{t}_{l}\mathrm{o}$ express my deep grat, $\mathrm{i}\mathrm{t}_{1}\mathrm{u}\mathrm{d}\mathrm{e}$ to Toshio Oshima for his invit,ation to
Tokyo, to $\mathrm{A}\mathrm{t}_{\mathrm{S}11\mathrm{s}}\mathrm{h}\mathrm{i}$ Murase and Takayuki Oda for the invitation to the enjoyable conference
at RIMS, and for fruitful conversations, and to them and Bernhard $\mathrm{R}\iota 1\mathrm{n}\mathrm{g}(^{\backslash }$, and Tada.shi
$\mathrm{Y}\mathrm{a}\mathrm{I}\mathrm{n}\mathrm{a}\mathrm{z}\mathrm{a}\mathrm{k}\mathrm{i}$ for their hospitality. The work [F8] was supported by the Hllnlboltlt Stift,llng and
t,he hospitality and inspiration of Rainer Weissauer.

Let us proceed $\mathrm{t},\mathit{0}$ describe $\mathrm{t}_{l}\mathrm{h}\mathrm{e}\mathrm{f}\iota \mathrm{l}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{l}$ lemma in our case, and steps in it, $\mathrm{s}$ proof.
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We simply extract paragraphs from [F8], following its nunlbering.

Part I. Preparations. A. Statement of Theorem.

$\mathrm{L}\mathrm{e}\mathrm{t}_{c}R$ denote the ring of integers in a local non archimedean field $F$ . Let $\mathrm{G}$ be the
$F_{-}\mathrm{g}\mathrm{r}\mathrm{o}11\mathrm{P}\mathrm{G}_{1}\cross \mathrm{G}_{m}$ , where $\mathrm{G}_{1}=GL(4)$ and $\mathrm{G}_{m}=GL(1)$ . Put ${}^{t}g_{1}$ for the transpose of
$g_{1}\in \mathrm{G}_{1}$ . Define $w=,$ $J=,$ $\theta(g_{1})=J^{t}g_{1}^{-1}J^{-1}$ , and $\theta(g_{1}, e)=(\theta(g_{1}), e||g_{1}||)$

for $g=(g_{1}, e)\in \mathrm{G};||g_{1}||$ denotes the determinant of $g_{1}$ . Put $\mathrm{H}=cs_{p}(2)=cs_{p}(J)$ for
the group { $g_{1}\in \mathrm{G}_{1;}\theta(g_{1})=eg_{1}$ for some $e=e(g_{1})\in GL(1)$ } of symplectic similitudes.
We write $G=\mathrm{G}(F)$ and $H=\mathrm{H}(F)$ for the groups of $F$-points, and $K=\mathrm{G}(R)$ and
$K_{H}=\mathrm{H}(R)$ for the standard maximal compact subgroups. Similarly we have $G_{1},$ $K_{1},$

$\ldots$ .
We choose Haar measures $dg,$ $dh,$ $\ldots$ on $G,$ $H,$ $\ldots$ , and denote by $1_{K}=1_{K_{\zeta j}}$ t,he quotient,

by the $\mathrm{v}\mathrm{o}\mathrm{l}\backslash 1\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{e}|K|$ of $K$ of the characteristic function of $K=K_{G}$ in $G$ , by $1_{K_{H}}$ the
analogolls object for $K_{H},$ $1_{K_{1}}$ for $K_{1}$ in $G_{1}$ , etc. Then $1_{K}$ lies in the space $C_{c,}^{\infty}(G)$ of
locally constant compactly supported functions on $G$ . We often omit the subscript of $K$ ,
when it is clear from $\mathrm{t}_{\beta}\mathrm{h}\mathrm{e}$ context. Identify $C_{c}^{\infty}(c)$ with $C_{c}^{\infty}(G\theta)$ by $f(g)=f(g\theta)$ . put
Int $(g)(t\theta)=\mathit{9}^{t\theta}g^{-1}=gt\theta(g^{-1})\theta$ , and introduce the orbital integral

$\Phi_{f^{(t\theta}}^{Gc})=\Phi_{f^{(\theta}}t;dG/dz\mathrm{c}Y(t\theta))=.\int G/Zci(t\theta)\mathrm{I}f((\mathrm{n}\mathrm{t}(g))(t\theta))dg/d_{z}(\mathrm{c},t\theta)$

of $f\in C_{c,}^{\infty}(G)$ at $t\theta,$ $t,$ $\in G$ (it is also called t,he $\theta$-orbital integral of $f$ at $t$ ). Here

$Z_{G}(t\theta)=\{g\in G;\mathrm{I}\mathrm{n}\mathrm{t}(g)(t\theta)=t\theta\}$

is the $\theta- cer|,f_{\Gamma},ali,Zer$ of $t$ in $G$ , or the centralizer of $t\theta$ in $G$ .
Tlle ele,lneIlts $t_{\text{ノ}},$

$t’$ of $G$ are called stably $\theta$-conjugate if $t’\theta=\mathrm{I}\mathrm{n}\mathrm{t}(g)(t\theta)$ for some $g\in \mathrm{G}$

( $=\mathrm{G}(\overline{F}),$ $\overline{F}=$ algebraic closure of $F$ ). There are finitely many $\theta$-conjugacy classes
(Int, $(.q)(t,\theta),$ $.q\in G$ ) in a stable $\theta$-conjugacy cla.ss, and we define the stable orbital inte-
gral $\Phi_{f}^{G,s}(tf_{\text{ノ}}\theta)$ of $f$ at $t,\theta$ to be $\mathrm{t},\mathrm{h}\mathrm{e}$ sum $\sum\Phi_{f}^{G}(t’\theta)$ over a set of representatives $t’$ for the
$\theta$-conjugacy classes within the stable $\theta$-colljugacy class of $t$ (in $G$). Note that, $Z_{\mathrm{G}}(t\theta)$

and $Z_{\mathrm{G}}(t’\theta)$ are isomorphic when $t,$ $t’$ are stably $\theta$-conjugate, this isomorphism is used
to relate the measures on these groups. Similarly we have the stable orbital integral
$\Phi_{f}^{H,st}(h;d_{H/h)}d_{z_{H(}})$ of $f\in C_{c,}^{\infty}(H)$ at $h\in H$ .

The purpose of this lect,ure is t,o outline steps $-$. mainly involving listing tori, conjugacy
classes wit,hin $\backslash ‘\backslash ,\uparrow,\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ ones, endoscopic groups, decompositions, norms, but not the $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{I}11$ ) $11-$

t,ations themselves $-$ . in the pioof of $\mathrm{t},\mathrm{h}\mathrm{e}$ following.

Theorem. For an.$Y$ strongly $\theta- re\mathrm{g}$ ular $t\in G$ we have

$\Phi_{1_{K}}^{G,st}(t\theta;d_{G}/dT^{\theta})=\Phi_{1_{K_{JI}}}^{H,st}(Nt;d_{H}/d\prime T^{\theta})$ .

An element $t$ of $G$ is called $\theta-.\mathrm{s}em,i-.9i,mpl\mathrm{C}\supset$. if $t.\theta$ is $\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{i}$-silllple in t,he group $G\rangle\triangleleft\langle\theta\rangle(\theta$

is an $\mathrm{a}\iota 1\mathrm{t}_{0\ln}\mathrm{o}\mathrm{r}_{1^{)}}\mathrm{h}\mathrm{i}\mathrm{s}1\iota 1$ of $G$ of order $\mathrm{t}_{l}\mathrm{w}\mathrm{o}$ ). Such an element is called $\theta$-regular if $Z_{\mathrm{G}}(t,\theta)^{\mathrm{o}}$ ,
t,he connected $\mathrm{c}:\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{p}_{0}\mathrm{n}\mathrm{C}\mathrm{n}\mathrm{t}$ of the ident,it,$\mathrm{y}$ in $Z_{\mathrm{G}}(t\theta)$ , is a torus. Further it is c,alled $.sbro7l.ql?$’
$\theta$-regular if $Z_{\mathrm{G}}(t\theta)$ is abelian. In this $\mathrm{c}\mathrm{a}‘ \mathrm{s}\mathrm{e}Z_{\mathrm{G}}(Z\mathrm{c}(t\theta)^{\circ})$ is a maxinlal torus $\mathrm{T}$ in $\mathrm{G}\mathrm{w}\mathrm{h}\mathrm{i}(1_{1}$
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is stable under Int $(t\theta)$ , and $Z_{\mathrm{G}}(t\theta)=\mathrm{T}^{\mathrm{l}\mathrm{n}\mathrm{t}}(t\theta)$ (see Kottwitz-Shelstad $[\mathrm{K}\mathrm{S},$ $3.3]$ ). According
to [$\mathrm{K}\mathrm{S}$ , Lemma 3. $2.\mathrm{A}(\mathrm{a})$ ], we may assume that the strongly $\theta$-regular $t$ lies in a $\theta$-stable
$F$-torus T. Thus $t\in T=\theta(T)$ .

To define the norm map–which appears in the statement of the Theorem–following
[KS] we fix a $\theta$-stable $F$-pair $(\mathrm{T}^{*}, \mathrm{B}^{*})$ consisting of a minirnal $\theta$-stable $F$-parabolic subgroup

$\mathrm{B}^{*}$ of $\mathrm{G}$ , and a maximal $\theta$-stable $F$-torus $\mathrm{T}^{*}$ in $\mathrm{B}^{*}$ . Namely we take $\mathrm{B}^{*}$ to be the upper
triangular subgroup of $\mathrm{G}$ , and $\mathrm{T}^{*}$ to be the diagonal subgroup (thus $\mathrm{T}^{*}=\mathrm{T}_{1}^{*}\cross \mathrm{G}_{m}$).
Any two $\theta$-stable $F$-tori $\mathrm{T}^{*}$ and $\mathrm{T}$ are $\theta$-conjugate in $\mathrm{G}$ , thus given $\mathrm{T}$ ( $\mathrm{T}^{*}$ is fixed) there
is $h\in \mathrm{G}$ with $\mathrm{T}=h^{-1}\mathrm{T}^{*}\theta(h)$ , and in particular $t^{*}\in \mathrm{T}^{*}$ such that $t=h^{-1*}t_{\text{ノ}}\theta(’\iota)$ . The
norm of $t$ is defined to be the stable conjugacy class in $H$ which is conjugate to $Nt^{*}$ over
$\overline{F}$ , where $Nt^{*}$ is defined as follows.

Put $\mathrm{V}=(1-\theta)\mathrm{T}^{*}$ and $\mathrm{U}=\mathrm{T}_{\theta}^{*}=\mathrm{T}^{*}/\mathrm{V}$. Here $\mathrm{T}^{*}$ consists of $(a, b, c, d;e)$

$(=(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a, b, c, d), e))$ , and $\theta(a, b, c, d;e)=$ ($d^{-11},$$c^{-},$ $b-1,$ ;$a^{-1}$ eabcd). Then V consists of
$(\alpha, \beta, \beta, \alpha;1/\alpha\beta)$ . Choose the isomorphism $N:\mathrm{U}arrow^{\sim}\mathrm{T}_{H}^{*}$ given by

$(x, y, z, t;u))\mathrm{m}\mathrm{o}\mathrm{d} \{(\alpha, \beta, \beta, \alpha;1/\alpha\beta)\}-\rangle(xyu),$ $x_{\text{ノ}}Z?;),$ $tyw,$ $tZw;Xyz\iota w)2=(a, b, e/b, e/a;e)$ .

It is surjective since $(b, a/b, 1, e/a;1)\vdash\Rightarrow(a, b, e,/b, e/a;e)$ . Of course $\mathrm{T}_{H}^{*}1\mathrm{s}$ the diagonal
subgroup in $\mathrm{H}$ , and any torus $\mathrm{T}_{H}$ in $\mathrm{H}$ is conjugate to $\mathrm{T}_{H}^{*}$ over $\overline{F}$ . The stable conjugacy
class of a regular element in $H$ is the intersection with $H$ of its conjugacy class over $\overline{F}$ . The
choice of the isomorphism $\mathrm{U}\simarrow \mathrm{T}_{H}^{*}$ is dictated by dual groups considerations, namely that
$\mathrm{H}$ is an endoscopic group in $\mathrm{G}$ ; this we explain in Section $\mathrm{F}$ below.

Our explicit computations permit comparing also unstable twisted orbital integrals of
$1_{K}$ on $G$ with stable orbital integrals on the associated twisted endoscopic groups, as well
as reproving Weissauer’s transfer of the unstable orbital integrals of $1_{K}$ on $cs_{p}(2)$ to its
endoscopic group, but this will not be described here.

B. Stable Conjugacy.

Let us recall the structure of the set of ( $F$-rational) conjugacy classes within the stable
$(\overline{F}-)$ conjugacy class of a regular element $t$ in $H$ . By definition, the centralizer $Z_{\mathrm{H}(t)}$ of $t$ in

$\mathrm{H}$ is a maximal $F$-torus $\mathrm{T}_{H}$ . The elements $t,$ $t’$ of $H$ are conjugate if there is $g$ in $H$ with
$t’=\mathrm{I}\mathrm{n}\mathrm{t}(g^{-1})t(=g^{-1}tg)$ . They are stably conjugate if there is such $g$ in $\mathrm{H}(=\mathrm{H}(\overline{F}))$ . Then
$.q_{\sigma}=g\sigma(.q^{-1})$ lies in $\mathrm{T}_{H}$ for every $\sigma$ in the Galois group $\Gamma=\mathrm{G}\mathrm{a}1(\overline{F}/F)$ , and.q $\vdash\Rightarrow\{\sigma\vdasharrow g_{\sigma}\}$

defines an isomorphism from the set of conjugacy classes within the stable conjugacy class
of $t$ to the pointed set $D(T_{H}/F)=\mathrm{k}\mathrm{e}\mathrm{r}[H^{1}(F, \mathrm{T}_{H})arrow H^{1}(F, \mathrm{H})]$ . In our case $H^{1}(F, \mathrm{H})$ is
trivial, hence $D(T_{H}/F)$ is a group.

