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\S 0. Introduction.

Le $\mathrm{t}\Omega$ be an ex $\mathrm{t}$ er $\mathrm{i}\mathrm{o}\mathrm{r}$ doma $\mathrm{i}\mathrm{n}$

$\mathrm{i}\mathrm{n}\mathrm{R}^{3}$

$\mathrm{w}\mathrm{i}$ th compac $\mathrm{t}$ smo $0$ th boundary

$\Theta\Omega$ . The motion of a compressible viscous and heat-conductive fluid

$\mathrm{i}\mathrm{s}$ des cr $\mathrm{i}$ bed by the $\mathrm{f}\mathrm{o}11$ ow $\mathrm{i}$ ng sys $\mathrm{t}$ em

$\mathrm{P}_{\mathrm{t}}$

$+$ $(\mathrm{V}\nabla)p$ $+$ $p\cdot \mathrm{d}\mathrm{i}\mathrm{v}\mathrm{v}$ $=$ $0$ in $[0, \infty)$ $\cross\Omega$ ,

$\mathrm{v}_{\mathrm{t}}+(\mathrm{V}.\nabla)\mathrm{V}=\frac{\mu}{p}\cdot\Delta \mathrm{v}+\frac{\mu+\mu}{p},$ $. \nabla(\mathrm{d}\mathrm{i}\mathrm{V}\mathrm{v})-\frac{\nabla \mathrm{P}(p,6)}{p}$ in $\ddagger 0,\infty$ ) $\cross\Omega$ .
(0.1)

$\mathrm{e}_{\mathrm{t}}+(\mathrm{v}\cdot\nabla)6+\frac{6\cdot\Theta_{6}\mathrm{P}}{p\cdot \mathrm{c}}\cdot \mathrm{d}\mathrm{i}\mathrm{v}\mathrm{v}=\frac{\mathrm{k}}{p\cdot \mathrm{c}}\Delta 6+\frac{\Psi}{p\cdot \mathrm{c}}$ in $\zeta 0,\infty$ ) $\cross\Omega$ ,

$\mathrm{v}|\Theta\Omega=$ $\mathrm{v}|_{\infty}=$ $0$ , $6|\Theta\Omega=$ $6|_{\infty}=\overline{6}$ on $[0, \infty)$ $\cross\Theta\Omega$ ,

$(p, \mathrm{v}, \Theta)(0, \mathrm{x})$ $=$ $(p_{\mathrm{o}}, \mathrm{v},6)00(\mathrm{X})$ in $\Omega$ ,

where $P$
$\mathrm{i}\mathrm{s}$ $\mathrm{t}$ he dens $\mathrm{i}\mathrm{t}\mathrm{y}$ , $\mathrm{v}$ $=$ $(\mathrm{v}_{1} , \mathrm{v}_{2} , \mathrm{v}_{3})$ the ve 1 $0\mathrm{c}\mathrm{i}\mathrm{t}\mathrm{y}$ , 6 the abs $01\mathrm{u}\mathrm{t}\mathrm{e}$

$\mathrm{t}$ empera ture, $\mathrm{P}=$ $\mathrm{P}$ $(p , 6)$ the pres sure, $\mu$ and $\mu$
’ the $\mathrm{v}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{y}$

coefficients, $\mathrm{k}$ the coefficient of the heat conduction, $\mathrm{c}$ the heat

capac $\mathrm{i}$ ty a $\mathrm{t}$ co ns $\mathrm{t}$ an $\mathrm{t}$ vo 1 ume and $\Psi$ $\mathrm{i}\mathrm{s}$ th $\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{i}$ Pa $\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ $\mathrm{f}$ unc $\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ :
$\Psi$ $=\mu_{(\Theta_{\mathrm{k}^{\mathrm{v}_{\mathrm{i}\mathrm{i}^{\mathrm{v}_{\mathrm{k}}}}}}}+\ominus)22$ $+$ $\mu’(\mathrm{a}_{\mathrm{k}^{\mathrm{V}}\mathrm{j}})^{2}$ .

I $\mathrm{n}$
$\mathrm{t}\mathrm{h}\mathrm{i}\mathrm{s}$ 1 ec $\mathrm{t}$ ure we co ns $\mathrm{i}\mathrm{d}$ er the $\mathrm{f}\mathrm{o}11$ ow $\mathrm{i}$ ng 1 $\mathrm{i}$ near $\mathrm{i}$ zed equa $\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$

$\mathrm{f}\mathrm{o}\mathrm{r}$ the sys $\mathrm{t}$ em $(0.1)$ , $\mathrm{i}$ . $\mathrm{e}$ . ,

$\mathrm{P}_{\mathrm{t}}$

$+\gamma \mathrm{d}\mathrm{i}\mathrm{v}\mathrm{V}$ $=$
$\mathrm{f}1$ in $[\mathrm{O}, \infty)$ $\cross\Omega$ ,

$\mathrm{v}_{\mathrm{t}}$

- $\alpha\Delta \mathrm{v}$ – $\beta\nabla(\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{V})$ $+\gamma\nabla p$ $+\omega\nabla 6$ $=$
$\mathrm{f}_{2}$ in $[0, \infty)$ $\cross\Omega$ ,

(0.2) $6_{\mathrm{t}}$
$-$ $\kappa\Delta\Theta$ $+\omega \mathrm{d}\mathrm{i}$ vv $=$

$\mathrm{f}_{3}$ in $[(),$ $\infty)$ $\cross\Omega$ ,

$\mathrm{v}|\Theta\Omega=\mathrm{v}|_{\infty}=0,61_{\Theta\Omega}=6|_{\infty}=0$ on $\zeta 0,\infty$ ) $\cross\Theta\Omega$ ,
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$(\mathrm{p}, \mathrm{v}, 6)(0, \mathrm{x})$ $=$
$(p_{0}, \mathrm{v}_{0},6_{\mathrm{o}})(\mathrm{x})$ in $\Omega$ ,

where $\alpha$ , $\gamma$ , $\kappa$ , $\omega$ are $\mathrm{p}\mathrm{o}s\mathrm{i}\mathrm{t}$ ive numbers and $\theta$ $\mathrm{i}\mathrm{s}$ a nonnegative number.

Our main results are the following. Let 1 $<$ $\mathrm{q}<$ $\infty$ . $\mathrm{m}$ be an

integer and $\mathrm{V}_{\mathrm{V}’}^{\mathrm{m}}\mathrm{q}(\Omega)$ $=$ $\{\mathrm{W}_{\mathrm{q}}^{\mathrm{m}}(\Omega)\}^{3}$ be the usal Sobolev space. Set

$\mathrm{x}_{\mathrm{q}}^{\mathrm{m}}(\Omega)$ $=$ { Tu; $\mathrm{u}\in \mathrm{w}_{\mathrm{q}}^{\mathrm{m}+1}(\Omega)\cross\lambda \mathrm{v}_{\mathrm{q}}^{\mathrm{m}}(\Omega)\cross \mathrm{W}_{\mathrm{q}}^{\mathrm{m}}(\Omega)$ }, $\mathrm{x}_{\mathrm{q}}(\Omega)$
$=\mathrm{x}_{\mathrm{q}}^{0}(\Omega)$ .

where $\mathrm{T}_{\iota]\iota}$ means the transposed ru. Define the 5 $\cross 5$ matrix operator A

by the relation:

(0.3) A $=$

with the domain:

9 (A) $\{$

$\mathrm{T}\mathfrak{s}\mathrm{I}\iota$ . $\# 1$ $=$ $\{p, \mathrm{v} , 6\}$ $\epsilon \mathrm{w}_{\mathrm{q}}^{1}(\Omega)\cross f\mathrm{V}_{\mathrm{q}}^{2}(\Omega)\cross \mathrm{W}_{\mathrm{q}}^{2}(\Omega)$ ,

$\mathrm{v}|\Theta\Omega=$
$0$ , 6 $|\Theta\Omega=$

$0$ on a $\Omega$ }.

Let $\mathbb{P}$ be the project ion from 9 $(l\dot{\mathrm{A}})$ into { $\mathrm{T}\{\mathrm{V} , 6\}$ ; $\{\mathrm{v}, 6\}$ $\in \mathrm{V}_{\mathrm{V}^{\mathrm{r}}}^{2}\mathrm{q}(\Omega)\cross ll^{\mathrm{r}}2\mathrm{q}(\Omega_{\mathrm{t}})$ ,

$\mathrm{v}|$ a $\Omega=$
$0$ , 6 $|\Theta\Omega$

$=$ $0$ on $\Theta\Omega$ } and $P$ $(-\mathrm{A} )$ be the resolvent set of the

operator -A. Then

Theorem A. Let 1 $<\mathrm{q}<\infty$ and $\mathrm{m}$ be an integer $\geq 0$ . Then $-l\dot{\mathrm{A}}$ is a

closed linear operator in $\mathrm{x}_{\mathrm{q}}(\Omega)$ and

$(0.4)$ $P(-\mathrm{A} )$ $\supset\Sigma=$ { $\chi\in \mathrm{C}$ ; CRex $+$ (Imx) 2 $>0$ },

where $\mathrm{C}$ $\mathrm{i}\mathrm{s}$ a $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}\backslash$ depending only on $\alpha$ , ($j$ , $\gamma$ , $\kappa$ and $\omega$ . Moreover ,

the following properties are valid: There exist positive constants $x_{0}$

and $\delta$ $< \frac{7T}{2}$ such that

$|\chi|||(\chi+l\dot{\mathrm{A}})^{-1_{\mathrm{f}11\mathrm{m}}}\mathrm{X}_{\mathrm{q}}(\Omega)$
$+$ $||$ [$)$

$(\chi+l_{\mathrm{a}}\})^{-1}\mathrm{f}\{1_{2+}\mathrm{m},$

$\mathrm{q},$

$\Omega\leq \mathrm{C}$ ( $2_{\vee}$ ,$\delta 0$ , m) 11
$\mathrm{f}\mathrm{l}1_{\mathrm{X}_{\mathrm{q}}^{\mathrm{m}}(}\Omega$ )

for any $\chi$ –

$\mathrm{x}_{0}$

$\in$
$\Sigma\delta$

$=$ { $\chi\in \mathrm{C}$ ; $|$ argx $|$ $\leq\pi$ – 6} and any $\mathrm{f}$

$\in \mathrm{x}_{\mathrm{q}}^{\mathrm{m}}(\Omega)$ .
$-\mathrm{t}_{\hat{\mathrm{A}}_{}}$.Theorem A means that $-ll^{)_{1}}$ generates an analytic semigroup $\mathrm{e}$ on