1. Lemma. The set of stable conjugacy $cl$asses of $F$ -tori in $\mathrm{H}in.ie,ctsn\mathrm{a}t$tlrall.r in the
image in $H^{1}(F, W)$ of $\mathrm{k}\mathrm{e}\mathrm{r}[H^{1}(F, \mathrm{N})arrow H^{1}(F, \mathrm{H})]$ , where $\mathrm{N}=\mathrm{N}\mathrm{o}\mathrm{r}\mathrm{I}\mathrm{I}1(\mathrm{T}*\mathrm{H})H$

” and $W$ is the
$We.\gamma lgro$up of $\mathrm{T}_{H}^{*}$ in H. This map is an $i_{1}\mathrm{s}omorphism$ when $\mathrm{H}$ is $qn\mathrm{a}si$-split. Note that
the image is $H^{1}(F, W)wh$en $H^{1}(F, \mathrm{H})$ is trivial, and $H^{1}(F, W)$ is the $gro$up of continuous
homomorphisms $\rho$ : $\Gammaarrow W$ , when $\Gamma$ acts trivially on $W$ .

In our case of $\mathrm{H}=Gs_{p}(2)$ , the Weyl group $W$ is the dihedral group $D_{4}$ , generated by
the reflections $s_{1}=(12)(34)$ and $s_{2}=(23)$ . Its other elements are 1, (12) (34) $(23)=$ (3421)
(whic.$\mathrm{h}$ t,akes 1 to 2, 2 to 4, 4 to 3, 3 to 1), (23)(12) $(34)=$ (2431), (23) $(3421)=(42)(31)$ ,
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(3421)2 $=(23)(41),$ (23) $(23)(41)=(41)$ . We list the $F$-tori $\mathrm{T}$ according to the subgroups
of $W$ , the split torus corresponding to {1}, and conclude the following.

2. Lemma. We have that $H^{1}(F, \mathrm{T})$ is trivial except when $\rho(\Gamma)$ is the $s\mathrm{u}$ bgroup of $W$ of
the form $\langle(14)(23)\rangle$ or $\langle(14)(23),$(12) $(34),$(13) $(24)\rangle$ , where $H^{1}(F, \mathrm{T})=\mathbb{Z}/2$ .

In the proof we note that if $\mathrm{T}_{H}$ splits over the Galois extension $E$ of $F$ then $H^{1}(F, \mathrm{T}_{H})=$

$H^{1}(\mathrm{G}\mathrm{a}1(E/F), \mathrm{T}_{H}^{*}(E))$ , where $\mathrm{T}_{H}^{*}(E)=\{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a, b, \lambda/b, \lambda/a);a, b, \lambda\in E^{\cross}\}$ , and $\mathrm{G}\mathrm{a}1(E/F)$

acts via $\rho$ . Thus $H^{1}$ is the quotient of the group $C^{1}$ of cocycles: $a_{\tau}\in \mathrm{T}_{H}^{*}(E)$ with $a_{1}=1$

and $a_{\sigma\tau}=a_{\sigma}\sigma^{*}(a_{\tau})$ for all a, $\tau\in \mathrm{G}\mathrm{a}1(E/F)$ , by the group of coboundaries: $c\sigma^{*}(C^{-1}),$ $c\in$

$\mathrm{T}_{H}^{*}(E)$ . Here $a^{*}=\rho(\sigma)\circ\sigma$ , thus $a^{*}(a)=g_{\sigma}\cdot aa\cdot g_{\sigma}-1$ if $\rho(a)=\mathrm{I}\mathrm{n}\mathrm{t}(g_{\sigma})$ . When $\rho(\Gamma)=\{1\}$ ,
the group $H^{1}$ is trivial since $E=F$ . The other cases are: (1) $\rho(\Gamma)=\langle(23)\rangle,$ $[E : F]=2$ ;
(2) $\rho(\Gamma)=\langle(12)(34)\rangle,$ $[E : F]=2;(3)\rho(\Gamma)=\langle(13)(24)\rangle,$ $[E : F]=2$ . These tori are not

$\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{c}_{\text{ノ}}$ –their quotient by the center of $H$ is not compact. The elliptic tori are:
(I) $\rho(\Gamma)=\langle(14)(23)\rangle,$ $[E:F]=2$ ;
(II) $\rho(\Gamma)=\langle(14)(23),$(12) $(34),$(13) $(24)\rangle,$ $E$ is the composition of the different quadratic
extensions $E_{1},$ $E_{2},$ $E_{3}$ of $F$ , and so $\mathrm{G}\mathrm{a}1(E/F)=\mathbb{Z}/2\cross \mathbb{Z}/2$ is generated. by $a$ and $\tau$ whose
fixed fields are $E_{3}=E^{\langle\sigma\rangle},$ $E_{2}=E^{\langle\sigma}\tau\rangle$ , $E_{1}=E^{\langle\tau\rangle}$ .
(III) $\rho(\Gamma)=\langle(14),$(23) $\rangle,$ $\mathrm{a}\mathrm{g}\mathrm{a}\ln E=E_{1}E_{2}$ and $\mathrm{G}\mathrm{a}1(E/F)=\mathbb{Z}/2\cross \mathbb{Z}/2$ is generated by $\sigma$ and
$\tau$ , with fixed fields $E_{3}=E^{\langle\sigma\rangle},$ $E_{2}=E^{\langle\sigma\tau\rangle}$ and $E_{1}=E^{\langle\tau\rangle}$ , and $\rho(\tau)=(23),$ $\rho(\tau\sigma)=(14)$ .
(IV) $\rho(\Gamma)$ contains an element of order 4. There are two cases here. If $\rho(\Gamma)=W$ , then the
splitting field $E$ is a Galois extension of $F$ with Galois group $W=D_{4}$ . The other case is
when $p(\Gamma)$ is $\mathbb{Z}/4$ , say $\rho(\sigma)=$ (3421). The splitting field $E$ is a cyclic extension of $F$ of
degree 4. $\square$

A standard integration formula from the group to a Levi subgroup containing the torus,
reduces the study of orbital integrals of regular elements to that of the study in the case of
elliptic elements, and their centralizers, the elliptic tori. These are the cases (I–IV).

C. Explicit representatives.

It is inlport,ant for us to describe a set of representatives for $t_{\text{ノ}}\in T_{H}$ and for their stably
conjugate but, not conjugate elements.

Example. Case of $SL(2)$ . As a preliminary example, let, us consider t,he case of an elliptic
t,orus $\mathrm{T}$ in $\mathrm{G}=SL(2)/F$ which split, $\mathrm{s}$ over the quadratic extension $E=F(\sqrt{D})$ of $F$ . If
$\mathrm{T}^{*}$ is the diagonal t,orus, then a representative of such $\mathrm{T}$ is $\mathrm{T}=h_{D}^{-1}\mathrm{T}^{*}h_{D},$ $.\mathrm{b}_{D},=(_{1-\sqrt{D}}^{1\sqrt{D}})$ .
Note that $h_{D}’=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(||h_{D}||-1,1)h_{D}$ , where $||h_{D}||=\det h_{D}$ , lies in $SL(2, E)$ . If $\sigma$ is the

generator of $\mathrm{G}\mathrm{a}1(E/F)$ , then $\sigma(h_{D})=h_{D^{\mathit{6}}}=wh_{D},$ $\epsilon=,$ $w=$ . The elements of
$\mathrm{T}$ are $t,$ $=h_{D}^{-1}ah_{D}(a\in \mathrm{T}^{*})$ , and we have $at=h_{D}^{-1}u$ ) $a(a)\uparrow vh_{D}$ , hence $\mathrm{t}_{l}\mathrm{h}\mathrm{e}$ action of $\sigma$ on $\mathrm{T}$

induces t,he action $\sigma^{*}(a)=\mathrm{I}\mathrm{n}\mathrm{t},(w)(\sigma(a))$ on $\mathrm{T}^{*}$ .
If $t,$ $t_{1}\in G$ are stably conjugate then $t_{1}=g^{-1}tg=\sigma g-1$ . $t\cdot ag$ , hence $g_{\sigma}=g\sigma(g)^{-1}=$

$h_{D}^{-1}a_{\sigma}h_{D}$ lies in $\mathrm{T}$ $(=Z_{\mathrm{G}}(t,);\sigma t=t$ and $af_{1},=t_{1}$ since $t,$ $t_{1}\in G$ ). Now $1=g_{\sigma}a(g_{\sigma})=$

$\mathrm{I}\mathrm{n}\mathrm{t}(h_{D}^{-}1)(a_{\sigma}wa(a_{\sigma})u’)=a_{\sigma}\sigma(a_{\sigma})^{-1}$, thus $a_{\sigma}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(R, R^{-}1)$ with $R=aR\in F^{\cross}$ . Of
course the cocycle $g_{\sigma}$ or $a_{\sigma}\in \mathrm{T}^{*}$ , can be modified by $c\sigma^{*}(c)-1=(\gamma, \gamma^{-1})(\sigma\gamma, a\gamma^{-1})$ , hence
$R$ ranges over $F^{\cross}/N_{E/F}E^{\cross}$ . The relation $ga(g)^{-1}=h_{D}^{-1}a_{\sigma}h_{D}=h_{D}^{-1}a_{\sigma}w\sigma(hD)$ implies

$h_{D}g=a_{\sigma}wa(h_{D}g)==(_{\frac{\overline x}{z}\overline{\frac{y}{t}}})==$
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where we wrote $\overline{x}$ for $\sigma x$ . To have $g$ of $\det_{}\mathrm{e}\mathrm{r}\mathrm{I}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{t}1$ we note that $1=||.q||=-R(\overline{z}t-$

$z\overline{t})/2\sqrt{D}$ has the solution $z=1$ and $t=-\sqrt{D}/R$ . Then

$g=g_{R}= \frac{1}{2\sqrt{D}}(^{\sqrt{D}\sqrt{D}})1-1(_{1}^{R}-\sqrt{D}\sqrt{D}/R)=\frac{1}{2}(_{\frac{R+1R-1}{\sqrt{D}}}(R-1R+1)\sqrt{D})\in SL(2, E)$ .

Moreover,

$t–$, $t_{1}=g^{-1}tg==(_{Rba}abD/R)$
make a complete set of representatives for the conjugacy classes $\mathrm{w}\mathrm{i}\mathrm{f},\mathrm{h}\mathrm{i}\mathrm{n}$ the $\mathrm{s}\mathrm{t},\mathrm{a}\dagger$) $\mathrm{l}\mathrm{e}$ coIljllgacy
class of $t\in T\subset G$ .

We llext $\mathrm{S}\mathrm{i}_{\mathrm{l}\mathrm{n}\mathrm{i}11\mathrm{y}}\mathrm{a}\mathrm{r}$ describe representatives for the elliptic $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}_{\mathrm{S}}$ in $H=GSp(2, F)$ ,
and for elements stably conjugate but not conjugate to these representatives.

Notation. Write $[,$ $]$ for

The tori $\mathrm{T}_{H}$ of $\mathrm{H}=Gs_{p}(2)$ of type (I) split over a quadratic extension $E=F(\sqrt{D})$ of
$F$ , whose Galois grollI) is generated by $\sigma$ .

1. Lemma. A torus $\mathrm{T}_{H}$ of t.ype (I) is given by

$\mathrm{T}_{H}=\sim h_{D^{-1*}H}’\mathrm{T}\overline{h}_{D}’=\{t=[\mathrm{a}, \mathrm{b}]=\overline{h}_{D^{-1}}’(a, b, \sigma b, aa)h_{D}’$ ;
$\sim$

a $=,$ $\mathrm{b}=(_{b_{2}}^{b_{\iota}b}b_{1})\mathit{2}D,$ $||\mathrm{a}||=||\mathrm{b}||\}$ ,

wfiere $a=a_{1}+a_{2}\sqrt{D},$ $b=b_{1}+b_{2}\sqrt{D}$ , a$nd\overline{h}_{D}’=[h_{D}’, h_{D}’]$ . Moreover $t_{1}=\mathrm{I}\mathrm{n}\mathrm{t}(\overline{g}^{-1})t=$

Int $([I, ])t,$ $R\in F-N_{E/F}E,$ $i_{\iota}\mathrm{S}_{}\mathrm{S}t_{j}\mathrm{a}\mathrm{b}l.\gamma$ conjugate but not conjugate $t,cf$, in $H$ , where
$\overline{.q}=[I, g]$ , and $g=g_{R}$ is as described in the example of $SL(2)$ above.

Analogous $\mathrm{d}\mathrm{e}\mathrm{S}\mathrm{C}\mathrm{r}\mathrm{i}_{\mathrm{P}^{\mathrm{f}_{l}}}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}$ apply to tori of the other types.

D. Stable $\theta$-conjugacy.

$\mathrm{S}\mathrm{i}_{1}\mathrm{n}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{y}$, we describe $\mathrm{t}_{}\mathrm{h}\mathrm{e}_{\text{ノ}}$ (F-ratjional) $\theta$-conjugacy classes wit,hin the stable $(\overline{F}-)\theta-$

conjugacy class of a strongly $\theta$-regular element $t$, in $G$ . Fix a $\theta$-invariant F-t,orus $\mathrm{T}^{*};$ in $\mathrm{f}\cdot \mathrm{a}\mathrm{c}\mathrm{t}$,

we take $\mathrm{T}^{*}$ to $\mathrm{f}$) $\mathrm{e}$ the diagonal subgroup. The stable $\theta$-conjugacy class of $t$ in $G$ intersect,s
$\mathrm{T}^{*}$ ( $[\mathrm{K}\mathrm{S}$ , Lemma 3. $2.\mathrm{A}]$ ). Hence there is $h\in \mathrm{G}$ and $t^{*},\in \mathrm{T}^{*}$ , such that, $t=h^{-1*}t\theta(l\iota)$ . The
centralizers are relatted by $Z_{\mathrm{G}}(t\theta)=h^{-1}Z_{\mathrm{G}}(t^{*}\theta)h,$. Further $Z_{\mathrm{G}}(t^{*}\theta)=\mathrm{T}^{*\theta}$ , t,he cent,ralizer

of $Z_{\mathrm{G}}(t\theta)$ in $\mathrm{G}$ is an $F$-torus $\mathrm{T}$ which is $\theta_{t}=\mathrm{I}\mathrm{n}\mathrm{t}(t)0\theta$ invariant,, and $Z_{\mathrm{G}}(t,\theta)=\mathrm{T}^{\theta_{t}}$ . The
$\theta$-conjugacy classes wit,hin the $\mathrm{s}\mathrm{t}$,able $\theta$-conjugacy class of $t$ can be classified as follows.
(1) Suppose that $t_{1}=g^{-1}t\theta(g)$ and $t$, are stably $\theta_{-\mathrm{C}\mathrm{o}\mathrm{I}},1\mathrm{j}_{1}\iota \mathrm{g}\mathrm{a}\mathrm{t}l\mathrm{e}$ in G. $\mathrm{T}11(^{\mathrm{l}}\mathrm{n}.q_{\sigma}=.q\sigma(.q)^{-1}\in$

$Z_{G}(t\theta)=T^{\theta_{f}}.$ Tlle set $D(F, \theta, t)=\mathrm{k}\mathrm{e}\mathrm{r}[H^{1}(F, \mathrm{T}^{\theta}1)arrow H^{1}(F, \mathrm{G})]\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}7_{\mathrm{J}}\mathrm{e}\mathrm{S}$ , via $(t_{1}, t’)rightarrow$

$\{\sigmarightarrow.q_{\sigma}\},$ $\mathrm{t}J\mathrm{h}\mathrm{e}\theta$-conjugacy classes $\mathrm{w}\mathrm{i}\mathrm{f}_{}\mathrm{h}\mathrm{i}\mathrm{n}$ the stable $\theta_{-\mathrm{C}\mathrm{O}\iota 1}\mathrm{j}11\mathrm{g}\mathrm{a}\mathrm{c}\mathrm{y}$ class of $t,.$ Tlle Galois $\mathrm{a}\mathrm{c}\mathrm{t}_{)}\mathrm{i}_{0}11$

on $\mathrm{T},$ $\sigma(\dagger,)=\sigma(h^{-1}t^{*}\theta(h))=h^{-1}\cdot h\sigma(h)^{-}1(\sigma t,*)\cdot\theta(\sigma(h)h-1)\theta(h)$ induces a Galois $\mathrm{a}\mathrm{c}_{\text{ノ}}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}$

$\sigma^{*}$ on $\mathrm{T}^{*}$ , given by $\sigma^{*}(b^{*})=ha(h)^{-}1a(t^{*})\theta(\sigma(h)h^{-1})$ , and $H^{1}(F, \mathrm{T}^{\theta_{f}})=H^{1}(F, \mathrm{T}^{*\theta})$ .
(2) The nornl lnap $N:\mathrm{T}^{*}arrow \mathrm{T}_{H}^{*}\mathrm{f}\mathrm{a}\mathrm{c}\mathrm{t},\mathit{0}\Gamma \mathrm{i}\mathrm{z}\mathrm{e}\mathrm{S}$via tlle projection $\mathrm{T}^{*}arrow \mathrm{T}^{*}/\mathrm{V},$ $\mathrm{V}=(1-\theta)\mathrm{T}^{*}$ ,
and the isomorphism $\mathrm{U}=\mathrm{T}_{\theta}^{*}=\mathrm{T}^{*}/\mathrm{V}\simarrow \mathrm{T}_{H}^{*}$ . Suppose that the norm $Nt^{*}$ of $\gamma,*\in \mathrm{T}^{*}$ is
defined over $F$ . Then for each $\sigma\in\Gamma$ there is $\ell\in \mathrm{T}^{*}$ such that $\sigma^{*}(t^{*})=lt^{*},\theta(\ell)^{-1}$ . Then

$h^{-1}t^{*}\theta(h)=t=\sigma(\dagger,)=ah^{-1}\cdot at^{*}\cdot\theta(\sigma h)=a(h)^{-1}lt^{*}\theta(\ell-1(\sigma h))$ ,
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hence
$t^{*}=h_{\sigma}\ell\cdot t*$ . $\theta(h_{\sigma}\ell)^{-1},$ $h_{\sigma}=h\sigma(h)^{-1}$ ,

and $h_{\sigma}\ell\in Z_{\mathrm{G}}(\theta*\theta)=\mathrm{T}^{*\theta}$ , so that $h_{\sigma}\in \mathrm{T}^{*}$ . Moreover, $(1-\theta)(h_{\sigma})=t^{*}\sigma(t^{*})-1$ . Henc,e

$(h_{\sigma}, t^{*})$ lies in $H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{T}^{*})$ , in a subset isomorphic to $H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V})$ ; this invari-
ant parametrizes the (strongly $\theta$-regular) $\theta$-conjugacy classes which have the same norm
(see [KS, Appendix $\mathrm{A}$] (or Section $\mathrm{G}$ below) for a definition and properties of these hyper-
cohomology groups; the lines preceding Lemma 6. $3.\mathrm{A}$ , for the definition of $\mathrm{o}\mathrm{b}\mathrm{s}(\delta);(6.2)$ ,
for the definition of $\mathrm{i}\mathrm{n}\mathrm{V}’(\delta, \delta’)$ ; and the page prior to Theorem 5. $1\mathrm{D}$ , for the definition of
$\mathrm{i}\mathrm{n}\mathrm{v}(\delta, \delta’)$ : if $t_{1}=g^{-1}t\theta(g)$ as in (1) above, then $\mathrm{T}_{t}--Z_{\mathrm{G}}(z_{\mathrm{G}(}t\theta)\mathrm{O})$ is a maximal torus in
G. Denot, $\mathrm{e}$ its inverse image under the natural homomorphism $\pi$ : $\mathrm{G}_{sc}arrow \mathrm{G}$ by $\mathrm{T}_{t}^{sc}(\mathrm{G}_{\epsilon \mathrm{c}}$ is
the simply connected covering $F$-group of the derived grollp of G), and write $g=\pi(g_{1})z$ ,
$g_{1}$ in $\mathrm{G}_{sc},$ $z$ in $Z(\mathrm{G})$ . Then $\sigma(g_{1})g_{1}^{-1}$ lies in $\mathrm{T}_{t}^{SC},$ $(1-\theta_{t})\pi(a(g1)g^{-}1)1=\sigma(b)b^{-1}$ , where
$b=\theta(z)Z^{-1}=(1-\theta t)(z-1)\in \mathrm{V}_{t}=(1-\theta_{t})(\mathrm{T}_{t})$ . Hence $(arightarrow a(g_{1})g_{1}^{-}, b1)$, defines the ele-

ment $\mathrm{i}\mathrm{n}\mathrm{v}(t,, t_{1})$ of $H^{1}(F, \mathrm{T}_{t}Sc^{(}-\theta 41t\mathrm{O}\pi \mathrm{V}_{t})$ . It parametrizes the $\theta$-conjugacy classes under $G_{sc}$

$\mathrm{w}\mathrm{i}\uparrow)\mathrm{h}\mathrm{i}\mathrm{n}$ the stable $\theta$-conjugacy class of $t$ . The image in $H^{1}(F, \mathrm{T}_{t}1-\theta_{t}arrow \mathrm{V}_{t})$ , under the $\mathrm{m}\mathrm{a}_{\mathrm{I}}$)

$[\mathrm{T}_{i^{c,}}^{9}arrow \mathrm{V}_{t}]arrow[\mathrm{T}_{t}arrow \mathrm{V}_{t}]$ (induced by $\pi$ : $\mathrm{T}_{t}^{sc}arrow \mathrm{T}_{t}$), is denoted $\mathrm{i}\mathrm{n}\mathrm{V}’(t, t_{1})$ . It parametrizes
t,he $\theta$-conjugacy classes within the stable $\theta$-conjugacy class of $t$ , as noted in (1) above).

Note that there is an exact sequence

$H^{0}(F, \mathrm{T}^{*})=\mathrm{T}^{*\Gamma}=T^{*}1-\thetaarrow H^{0}(F, \mathrm{V})=Varrow H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V})arrow H^{1}(F, \mathrm{T}^{*})1-\thetaarrow H^{1}(F, \mathrm{v})$.

Moreover, the exact sequence $1arrow \mathrm{T}^{*\theta}arrow \mathrm{T}^{*}1-\thetaarrow \mathrm{V}arrow 1$ induces the exact sequence

$H^{0}(F, \mathrm{T}^{*})1-\thetaarrow H^{0}(F, \mathrm{v})arrow H^{1}(F, \mathrm{T}^{*\theta})arrow H^{1}(F, \mathrm{T}^{*})1-arrow\theta H^{1}(F, \mathrm{V})$.

Hence, $H^{1}(F, \mathrm{T}^{*\theta})=H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V})$ and $D(F, \theta, t)$ is $\mathrm{k}\mathrm{e}\mathrm{r}[H1(F, \mathrm{T}^{*}\theta)arrow H^{1}(F, \mathrm{G})]\simeq$

$\mathrm{k}\mathrm{e}\mathrm{r}[H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V})arrow H^{1}(F, \mathrm{G})]$ .
In our case the group $H^{1}(F, \mathrm{G})$ is trivial $(\mathrm{G}=GL(4)\cross GL(1))$ , and so is $H^{1}(F, \mathrm{T}^{*})$ .

Hence $D(F, \theta, t)=H^{1}(F, \mathrm{T}^{*\theta})=H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V})=V/(1-\theta)T^{*}$. The $\theta$-invariant F-t,ori

$\mathrm{T}$ deternline homomorphisms $\rho$ : $\Gammaarrow W(\mathrm{T}^{*\theta}, \mathrm{G}^{\theta})=W(\mathrm{T}^{*}, \mathrm{G})^{\theta}$ . We can describe a set,

of representatives for $\mathrm{t}_{}\mathrm{h}\mathrm{e}F$-tori $\mathrm{T}$ in $\mathrm{G}$ , and the groups $H^{1}(F, \mathrm{T}^{*}arrow \mathrm{V})=H^{1}(F, \mathrm{T}^{*\theta})$

which paramet,rize the $\theta$-conjugacy classes within the stable $\theta_{-\mathrm{C}\mathrm{o}\mathrm{n}\backslash }|\mathrm{u}\mathrm{g}\mathrm{a}\mathrm{c}\mathrm{y}$ classes of strongly
$\theta$-regular element, $\mathrm{s}$ in $G$ , which are $\mathrm{r}\mathrm{e}_{\mathrm{I}}$) $\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{d}$ by elements of $T$ . Since $W(\mathrm{T}^{*}, \mathrm{G})^{\theta}=$

$W$ ( $\mathrm{T}_{H}^{*}$ , H), our list, of $\theta$-invariant t,ori $\mathrm{T}$ is obtained from the list of tori $\mathrm{T}_{H}$ , where $\mathrm{T}$ is
the centralizer of $\mathrm{T}_{H}$ .

A useful fact, wonld }) $\mathrm{e}$ that we can choose $h\in \mathrm{G}$ such that $\theta(h)=h$ . Then $\mathrm{t}_{}\mathrm{h}\mathrm{e}\mathrm{s}\mathrm{t},\mathrm{a}\iota_{)}1\mathrm{e}$

$\theta_{-\mathrm{C}}\mathrm{o}\mathrm{n}|\backslash \mathrm{g}\mathrm{a}\mathrm{c}\mathrm{v}\iota 1,$. classes of $\mathrm{s}\mathrm{t}$,rongly $\theta$-regular $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{t}\mathrm{l},\mathrm{n}\mathrm{t}\mathrm{s}$ are repre,sented by $t=h^{-1}t^{*}\theta(h)=$

$h^{-1}t^{*}h,$ $t^{*}\in \mathrm{T}^{*}$ , and we also exhibit a $\mathrm{c}\mathrm{o}\mathrm{m}_{1^{)}}1\mathrm{e}\mathrm{t}\mathrm{c}$ list of represent,atives for $\mathrm{t}_{l}\mathrm{h}\mathrm{e}\theta$ -conjugacy
classes within the stable $\theta$-conjugacy class of such a strongly $\theta$-regular elemenf, $t$ .

Then we list $\mathrm{t}_{}\mathrm{h}\mathrm{e}\theta$-invariant $F$-tori in $\mathrm{G}$ up to $F$-isomorphism; they are paralnet,ri,,,c$(1$

by the $\mathrm{h}_{\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{m}}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}_{\mathrm{S}}\mathrm{m}\mathrm{S}p:\Gammaarrow W=W(\mathrm{T}^{*\theta}, \mathrm{G}^{\theta})=W(\mathrm{T}^{*}, \mathrm{G})^{\theta}$ . Note that $\mathrm{G}^{\theta}=Sp(2)$ .

Further we compute $H^{1}(F, \mathrm{T}^{*\theta})=H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V})$ , we give an explicit $\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{t},\mathrm{i}_{0}11$ of
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$\mathrm{T}=h^{-1}\mathrm{T}^{*}h$ (and $h=\theta(l\iota)$ ), and for $f,$ $\in T,$ $\mathrm{s}\mathrm{t}_{}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{y}\theta$-regular, a set of representatives
in $G$ for $\mathrm{t}_{}\mathrm{h}\mathrm{e}\theta$-conjugacy classes in $\mathrm{t},\mathrm{h}\mathrm{e}$ stable $\theta- \mathrm{c}\mathrm{o}\mathrm{n}.|1\mathrm{l}\mathrm{g}\mathrm{a}\mathrm{C}.\mathrm{y}$ class of $t$ . Note that the only
significant difference fronl the non twisted case is $\mathrm{t}_{T}\mathrm{h}\mathrm{a}\mathrm{f}$ , we work with $\mathrm{G}^{\theta}=Sp(2)$ instead of
$\mathrm{w}\mathrm{i}\mathrm{t}_{c}\mathrm{h}\mathrm{H}=cs_{p}(2)$ .