$\mathrm{x}_{\mathrm{q}}(\Omega)$ . Then setting

$(0.5)$ $\mathrm{x}_{\mathrm{q},\mathrm{b}}(\Omega)$
$=$ { $\mathrm{U}\in \mathrm{x}_{\mathrm{q}}(\Omega)$

; $\mathrm{u}(\mathrm{x})$ $=$ $0$ for $\mathrm{x}\in \mathrm{R}^{3}\backslash \mathrm{B}_{\mathrm{b}}$ } ,
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we have

Theorem B. (local energy decay) Let 1 $<\mathrm{q}<\infty$ and let $\mathrm{b}_{0}$ be a

fixed number such that
$\mathrm{B}_{\mathrm{b}_{0}}$

$\supset \mathrm{R}^{3}\backslash \Omega$ . Suppose that $\mathrm{b}>\mathrm{b}_{0}$ and $\Omega_{\mathrm{b}}$

$=$ $\Omega\cap$

$\mathrm{B}_{\mathrm{b}}$ . Then for $\varphi$
$\in$ $\mathrm{c}_{0}^{\infty}(\Omega_{\mathrm{b}})$ such that

$\int_{\Omega_{\mathrm{b}}}\varphi(\mathrm{x})$
dx $=$ 1 and lu $=$

$\mathrm{T}\{p, \mathrm{v}. 6\}$
$\epsilon$

$\mathrm{x}_{\mathrm{q},\mathrm{b}}(\Omega)$ , we have the following repre $\mathrm{s}$ entat ion

(0.6) $\mathrm{e}^{-\mathrm{t}\mathrm{A}}\mathrm{u}=\mathrm{v}_{1}(\mathrm{b}, \varphi, \mathrm{t})\mathrm{t}\mathrm{u}+\mathbb{T}_{2}(\mathrm{b} , \varphi, \mathrm{t})$ru

where (
$\mathrm{e}_{\mathrm{j}}$

$(\mathrm{j}$ $=$ 1, 2, $\cdot$ . . , 5 $)$ are uni $\mathrm{t}$ row vector $\mathrm{s}$ , $\mathrm{N}_{\mathrm{D}}\mathrm{u}$

$=$
$\int_{\mathrm{D}}P(\mathrm{x})$ dx and

$\mathrm{v}_{1}(\mathrm{b}, \varphi, \mathrm{t})$ lu $=$
$\mathrm{e}^{-\mathrm{t}\mathrm{A}}\{\mathrm{u} - (\mathrm{N}_{\Omega_{\mathrm{b}}}\uparrow\iota \mathrm{I})\cdot\varphi \mathrm{e}_{1}\}$ ,

$\mathbb{T}_{2}(\mathrm{b}, \varphi, \mathrm{t})\mathrm{u}=$
$(\mathrm{N}_{\Omega_{\mathrm{b}}}\rceil \mathrm{u})$

{ $\varphi\cdot \mathrm{e}_{1^{-}}\int_{\mathrm{o}}\mathrm{t}\mathrm{e}^{-_{\mathrm{S}}}$

A
$\mathrm{d}\mathrm{s}$ }.

Moreover , the following estimates are valid: for $\mathrm{M}\geq 0$ integer , fu $\epsilon$

$\mathrm{X}_{\mathrm{q},\mathrm{b}}\langle\Omega$
) and $\mathrm{t}>0$

(0.7) $||\partial^{\mathrm{M}}\mathrm{T}$

$(\mathrm{b}, \varphi, \mathrm{t})_{\mathrm{U}}|1$ $+$
$||\mathrm{a}^{\mathrm{M}}\mathrm{T}$

$(\mathrm{b}, \varphi, \mathrm{t})\mathrm{u}[|$

$\mathrm{t}1$
$\mathrm{X}_{\mathrm{q}}(\Omega_{\mathrm{b}})$

$\mathrm{t}1$ $2,$ $\mathrm{q},$
$\Omega_{\mathrm{b}}$

$\leq \mathrm{C}(\mathrm{q}, \mathrm{b}, \varphi, \mathrm{M})\mathrm{t}^{-3/}|2-\mathrm{M}|_{\mathrm{U}1}|$

$\mathrm{X}_{\mathrm{q}}(\Omega_{\mathrm{c}})$

’

$\mathrm{M}+1$ $\mathrm{M}+1$

(O. 8) $||\mathrm{a}_{\mathrm{t}}$

$\mathrm{T}_{2}(\mathrm{b}, \varphi, \mathrm{t})1\mathrm{I}_{\mathrm{X}_{\mathrm{q}}(\Omega)}$

$+$
$||\mathrm{a}_{\mathrm{t}}$ $\mathrm{T}_{2}(\mathrm{b}. \varphi, \mathrm{t})||2,$

$\mathrm{q},$
$\Omega_{\mathrm{b}}$

$\leq \mathrm{C}(\mathrm{q}, \mathrm{b}, \varphi, \mathrm{M})\mathrm{t}^{-3/2-}||\mathrm{u}|\mathrm{M}|\mathrm{x}\mathrm{q}(\Omega)$ .

System $(0.2)$ was given by Mat sumura and Ni $s\mathrm{i}$ da [121 and Ponce

[171 . They seek solutions for the system $(0.1)$ in a ne $\mathrm{i}$ ghborhood of a

con $\mathrm{s}$ tant $\mathrm{s}$ tate $(p, \mathrm{v}, 6)$ $=$ $(P_{0} , 0, \overline{6}_{0})$ where $\overline{p}_{0}$ , $\overline{\mathrm{e}}_{0}$ are $\mathrm{p}\mathrm{o}s\mathrm{i}\mathrm{t}$ ive

constants under the following assumptions:

(1) $\mu$ , $\mu$

’ are constants $\mu$ $>$ $0$ and $\frac{2}{3}\mu$ $+$
$\mu$

’ $\geq 0$ .

(2) $\mathrm{c}$ , $\mathrm{k}$ are $\mathrm{p}\mathrm{o}s\mathrm{i}$ tive constants.

(3) $\mathrm{P}$ $\mathrm{i}\mathrm{s}$ a known function of $p$ , 6 , smooth in a ne $\mathrm{i}$ ghborhood of

$(\overline{\mathrm{p}}_{0}, \overline{6}_{0})$ where $\frac{\Theta \mathrm{P}}{\Theta p}$ , $\frac{\Theta \mathrm{P}}{\Theta 6}>0$ .
Note that the assumption (1) is stronger than ours because they
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also study the Neumann boundary condition.

In equations $(0.1)$ , put
$\alpha=\frac{\mu}{\overline{p}_{0}}$

, $\theta$

$= \frac{\mu+\mu}{\overline{p}_{\mathrm{O}}},$

, $\gamma=$
$\{\frac{\Theta \mathrm{P}}{\mathrm{a}_{\mathrm{P}}}(\overline{p}_{0}, \overline{6}_{\mathrm{o}})\}^{1/2}$

$\mathrm{K}$

$=-\underline{\mathrm{k}}$ and put $\omega$ $=$ $- \underline{1}\frac{\Theta \mathrm{P}}{\Theta 6}$ $(\overline{p}_{0} , \overline{\mathrm{e}}_{0})\{\overline{6}_{0}/\mathrm{C}\}^{1/2}$ Then us ing the notat ion
$\mathrm{c}p_{0}$ $p_{0}$

$(p, \mathrm{v} , 6)$
for the vector

$( \frac{1}{\overline{p}_{0}}\{\frac{\Theta \mathrm{P}}{\Theta p}\mathrm{t}\mathrm{P}0 , \overline{\mathrm{e}}_{0})\}^{1/2}p$

, $\mathrm{v},$

$\{\frac{\mathrm{C}}{\overline{6}_{0}}\}^{1/2}6)$
and $\mathrm{s}$ eParat ing

the linear part of the equations $(0.1)$ becomes the equat ions $(0.2)$ .
The existence theorems of unique solution local in time for the

system (C. 1) are obtained by Nash [15] , Itaya [7, 81 for the ini $\mathrm{t}$ ial

value problem, and by Tani [201 for the initial boundary value

problem. On the other hand the existence theorem of global solution

$\ln \mathrm{t}$ ime for the $s\mathrm{y}s$ tem $(0.1)$ are obtained by Mat $\mathrm{s}$umura and Ni shi da

$[12, 13]$ , Ponce [17] for the $\mathrm{i}\mathrm{n}\mathrm{i}$ tial problem, and by Matsumura and

Nishida [14] for the initial boundary value problem in $\mathrm{L}_{2}$ -framework

for sufficiently small initial data. In addition Matumura and Nishida

[141 show that this solution approaches the stationary state as $\mathrm{t}arrow$

$\infty$ , and also Deckelnick [3,41 gives explicit estimates for the decay

rate. Concerning the linear ized equat ions $(0.2)$ , Matsumura and

Nishida [121 give the spectral analysis and energy estimates of

solutions in $\mathrm{L}_{2}$ -sense and Ponce [171 the $\mathrm{L}-\mathrm{L}$ estimates for
$\mathrm{p}$ $\mathrm{q}$

solutions in $\mathrm{R}^{3}$ , respectively.

In this note, we shall continue to study linearlized equations

$(0.2)$ in order to obtain the $\mathrm{L}_{\mathrm{q}}$-theory for the system $(0.1)$ . We shall

show that the operator defined on this system generates analytic

semi group although the system $(0.2)$ $\mathrm{i}\mathrm{s}$ hyperbolic-paraboli $\mathrm{c}$ type. In

part $\mathrm{i}$ cular , the resolvent set of $\mathrm{t}\mathrm{h}\mathrm{i}\mathrm{s}$ operator contains a paraboli $\mathrm{c}$

region. We shall also show the local energy decay of solutions for
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the system $(0.2)$ . The local energy decay plays an important role in

obtaining the solut ions of nonlinear problems, in part $\mathrm{i}$ cular , $\mathrm{L}-\mathrm{L}$

$\mathrm{p}$ $\mathrm{q}$

estimates of solutions. For instance. Iwashita [91 for $\mathrm{N}\mathrm{a}\mathrm{v}\mathrm{i}\mathrm{e}\mathrm{r}-\mathrm{S}\mathrm{t}\mathrm{o}\mathrm{k}\mathrm{e}s$

equations, Kobayashi and Shibata [111 for Oseen equations, Iwashita

and Shibata [101 and Shibata [191 for elastic and wave equat ions ,

they prove the existence of solutions for nonlinear problems by using

this methods.

\S 1. Sta $\mathrm{t}\mathrm{i}$ onarv prob1em $\mathrm{i}\mathrm{n}$ a bounded doma $\mathrm{i}\mathrm{n}$

In this section we consider the stationary problem in a bounded

domain $\mathrm{D}$ in $\mathrm{R}^{3}$ with smooth boundary $\Theta \mathrm{D}$ :
(1. la) $\lambda\beta+$ $\gamma$

. divv $=\mathrm{f}_{1}$ in D.

$(1. 1\mathrm{b})$ $\lambda \mathrm{V}$
- $\alpha\Delta \mathrm{v}$ – $\beta\nabla$ (divv) $+$ $\gamma\cdot\nabla p+\omega$ . vO $=$

$\mathrm{f}_{2}$ in $\mathrm{D}$ ,

(l. lc) xe $-$ $\mathrm{K}\Delta 6$ $+\omega\cdot \mathrm{d}\mathrm{i}\mathrm{v}\mathrm{v}$ $=$
$\mathrm{f}_{3}$ in $\mathrm{D}$ ,

$(1. 1\mathrm{d})$ $\mathrm{v}\mathrm{I}_{\Theta \mathrm{D}}=$

$0$ on $\Theta \mathrm{D}$ ,

(1. le) 6 $|\Theta \mathrm{D}=0$ on $\Theta \mathrm{D}$ .

here X is a complex parameter. Our goal of this section is to show

the following theorem concerning a unique existence of solutions to

(1. 1). Let 1 $<$ $\mathrm{q}<$ $\infty$ , $\mathrm{m}$ be an integer and let

$\mathrm{Y}_{\mathrm{q}}^{\mathrm{m}}(\mathrm{D})$
$=$ { $\mathrm{T}\{\mathrm{f}_{123},$$\mathrm{f},$ $\mathrm{f}\}$ $\epsilon \mathrm{x}_{\mathrm{q}}^{\mathrm{m}}(\mathrm{D})$ ; $\int_{\mathrm{D}}\mathrm{f}_{1}(_{\mathrm{X})}$ dx $=$ $0$ }, $\mathrm{Y}_{\mathrm{q}}(\mathrm{D})$

$=\mathrm{X}_{\mathrm{q}}^{0}(\mathrm{D})$ ,

where $\mathrm{x}_{\mathrm{q}}^{\mathrm{m}}(\mathrm{D})$

$\mathrm{i}\mathrm{s}$ the same symbol as in $(0.7)$ . Set $\mathrm{A}_{\mathrm{D}}$ be the maximal

restr $\mathrm{i}\mathrm{c}\mathrm{t}$ ion to closed sub space $\mathrm{Y}_{\mathrm{q}}(\mathrm{D})$ . Applying thi $\mathrm{s}$ notat ion to

(1. 1) , we have $(\chi+\mathrm{A}_{\mathrm{D}})\#\mathit{1}=$
$\mathrm{f}$ in $\mathrm{Y}_{\mathrm{q}}(\mathrm{D})$ where $\mathrm{u}=\mathrm{T}\{p , \mathrm{v}, 6\}$ and $\mathrm{f}$ $=$

$\mathrm{T}\{\mathrm{f}_{1} , \mathrm{f}_{2}, \mathrm{f}_{3}\}$ . Then

The $0$ rem 1..1. Let 1 $<\mathrm{q}<\infty$ , $\mathrm{m}$ be a nonnegative integer. Then $\mathrm{A}_{\mathrm{D}}$

is a closed linear operator in $\mathrm{Y}_{\mathrm{q}}(\mathrm{D})$ and

$p(-\mathrm{A}_{\mathrm{D}})$
$\supset$ $\{0\}$ $\cup\Sigma$ ’
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where $\Sigma$
’ { $\chi\in$ $\mathrm{C}$ ; 6 ( $\mathrm{Y}^{2_{+\omega}2})$ Rex $+$ $\alpha$ (Imx) 2

$>$ $0$ }. Moreover , the

following properties are valid: There exists a number $0$ $<$ $\delta$ $< \frac{\pi}{2}$ such

that
$-1$ $-1$

$|\chi|||(\lambda+l\iota_{\mathrm{D}})$
$\mathrm{f}\mathrm{l}\mathrm{I}$

$\mathrm{m}$ $+$
$||\mathbb{P}(x+\mathbb{A}_{\mathrm{D}})$

$\mathrm{f}\mathrm{I}\mathrm{I}$ $\leq \mathrm{C}(\mathrm{q}, \mathrm{m}, \delta, \mathrm{D})||\mathrm{f}||$ $\mathrm{m}$

$\mathrm{Y}_{\mathrm{q}}(\mathrm{D})$

$\mathrm{m}+2$ , $\mathrm{q}$ , $\mathrm{D}$

$\mathrm{Y}_{\mathrm{q}}(\mathrm{D})$

for any $\chi\in$
$\Sigma\delta$

$\cup$ $\{0\}$ and any $\mathrm{f}$

$\in \mathrm{Y}_{\mathrm{q}}^{\mathrm{m}}(\Omega)$ .
To prove thi $\mathrm{s}$ theorem we shall use the following propert $\mathrm{i}$ es.

First proposition is concerned the existence theorem of solutions

to the Stokes equations.

Propo $\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ 1. 2. ([2]) Let 1 $<$ $\mathrm{q}<\infty$ , $0$ $<$ $\delta$ $< \frac{\pi}{2}$ , $\mathrm{m}$ be an integer

$\geq 0$ . Then for every $\mathrm{f}$

$\in \mathrm{w}_{\mathrm{q}}^{\mathrm{m}}(\mathrm{D})$ and every $\mathrm{g}\in \mathrm{w}_{\mathrm{q}}^{\mathrm{m}+1}(\mathrm{D})$ wi th $\int_{\mathrm{D}}\mathrm{g}(\mathrm{x})$ dx $=$ $0$

there exists a unique $\mathrm{u}$ $\in \mathrm{V}l_{\mathrm{q}}^{\mathrm{m}+}2(\mathrm{D})$ which together with some $\mathrm{p}$
$\epsilon$

$\mathrm{w}_{\mathrm{q}}^{\mathrm{m}+1}(\mathrm{D})$ satisfying

$-\Delta \mathrm{u}+\nabla \mathrm{p}=$
$\mathrm{f}$ , divu $=\mathrm{g}$ in $\mathrm{D}$ ,

$\mathrm{u}=0$ on $\Theta \mathrm{D}$ .
Here $\mathrm{p}$

$\mathrm{i}\mathrm{s}$ uni que up to an addi tive constant. Furthermore , the

following estimate is valid:

$||\mathrm{u}|1_{\mathrm{m}+2,\mathrm{D}}\mathrm{q},+$ $||\nabla \mathrm{p}||\mathrm{m},$

$\mathrm{q},$

$\mathrm{D}\leq \mathrm{C}\{||\mathrm{f}|||\mathrm{m}, \mathrm{q}, \mathrm{D}^{+}\mathrm{m}+1, \mathrm{q}, \mathrm{D}|\mathrm{g}||\}$ ,

where $\mathrm{C}$ $=\mathrm{C}(\mathrm{D}, \mathrm{q}, \epsilon)$ $\mathrm{i}\mathrm{s}$ a constant.

The next propo $s\mathrm{i}$ tion $\mathrm{i}\mathrm{s}$ well-known as a general Poincar\’e ’
$\mathrm{s}$

inequali $\mathrm{t}\mathrm{y}$ .
$\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{P}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ 1 . 3. (cf. , $\mathrm{e}\mathrm{g}$ . [31) Let 1 $\leq \mathrm{q}<\infty$ . There exi st $\mathrm{s}$ a

constant $\mathrm{C}$ $>$ $0$ such that the inequality

llull
$\mathrm{q},$

$\mathrm{D}\leq \mathrm{C}$ {Il $\nabla \mathrm{u}||\mathrm{q},$ $\mathrm{D}^{+}[\int_{\mathrm{D}}\mathrm{u}(\mathrm{x})$ dx $|$ },

holds for any $\mathrm{u}\in \mathrm{w}_{\mathrm{q}}^{1}(\mathrm{D})$ . Furthermore , if $\mathrm{q}\neq 1$ , $\mathrm{D}$ $\mathrm{i}\mathrm{s}$ bounded and $\mathrm{i}\mathrm{f}\mathrm{u}$

$\in \mathrm{w}_{\mathrm{q}}^{1}(\mathrm{D})$ with $\mathrm{u}=$ $0$ on $\Theta \mathrm{D}$ , then we have

llull $\leq \mathrm{c}\mathrm{l}|\nabla \mathrm{u}||$

$\mathrm{q},$
$\mathrm{D}$

$\mathrm{q},$ D

175



The following proposition is concerned the existence theorem of

solutions to the elastic equations.

$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ 1 . 3. Let 1 $<\mathrm{q}<\infty$ , $\mathrm{m}$ be an integer $\geq 0$ . Let $\alpha$ be a

$\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}$ ive number, $\eta$ be a complex number such that $\alpha+$ $\cap$ $\neq 0$ . Then

there exist positive numbers $x_{0}$ and $0<$ $\delta$ $< \frac{\pi}{2}$ satisfying the

following condi $\mathrm{t}$ ions: For every $\chi$ –

$x_{0}\in$ $\Sigma\delta$ , every $\mathrm{f}$

$\in l\mathrm{V}_{\mathrm{q}}^{\mathrm{m}}(\mathrm{D})$ there

exists a unique $\mathrm{u}$ $\in \mathrm{b}_{\mathrm{q}}^{1\mathrm{m}+}2(\mathrm{D})$ such that

$\mathrm{x}\mathrm{u}$ – $\alpha\Delta \mathrm{u}$ -
$\eta$ Vdivu $=$

$\mathrm{f}$ in $\mathrm{D}$ , $\mathrm{u}|\Theta \mathrm{D}=$
$0$ on $\Theta \mathrm{D}$ .