Let us clarify tllat $t\in G$ is strongly $\theta$-regular lnealls $\mathrm{t}_{(}\mathrm{h}\mathrm{a}\mathrm{t}t=h^{-1}t*\theta(f^{\backslash }‘),$ $h\in \mathrm{G}$ , where
$t^{*},\mathrm{i}_{1^{\backslash }}‘,$ stlch that, $Z_{\mathrm{G}}(t^{*}\theta)$ is $\mathrm{T}^{*\theta}$ . Then $Z_{\mathrm{G}}(t\theta)=l\iota^{-1}Z_{\mathrm{G}}(b^{*}\theta)h$ is the torus $\mathrm{T}^{\mathrm{I}\mathrm{n}\iota()}t\mathrm{o}\theta$ , where
$\mathrm{T}$ is $Z_{\mathrm{G}}(z_{\mathrm{G}}(t\theta))$ , an Int $(t)\circ\theta$-invariant $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{X}\mathrm{i}_{\mathrm{l}\mathrm{n}\mathrm{a}}1$ torus in G. If $u=l^{-1}|,u^{*}h\in T$ , where
$u^{*}\in T_{\Gamma eq}^{*}\theta.$

’ then $h_{\sigma}\sigma(u)*h_{\sigma}^{-1}=u^{*}=\theta(u^{*})=\theta(h_{\sigma})a(u^{*})\theta(h\sigma)^{-}1$ implies that $h_{\sigma}=l\iota\sigma(h^{-}1)$

is a $\theta$-invariant elelllent in the Weyl group $W(\mathrm{T}^{*}, \mathrm{G})$ of $\mathrm{T}^{*}$ , hence it can be represented
by an elerIlent of $W=W(\mathrm{T}^{*\theta}, \mathrm{G}^{*\theta})$ , and the tori $\mathrm{T}$ in $\mathrm{G}$ so obtained define $\rho$ : $\Gammaarrow W$ .
Hence we consider the centralizers of the t,ori in $\mathrm{G}^{*\theta}$ .

F. Endoscopic groups.
$()_{11}\mathrm{r}$ Theorem is t,he “

$\mathrm{f}_{\mathrm{t}\mathrm{n}}\mathrm{d}_{\lambda}\mathrm{I}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{a}1$ lemma” for the $1\mathrm{i}\mathrm{f}\mathrm{t}_{}\mathrm{i}\mathrm{n}\mathrm{g}$ of $\mathrm{r}\mathrm{e}_{\mathrm{I}}$) $\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}_{}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ from $cs_{p}(2)$

to $GL(4)$ . It, is compatible with a dual group $\mathrm{s}\mathrm{i}\mathrm{t}_{t}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}0\mathrm{n},$
$\mathrm{w}1_{1}\mathrm{i}_{\mathrm{C}\mathrm{h}}$ we proceed to describe.

Let $\mathrm{G}$ be the $F$-group $\mathrm{G}_{1}\cross \mathrm{G}_{m}$ , where $\mathrm{G}_{1}=GL(4)$ and $\mathrm{G}_{7n}=GL(1)$ . Let, $\hat{G}=\hat{G}_{1}\cross$

$\hat{G}_{m}=GL(4, \mathbb{C})\cross GL(1, \mathbb{C})$ be its $\mathrm{C}\mathrm{o}\mathrm{n}11\mathrm{e}_{\text{ノ}}\mathrm{c}\mathrm{t}_{\mathrm{C}\mathrm{c}1}$ dual group. $\mathrm{P}_{11}\mathrm{t},$

$?l$) $=$ and $J=$,

and $\hat{\theta}(g_{1})=\theta(g_{1})=J^{t-1-1}g_{1}.I$ for $g_{1}\in \mathrm{G}_{1}$ , where ${}^{t}g_{1}$ is t,he transpose of $g_{1}$ . For.q $=(.q_{1}, f,)$

in $\hat{G}$ , write $\hat{\theta}(g)=\hat{\theta}(.q_{1}, t)=(t\theta(.q1), b)$ . This is an automorphism of $\hat{G}$ of order 2. We often
attach a subscript, 1 to indicate the $GL(4)$-component of an object in $\mathrm{G}=GL(4)\cross GL(1)$ ,

and sometimes abuse notations and ignore tlle $GL(1)$-component.

Denote $\mathrm{t}$)$\mathrm{y}\hat{T}$ the diagonal subgroup in $\hat{G}$ (thus $\hat{T}=\hat{T}_{1}\cross \mathbb{C}^{\cross}$ ), and $1$ ) $.\mathrm{Y}\mathrm{T}^{*}\mathrm{t}_{}\mathrm{h}\mathrm{e}$ diagonal
subgroup of G. Let, $\hat{B}$ and $\mathrm{B}$ be $\mathrm{t},1\mathrm{l}\mathrm{e}$, upper triangular $\mathrm{s}\mathrm{u}\mathrm{f}$ ) $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{P}^{\mathrm{S}}$ in $\hat{G}$ and G. Then $\mathrm{t}_{}\mathrm{h}\mathrm{e}$

group $X_{*}(\hat{T})=\mathrm{H}\mathrm{o}\mathrm{I}11(\mathrm{G}_{7\gamma}\iota’\hat{\tau})=\{(a, b, c, d;e)\}$ is isomorphic to $X^{*}(\mathrm{T}^{*})=\mathrm{H}\mathrm{o}\ln(\mathrm{T}^{*}, \mathrm{G}_{m})$ ,

and $X^{*}(\hat{T})=\{(x, y, z, t;u)\}=X_{*}(\mathrm{T}^{*})$ . The $\mathrm{a}11\mathrm{t}_{1\mathrm{O}\iota}\mathrm{n}\mathrm{o}\mathrm{r}1$)
$\mathrm{h}\mathrm{i}_{\mathrm{S}}\mathrm{I}\mathrm{I}1\hat{\theta}$ induces an $\mathrm{a}\mathrm{t}\mathrm{l}\mathrm{t}_{0},\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}$

$\theta$

on $\mathrm{G}$ (fixing B), given on $\mathrm{T}^{*}$ as follows.

$(\theta(x,, y, z, t;\mathrm{t}\iota))(a,$ $b,$ $(:, d;e)=(x, y, z, t’;ll)(\hat{\theta}(a, b, c, d;e))$

$=(x,, y, z, t;u)(\rho,/d, e/c, e/b, e/a;e)=a-tb^{-z_{C^{-y}}}d-xx+y+ze+t^{\llcorner}7\mathrm{J}$

$=(-\dagger,, -z, -y, -x,, x+y+z+t\text{ノ}+\eta l)(a, b, c, rf;C)$ .

Then for $(g, t)\in \mathrm{G},$ $\theta(.q, t)=(\theta(.q), \dagger_{|},|.q||)$ , where $||.q||$ denotes the $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}111\mathrm{i}_{1}1\mathrm{a}\mathrm{n}\mathrm{t}$, of.q.
We, are concerned $\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{f}t\mathrm{i}_{1}$ of $\mathrm{r}\mathrm{e}_{\mathrm{I}^{)\mathrm{r}\mathrm{e}\mathrm{S}}}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{s}}$ and transfer of $\mathrm{o}\mathrm{r}l$ ) $\mathrm{i}\mathrm{t},\mathrm{a}\mathrm{l}$ integrals $\mathrm{t}$) $\mathrm{e}\mathrm{t}_{}\mathrm{w}\mathrm{e}\mathrm{e}\mathrm{n}$

$\mathrm{G}$ and its $\mathrm{e}\iota 1\mathrm{d}_{\mathrm{o}\mathrm{S}\mathrm{C}}\mathrm{o}1$) $\mathrm{i}\mathrm{C}$, groups, in fact its $\mathrm{t},\mathrm{w}\mathrm{i}\mathrm{S}\mathrm{t}c\mathrm{e}\mathrm{d}$ (by $\theta$ ) sllch groups. $\mathrm{T}1_{1\mathrm{C}}$ twisted endoscopic

groups of $(\hat{G},\hat{\theta})$ are $\det_{}\mathrm{e}\mathrm{r}\mathrm{I}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d}$ by $\hat{H}=Z_{\hat{G}}(.\hat{\mathrm{s}}\hat{\theta})^{0}$ ( $\mathrm{S}\mathrm{t}\mathrm{l}\mathrm{I}^{)}\mathrm{e}\mathrm{r}\mathrm{S}\mathrm{c}\Gamma \mathrm{i}\mathrm{P}^{\mathrm{t}}$ zero for “
$\mathrm{c},\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{e},\mathrm{c}\mathrm{f}_{}\mathrm{e}\mathrm{d}_{\mathrm{C}}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{t}$) $11\mathrm{e}11\mathrm{t}$

of $\mathrm{t}_{}11\mathrm{e}$ identity”), where $\mathrm{t}_{}\mathrm{h}\mathrm{i}\mathrm{s}$ centralizer is

$Z_{\hat{G}}(\hat{s}\hat{\theta})=\{(x,, f’)\in\hat{G};x.\hat{\mathrm{s}}\theta(X)^{-1}=t.\hat{\mathrm{s}}\}\subset ZcL(4,\mathbb{C})(\hat{S}\hat{\theta}(_{\hat{9}}.))\mathrm{x}GL(1, \mathbb{C})$,

and by a Galois action $\rho$ : $\Gamma=\mathrm{G}\mathrm{a}1(\overline{F}/F)arrow Z_{\hat{G}}(.\hat{\mathrm{s}}\hat{\theta})$ . $\mathrm{H}^{1}‘ \mathrm{r}\mathrm{t}^{\backslash }\text{ノ}.\hat{9}$ is a senli-simple element in $\hat{G}$

(which can and will be taken $\mathrm{t}_{J}\mathrm{o}$ be $\mathrm{t}\hat{\mathrm{s}}=(_{\mathrm{L}}\hat{\mathrm{s}}_{1},1)$ ), which can and will be taken $\mathrm{t}.\mathrm{O}\iota_{)\mathrm{e}}$ diagonal,

chosen 111) to $\hat{\theta}$-conjugacy, namely $\hat{T}\ni\hat{s}\equiv \mathit{9}.\hat{9}\hat{\theta}(\mathit{9}^{-1})$ . Using a diagonal.$q$ we $\mathrm{c}\mathrm{o}\iota \mathrm{l}\mathrm{C}\mathrm{l}\iota \mathrm{l}\mathrm{d}\mathrm{e}\uparrow\mathrm{h}\mathrm{a}\mathrm{t}$

$.\hat{\mathrm{s}}=\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{g}(1,1, c, d)$ . Taking $g\mathrm{t}_{}\mathrm{o}\mathrm{t}$ ) $\mathrm{e}$ a $\mathrm{r}\mathrm{e}_{1^{)\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}}}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$in $\hat{G}$ of the reflections (23), (14), (12) (34)

198



in $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ Weyl groul) of $\hat{G}$ (these elements are fixed by $\hat{\theta}$ ), we conclude that the $\hat{\theta}$-conjugacy
class of $\hat{s}$ does not change if $c$ is replaced by $c^{-1},$ $d$ by $d^{-1}$ , and $(c, d)$ by $(d, c)$ . Let us $1_{\dot{\mathrm{L}}}\mathrm{s}\mathrm{t}$

the possibilities. Recall $([\mathrm{K}\mathrm{S}, 2.1])$ that an endoscopic group $\mathrm{H}$ is called $ell_{\dot{i}}p.t_{\dot{i}C}$ if $(Z(\hat{H})^{\mathrm{r}})^{0}$

is contained in the c,ent,er $Z(\hat{G})$ of $\hat{G}$ .

A list of the twisted endos.copic groups of $(\hat{G},\hat{\theta})$ is as follows.

1. $.\hat{9}=I,$ $Z_{\hat{G}}(\hat{\theta})=GSp(2, \mathbb{C})$ is connected, hence equal $\mathrm{t}_{}\mathrm{o}\hat{H}$ , the Galois action is trivial,

and the endoscopic group is $\mathrm{H}=Gs_{p}(2)$ over $F$ . Since $Z(\hat{H})=\mathbb{C}^{\cross}=Z(\hat{G}),$ $\mathrm{H}$ is elliptic.

An endoscopic group $\mathrm{C}$ of $\mathrm{H}$ is determined by a semi-simple (diagonal, up to conjugacy)

element $s$ in $\hat{H}$ . The only $\mathrm{I}^{)\mathrm{r}\mathrm{o}}\mathrm{P}^{\mathrm{e}}\mathrm{r}\mathrm{c}11\mathrm{i}_{\mathrm{I})}\mathrm{t}\mathrm{i}\mathrm{c}$ endoscopic group of $\mathrm{H}$ is determined by $s=$

(liag$(1, -1, -1,1),$ wllose $\mathrm{c}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{t},\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}_{\mathrm{Z}}\mathrm{e}\mathrm{r}$ in $\hat{H}$ is $\hat{C}_{0}==\{(a, b)\in GL(2, \mathbb{C})^{2}$ ; $\det a=$

$\det b\}$ . Note that the connected component of $Z(\hat{C}_{()})=\langle Z(\hat{H}), s\rangle$ is $Z(\hat{H})$ , so that $\mathrm{C}_{0}$ is
elliptic. Also, $X_{*}(\hat{\tau}_{0})=\{(a, b, c, d);a+d=b+c\}=X^{*}(T_{0}^{*})$ has dual $X_{*}(T_{0}*)=X^{*}(\hat{T}_{0})=$

$\{(x, y, z, f_{)},/(u, -u, -\tau\iota, u)\}$ , hence $\mathrm{C}_{0}=GL(2)\cross GL(2)/GL(1)$ , where $GL(1)$ embeds via
$\tau\iota\vdash\Rightarrow(u, u^{-1})$ . , $\cdot$ . $l$

The dual group of $\mathrm{H}_{0}=Sp(2)$ is $\hat{H}_{0}=PGSp(2, \mathbb{C})$ . Its $\mathrm{p}\mathrm{r}\mathrm{o}_{1}$ ) $\mathrm{e}\mathrm{r}$ elliptic endoscopic groups
are $\mathit{0}$bt,ained $\mathrm{a}_{\iota}\mathrm{s}$ follows. (i) The centralizer of $.\mathrm{s}=\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{g}(1, -1, -1,1)$ in $\hat{H}_{0}$ is generated by
the reflection (liag $(u’, w)$ and its connected conlp$()\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\hat{C_{\text{ノ}}}0/\hat{Z}=(GL(2, \mathbb{C})\cross GL(2, \mathbb{C}))’/\mathbb{C}^{\cross}$ ,
the $\mathrm{p}\mathrm{r}\mathrm{i}_{1}\mathrm{I}\mathrm{l}\mathrm{e}$ indicat,es equal ($1\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{t}_{\mathrm{S}}$. The corresponding endoscopic group is $(GL(2)\mathrm{x}$