Furthermore the following estimates is valid:

1 $\chi|||\mathrm{u}||\mathrm{m},$
$\mathrm{q},$

$\mathrm{D}+$ $||\mathrm{u}|\mathrm{l}\mathrm{m}+2$ , $\mathrm{q}$ , $\mathrm{D}\leq \mathrm{C}||\mathrm{f}||\mathrm{m},$

$\mathrm{q},$
$\mathrm{D}$

’

where $\mathrm{C}=\mathrm{C}$
$(\mathrm{D}, \mathrm{q} , \mathrm{m}, \delta, \mathrm{x}_{0}. \alpha, \eta)$

$\mathrm{i}s$ a cons tant.

Remark 1. 4. In Theorem 1. 1 when $\int_{\mathrm{D}}\mathrm{f}_{1}\mathrm{d}\mathrm{x}\neq 0$ , taking $\varphi\in \mathrm{c}_{0}^{\infty}(\mathrm{D})$

such that $\int_{\mathrm{D}}\varphi(\mathrm{x})$ dx $=$ $1$ and def ine the operators $\mathbb{N}_{\mathrm{j}}$

$=$
$\mathbb{N}_{\mathrm{j}}$

( $\varphi$ , D) ( $\mathrm{j}$ $=$ 1 ,

2, 3) $\mathrm{f}$ rom $\mathrm{X}_{\mathrm{q}}(\mathrm{D})$ into $\mathrm{i}$ tself by the notat ions:

$\mathbb{N}_{1}\mathrm{f}$
$=$ $\mathrm{f}$ $-$

$(\mathrm{N}_{\mathrm{D}}\mathrm{f})\cdot \mathrm{e}_{1}$

(1. 2) $\mathbb{N}_{2}\mathrm{f}$
$=$ $-(\mathrm{N}_{\mathrm{D}}\mathrm{f})$ for $\mathrm{f}$ $=\mathrm{T}_{\{\mathrm{f}_{12}},$$\mathrm{f},$

$\mathrm{f}_{3}$ } $\in \mathrm{x}_{\mathrm{q}}(\mathrm{D})$ ,

$\mathbb{N}_{3}\mathrm{f}$
$=$

$(\mathrm{N}_{\mathrm{D}}\mathrm{f})\varphi\cdot \mathrm{e}1$

where $\mathrm{N}_{\mathrm{D}}\mathrm{f}$ is the same symbol as in Theorem B. Then we can write
$-1$

$(\mathrm{x}+\mathrm{A})$ as follows:

(1. 3) $(\mathrm{x}+\mathrm{A})^{-1}=$
$( \chi+\mathrm{A}\mathrm{D})^{-1}\mathbb{N}_{1}+\frac{1}{\lambda}(\lambda+\mathrm{A}_{\mathrm{D}})-1_{\mathbb{N}_{2}}+\frac{1}{2_{\vee}}\mathbb{N}_{3}$ ,

whi ch impli es that $-l_{\wedge}^{\dot{\lambda}}$ $\mathrm{i}s$ a clo $\mathrm{s}$ ed linear operator in $\mathrm{X}_{\mathrm{q}}(\mathrm{D})$ . $\mathrm{p}(-l.||\backslash )$ $\supset$

$\Sigma$
’ and the following properties are valid:

$|\chi|||(\lambda+\mathrm{A})^{-}\mathrm{l}\mathrm{f}\mathrm{f}$

$||\mathrm{m}\mathrm{X}_{\mathrm{q}}(\mathrm{D})$

$+$ $||\mathbb{P}(x+\mathrm{A})^{-1}\mathrm{f}||\mathrm{m}+2,$

$\mathrm{q},$
$\mathrm{D}$

$\leq \mathrm{C}$

$(\S, \mathrm{m}, \mathrm{D})$ { $||$ ff
$||\mathrm{X}_{\mathrm{q}}(\mathrm{D})$

$+ \frac{1}{|\chi|}||\mathrm{f}_{1}||$ }
$\mathrm{q},\mathrm{D}$

for any $\lambda$ $\in$
$\Sigma\delta$ and any $\mathrm{f}$

$\in \mathrm{x}_{\mathrm{q}}^{\mathrm{m}}(\mathrm{D})$ . Also note that thi $\mathrm{s}$ est imate holds
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even if $\mathrm{D}$ is an exterior domain because usual ellptic estimates hold.

\S 2. On the $\mathrm{s}$ tat ionary problem in $\mathrm{R}^{3}$

In this section, we shall show the basic estimations of

solutions to the following stationary linearized equations in $\mathrm{R}^{3}$ with

a complex parameter $\lambda$ :

$\lambda p+\gamma\cdot \mathrm{d}\mathrm{i}\mathrm{v}\mathrm{v}$
$=\mathrm{f}_{1}$ ,

(2.1) xv – $\alpha\Delta \mathrm{v}$ – $\delta\nabla(\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{v})$ $+$ $\gamma\cdot\nabla \mathrm{p}+\omega\cdot\nabla\Theta$ $=$
$\mathrm{f}_{2}$ in $\mathrm{R}^{3}$

$x6$ – $\kappa\Delta 6$ $+\omega\cdot \mathrm{d}\mathrm{i}_{\mathrm{V}\mathrm{v}}$

$=\mathrm{f}_{3}$ .
By taking Four $\mathrm{i}$ er transform on (2. 1) we obtain

$[_{\lambda \mathrm{I}+l\mathrm{A}}.( \epsilon)\bigwedge_{\mathfrak{l}}]_{\mathrm{U}}^{\wedge}=\theta$ .
where I is the identity, $.7(\mathrm{f})$ $=$

$\mathrm{f}$ stand for the Fourier transforms

of $\mathrm{f}$ , uu $=\mathrm{T}$

$(p , \mathrm{v}. 6)$ , $\mathrm{f}$ $=\mathrm{T}(\mathrm{f}_{1}, \mathrm{f}_{2} , \mathrm{f}_{3})$ . H.e re $\mathrm{A}\wedge\langle\zeta$ ) $\mathrm{i}\mathrm{s}5\cross 5$ $\mathrm{s}$ ymmetr $\mathrm{i}\mathrm{c}$

matrix as follows:

$\mathrm{A}^{\wedge}(\zeta.)=$

where $i=\sqrt{-1}$ and $\delta_{\mathrm{j}\mathrm{k}}=0$ when $\mathrm{k}\neq \mathrm{j}$ and $=1$ when $\mathrm{k}=\mathrm{j}$ . Then we have

$(2. 2\mathrm{a})$ $[x\cdot \mathrm{I}+_{\mathrm{A}}\Lambda(\zeta)]^{-1}=\{\mathrm{d}\mathrm{e}\mathrm{t}[\lambda.\mathrm{I}+\mathrm{A}\wedge(\zeta)]\}^{-1}\cdot \mathrm{X}(x;\zeta)$ ,

$(2. 2\mathrm{b})$ $\det[\lambda.\mathrm{I}+_{\mathrm{A}}\wedge(\zeta)]=(x+\alpha|\zeta | 2)$ $2\mathrm{F}(\lambda;|\zeta|)$ ,

where

$(2. 2\mathrm{c})$ $\mathrm{F}(\lambda;|\zeta|)=\lambda^{3_{+(\alpha+_{\theta}}}+_{\kappa)}|\zeta|$ [$(2_{\mathrm{x}^{2}\star\alpha+}\theta)\mathrm{K}$ I $\mathrm{g}|\gamma+_{\omega^{2}}$ ]$2_{+}2|\zeta$ I $2_{\lambda+_{\mathrm{V}^{2}}}\kappa|_{\backslash }\mathrm{e}|\sim 4$

and $\mathrm{X}(x;_{\mathrm{t}}^{\mathrm{e}}, )$ $=$
$(\mathrm{a}_{\mathrm{i}^{\mathrm{j}}}\sim(\lambda;\zeta))$

$\mathrm{i}s$ the 5 $\cross 5$ matrix and the $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{P}^{\mathrm{o}\mathrm{n}\mathrm{e}}\mathrm{n}\mathrm{t}s$ are

$\tilde{\mathrm{a}}_{11}=$
$(x\star\alpha|\zeta|2_{)\mathrm{t}(}2\mathrm{x}^{2}+\alpha+\theta+\kappa)|\zeta \mathfrak{l}^{2_{x+}}[\omega^{2}+(\alpha+\rho)\mathrm{K}|\epsilon|^{2_{]}}\cdot|\zeta|\}2$ ,

$\tilde{\mathrm{a}}_{15}=\tilde{\mathrm{a}}_{51}=-\gamma\omega(\chi+\alpha|_{\mathrm{e}}\epsilon, |22)|\zeta 12$ ,

$(2. 2\mathrm{d})$ $\tilde{\mathrm{a}}_{1,\mathrm{j}}=\tilde{\mathrm{a}}_{\mathrm{j},1}=-i\gamma(_{\lambda}+_{\alpha}|\zeta|2_{)^{22_{)\zeta_{\mathrm{j}-1}}}}(\chi+\kappa 1^{\zeta 1}(\mathrm{j}=2,3,4)$ ,

$\tilde{\mathrm{a}}_{5,\mathrm{j}}=\tilde{\mathrm{a}}_{\mathrm{j},5}=-i\omega\lambda(\chi+\alpha \mathrm{I}\mathrm{g}\mathrm{I}2_{)^{2}}\mathrm{g}_{\mathrm{j}-_{1}}(\mathrm{j}=2,3,4)$ ,

$\tilde{\mathrm{a}}_{55}=$ ( $\alpha|\zeta$ I 2) 2
$\{\lambda^{2}+(\alpha+\theta)|\zeta|^{2}\chi+_{\mathrm{v}}22 \mathrm{g}1\}$ .
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$\overline{\overline{\mathrm{a}}}_{\mathrm{i}\mathrm{j}}$

$=$ $(\chi+\alpha 1\zeta|^{2_{)\mathrm{t}\mathrm{x}(\star}}\chi\alpha 1\zeta|)2(x+\kappa|\zeta|^{2_{)\delta_{\mathrm{i}}}}\mathrm{j}$

$+(\delta_{\mathrm{i}\mathrm{j}}|\zeta|^{2_{-}}\zeta \mathrm{i}-1\zeta_{\mathrm{j}-})1$ ( $\theta x^{2_{+}}[\theta \mathrm{K}|\zeta$ I $\gamma]\lambda+\gamma \mathrm{K}|\zeta 222|^{2}$ ) $\}$ ,

$(\mathrm{i}, \mathrm{j} = 2,3,4)$ .

From the spectral analysis of $\wedge l\lambda(\xi)$ given by Matsumura and Nishida

[12] (cf. Ponce [17]) we have

Lemma 2. 1. Let $\mathrm{t}x_{\mathrm{j}}(\zeta)\}\mathrm{j}=15$ be the roots of $\mathrm{d}\mathrm{e}\mathrm{t}[\mathrm{x}\cdot \mathrm{I}+_{\mathrm{A}}\wedge(\backslash \mathrm{e}_{\vee})]=0$ ,

where $x_{4}(\xi)$ $=x_{5}(_{\iota}\mathrm{e}_{\backslash }$. $)=$ -
$\alpha|\zeta 1^{2}$ Then it follows that:

(i)
$\mathrm{x}_{\mathrm{j}}(\zeta)$ dePends on 1 $\zeta|\mathrm{o}\mathrm{n}1^{\mathrm{y}},$

$\mathrm{x}_{\mathrm{j}}(0)=0$ and ${\rm Re} x_{\mathrm{j}}(\zeta)<0$ for $\mathrm{a}\mathrm{n}^{\mathrm{y}}$
$|\backslash \epsilon|$

$>0$ , $\mathrm{j}$ $=$ $1,$ $\cdots,$ $5$ .

$(\mathrm{i}\mathrm{i})\mathrm{x}_{\mathrm{j}}(\xi)\neq \mathrm{x}_{\mathrm{k}}(\xi),$
$\mathrm{j}\neq \mathrm{k}$ and $\mathrm{j}$ . $\mathrm{k}=1,2$ , 3, 4 for all $|\backslash \mathrm{e}_{\wedge}|$ excePt at

most four points of $|\zeta|$ $>0$ .
$(\mathrm{i}\mathrm{i}\mathrm{i})$ There exi st posi $\mathrm{t}$ ive constants $\mathrm{r}_{1}$ such that X $\mathrm{j}(\zeta)$ has a Taylor

series $\mathrm{e}\mathrm{x}\mathrm{P}\mathrm{a}\mathrm{n}\mathrm{s}$ ion for $|\zeta|$
$<\mathrm{r}_{1}$ as follows: $\mathrm{x}_{1}(\zeta)$ $=\overline{\mathrm{x}_{2}(_{\backslash }\mathcal{E})\wedge}\mathrm{i}\mathrm{s}$ a $\mathrm{c}\mathrm{o}\mathrm{m}^{\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{X}}$

number. $x_{3}(\zeta)$ is a real number and

$x_{1^{(\zeta)}}=( \gamma^{2_{+\omega}2})^{1/2_{(|}}i\zeta|)+\frac{(\mathrm{v}^{2_{+_{\omega^{2}}}})(\alpha+\Gamma))+_{\omega^{2}\mathrm{K}}}{22}(i|\zeta|)^{2}+$
$\cdot$ . . . ,

2 $(\gamma+_{\omega})$

$\mathrm{x}_{3^{(\xi)}}=\frac{\gamma^{2_{\kappa}}}{22}(i|\xi|)^{2}+\frac{\gamma^{2}\omega^{22}\mathrm{K}\{(\gamma^{22_{)}2}+\omega(\alpha+\rho)-\gamma\kappa\}}{224}(i|\xi|)^{4}+$
$\cdot$ . . . .

$\gamma+_{\omega}$ (V $+_{\omega}$ )

$\mathrm{S}$ imilarly, there exi $s\mathrm{t}$ posi $\mathrm{t}$ ive constant $s\mathrm{r}_{2}>$ $\mathrm{r}_{1}$ such that $x_{\mathrm{j}}(_{\backslash }^{\mathrm{e}}$. $)$ ha $\mathrm{s}$

a Laurent ser $\mathrm{i}$ es expansion for $|\zeta|$ $>$
$\mathrm{r}_{2}$ as follows: If $\alpha$ $+$ $\beta$ $\neq\kappa$ ,

then $\mathrm{x}_{\mathrm{j}}(\zeta)$ are real numbers and

$x_{1^{(\zeta)}}=( \alpha+\rho)(i|\mathrm{g}|)2+\frac{\gamma^{2}\kappa-(\gamma^{2_{+}}\omega)2\langle\alpha+\theta)}{(\alpha+\rho)(\alpha+\theta-\mathrm{K}^{)}}+\cdots\cdots\cdot$ ,

$\lambda_{2}(\zeta)=\mathrm{K}(i|\zeta|)^{2}-\frac{\omega^{2}}{\mathrm{K}-\alpha-_{\delta}}+\cdot$ . . . . . . . . . .
$x_{3^{(\zeta)}}=$

-
$\overline{\alpha}+X_{\frac{2}{\theta}}+$

$\cdot$ . . . . . . . . .
If $\alpha+\beta=\kappa$ , then $\mathrm{x}_{1}(\zeta)=\overline{x_{2}(\zeta)}$ is a complex number, $\mathrm{x}_{3}(\zeta)$ is a real

number and

$x_{1}(\zeta)$
$=$

$\kappa(i|\zeta|)^{2}$
$+$ $\sqrt{\omega}(i|\zeta|)$ $+$ $\cdots\cdots\cdot$ ,
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$x_{3}(\zeta)$
$=$

$-\mathrm{L}^{2}\mathrm{K}+$
$\cdots\cdots\cdots$ .

(iv) There exi sts a $\mathrm{p}\mathrm{o}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ constants $\theta_{0}$ , $\theta_{1}$ , $\theta_{2}$ and $\mathrm{r}_{1}$ such that

- $\delta_{0}|_{\backslash _{-}}^{\mathrm{g}}|^{2}\leq{\rm Re}\lambda_{\mathrm{j}}(_{\neg}^{\mathrm{e}}.$. $)\leq$ - $\theta_{1}|\zeta|^{2}$ for $|\xi|$
$<\mathrm{r}_{1}$ and ${\rm Re}\lambda_{\mathrm{j}}(\xi)<$

-
$\mathcal{B}_{2}$ for $|_{\mathrm{c}_{\neg}}\mathrm{e}_{\wedge}|$

$>\mathrm{r}_{2}$ , $\mathrm{j}=1$ , 2, $\cdots$ . $5$ .
Now we set for if $\epsilon \mathrm{X}_{\mathrm{q}}(\mathrm{R}^{3})$ . $\mathrm{f}=\mathrm{T}_{\{\mathrm{f}_{\mathrm{j}}}$ } $\mathrm{j}=15$

(2.3) $\mathbb{R}_{0}(\chi)\mathrm{f}(\mathrm{X})=7^{-1}\{[\lambda \mathrm{I}+\mathrm{A}\wedge(\xi)]^{-1}\mathrm{f}(\xi)\}(\mathrm{X})$

5
$=\mathrm{T}_{\{\Sigma \mathrm{R}_{\mathrm{i}\mathrm{j}^{(}\mathrm{j}=}}\mathrm{f}\mathrm{i}1(_{\mathrm{X})}$}

$5$

,

where $\mathrm{R}_{\mathrm{i}^{\mathrm{j}}}(\chi)$
$=.7^{-1}\{[\lambda \mathrm{I}+\mathrm{A}\wedge(\zeta)]\mathrm{a}_{\mathrm{i}^{\mathrm{j}}}-1\sim(\mathrm{x};\zeta) ?\}$ . When $\mathrm{f}=\mathrm{T}_{\mathrm{t}\mathrm{f}_{5}}\mathrm{f}_{1},$

$\mathrm{f}_{2},$ } where

$\mathrm{f}_{2}$
$=$

$(\mathrm{f}_{2}, \mathrm{f}_{3} , \mathrm{f}_{4})$ we shall use the representat ion as follows:

(2.4) $\mathbb{R}_{0}(\chi)\mathrm{f}(\mathrm{x})$
$=\mathrm{T}_{\{\mathrm{R}_{0,p}}(\chi)\mathrm{f}(\mathrm{x}).\mathrm{R}_{0,\mathrm{v}}(\chi)\mathrm{f}(\mathrm{x}),$

$\mathrm{R}_{0,6}(\chi)\mathrm{f}(\mathrm{x})\}$ .
Then we shall have the following estimates of $\mathbb{R}_{0}(\chi)\mathrm{f}$ whi ch $\mathrm{i}\mathrm{s}$ the

core of our argument.

The $\mathrm{o}\mathrm{r}$ em 2. 2. Let 1 $<$ $\mathrm{q}<\infty$ , $\mathrm{b}$ be a positive number and $\mathrm{x}_{\mathrm{q},\mathrm{b}}(\mathrm{R}^{3})$

be the same symbol as in $(0.5)$ . Then for any $\mathrm{f}$

$\in \mathrm{X}_{\mathrm{q},\mathrm{b}}(\mathrm{R}^{3})$ any $\chi\in$ $\{\chi$

$\epsilon \mathrm{C}$ ; ${\rm Re}\lambda\geq 0$ , $0<$ $|\chi|$ $\leq 1$ }

$||( \frac{\mathrm{d}}{\mathrm{d}x})^{\mathrm{k}}\mathbb{R}_{\mathrm{o}}(\lambda)\mathrm{f}||$ $+$ $||( \frac{\mathrm{d}}{\mathrm{d}\mathrm{x}})^{\mathrm{k}}\mathbb{P}\mathbb{R}_{\mathrm{o}}(\lambda)\mathrm{f}||$

$\mathrm{X}_{\mathrm{q}}.(\mathrm{B}_{\mathrm{b}})$

2, $\mathrm{q},$
$\mathrm{B}_{\mathrm{b}}$

$\leq$ Cmax $\{1, |\chi|^{1/2-\mathrm{k}}\}||$ ff $||$

$\mathrm{X}_{\mathrm{q}}(\mathrm{R}^{3})$
’

where $\mathrm{k}$ are integers $\geq 0$ and $\mathrm{C}$ $=$ C(q, b, k) is a constant.

Finally in this section, we shall investigate the continuity as
$\lambda$. $arrow 0$ for the operator $\mathbb{R}_{0}(\chi)$ and the properties for $\mathbb{R}_{0}(0)$ .