$GL(2));/GL(1)$ , unless there is a qlla($1\Gamma \mathrm{a}\mathrm{t}_{}\mathrm{i}\mathrm{C}$ extension $E/F$ whose galois group permutes
$\mathrm{t}_{}\mathrm{h}\mathrm{e}$ t,wo fact, $\mathrm{o}\mathrm{r}\mathrm{s}$ , in which case ${\rm Res}_{E/F}GL(2)’/GL(1)$ is $\mathrm{o}\mathrm{b}\mathrm{t}$,ained (its group of $F$-points is
$GL(2, E)’/F^{\cross}$ , where the prinle indicates here $\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{t}_{}$ in $F^{\cross}$ . (ii) The centralizer of
$\wedge 91=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,1, -1, -1)$ in $\hat{H}_{0}$ is generated by

conlponent $\hat{C}^{0}1=\{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(X, \lambda\epsilon X\epsilon);X\in PGL(2, \mathbb{C}), \lambda\in \mathbb{C}^{\cross}\}$ . The endoscopic group is elliptic
only when there is a quadratic extension $E/F$ such that $\mathrm{G}\mathrm{a}1(E/F)$ acts via Int,

t,his connect,ed component, $\mathrm{t}\mathrm{h}\iota\iota \mathrm{s}$ by $\sigma(x, \lambda)=(x, \lambda^{-1})$ on $(x, \lambda)\in PGL(2, \mathbb{C})\mathrm{x}\mathbb{C}^{\cross}$ , and
t,hen t,he endoscopic $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}_{\mathrm{I}}$) $\mathrm{i}\overline{\mathrm{c}^{\backslash }}SL(2)\mathrm{x}U(1, E/F)$ , where $U(1, E/F)$ is t,he unitary $\mathrm{g}\mathrm{r}\mathrm{o}11\mathrm{I}^{)}$

with $F-\mathrm{P}^{\mathrm{O}}\mathrm{i}\mathrm{n}\mathrm{t}l\mathrm{S}E^{1}=\{x\in E^{\cross} ; x\overline{x_{\text{ノ}}}--1\}$ .
2. $\hat{s}=,$ $Z_{\hat{G}}(.\hat{\mathrm{s}}\hat{\theta})=GO(;\mathbb{C})$ is $\{(x,, r_{\text{ノ}})\in\hat{G};x,t_{X(\begin{array}{l}0w0w\end{array})=}t\}$, or

$\langle(A, B=)=(, ||AB||), (\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1, \uparrow r), 1), 1)\rangle=\langle(.t,||A||), ((\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{g}(1, w, 1), 1)\rangle$

has connect,ed colllpt)nellt $\hat{C}=cL(2, \mathbb{C})^{2}/\mathbb{C}^{\cross},$ $\mathrm{w}\mathrm{i}\mathrm{t}1_{1}\mathbb{C}\mathrm{x}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{t})\mathrm{e}\text{ノ}(\mathrm{l}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}$ via $z-\neq(z, z^{-1})$ . Not,e

t,hat $Z(\hat{C})=\mathbb{C}^{\cross}$ is $Z(\hat{G})$ , hence $\mathrm{C}$ is $\mathfrak{c}^{1}11\mathrm{i}\mathrm{I}$ ) $\mathrm{t}\mathrm{i}_{\mathrm{C}},$ . Now

$X^{*}(\tau_{c}^{*})=X_{*}(\hat{T}_{C})=\{(a, b;c, d)/(\uparrow\iota, u;\tau\iota^{-}, u-1)1\}$

has dual $X_{*}(T^{*})c=X^{*}(\hat{T}c)=\{(x, y;z, \theta);X+y=z+f_{\text{ノ}}\}$ , thus $\mathrm{C}=(GL(2)\cross GL(2))’$ ,
where the $\mathrm{I}$) $\mathrm{r}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}$ nleans t,he $\mathrm{s}\mathrm{u}\mathrm{f}$ ) $\mathrm{g}\mathrm{r}\mathrm{o}11\mathrm{I}^{)}$ of $(A, B)$ wit,h $||A||=||B||$ , when $\Gamma$ acts trivially. If
$\mathrm{t},\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}$ is a quadratic field $\mathrm{e}\mathrm{x}\mathrm{t}_{}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}_{011E}/F$ alld $\rho(\sigma)\in \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1, \mathrm{t}),$ $1)\hat{C}$ for $a$ in $\mathrm{G}\mathrm{a}1(E/F)$ , then
a act, $\mathrm{s}$ on $\mathrm{C}=\mathrm{C}_{E}--{\rm Res}_{E/F}cL(2)’$ by $\mathrm{I}$) $\mathrm{e}_{\text{ノ}}\mathrm{r}\mathrm{m}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ t,he $\mathrm{t}_{}\mathrm{w}\mathrm{o}$ fact,ors. In particular, $C_{E}=$

$\mathrm{C}_{E}(F)=GL(2, E)’,$ tlle $\mathrm{I}$ ) $\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{e}$ indicating $\det_{}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{t}_{}$ in $F^{\cross}$ . Note that $\mathrm{t}_{\mathrm{A}_{-\mathrm{e}}^{r\backslash }}\cdot \mathrm{C}\mathrm{e}\mathrm{n}\mathrm{t}l\mathrm{r}\mathrm{a}1\neg \mathrm{i}_{\mathrm{Z}}\mathrm{e}\mathrm{r}$ of
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$(\epsilon, \epsilon)=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1, -1, -1,1)$ in $\hat{C}$ is generated by the scalars and $(\epsilon, \in)$ , hence $C$ has no elliptic
endoscopic groups.

3. $\hat{s}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,1,1, -1),$ $Z_{\hat{G}}(\hat{s}\hat{\theta})=\langle(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a, B, b), ||B||),$ $(\iota, 1);\iota=$ , $B\in GL(2, \mathbb{C})$ ,

$a,$ $b\in \mathbb{C}^{\cross}$ , $ab=||B||\rangle$ has connected component $\hat{C}_{+}=(GL(2, \mathbb{C})\cross GL(1, \mathbb{C})^{2})^{J}$ (the prime
$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t},\mathrm{e}\mathrm{s}(a, B, b)$ with $ab=||B||$ ), with cent,er $Z(\hat{C}_{+})=\mathbb{C}^{\mathrm{x}2}$ , which will not, be elliptic
unless the Galois $\mathrm{a}\mathrm{c}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}$ is non trivial, namely there is a quadratic extension $E/F$ with
$p(\sigma)=\iota,$ $\langle\sigma\rangle=\mathrm{G}\mathrm{a}1(E/F)$ . In this case $(Z(\hat{c}_{+})^{\Gamma})^{0}=\mathbb{C}^{\cross}$ is $Z(\hat{G})$ . We llave $X_{*}(\hat{T}+)=$

$\{(a, b, c, b+c-a;b+c)\}=X^{*}(T_{+}^{*})$ , with dual $X^{*}(\hat{T}_{+})=\{(x,, y, z, t;w)\}/\{(u,$ $v,$ $v,$ $u;-u-$
$v)\}=\{(x, y, z, t)\}/\{(u, -u, -u, u)\}=X_{*}(T_{+}^{*})$ . We conclude that $\mathrm{C}_{+}=\mathrm{C}_{+}^{E}=(GL(2)\cross$

${\rm Res}_{E/F}GL(1))/GL(1),$ $cL(1)$ embeds as $(z, z^{-1})$ , and $C_{+}=\mathrm{C}_{+}(F)=GL(2. F)\cross E^{\cross}/F^{\cross}\simeq$

$GL(2, F)\mathrm{x}E^{1}$ .
$4$ . $.\hat{9}=,$ $c\neq\pm 1,$ $z_{\hat{G}}(\mathrm{t}\hat{\mathrm{s}}\hat{\theta})=\langle(, t||A||)\rangle$ is connected but not elliptic.

5. $\hat{s}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,1,1, d),$ $d\neq\pm 1,$ $Z_{\overline{G}(\hat{S}}\hat{\theta})=\langle(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a, A, ||A||/a;||A||)\rangle$ is $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{c}\mathrm{t}_{}\mathrm{e}\mathrm{d}$ but $\mathrm{n}\mathrm{o}\mathrm{t}_{l}$

elliptic.
6. $.‘\wedge \mathrm{i}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,1, -1, d),$ $d\neq\pm 1,$ $Z_{\hat{G}(\hat{\theta})}\hat{s}=\langle(\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{g}(a, b, t’/b, \dagger,/a), t), (\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1, w, 1), 1)\rangle$ is not
elliptic,.
7. $\backslash \hat{9}=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(1,1, c, d),$ $C^{2}\neq 1\neq d^{2},$ $c\neq d,$ $d^{-1},$ $Z_{\hat{G}(\hat{\theta})}\hat{S}=\langle(\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(a, b, t/b, f,/a), t,)\rangle$ is con-
nected but not elliptic.

The norm map is defined as follows. Put, $\mathrm{V}=(1-\theta)\mathrm{T}^{*}$ and $\mathrm{U}=\mathrm{T}_{\theta}^{*}=\mathrm{T}^{*}/\mathrm{V}$ . Since
$\mathrm{T}^{*}$ consists of $(a, b, c, d;e)$ and $\theta(a, b, c, d;e)=$ ($d^{-11-1-1},$$c^{-},$ $b,$ $a$ ; eabcd), we have t,hat V
consists of ( $\alpha,$ $(i, \beta, \alpha;1/\alpha\beta)$ . The isomorphisrn $\hat{U}=\hat{T}^{\hat{\theta}}\simeq\hat{T}_{H}$ , where $\mathrm{T}_{H}^{*}$ is the diagonal
torus in $\mathrm{H}=cs_{p}(2)$ , defines a morphism

$X_{*}(\mathrm{T}^{*})arrow X_{*}(\mathrm{T}^{*})/X_{*}(V)=X^{*}(\hat{T})/X^{*}(\hat{V})=X^{*}(\hat{U}=\hat{T}^{\theta})=X^{*}(\hat{\mathrm{T}}_{H})\prec X_{*}(\mathrm{T}^{*})\sim H$
’

t,he last arrow being defined by

$(x, y, z, t,;w)\vdasharrow(x, +y+w, x+z+w, t+y+w, t+z+u);x+y+z+t+2w)$ ,

and a norm map $N:\mathrm{T}^{*}arrow \mathrm{T}_{H}^{*}$ , given by
$(x, y, z, t,;w)\mathrm{m}\acute{\mathrm{o}}\mathrm{c}\mathrm{l}(\alpha, \beta, \beta, \alpha;1/\alpha\beta)rightarrow(x\mathrm{t}./^{\mathrm{e}l}),$$Xzw,$ tyuj, $\theta Zu’;x,yztu)^{2}$ ) $=(a, b, e/b, e/a;e)$ ,

which is surjec,tive since $(b, a/b, 1, e/a;1)\vdash\Rightarrow(a, b, e/b, e/a;e)$ .
To describe the norm for $\mathrm{t},\mathrm{h}\mathrm{e}$ twisted endoscopic grollp $\mathrm{C}$ (of (2) above), note tllat, $\hat{\tau}_{C}arrow\sim$

$\hat{T}_{H}$ by $((a, d),$ $(b, c))-\neq(ab, aC, bd, cd)$ . Hence $X^{*}(\hat{T}_{H})arrow x*(\sim\hat{\tau}C)$ via $(x,, y, z, t)$ mo$(1\{(\alpha, (j, \beta, \alpha)\}$

$\vdash+((x+y, z+t),$ $(x, +z, y+t))$ , and the composit,ion $X_{*}(\mathrm{T}^{*})arrow X^{*}(\hat{T}_{H})\simeq X^{*}(\hat{T}_{C})$ defines
the norm map

$N_{C}$ : $\mathrm{T}^{*}arrow \mathrm{T}_{C}^{*},$ $(x, y, z, t;y’)-(xyw, Ztw);(xzu),$ $ytu)))(=(, ))$ .

Let $11\mathrm{S}$ also $\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{b}\mathrm{e}\text{ノ}$ the norm map for t,he twist,ed endoscopic group $\mathrm{c}_{+}$ of (3) above.
Since t,he map $X^{*}(\hat{T}^{\hat{\theta}})\prec X_{*}(\sim T_{+}*)$ is the identity, the norm is defined $\}_{)}\mathrm{y}$

$N$ : $X_{*}(\mathrm{T}^{*})arrow X_{*}(\mathrm{T}^{*})/X_{*}(V)=X^{*}(\hat{T})/X^{*}(\hat{V})=X^{*}(\hat{U}=\hat{T}^{\theta}=\hat{\tau}_{+})=X_{*}(\mathrm{T}_{+}^{*})$ ,

$N(x,, ?/, Z, f,)=(x, y, z, t)\mathrm{m}\mathrm{o}\mathrm{d} (u, u-1, u-1, u)$ .
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G. Instability.

Recall that the set of $\theta- \mathrm{c},\mathrm{o}\mathrm{n}\mathrm{j}\mathrm{u}\mathrm{g}\mathrm{a}\mathrm{C}\mathrm{y}$ classes within the stable $\theta$-conjugacy $\mathrm{c}\mathrm{l}\mathrm{a}\mathrm{s}3$ of a strongly
$\theta$-regular element $t$ in $G$ is paranletrized by the set $D(F, \theta, t)=\mathrm{k}\mathrm{e}\mathrm{r}[H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V})arrow$

$H^{1}(F, \mathrm{G})]=\mathrm{k}\mathrm{e}\mathrm{r}[H1(F, \mathrm{T}^{*}\theta)arrow H^{1}(F, \mathrm{G})]$ , which is a group in our case, as $H^{1}(F, \mathrm{G})$ is
trivial. There is an exact sequence

$H^{0}(F, \mathrm{T}^{*})=T^{*}1-\thetaarrow H^{0}(F, \mathrm{V})=Varrow D(F, \theta, t)arrow H^{1}(F, \mathrm{T}^{*})1-\thetaarrow H^{1}(F, \mathrm{v})$ .

In our case of $\mathrm{G}=GL(4)\cross GL(1)$ , we have $H^{1}(F, \mathrm{T}^{*})=\{1\}$ for all tori (or Galois actions,
namely $\mathrm{S}\mathrm{l}\mathrm{l}\dagger$) $\mathrm{g}\mathrm{r}\mathrm{o}\iota \mathrm{l}\mathrm{p}\mathrm{S}$ of the symmetric group $S_{4}$ on four letters), hence $D(F, \theta, t)=V/(1-\theta)\tau^{*}$ .