Lemma 2. 4. Let 1 $<$ $\mathrm{q}<\infty$ and $\mathrm{b}$ be a $\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}$ ive number and let $\mathrm{f}$
$\epsilon$

$\mathrm{X}_{\mathrm{q},\mathrm{b}}(\mathrm{R}^{3})$ . Then $\mathrm{T}_{\mathbb{R}_{0}}(0)$ ff $\epsilon \mathrm{w}_{\mathrm{q}}^{1}$

, loc
$(\mathrm{R}^{3})\cross\lambda \mathrm{V}_{\mathrm{q}}^{2}$

, loc
$(\mathrm{R}^{3})\cross \mathrm{W}_{\mathrm{q}}^{2}$

, loc
$(\mathrm{R}^{3})$ and

(2. 5)
$\lim_{\mathrm{R}arrow\infty}\mathrm{R}^{-3}\int_{\mathrm{R}<\mathrm{I}|\mathrm{R}}|\mathrm{x}<2\mathbb{R}_{\mathrm{o}}(0)\mathrm{f}|^{\mathrm{q}_{\mathrm{d}\mathrm{x}}}=$

$0$ .

Moreover,

(2. 6) $||^{\mathrm{T}}\mathrm{R}_{0}(\chi)$ tf – $\mathrm{T}_{\mathrm{R}_{0}}(0)\mathrm{f}||_{\mathrm{W}^{1}}$

$(\mathrm{R}^{3_{)\cross}}\mathrm{t}\#^{2}.$ $(\mathrm{R}^{3_{)\mathrm{x}\mathrm{W}}2}$ $(\mathrm{R}^{3})$
$arrow 0$

q, loc q, loc q, loc

179



as $)_{\backslash }arrow 0$ and ${\rm Re}\lambda\geq 0$ .

\S 3. Proo $\mathrm{f}$ of Theorem A.

First note that by Lemma 2. 1 $(\mathrm{i}\mathrm{i}\mathrm{i})$

$\mathrm{d}\mathrm{e}\mathrm{t}[\chi+l\lambda\uparrow\zeta$ ) $1$ $\neq 0$ for X $\epsilon$ $\Sigma$
’ $’=$ { $\chi\in \mathrm{C}$ ; $\mathrm{C}5^{\mathrm{e}\chi}$

$+$ (Imx) $2_{>}$
$0$ }

where $\mathrm{C}$

$1\mathrm{i}\mathrm{s}$ a constant depending only on $\alpha$ , $\beta$ , $\gamma$ , $\kappa$ , and $\omega$ . Comb $\mathrm{i}\mathrm{n}$ ing

thi $\mathrm{s}$ wi th Theorem 1. 1 we take the constant $\mathrm{C}$ in the paraboli $\mathrm{c}$ regi on

$\Sigma=$ $\{\chi\in \mathrm{C}; \mathrm{c}_{1}{\rm Re}\lambda+ ({\rm Im}\chi)^{2}>0\}$ so that $\Sigma\subset\Sigma$ ’ $\cap\Sigma$ ’ In view of

Remark 1. 4, we only show $(0.5)$ . Now we shall construct parametr ix to

(1. 1) in $\Omega$ . Let
$\Theta\Omega\subset \mathrm{B}_{\mathrm{R}_{0}}$

$\mathrm{b}$ be a $\mathrm{f}$ ixed constant $\mathrm{b}$

$>\mathrm{R}_{0}$
$+$ 3 and let $\Omega_{\mathrm{b}}$

$=$
$\Omega\cap \mathrm{B}_{\mathrm{b}}$ . Given $\mathrm{x}\in$ $\Sigma$ and $\mathrm{g}\in \mathrm{x}_{\mathrm{q}}(\Omega_{\mathrm{b}})$

, let $\mathrm{T}_{\mathrm{Y}\mathrm{V}}\in \mathrm{w}_{\mathrm{q}}^{1}(\Omega_{\mathrm{b}})\cross 1\mathrm{V}_{\mathrm{q}}^{2}(\Omega_{\mathrm{b}})\cross \mathrm{w}_{\mathrm{q}}^{2}(\Omega_{\mathrm{b}})$

be solutions to the problem:

$\mathrm{t}_{\lambda+}l\lambda)\mathrm{W}=$ $g$ in $\Omega_{\mathrm{b}}$ ,

$\mathbb{P}\mathrm{t}\mathrm{v}=$ $0$ on $\Theta\Omega_{\mathrm{b}}$ .

The exi stence of such $\mathrm{w}\mathrm{i}\mathrm{s}$ guaranteed by Remark 1. 4. In terms of $1’\backslash$ ,

let us define the operator $\mathrm{L}(\chi)$ by relations:

(3.1) $\mathrm{V}\vee=$ L(x)g

$=$
$\{\mathrm{L}(\chi p\mathrm{V}\mathrm{e})\mathrm{g}, \mathrm{L}(\lambda)\mathrm{g}, \mathrm{L}(\chi)\mathrm{g}\}$ .

Here and hereafter, for $\mathrm{f}\in \mathrm{x}_{\mathrm{q}}(\Omega)$ . we put $\mathrm{f}_{0}(\mathrm{x})$
$=$ $\mathrm{f}(\mathrm{X})$ for $\mathrm{x}\in\Omega$ and

$=$ $0$ for $\mathrm{x}\in \mathrm{R}^{3}\backslash \Omega$ , $\mathfrak{n}_{\mathrm{b}}\mathrm{f}$ stands for the restriction of $\mathrm{f}$ to $\Omega_{\mathrm{b}}$ . By

Remark 1. 4 and (3. 1) we have

(3.2) II $\mathrm{L}(\chi)\mathrm{T}\mathrm{T}$ fll $+$ II $\mathbb{P}\mathrm{L}(\chi)\mathrm{T}\mathrm{T}$ fll
$\mathrm{b}$

$\mathrm{X}_{\mathrm{q}}(\Omega_{\mathrm{b}})$

$\mathrm{b}$ 2, $\mathrm{q},$
$\Omega_{\mathrm{b}}$

$\mathrm{X}_{\mathrm{q}}(\Omega)$

$\leq \mathrm{C}(\mathrm{q}, \mathrm{b}, \chi)||\mathrm{f}||$ for any $\mathrm{f}$

$\in \mathrm{x}_{\mathrm{q}}(\Omega)$ .

Let $|\mathrm{R}_{0}(\chi)$ . $\mathrm{R}_{0},$ $p(\chi)$ , $\mathrm{R}_{0},$ $\mathrm{v}(\chi)$ and $\mathrm{R}_{0,6}(\lambda)$ be the same $\mathrm{s}$ ymbol as in

(2. 3) and (2. 4). Since $\mathrm{d}\mathrm{e}\mathrm{t}[\mathrm{x}+\mathrm{A}\wedge(\zeta)]$ $\neq 0$ whenever $\zeta$

$\in \mathrm{R}^{3}$ and $\lambda\in$ $\Sigma$ , by

Theorem 7. 9. 5 of [61 , we see that

(3 3)
$||\mathbb{R}_{0}(\lambda)\mathrm{f}0^{||}\mathrm{x}_{\mathrm{q}}(\mathrm{R}^{3})$

$+$
$||\mathbb{P}\mathbb{R}_{0^{(_{\lambda}}})$ ff 0 $|\mathrm{I}_{2,\mathrm{q},\mathrm{R}^{3}}$
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$\mathrm{X}_{\mathrm{q}}(\Omega)$

$\leq \mathrm{C}(\mathrm{q}, \chi)1\mathrm{I}\mathrm{f}||$ for any $\mathrm{f}$

$\in \mathrm{X}_{\mathrm{q}}(\Omega)$ .
$\infty$ 3Let $\varphi$

$\in$ $\mathrm{C}$ $(\mathrm{R} )$ such that $\varphi(\mathrm{x})$ $=$ $0$ for $|\mathrm{X}|$ $\leq \mathrm{b}$ – 2 and $=|$ 1 for $|\mathrm{X}|$ $\geq \mathrm{b}$

- 1. We introduce the operator [$\mathrm{i}_{1}(\chi)$ by the relations:

(3.4) $\Omega_{1}(\mathrm{x})\mathrm{f}$
$=\mathrm{T}_{\{\{\mathrm{D}_{1,p^{()\mathrm{f},\mathrm{o}}\mathrm{v}}}\lambda 1,(x)\mathrm{f},$ $Q1.6(\lambda)\mathrm{f}\}$

$:=\varphi \mathbb{R}_{0}(\chi)(\mathrm{f}_{0})$
$+$

$(1-\varphi)\mathrm{L}(\chi)\mathfrak{n}_{\mathrm{b}}\mathrm{f}$ for any $\mathrm{f}$

$\in \mathrm{x}_{\mathrm{q}}(\Omega)$ ,

Then by (3. 2) and (3. 3) we have

(3. 5) $\mathrm{T}_{\Omega_{1}}(\chi)\mathrm{f}$ $\in \mathrm{w}_{\mathrm{q}}^{1}(\Omega)\cross\}\mathrm{V}_{\mathrm{q}}^{2}(\Omega)\cross \mathrm{W}_{\mathrm{q}}^{2}(\Omega)$ for any $\mathrm{f}$

$\in \mathrm{x}_{\mathrm{q}}(\Omega)$ ,

(3.6)
$||\mathfrak{g}_{1}(\chi\rangle \mathrm{f}|\mathrm{I}_{\mathrm{X}_{\mathrm{q}}}(\Omega)$

$+$
$||\mathbb{P}\Omega_{1}(\lambda)\mathrm{f}|\mathrm{I}_{2,\mathrm{q}},$

$\Omega$

$\mathrm{x}_{\mathrm{q}^{(\Omega)}}$

$\leq \mathrm{C}$ ( $\mathrm{q},$ $x$ , b) 11 $\mathrm{f}$ II for any $\mathrm{f}\in \mathrm{x}_{\mathrm{q}}(\Omega)$ ,

and

$(3. 7\mathrm{a})$ $(\chi+\mathrm{A})\copyright_{1}(\chi)\mathrm{f}=\mathrm{f}+$ V (x) ff in $\Omega$ ,

$(3. 7\mathrm{b})$ $\mathbb{P}@_{1}(\chi)$ ff $=0$ on $\Theta\Omega$ ,

where $\gamma_{||}\cdot(\chi)$ if $=\mathrm{T}_{\{\mathrm{v}_{p}}(\chi)\mathrm{f},$ $\mathrm{V}(\chi)\mathrm{f}$ , V (x) $\mathrm{f}\}$ and

$(3. 8\mathrm{a})$ $\mathrm{v}_{p}(\chi)$ ff $=\gamma\nabla\varphi[\mathrm{R}_{0,\mathrm{v}}(\chi)(\mathrm{f}_{0})-\mathrm{L}_{\mathrm{v}}(\chi)\Pi \mathrm{f}\mathrm{b}]$ ,

$(3. 8\mathrm{b})$ $\mathrm{v}_{\mathrm{V}}(\chi)\mathrm{f}=$
-

$\alpha[\Delta\varphi+2(\Theta_{\mathrm{j}}\varphi)\Theta_{\mathrm{j}}][\mathrm{R}_{0,\mathrm{v}}(\chi)(\mathrm{f}_{0})-\mathrm{L}_{\mathrm{v}}(\chi)\mathfrak{n}_{\mathrm{b}} \mathrm{f}]$

$-\beta\nabla\{\mathrm{a}_{\mathrm{j}^{\varphi}\mathrm{j}}[\mathrm{R}(\chi)(\mathrm{f})-\mathrm{L}\chi 0, \mathrm{V}0\mathrm{v}^{()\mathrm{f}}\mathfrak{n}\mathrm{b}]\}$

$-\beta\nabla\varphi\{\mathrm{d}\mathrm{i}\mathrm{v}[\mathrm{R}(\chi)0, \mathrm{V}0(\mathrm{f})-\mathrm{L}(\lambda)\mathrm{T}\mathrm{T}\mathrm{f}]\mathrm{V}\mathrm{b}\}$

$+$
$\gamma\nabla\varphi[\mathrm{R}_{0,\mathrm{p}}(_{\lambda})(\mathrm{f}_{\mathrm{o}^{)}}-\mathrm{L}\mathrm{p}(\lambda)\mathfrak{n}\mathrm{f}]\mathrm{b}$

$+$
$\omega\Theta_{\mathrm{j}}\varphi[\mathrm{R}\mathrm{o}, 6^{(\chi})(\mathrm{f}_{0})-\mathrm{L}_{6}(\mathrm{x})\mathfrak{n}_{\mathrm{b}^{\mathrm{f}]}\mathrm{j}}$ ,

$(3. 8\mathrm{c})$ $\mathrm{v}_{6}(\chi)\mathrm{f}$
$=$ –

$\kappa[\Delta\varphi+2\mathrm{a}_{\mathrm{j}^{\varphi}}\mathrm{a}_{\mathrm{j}}][\mathrm{R}_{0.6}(\chi) ( \mathrm{f}_{0})-\mathrm{L}_{6}(\lambda)\mathfrak{n}_{\mathrm{b}}\mathrm{f}]$

$+\omega \mathrm{a}_{\mathrm{j}^{\varphi[},\mathrm{V}}\mathrm{R}_{\mathrm{o}}(\lambda)(\mathrm{f}_{\mathrm{o}^{)}\mathrm{v}\mathrm{b}}-\llcorner \mathrm{t}x)\mathfrak{n}$ fl
$\mathrm{j}$

.
Our task is to prove that I $+\psi(\chi)$ has the bounded inverse from $\mathrm{X}_{\mathrm{q}}(\Omega)$

onto $\mathrm{i}\mathrm{t}s$ elf. It follows from (3. 2). (3. 3) and (3. 8) that $\mathrm{T}_{\mathrm{t}_{\theta^{l}}}(\chi)$

$\epsilon$

$(\mathrm{B}(\mathrm{X}_{\mathrm{q}}(\Omega), \mathrm{w}_{\mathrm{q}}^{2}(\Omega)\cross \mathrm{W}_{\mathrm{q}}^{1}(\Omega)\cross \mathrm{W}_{\mathrm{q}}^{1}(\Omega))$ for each $\mathrm{x}\in\Sigma$ . Since suppV $(\lambda)\mathrm{f}\subset \mathrm{D}_{\mathrm{b}-1}$
$=$

{ $\mathrm{x}\in$
$\mathrm{R}^{3}$ ; b-2 $<$ $|\mathrm{X}|$ $<\mathrm{b}-1$ }. by Relli $\mathrm{c}\mathrm{h}’ \mathrm{s}$ compactness theorem $\backslash _{||}(\chi)$ $\mathrm{i}\mathrm{s}$ a

compact operator from $\mathrm{X}_{\mathrm{q}}(\Omega)$ onto $\mathrm{i}$ tself. Thus by Fredholm’ $\mathrm{s}$
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alternative theorem, it suffices to show that I $+1\#’(\chi)$ is injective

in $\mathrm{x}_{\mathrm{q}}(\Omega)$ in order to prove that I $+$ V $(\chi)$ has the bounded inverse. Let

$(\mathrm{I}+\mathbb{V}(\chi))\mathrm{f}$ $=$ $0$ in $\Omega$ , $\mathrm{f}$

$\in \mathrm{x}_{\mathrm{q}}1\Omega$
). Then $\mathrm{i}\mathrm{t}$ follow$s\mathrm{f}$ rom (3. 5) , (3. 7) and

$\mathrm{K}\mathrm{e}\mathrm{r}\{\chi+l\dot{\not\in}\mathrm{q}\}$ $=$ $0$ that

{$\mathrm{D}_{1}(x)\Uparrow$ $=$ $0$ in $\Omega$ ,

$\mathbb{P}\{\mathrm{D}_{1}(_{\lambda)\mathrm{f}}$
$=$ $0$ on $\Theta\Omega$ ,

which together with (3.4) and implies that

$(3. 9\mathrm{a})$ $\mathbb{R}_{0}(\chi)(\mathrm{f}_{0})$ $=0$ for $|\mathrm{X}|$ $\geq \mathrm{b}$ – 1 ,

$(3. 9\mathrm{b})$ $\mathrm{L}(\chi)\mathfrak{n}_{\mathrm{b}}\mathrm{f}$ $=0$ for $|\mathrm{X}|$ $\leq \mathrm{b}$ – 2.

Put $E$ $=$
$\mathfrak{n}_{\mathrm{b}}\mathbb{R}_{0}(\chi)(\mathrm{f}_{0})$

– $\mathrm{w}$ where $\mathrm{w}=$ $\mathrm{L}(\chi)\mathfrak{n}_{\mathrm{b}}\mathrm{f}$ in $\Omega_{\mathrm{b}}$ and $=$ $0$ in $\mathrm{R}^{3}\backslash \Omega$ . By

(3.9b) we know that $\mathrm{T}_{\mathrm{R}\mathrm{V}}\in \mathrm{w}_{\mathrm{q}}^{1}(\mathrm{B}_{\mathrm{b}})\cross 1\mathrm{V}_{\mathrm{q}}^{2}(\mathrm{B}_{\mathrm{b}})\cross \mathrm{W}_{\mathrm{q}}^{2}(\mathrm{B}_{\mathrm{b}})$ and

$(\mathrm{x}+\mathrm{A})_{7\mathrm{V}}=$ $\mathfrak{n}_{\mathrm{b}}^{0}\mathrm{f}_{0}$ in $\mathrm{B}_{\mathrm{b}}$ , $\mathbb{P}\mathrm{t}\mathrm{v}=$ $0$ on 1 $\mathrm{x}|$ $=\mathrm{b}$ ,

vrhere $\mathfrak{n}_{\mathrm{b}}^{0}\mathrm{f}_{\mathrm{o}}$ stands for the restriction of if
$0$

to $\mathrm{B}_{\mathrm{b}}$ , and hence we see

that

$(x+\mathrm{A})\mathrm{z}$ $=$ $0$ in $\mathrm{B}_{\mathrm{b}}$ , $\mathbb{P}\mathrm{u}=$ $0$ on 1 $\mathrm{x}|$ $=\mathrm{b}$ ,

whi ch wi th the help of Theorem 1. 1 means that $\mathrm{z}$ $=$ $0$ in $\mathrm{B}$ As a
$\mathrm{b}$

.

results, we have

(3. 10) $\mathbb{R}_{0}(x)(\mathrm{f}_{0})$ $=\mathrm{L}(\mathrm{x})\mathfrak{n}\mathrm{f}\mathrm{b}$ in $\Omega_{\mathrm{b}}$ .

Comb ining (3. 4) and (3. 10) , we see that

(3. 11) $\mathbb{R}_{0}(x)(\mathrm{f}_{0})$ $=\varphi\{\mathbb{R}_{\mathrm{o}^{(}}\mathrm{x})(\mathrm{f}_{\mathrm{o}^{)-\mathrm{L}}\mathrm{b}}(\chi)\Pi \mathrm{f}\}$ $+\mathbb{R}_{0}(_{\lambda})(\mathrm{f}_{0})$

$=i\mathrm{D}_{1}(\chi)\mathrm{f}$
$=$ $0$ in $\Omega_{\mathrm{b}}$ .