There is a dual five t,erm exact sequence, $\mathrm{u}\mathrm{s}\mathrm{e}\mathrm{f}\mathrm{l}\iota 1$ when stabilizing the twist,ed trace for-
mula. Let $\phi$ : $\hat{V}arrow\hat{T}\mathrm{t}$

) $\mathrm{e}$ t,he $\mathrm{h}_{\mathrm{o}\mathrm{m}o\mathrm{m}\mathrm{o}\mathrm{r}}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{s}\iota \mathrm{I}1$ dual to $\mathrm{T}^{*}1-\thetaarrow$ V. Thus $\phi$ : $X_{*}(\hat{V})=X^{*}(\mathrm{V})arrow$

$X^{*}(\mathrm{T}^{*})=X_{*}(\hat{T})$ takes $\chi=(x, y, z, t;w)$ to $(\phi(\chi))(a, b, c, d;e)=\chi(ad, b_{C}, bC, ad;1/abcd)=$

$(ad)^{x+t-}w(b_{C})^{yz-w}+$ . Namely, $\phi$ takes $(x, y, z, t;u))$ in $\hat{V}=\hat{T}/\hat{U}=\hat{\tau}/\hat{T}^{\hat{\theta}}$ to $(xb/u),$ $y_{Z//}y’,$$\tau/z?\mathit{1}\mathit{1}$ ,

$xt/w;1)$ in $\hat{T}$ . Recall that $\hat{T}^{\hat{\theta}}=\{(a, b, e/b, e/a;e)\}$ .
To obtain the dual $\mathrm{s}\mathrm{e}\mathrm{q}\mathrm{l}\iota \mathrm{e}\mathrm{n}\mathrm{C}\mathrm{e}$ recall the Langlands isomorphism $H^{1}(W_{F},\hat{T})=$

$\mathrm{H}\mathrm{o}\mathrm{m}_{ctS}(\tau, \mathrm{c}^{\mathrm{x}})$ ( $T=\mathrm{T}(F);[\mathrm{K}\mathrm{S}$ , about a page after Lemma $\mathrm{A}.3.\mathrm{A}]$ ), and its hypercohomol-

ogy analogue ( $[\mathrm{K}\mathrm{S},$ Lelnma $\mathrm{A}.3.\mathrm{B}]$ ) $:H^{1}(W_{F},\hat{V}\prec\hat{\tau})\phi$ is isomorphic to the group $\mathcal{K}(F, \theta, T^{*})$

of characters $\mathrm{H}\mathrm{o}\mathrm{n}1_{C_{z}t}s(H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V}),$ $\mathbb{C}^{\cross})$ . Sinc,e the Weil group $W_{F}$ of $F$ acts on $\hat{T}$ and
$\hat{V}$ via the Galois group $\Gamma=\mathrm{G}\mathrm{a}1(\overline{F}/F)$ , one has $H^{0}(W_{F},\hat{V})=\hat{V}^{\Gamma}arrow\phi H^{0}(W_{F},\hat{T})=\hat{T}^{\Gamma}arrow$

$\mathcal{K}(F, \theta, T^{*})=H^{1}(W_{F},\hat{V}arrow\phi\hat{T})arrow H^{1}(W_{F},\hat{V})arrow\phi H^{1}(W_{F},\hat{T})$. This is t,he exact sequence
[ $\mathrm{K}\mathrm{S}$ , A.l.l], for $\phi$ : $\hat{V}arrow\hat{T}$ , which is dual to the previous five terms exact sequence for
$1-\theta$ : $\mathrm{T}^{*}arrow \mathrm{V}$ .

Definition. The stable $\theta$ -orbital $i,7\iota te,gral\Phi^{St}$ at a strongly $\theta$-regular element $t$ in $T$ , where
$\mathrm{T}$ is any $F$-torus in $\mathrm{G}$ , is t,he $\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{n}1$ of the $\theta- \mathrm{o}\mathrm{r}\mathrm{f}$) $\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{l}$ int,egrak on the $\theta$-conjugacy classes within
$\mathrm{t}_{\mathrm{i}}\mathrm{h}\mathrm{e}$ st,able $\theta$-conjugacy class of $t$ .

The set, of such $\theta_{-\mathrm{C}\mathrm{O}}\mathrm{n}\mathrm{j}_{11}\mathrm{g}\mathrm{a}\mathrm{C}\mathrm{y}$ c.lasses (for some $t$ ) is $\mathrm{I}$) $\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}_{\mathrm{Z}\mathrm{e}\mathrm{d}}$ by the group $H^{1}(F,$
$\mathrm{T}^{*}1-\thetaarrow$

$\mathrm{V})=H^{1}(F, \mathrm{T}^{*\theta})\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{P}^{\mathrm{t}}1\mathrm{f},\mathrm{e}\mathrm{d}$ in Section $\mathrm{D}$ (of the text). For each character $\kappa$ of this group
(int $\mathit{0}$ the group of roots of unity in $\mathbb{C}^{\cross}$ ), we can also make the:

Definition. The $h$,-orbital integral is the linear $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{I}}1$ of the $\theta- \mathrm{o}\mathrm{r}|$) $\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{l}$ integrals $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{l}\mathrm{l}\uparrow,\mathrm{e}(\{$

by the values of $\kappa$ at the element of $H^{1}(F, \mathrm{T}^{*}arrow \mathrm{V})$ paramet,rizing the $\theta$-conjugacy class.

These weighted (by $\kappa$ ) combinaftions of $\mathrm{t},\mathrm{h}\mathrm{e}\theta- \mathrm{o}\mathrm{r}\mathrm{f}$) $\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}1_{\mathrm{S}}$ are t,o $\mathrm{t}$) $\mathrm{e}$ compared wit, $1_{1}$

stable orbital integrals on the $\theta$-endoscopic groups $\mathrm{H}$ of $(\mathrm{G}, \theta)$ . The $\theta$-endoscopic group
$\mathrm{H}$ is determined $\mathrm{f}\mathrm{r}\mathrm{o}\iota \mathrm{I}\mathrm{l}\kappa$ , by [$\mathrm{K}\mathrm{S},$ Lemnla 7. $2.\mathrm{A}$], via the surjection $H^{1}(W_{F},\hat{V}arrow\phi\hat{T})arrow$

$\mathrm{H}\mathrm{o}\mathrm{m}_{c,}ts(H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V}),$ $\mathbb{C}^{\cross})$ (see $[\mathrm{K}\mathrm{S}$ , Lemma $\mathrm{A}.3.\mathrm{B}]$ ). Recall ( $[\mathrm{K}\mathrm{S}$ , A.l]) that:

Definition. The first (abelian) hypercohomology $gro?\iota pH^{1}(G, Aarrow fB)$ is the quotient, of
the group of $1- \mathrm{h}_{\mathrm{Y}1^{)\mathrm{e}\mathrm{r}\mathrm{c}\mathrm{t}}}.\mathrm{C}.\mathrm{y}\mathrm{C}\mathrm{l}\mathrm{e}\mathrm{s}$ , by the sllbgroup of 1-hypercoboundaries. A l-hypercjoc.ycle is
a $\mathrm{I}$) $\mathrm{a}\mathrm{i}\mathrm{r}(a, b)$ wit,h $a$ being a 1-cocycle of $G$ in $A$ , and $b\in B$ such that $f(a)=\partial^{l}b(’\partial b$ is $\mathrm{t},1_{1^{1}}$‘

1-cocycle a-$ $b^{-1}a(b)$ of $G$ in $B$ ). A 1-hypercoboundary is a pair $(\partial a, f(a)),$ $a\in A$ .
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Thus $H^{1}(W_{F},\hat{V}\prec\hat{\tau})\phi$ consists of elements $\mathrm{r}\mathrm{e}\mathrm{I}$ ) $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{f},\mathrm{e}\mathrm{C}\mathrm{l}\iota_{)}\mathrm{y}$ pairs $(a, b),$ $a\in H^{1}(W_{K/F},\hat{V})$ ,

where $K/F$ is a galois extension over $\mathrm{w}\mathrm{h}\mathrm{i}_{\mathrm{C}_{\text{ノ}}}\mathrm{h}\tau$ splits and $\hat{V}=\hat{\tau}/\hat{U},\hat{U}=(\hat{T}^{\hat{\theta}})^{0}$ . Here $\phi$ : $\hat{V}arrow$

$\hat{T}$ is the map dual to 1 $-\theta$ : $\mathrm{T}^{*}arrow \mathrm{V},$ $\mathrm{t}\}_{1\iota 1\mathrm{S}}\phi(x,, y, Z, \iota;u))=(x_{\dagger,},/lk),$ $\mathrm{t}/Z/w,$ $yz/u),$ $T,t,/uj;1)$ ,
and $b\in\hat{T}$ satisfies $\phi(a)=\partial\prime b$ . The $\theta$-endoscopic group $\mathrm{H}$ has a dual group whose connected
colllponent $\hat{H}$ is $Z_{\hat{G}}(b\hat{\theta})^{0}$ , the connected centralizer of $b\hat{\theta}$ in $\hat{G}$ ( $[\mathrm{K}\mathrm{S},$ Lelllllla 7. $2.\mathrm{A}]$ ).

$\mathrm{W}^{1}‘$ then compute the 1-hypercocycles representing the non trivial characters $\kappa$ on
$H^{1}(F, \mathrm{T}^{*}1-\thetaarrow \mathrm{V}),$

$\mathrm{a}\mathrm{c}\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{i}_{1}$ to our listing of tori.
In t,he $\mathrm{c}\mathrm{o}\ln_{\mathrm{I}^{)}}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{n}$ of $\mathrm{t},\mathrm{h}\mathrm{e}\mathrm{u}\mathrm{n}\mathrm{s}\mathrm{t},\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}(\kappa-)\theta-_{\mathrm{o}\mathrm{r}}\})\mathrm{i}\mathrm{t}\mathrm{a}1$ integral at a strongly $\theta- \mathrm{r}\mathrm{e}\mathrm{g}_{1}11\mathrm{a}\mathrm{r}$ element

$t$ , and $\mathrm{t}_{\text{・}}\mathrm{h}\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}$) $1\mathrm{t}^{\supset}$ orbit,al integral on the endoscopic group $H_{h}$ deterinined by $\kappa$ , a t,ransfer

fact,or appears. It) is a $1$) $\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{l}\mathrm{l}\mathrm{c},\mathrm{t}$ of a sign and of a Jacobian factor $\triangle_{G,H_{\mathrm{A}}}=\triangle_{G}/\triangle_{H_{\wedge}},$

denot,ed $\triangle_{IV}$ in $[\mathrm{K}\mathrm{S}, 4.5]$ , which we also describe in the nlain $(\mathrm{a}\Lambda^{\backslash }‘,\mathrm{e}\mathrm{S}$.

H. Kazhdan’s decomposition.

A $1\mathrm{n}\mathrm{a}\mathrm{i}_{\mathrm{I}}1$ ingredient in ollr proof of t,he nlat,ching is the ( $\mathrm{t},\mathrm{w}\mathrm{i}l‘,\mathrm{t}\backslash ,\mathrm{e}\mathrm{d}$ analogue [F7] of) Kazhdan’s
$\mathrm{d}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{I})\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ [ $\mathrm{K}$ , p. 226], which we now recall. Let, $\mathrm{H}$ be a connected reductive R-group,
where $R$ is the ring of illtt)gers of $F$ , and put $H=\mathrm{H}(F),$ $K_{H}=\mathrm{H}(R)$ .

Definition $([\mathrm{K}])$ . An elelnent $k\in H$ is called absolutely se $\gamma\gamma|,\dot{i}$ simple if $k^{a}=1$ for solne

positive integer $a$ which is prinle $\mathrm{t},0$ the residual characteristic $p$ of $R$ . A $k\in H$ is called
topologically unipotent if $k^{q^{N}},arrow 1$ as $Narrow\infty,$ $q=\#(R/\pi R),$ $\pi$ generates $\mathrm{t},\mathrm{h}_{\mathrm{C}}$ nlaximal ideal
in $R$ .

1. Proposition $([\mathrm{K}])$ . An.y element $k\in K_{H}h$as a uniqne decomposition $k=s\tau\iota=us,$

where.$\mathrm{s}$ is absolnt$‘ \mathrm{Y}l.\gamma^{\mathrm{c};}"$
) $\mathit{1}\mathrm{n}i$ simpl$e,$ $\tau\iota$ is topologicall.$\gamma_{1ni}I^{)}\mathrm{o}t_{\mathrm{C}^{1}nt}$, and $I\mathrm{i},$

$\mathrm{t}\iota$ lie in $K_{H}$ . For $\mathrm{a}\mathrm{J}1.Y$

$k\in K_{H}$ and $x\in H$ , if Int $(x)k(=xkx^{-1})$ lies in $K_{H},$ tllell $x,$ $i:$, in $K_{H}Z_{H}(.9)$ , where
$Z_{H}(.\mathrm{q})\square$

$denote‘ \mathrm{S}$ the centralizer of $.\sigma_{i}$ in $H$ .

In fact [K] proves this only for $\mathrm{H}=GL(n)$ , but, since.$\mathrm{s}$ is defined as a $1\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{t}_{0}$ of a se$(1^{\iota}1\in 11(\mathfrak{k}\backslash$.

of $\mathrm{t},\mathrm{h}\mathrm{e}$ form $k^{q^{\prime \mathrm{l}}},’$ , both $s$ and $\tau\iota$ lie in $K_{H}$ .
The t,wisted analogue $\mathrm{w}\mathrm{h}\mathrm{i}_{\mathrm{C}_{\text{ノ}}}\mathrm{h}$ we need is reproduced next (from [F7]). Let, $\mathrm{G}$ be a reductive

conllected $R- \mathrm{g}\mathrm{r}\mathrm{o}\iota 11^{)}$ and $\theta$ an automorphism of $G=\mathrm{G}(F)$ of order $\ell((l,p)=1)$ , wfiose
restriction $\mathrm{t},\mathrm{o}K=\mathrm{G}(R)$ is an automorphism of $K$ of order $l.$ . Denote $\}_{)}\mathrm{y}\langle K, \theta\rangle$ the group
generated by $K$ and $\theta$ .

Definition. Tlle $\mathrm{t}^{\tau}1\mathrm{e}\ln(^{\backslash },\mathrm{I}\mathrm{l}\mathrm{t}_{1}k\theta$ of $G\theta\subset\langle G, \theta\rangle$ is called $ab.\mathrm{s}ol\mathrm{t}\iota t\prime elyS\theta m,i$ -sirnple if $(h\cdot,\theta)^{a}=1$ for
sonle posit,ive int,eger $a$ indivisible by $p$ .

2. Proposition $([\mathrm{F}7])$ . $An.\gamma k\theta\in K\theta h$ as a Ilique decomposition $k,\theta=.9\theta\cdot u=u\cdot s\theta$ with
a $l$)$:;ol\mathrm{t}t,(^{1}ly$ semi $|\mathrm{s}i_{\mathit{1}x1}I^{)}lCs\theta$ (called the a $b‘ \mathrm{s}ol_{1}tel_{Y}$. semi $‘ \mathrm{s}i_{\mathit{1}\mathit{1}}1pl$($1I^{)}a\mathrm{r}t$ of $k,\theta$) and topologica$ll_{V}$.
unipotent $?\iota$ (named the topologically unipotent $p$art of $k\theta$). Both $s$ and $u$ lie in K. $In$

$I^{)\mathrm{a}rti},(j\ddagger \mathrm{J}l\mathrm{a}r, Z_{G}(.\mathrm{b}\theta\cdot u)l\mathrm{i}$ es in $Z_{G}(s\theta)$ . $\square$

3. Proposition $([\mathrm{F}7])$ . Given $k\in K,$ $I$) $n\mathrm{t},\tilde{\theta}(l_{1},)=.\mathrm{s}\theta(l_{l},)_{S^{-1}}$ , where $k,\theta=\mathrm{t}\mathrm{s}\theta\cdot\uparrow l$ . This
$\tilde{\theta}$ is a$l1$ antomorphism of order $\ell$ on $Z_{K}((.9\theta)^{\ell})$ . $S\iota\iota pI^{)\mathrm{O}^{1}\theta}$“’ that the first cohomology set

$H^{1}(\langle\tilde{\theta}\rangle,$ $ZK((.9\theta)\ell))$ , of the group $\langle\tilde{\theta}\rangle$ genera $ted\}_{)}.\gamma\tilde{\theta}$ , with coefficients in $tl1C$ centralizc.r
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$Z_{K}((s\theta)\ell)$ in $K$ , injects in $H^{1}(\langle\tilde{\sigma}\rangle,$ $z_{G}((s\theta)^{l}))$ . Then any $x\in G$ such that Int $(x)(k\theta)$ lies
in $K\theta,$ $m\mathrm{u}‘ \mathrm{s}tlic$ in $KZ_{G}(S\theta)$ . $\square$

The $\mathrm{s}11\mathrm{I}$) $1^{)\mathrm{O}^{\backslash }}$“’
$\mathrm{i}\mathrm{t}l\mathrm{i}_{0}\mathrm{n}$ of this $\mathrm{I}$ ) $\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ can be verified for ($11\mathrm{r}$ group $G=GL(4, F)\cross GL(1, F)$

and our $\mathrm{a}11\mathrm{t}_{\mathrm{o}\mathrm{m}},\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{m}$
$\theta$ in the same way it is verified in [F7] for $GL(3, F)$ . Note also (see

[F7] $)$ that if t,he elements $k\theta=s\theta\cdot u$ and $k’\theta=s’\theta\cdot u’$ of $K\theta$ are conjugate by $\mathrm{G}(\overline{F})(\overline{F}$ is
a $\mathrm{s}\mathrm{e}\mathrm{l}$) $\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{t}$) $\mathrm{l}\mathrm{e}$ closure of $F$ ) then so are $.9\theta$ and $s’\theta$ , and if $s=s’$ then $u,$ $u’$ are conjugate in
$\dot{Z}_{\mathrm{G}(\overline{F})}(S\theta)$ .

Our argument uses $\mathrm{t},\mathrm{h}\mathrm{e}$ function

$1_{s\theta}(_{\mathrm{t}} \iota)=|K/K\cap Zc(_{9}.\theta)|1_{K(.)}9\theta\cdot u=\int_{K/\mathrm{c}\prime}K\mathrm{n}z(S\theta))1_{K(,.)}\mathrm{I}\mathrm{n}\mathrm{t}(_{X}(9\theta\cdot u)dX$ .
$\iota$

Then the orbital integral $\Phi_{1_{K}}(k\theta)=\int_{c/z_{c,}}(k\theta)1_{K}(\mathrm{I}\mathrm{n}\mathrm{t}(x)(k\theta))dx$ is equal-by Proposition

3 - to $= \cdot\int_{z_{c:}(_{B})/z_{(}}\theta:(\epsilon\theta\cdot \mathrm{t}\mathrm{A})^{1_{S\theta}}(\mathrm{I}\mathrm{n}\mathrm{t}(x,)u)dx,$ $=\Phi_{1_{\epsilon\theta}}(u)$ , the orbit,al integral of the $\mathrm{c}11\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{e}\Gamma \mathrm{i}\mathrm{s}\mathrm{t}_{}\mathrm{i}\mathrm{c}$

function $1_{\epsilon\theta}$ of the compact $\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{t}$ ) $\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{u}\mathrm{p}Z_{K}(s\theta)=K\cap Z_{G}(s\theta)$ of $Z_{G}(s\theta)$ (nmltiplied $\mathrm{t}$)$\mathrm{y}$

$|K/Z_{K}(.\mathrm{s}\theta)|)$ at tlle $\mathrm{t}\mathrm{o}_{\mathrm{I})0\mathrm{l}1\mathrm{C}}\mathrm{o}\mathrm{g}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ unipotent element, $u$ in $Z_{K}(s\theta)$ .
Since $(k\theta)^{2}=s\theta(S)\cdot u^{2}$ , where in our case $\theta(.q, t)=$ ( $\theta(g),$ $t$ clet $g$ ), $g\in GL(4, F),$ $t\in F^{\cross}$ ,

$\theta(g)=J^{t}g^{-1}J-1$ , we shall deal with various cases according to t,he values of $s\theta(s)(s$ denotes
also t,he $GL(4, F)- \mathrm{C}\mathrm{O}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{p}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$ of $s$ ).

4. Lemma. If $x_{\text{ノ}}=.\mathrm{s}\theta(S)$ has the eigenval $\mathrm{u}o\lambda$ , then it $h\mathrm{a}_{1}\mathrm{s}$ the eigenval $\mathrm{u}e\lambda^{-1}$ too.

J. Decomposition for $Sp(2)$ .
In $\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{n}\mathrm{p}_{11\mathrm{t}_{}}\mathrm{i}\mathrm{n}\mathrm{g}$ the $o\mathrm{r}\mathrm{t}$) $\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{l}$ integrals of $1_{K}$ on $H=GSp(2, F)$ , we use t,he following decom-

position.

1. Lemma. We $hav^{1}‘$ a disjoint de$\mathrm{c}jol\mathit{1}1I^{)\mathit{0}}Siti_{\mathit{0}}nH=^{c}Sp(2, F)=\cup Ku_{nA}Cn\geq 0n\geq=\cup C_{A}u_{n}K0$ ’

where $A\in F-F^{2},$ $u_{\gamma\iota}=,$ $C_{A}=\{\in H;\mathrm{a}=,$ $\mathrm{b}=\ldots\},$ $K=$

$GSp(2, R)$ , and $|A|=1$ $or=|\pi|$ .

There is an $\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{e}$ ) $1\mathrm{l}\mathrm{S}$ decoinposition for $Sp(2, F)$ .

2. Lemma. We have a disjoint decomposition $Sp(2, F)= \bigcup_{m\geq 0}c_{A^{\mathrm{t}l}m}^{1}K1$ , where $t_{5}he$ super-

script 1 stands for the $s\iota\iota\}_{)}gron_{I)}$ of $()$leme$nt$“; with $d$eterlllinant one.

We $11\mathrm{t}^{\backslash }\mathrm{e}$ (1 an analogous result, for $A\in F^{\mathrm{x}2}$ . Not,e tllat for $A\in F-F^{2}$ , the $\mathrm{s}\iota 1\iota$)$-$

group $C_{A}$ of $H$ is isomorphic to $GL(2, E)’,$ $E=F(\sqrt{A})$ , where the $\mathrm{I}$) $\mathrm{r}\mathrm{i}_{1}\mathrm{n}\mathrm{e}$ indicates ele-
ment, $\mathrm{s}$ with $\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{l}\iota\dot{\mathrm{H}}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{f}$ , in $F^{\cross}.$ Tlle $\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{p}1_{1}\mathrm{i}\mathrm{S}111$ is given by a $\text{ト}arrow(l\sim=a_{1}+a_{2}\sqrt{A}$ . Put

$C_{0}=\{[,$ $]=\in H\}$ ; it is isomorphic t,o the group $GL(2, F\oplus F)’=$

$\{(g, g’)=(, );\det g=\mathrm{d}\mathrm{e}\mathrm{t}.q’\}$ .
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5. Lemma. We have a $di_{\iota}\mathrm{s}j\mathrm{o}\mathrm{j}\mathrm{n}t$ decomposition

$H=GSp(2, F)= \bigcup_{m\geq 0}KZ(7n)C0$ , $z(rn)=$ .

Put $H^{1}=Sp(2, F),$ $C_{0}^{1}=C_{0}\cap H^{1}\simeq SL(2, F)\mathrm{x}SL(2, F),$ $K^{1}=K\cap H^{1}$ .

6. Lemma. $H^{1}= \bigcup_{m\geq 0}c_{(}1_{Z(\prime)}K1$) $’|\backslash \iota,$ $wl1eret_{J}he\iota n1$ ion is disjoint.

Part II. Main comparison. A. Strategy.

Let $\mathrm{t}\mathrm{l}\mathrm{S}$ review our strategy in computing the $\theta$-orbital integrals of $1_{K}$ . It is $\mathrm{f}$) $\mathrm{a}\mathrm{s}\mathrm{e}\mathrm{c}\mathrm{l}$ on
t,he $\mathrm{t},\mathrm{w}\mathrm{i}_{\mathrm{S}}\mathrm{t}\mathrm{e}\mathrm{C}1$ Kazhdan decomposition. Given a selni-simple $t\theta\in K\rangle\triangleleft\langle\theta\rangle,$ $G=GL(4, F)\cross$

$GL(1, F),$ $K=GL(4, R)\cross GL(1, R)$ , it has the decomposition $t,\theta=u\cdot s\theta=s\theta\cdot u$ , where $.9\theta$

is absolutely semi simple, and $u$ is t,opologically unipotent. Thell $\Phi_{1_{K}}^{G}(t,\theta)=\Phi_{1_{7\prime}}^{z_{c}}i(hS\theta)(s\theta’(u)$ .
The a.ssociat.ed stable $\theta$-orbital integral we wish to relat, $\mathrm{e}$ t,o the stable orbit,al $\mathrm{i}_{11\mathrm{t},\mathrm{r}}\mathrm{e}\mathrm{g}\mathrm{a}1$

$\Phi_{1_{K_{H}}}^{H,\epsilon t}(Nt,)$ , where $H$ is the endoscopic group $GSp(2, F)$ , and $Nt$ is the stable orbit of t,he

Ilornl of $t$ . To compute the norm we write $t=h^{-1}t^{*}\theta(h)$ , where $h\in \mathrm{G}(=\mathrm{G}(\overline{F}))$ , and
$t^{*}\in\tau*$ , where $\mathrm{T}^{*}$ is the diagonal subgroup and $\tau*=\mathrm{T}^{*\Gamma}$ . On $\tau*$ the norm is defined
$\mathrm{f})\mathrm{y}T^{*}arrow\tau*/(1-\theta)\tau*\simeq T_{H}^{*},$ $\mathrm{t}_{}\mathrm{h}_{1}1\mathrm{S}N(a, b, c, d;e)=(abe$ , ace, $bde,,$ $cde;e^{2}ab_{Cd)}$ . A $\theta$-semi-
simple $f$ ( $t,\theta$ is semi simple in $G\rangle\triangleleft\langle\theta\rangle$ ) is called strongly $\theta_{-\Gamma e}.q\mathrm{t}llar$ if $Z_{G}(t\theta)$ is abelian, in
which case $\mathrm{t}_{J}\mathrm{h}\mathrm{e}$ centralizer $Z_{G}(Zc(t\theta)^{\mathrm{t}}))$ of $Z_{G}(f,\theta)0$ in $G$ is an $F$-torlls $T$ in $G$ which is
invariant llnder Int $(t)\circ\theta$ , and $Z_{G}(t\theta)=\tau^{1\mathrm{I}\mathrm{l}\mathrm{t}(t})0\theta$ . The $\theta$-orbit of $t$ illtersects $T^{*}$ , thus
t,here is $l\iota\in \mathrm{G}$ and $t^{*}\in T^{*}$ with $t_{\text{ノ}}=l_{lt}^{-1*}\theta(l1,)$ , and $Z_{G}(\dagger_{\text{ノ}}\theta)=h^{-1}z_{c}(b*\theta)l’,$ $=h^{-1}\tau*\theta l_{l}$ .
Then $T=Z_{G}(h^{-1*\theta}\tau h)=h^{-1}T^{*}h$, and $Z_{G}(t\theta)=T^{\ln\iota(}t)\circ\theta$ consist,s of the $x\in T$ wit,h

$t\theta(x)t^{-1}=x,$ , thus $x^{-1}t\theta(X)=t$ .
An $F$-torus $T$ in $G$ is dete,rmilled by $l\iota\in \mathrm{G}$ and the Galois action on $\mathrm{T}^{*}$ . Namely, for

$t=h^{-1}t^{*}l\iota\in T=ll^{-},T1*h$ we have $l_{lt_{\text{ノ}}^{}-1*},h=t=\sigma f_{\text{ノ}}=\sigma h^{-},1\sigma t^{*}\sigma l|’$

’ and so $\sigma t^{*},=h_{\sigma}^{-1},b^{*}l_{l}\sigma$

’

where Int $(h_{\sigma}^{-}1)\in \mathrm{N}_{0\Gamma\ln}(T^{*,c)}$ has the inlage $w_{\sigma}$ in $W=W(T^{*}, G)=\mathrm{N}()\Gamma \mathrm{m}(\tau*, c)$

$/\mathrm{C}\mathrm{e}\mathrm{n}\mathrm{f},(T^{*}, G)$ . If $T^{*}$ is a $\theta$-invariant, $F- \mathrm{t}_{0},\mathrm{r}11\mathrm{S},$
$\mathrm{t}_{1}\mathrm{a}\mathrm{k}\mathrm{i}\mathrm{n}\mathrm{g}t^{*}\in T^{*\theta}$ we conclude $\mathrm{t}_{}\mathrm{h}\mathrm{a}\mathrm{t},$ $\mathrm{I}_{\mathrm{I}\mathrm{l}\mathrm{t},(}l^{-1}|,\sigma$ ) $=$

Int $(\theta(h_{\sigma})^{-1})$ , thus $u$) $\sigma\in W^{\theta}$ , and $\mathrm{t}_{\mathit{0}}\mathrm{h}\mathrm{e}\mathrm{t},\mathrm{o}\mathrm{r}\iota \mathrm{l}\mathrm{S}$ det,ermines a cocycle $\langle u)\rangle\sigma$ in $H^{1}(F, W^{\theta})$ . We
denoted the homomorphism $\Gammaarrow W^{\theta},$ $\sigma-*u$)

$\sigma$ ’ by $p$ , and c,lassified t,he $\mathrm{f}_{}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{C}\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{C}\mathrm{l}\mathrm{i}\mathrm{r}$ t,o t,he

image of $\rho$ : $\mathrm{G}\mathrm{a}1(\overline{F}/F)arrow W^{\theta}$ , as $\mathrm{t}\mathrm{y}1$) $\mathrm{t}^{\backslash }\text{ノ}\mathrm{s}(1)-(3)$ and $(\mathrm{I})-(\mathrm{I}\mathrm{V})$ . We explicitly realized $T$ in
$\mathrm{t}_{\text{ノ}}\mathrm{h}\mathrm{e}$ form $T=h^{-1}T*h$ , wit,h $h=\theta(h)$ . $\mathrm{T}\mathrm{h}_{11\mathrm{S}}$ in each stable $\theta- \mathrm{c}\mathrm{o}\mathrm{n}.|_{1}1\mathrm{g}\mathrm{a}\mathrm{C}\mathrm{y}$ c,la.ss of $\mathrm{s}\mathrm{t}$,rongly $\theta-$

regular element,s we have a representative $t=h^{-1}t^{*}h$ , and ftlrt,her we $\mathrm{f}_{01\ln}\mathrm{d}\mathrm{r}\mathrm{e}_{\mathrm{I}}$) $\mathrm{r}\mathrm{e}\mathrm{S}‘ 1,\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}\mathrm{s}$

for $\mathrm{t}_{l}11\mathrm{e}\theta- \mathrm{c}()1\mathrm{l}\mathrm{j}\mathrm{l}\mathrm{l}\mathrm{g}\mathrm{a}\mathrm{C}\mathrm{y}$ classes within its $\mathrm{s}\mathrm{t}\mathrm{a}$[ $)\mathrm{l}\mathrm{t})\text{ノ}\theta_{-\mathrm{C}()\mathrm{n}\mathrm{j}\mathrm{g}\mathrm{a}(^{\backslash }}11,\mathrm{y}$ class, of $\mathrm{t},1_{1}\mathrm{e}_{\text{ノ}}\mathrm{f}()\mathrm{r}\mathrm{I}\mathrm{I}1.q-1tg,$ $g=.q_{R}$

wit,h $g=\theta(g)$ .
A $\theta- \mathrm{s}\mathrm{e}111\mathrm{i}-\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{I}^{1\mathrm{e}t,}$) $\in G$ is called $\theta$-ellliptic if $Z_{G}(t_{!}\theta)0/Z(G\mathrm{I}^{1})$ is $\mathrm{a}\mathrm{n}\mathrm{i}_{\mathrm{S}(}$ ) $\mathrm{t},0\iota$) $\mathrm{i}\mathrm{C},$ . The $\mathrm{a}‘ \mathrm{s}_{\iota}‘ t\mathrm{t}$ ) $\mathrm{C}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}(1$

t,ori $T=Z_{G}(Z_{G}(t\theta)^{0})$ are called $\theta$-elliptic. A complet,$\mathrm{e}$ set of representatives for the $\theta-$

elliptic t,ori is given $\mathrm{f}$)$.\mathrm{Y}\mathrm{t}_{l}\mathrm{h}\mathrm{e}$ tori of type $(\mathrm{I})-(\mathrm{I}\mathrm{v})$ . The $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}_{1}1\mathrm{t},\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ of $\theta$-orbital integrals
of non $\theta- \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{i}_{1}$) $\mathrm{t}\mathrm{i}\mathrm{c}$ strongly $\theta$-regular elements can be reduced-using a $\mathrm{s}\mathrm{t}$,andard integration
$\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}-\mathrm{t}\mathrm{o}$ t,he case of the $\theta$-elliptic $\mathrm{e}1_{6}1\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{s}$ , so we deal only with $t$ in tori $T$ of t,ypes (I)
$-(\mathrm{I}\mathrm{V})$ .
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B. Twisted orbital integI als of type (I).

Let $u=\theta(u)$ be a topologically $1\iota \mathrm{n}\mathrm{i}_{1)\mathrm{O}}\mathrm{t}_{\mathrm{C}}\mathrm{n}\mathrm{t}$ elelnentl in $GL(4, R)\cross GL(1, R)$ . Then
$\Phi_{1_{K}}^{G}(u\theta)=\Phi_{1_{7_{K}}}^{Z_{C\prime}(}B\theta(\theta),$ $(u)$ , where $Z_{G}(\theta)=H^{1}=Sp(2, F)$ and $Z_{K}(\theta)=K^{1}=K\cap H^{1}$ . We conl-

pute the valtle of this integral at $u$ in a torus of type (I). To consider also the integrals at sta-

$\mathrm{I})\mathrm{a}\iota)1.\mathrm{y}\theta-_{\mathrm{C}\mathrm{O}}\mathrm{n}\mathrm{r}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}.\mathrm{i}|\mathrm{u}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}.\dagger)11\mathrm{t}\mathrm{n}_{2}\mathrm{o}\mathrm{t}\theta_{\mathrm{C}\mathrm{o}}- \mathrm{z}\mathrm{C}\mathrm{d}\dagger)\mathrm{y}\rho 1,$
$\rho.\mathrm{H}\mathrm{e},\mathrm{r}\mathrm{e}\rho_{i}\mathrm{u}\mathrm{n}\mathrm{j}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}\prime \mathrm{e}1\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{S},\mathrm{W}\mathrm{e}1o\mathrm{o}\mathrm{k}\mathrm{a}\mathrm{t}\mathrm{a}\mathrm{c}_{J}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{t}_{\mathrm{o}\mathrm{f}\mathrm{i}}\mathrm{r}\mathrm{c}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{e}\mathrm{n}\{,\mathrm{a}\mathrm{t}\in\{1,\pi\}\mathrm{i}\mathrm{f}E/F\mathrm{i}\mathrm{s}\mathrm{u}\mathrm{n}\mathrm{r}\mathrm{a}\mathrm{m}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{e}\mathrm{d},\mathrm{a}\mathrm{n}\mathrm{d}\rho i\in\{1, \epsilon\}=R\mathrm{X}/R^{\cross}\mathrm{e}\mathrm{v}_{2}\iota \mathrm{s}\mathrm{f}\mathrm{i}$

’

$E/F$ is ramified. Thus take $s_{\rho}$ in the t,orus $T_{\rho}=\{s_{\rho}=[\phi_{\rho_{1}}^{D}(a_{1}+b_{1}\sqrt{D}), \phi_{\rho_{2}}D(a_{2}+b_{2}\sqrt{D})]\in$

$C_{0}^{1}\}$ , where $\phi_{p}^{D}(a+b\sqrt{D})=$ . If $E^{1}=\{x, \in E^{\cross} ; NE/FX=1\}$ , then $T_{\rho}$ is isomorphic,

to $E^{1}\mathrm{x}E^{1}$ . By $\mathrm{L}\mathrm{e}\mathrm{I}\mathrm{n}\mathrm{n}\mathrm{l}\mathrm{a}$ I.J.6 we have

$\Phi_{1_{\hslash^{1}}}^{H^{1}}(_{S}\rho)=.\int_{\tau\backslash H^{1}}\rho 1_{K^{1}}(g^{-1}sg\rho)d.q$

$= \sum_{m\geq 0}|K1|H^{1}.[_{\tau\backslash c^{1}}\rho 0/c_{\mathrm{o}^{1}}\cap z(m)K^{1}z(m)^{-}11_{K^{1}}(z(m)^{-}1h-1hZS_{\rho}(m))dh$
.

$\mathrm{T}11\mathrm{t}^{\tau}\text{ノ}\mathrm{i}_{11\mathrm{t}\mathrm{e}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{n}}$(1 in the $1\mathrm{a}_{\iota}\mathrm{s}\mathrm{t},$ illt $‘\backslash ,\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{l}$ is $11\mathrm{O}\mathrm{l}1$ zero $1$) $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{y}$ when $h^{-1_{S_{\rho}}}h$ lies in
$z(n1\text{ノ})K^{1}Z(m)-1\cap C_{0}^{1}=K_{m}^{C_{()}^{1}}$ . Using Lenlma I.J.7 we $()\mathrm{b}\mathrm{t}\mathrm{a}\mathrm{i}_{11}$

$= \sum_{m\geq()}\frac{|K^{1}|_{G^{1}}}{|K_{m}^{C_{\mathrm{o}}}|_{C_{\mathrm{o}}^{\iota}}1}.[_{\tau}\backslash c_{0}^{1}m.\rho l)1K^{C}\mathrm{o}^{1}(h-1h)Sdl_{l}=\sum_{\geq m0}[K_{0}1 : K_{m}^{1}].$

where now $C_{()}^{1}=SL(2, F)\cross SL(2, F)$ , and $\rho\vdasharrow\rho_{m}$ is a pernltltation of $\mathrm{t},\mathrm{h}\mathrm{e}$ set of $\rho(\mathrm{t}_{l}\mathrm{r}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{a}1$

e.g. when $rr\iota$ is even). Using the double coset (lecoInposition for $SL(2, F)$ of $\mathrm{L}\mathrm{e}\ln\iota \mathrm{I}\mathrm{l}\mathrm{a}$ I.I.3:

$= \sum_{m\geq 0\in R_{\rho_{n}}}\sum_{r},[R_{T_{\rho_{n}}}1, : T_{\rho,7\}}\cap rK_{0^{1}}r]\neg 1[K_{0}^{1} : K_{m}^{1}]\int_{K^{1}}1_{K}10(k^{-1}rn1-1s_{\rho n1}rk)dk$
.

Here $R_{T_{\rho n}}^{1},$ $=T_{\rho_{?7\}}}\cap K_{\{)}^{1}=T_{\rho_{n}}^{1},(R)$ . Let $\mathrm{j}$ signify $(j_{1},j_{2})$ .
The proof consists of $\mathrm{c}\mathrm{o}\mathrm{m}_{1^{)}\mathrm{g}}\mathrm{u}\mathrm{t}_{}\mathrm{i}\mathrm{n}$ the various ternLs which $\mathrm{a}\mathrm{p}\mathrm{I}$) $\mathrm{e}\mathrm{a}\mathrm{r}$ in t,he last sum, then

$\mathrm{C}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{p}\iota 1\mathrm{f}_{}\mathrm{i}\mathrm{n}\mathrm{g}$ t,he analogous sum which is $0\}_{)}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{e}(1$ in the non $\mathrm{t}\mathrm{w}\mathrm{i}\mathrm{s}\mathrm{t}\downarrow \mathrm{e}\mathrm{d}$ case, then taking the,

$\mathrm{S}\mathrm{l}\iota \mathrm{i}\mathrm{t},\mathrm{a}\iota)\mathrm{l}\mathrm{e}$ linear $\mathrm{c}\mathrm{o}\iota 1\mathrm{l}\mathrm{t}$ ) $\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{I}\iota \mathrm{s}$ weighted by $\kappa$ , multiplying $\mathrm{f}$)$\mathrm{y}\mathrm{t}_{}\mathrm{h}\mathrm{e}$ transfer factor, and com-
$1)\mathrm{a}\mathrm{r}\mathrm{i}_{1}$ t,he resulting $\mathrm{s}\backslash \mathrm{l}\mathrm{I}\mathrm{n}\mathrm{s}$. $\mathrm{T}1_{1}\mathrm{i}_{\mathrm{S}}$ is done in the context of each of $\mathrm{t}_{\mathrm{J}}\mathrm{h}\mathrm{e}$ elliptic tori, of types
$(\mathrm{I})-(\mathrm{I}\mathrm{v})$ . In $1$) $\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$ we $0\iota_{)}\mathrm{t},\mathrm{a}\mathrm{i}\mathrm{n}$ explicit formulas for all of the orbital integrals of the unit,

$(_{\text{ノ}^{}\backslash 1\mathrm{e}\mathrm{n}}1^{\backslash }‘ \text{ノ}\mathrm{n}\mathrm{t},$ $1_{K}$ . All t,his is done in Part, II of the $\mathrm{t},\mathrm{e}\mathrm{x}\mathrm{f}l$ for a $\mathrm{t}_{1(1^{)0}}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{i}_{\mathrm{C}\mathrm{a}}11\mathrm{y}\backslash 1\mathrm{n}\mathrm{i}_{\mathrm{P}^{\mathrm{O}}}\mathrm{t}_{!}\mathrm{e}\mathrm{n}\mathrm{t}$ element,.

Part III deals $\mathrm{w}\mathrm{i}\mathrm{f}_{l}\mathrm{h}$ elenlents whose $\mathrm{a}1$ ) $\mathrm{s}\mathrm{o}1_{11}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}$ selni $\iota \mathrm{s}\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{p}\mathrm{l}\mathrm{e}$ part is non t,rivial, where tlle
integral is reduced t,o one in a $\mathfrak{i}^{\backslash },\mathrm{I}\mathrm{I}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{r}$ group.
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