It follows $\mathrm{f}$ rom (3. 9) and (3. 11) that $\mathbb{R}_{0}(\chi)(\mathrm{f}_{0})$
$=$ $0$ in $\Omega$ , whi ch

together $\mathrm{w}\mathrm{i}$ th (2. 1) impli es that $\mathrm{f}_{0}$
$=$

$\mathrm{f}$ $=$ $0$ in $\Omega$ . Therefore, we have

prove that $(\mathrm{I}+^{\lambda_{\mathrm{J}}f},(\lambda))$ has the bounded inver se $(\mathrm{I}+\mathbb{V}(\chi))^{-1}\mathrm{f}$ rom $\mathrm{x}_{\mathrm{q}}(\Omega)$

$-1$
onto $\mathrm{i}$ tself. Given $\mathrm{f}$

$\in \mathrm{x}_{\mathrm{q}}(\Omega)$ , if we Put $\mathrm{u}=\mathrm{B}_{1}(\chi)(\mathrm{I}+^{\mathrm{t}}|.|(\chi))$ by (3. 7)

and (3. 6) we see that $(\mathrm{x}+\mathrm{A})\mathrm{u}=$ ff in $\mathrm{x}_{\mathrm{q}}(\Omega)$ and $\#\mathrm{J}\in 9(\mathrm{A})$ , wh $\mathrm{i}$ ch means
$-1$

that the inverse $(\mathrm{x}+\mathrm{A})$ of $(\lambda+\mathrm{A})$ $\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{s}$ , and it $\mathrm{i}\mathrm{s}$ bounded, that $\mathrm{i}\mathrm{s}$
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by (3.6)

$-1$ $-1$
11 $(x+\mathrm{A})$

$\mathrm{f}\mathrm{I}\mathrm{I}_{\mathrm{X}_{\mathrm{q}}}(\Omega)$

$+$ $||\mathbb{P}(x+\mathrm{A})$
$\mathrm{f}\mathrm{I}\mathrm{I}_{2,\Omega}\mathrm{q}$,

$\leq \mathrm{C}(\mathrm{q}, \mathrm{b}, \chi)$ II $(\mathrm{I}+\backslash _{||},,, (_{\lambda}))^{-}1_{||}$
$||\mathrm{f}$ Il

$\mathrm{B}(\mathrm{x}_{\mathrm{q}}(\Omega))$ $\mathrm{X}_{\mathrm{q}}(\Omega)$

for any $\mathrm{f}$

$\in \mathrm{x}_{\mathrm{q}}(\Omega)$ , whi ch completes the proof.

$-1$
$\zeta^{\backslash }34$ . Be ha vi our of $(x+\mathrm{A})$ near $\chi=0$

$-1$
In thi $\mathrm{s}$ section we shall di scuss behaviour of $(\mathrm{x}+\mathrm{A})$ near $\chi$ $=$ $0$ .

Our goal of this section is to prove the following theorem. Set

$\mathrm{Y}_{\mathrm{q},\mathrm{b}}(\Omega)$
$=$ { $\mathrm{f}$

$\in \mathrm{Y}_{\mathrm{q}}(\Omega_{\mathrm{b}})$
; $\mathrm{f}(\mathrm{x})$ $=$ $0$ for $\mathrm{x}\in \mathrm{R}^{3}\backslash \mathrm{B}_{\mathrm{b}}$ }.

Theo $\mathrm{r}$ em 4. 1. Let 1 $<\mathrm{q}<\infty$ , $\mathrm{b}_{0}$ be a number such that
$\mathrm{B}_{\mathrm{b}_{0}}$

$\supset \mathrm{R}^{3}\backslash$

$\Omega$ and let $\mathrm{b}\succ \mathrm{b}_{0}$ . Put $\mathrm{D}_{8}=$ $\{2_{\backslash }\epsilon \mathrm{C}; {\rm Re}\chi\geq 0, 0< |\chi| \leq\epsilon\}$ . $\varpi_{j}\vee$ $=$

2 $(\mathrm{Y}_{\mathrm{q},\mathrm{b}}(\Omega) ; \emptyset(\mathrm{A}))$ and $.d(\mathrm{D}_{\mathrm{S}} ; \iota y)$

$\mathrm{i}s$ the set of all $\cup y$ -valued holomorphi $\mathrm{c}$

functions in $\mathrm{D}\epsilon$ . Then, there exists a positive number $\epsilon$ and $\mathbb{R}(\chi)$ $\epsilon$

$-1$
$d(\mathrm{D}_{8} ;\vee \Re)$ such that $\mathbb{R}(\chi)\mathrm{f}$ $=$ $(x+\mathrm{A})$ if and

$||( \frac{\mathrm{d}}{\mathrm{d}\lambda})^{\mathrm{k}}\mathbb{R}(\lambda)\mathrm{f}||\mathrm{x}(\Omega_{\mathrm{b}}\mathrm{q})$

$+$ $||( \frac{\mathrm{d}}{\mathrm{d}x})^{\mathrm{k}_{\mathbb{P}}}\mathbb{R}(x)\mathrm{f}||2,$

$\mathrm{q},$
$\Omega_{\mathrm{b}}$

$\leq \mathrm{C}(\mathrm{q}, \mathrm{b}, \mathrm{k}, \mathrm{S})\max \mathrm{t}1,$
$|\chi|1/2-\mathrm{k}\}||\mathrm{f}||$

$\mathrm{k}=$ $0,1,2$ .
$\mathrm{X}_{\mathrm{q}}(\Omega)$

’

for any $\mathrm{x}\in \mathrm{D}_{8}$ and $\mathrm{f}$

$\in \mathrm{Y}_{\mathrm{q},\mathrm{b}}(\Omega)$ .
In Theorem 4. 1, in view of proof of Remark 1. 4, taking $\psi\epsilon$

$\mathrm{c}_{0}^{\infty}(\Omega_{\mathrm{b}})$ such that
$\int_{\Omega_{\mathrm{b}}}\psi(\mathrm{x})$

dx $=$ $1$ , we have the following corollary: ..

Co $\mathrm{r}\mathrm{o}11$ arv 4. 2. Let 1 $<\mathrm{q}<\infty$ , $\mathrm{b}_{0}$ be a number such that
$\mathrm{B}_{\mathrm{b}_{0}}$

$\supset \mathrm{R}^{3}$

$\backslash \Omega$ and let $\mathrm{b}$

$>\mathrm{b}0^{\cdot}$ Put $\not\subset=\mathfrak{B}$
$(\mathrm{X}_{\mathrm{q},\mathrm{b}}(\Omega) ; 9 (f\mathrm{A}))$ . Then , there exi $\mathrm{s}\mathrm{t}\mathrm{s}$ a

$-1$
$\mathrm{p}\mathrm{o}s\mathrm{i}\mathrm{t}$ ive number $\epsilon$ and $\mathbb{R}(\chi)$

$\in d(\mathrm{D}_{\mathrm{S}} ;. \Psi )$ such that $\mathbb{R}(\chi)\mathrm{f}$ $=$ $(\lambda+j_{L})$ $\mathrm{f}$ and

$||( \frac{\mathrm{d}}{\mathrm{d}\lambda})^{\mathrm{k}_{\mathrm{l}\mathrm{R}\chi}}()\mathrm{f}||\mathrm{X}_{\mathrm{q}\mathrm{b}}(\Omega)$

$+$ $||( \frac{\mathrm{d}}{\mathrm{d})}.)^{\mathrm{k}}\mathbb{P}\mathbb{R}(\chi)\mathrm{f}||2,$

$\mathrm{q},$
$\Omega_{\mathrm{b}}$

$\leq \mathrm{C}(\mathrm{q}, \mathrm{b}, \mathrm{k}, \epsilon)\max \mathrm{t}1$ . $|\chi|1/2-\mathrm{k}$ } $\{||\mathrm{f}||$ $+|x|^{-1}$

$\mathrm{X}_{\mathrm{q}}(\Omega)$

$||\mathrm{f}_{1}||\}\mathrm{q},\Omega$

for $\mathrm{k}=$ $0$ , 1 , 2, any X $\epsilon \mathrm{D}_{\mathrm{S}}$ and $\mathrm{f}$ $=$
$\{\mathrm{f}_{1} , \mathrm{f}_{2}, \mathrm{f}_{3}\}$ $\in \mathrm{x}_{\mathrm{q},\mathrm{b}}(\Omega)$ . Moreover ,
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$\mathbb{R}(\lambda)$
$=\mathbb{R}(_{\lambda})\mathbb{N}_{1}$

$+ \frac{1}{\lambda}\mathbb{R}(2_{\backslash })\mathbb{N}_{2}+\frac{1}{\lambda}\mathbb{N}_{3}$

where $\mathbb{N}_{\mathrm{j}}$

$=$
$\mathbb{N}_{\mathrm{j}}(\psi, \Omega_{\mathrm{b}})$

$\mathrm{j}$ $=$ 1 , 2, 3, are the same symbols as in (1. 2).

To prove Theorem 4. 1, in the same way to the proof of Theorcm A

we shall construct a parametrix near $\lambda$ $=$ $0$ . The key in our argument

$\mathrm{i}\mathrm{s}$ the following propo $\mathrm{s}$ ition concerning the $\mathrm{u}\mathrm{n}\mathrm{i}$ queness, $\mathrm{w}\mathrm{h}\mathrm{i}$ ch was

proved by Iwashi ta [9].

$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}_{0}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}4.3$ . Let 1 $<\mathrm{q}<\infty$ and let $\mathrm{w}^{\mathrm{m}}$

$(\Omega)$ $=$ { $\mathrm{u}$ ; there
$\mathrm{q},$

$\mathrm{E}$

exi $\mathrm{s}$ ts a $\mathrm{U}\in \mathrm{w}^{\mathrm{m}}$ $(\mathrm{R}^{3})$ such that $\mathrm{u}=\mathrm{U}$ in $\Omega$ }. $\mathrm{S}\mathrm{u}\mathrm{P}\mathrm{P}\mathrm{O}$ se that $\mathrm{u}\epsilon$

$\mathrm{q},$ loc
$\mathrm{w}^{1}$ $(\Omega)\cross\lambda \mathrm{V}^{2}$ $1\Omega)\cross \mathrm{W}^{2}$

$(\Omega)$ satisfies the homogeneous equation:
$\mathrm{q},$

$\mathrm{E}$
$\mathrm{q},$

$\mathrm{E}$
$\mathrm{q},$

$\mathrm{E}$

$l^{\mathrm{i}}‘ \mathrm{u}=$ $0$ in $\Omega$ . Pu $=$ $0$ in $\Theta\Omega$

and satisfies

$\mathrm{R}arrow\infty \mathrm{l}\mathrm{i}\mathrm{m}\frac{1}{\mathrm{R}^{3}}\int_{\mathrm{R}<1\mathrm{x}1<}2\mathrm{R}|\mathrm{t}\mathrm{l}\mathrm{I}(\mathrm{x})|^{\mathrm{q}_{\mathrm{d}\mathrm{x}}}=$

$0$ .

Then $p$ $=$ $0$ , $\mathrm{v}$ $=$ $0$ and 6 $=$ $0$ in $\Omega$ .

\S 5. Proof of $\mathrm{T}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{B}$

In this section, we shall prove Theorem B. To do this we prepare

the following lemma, which was proved by Shibata. ( $\mathrm{s}$ ee Theorem 3. 2

and 3. 7 of [18] $)$

Lemma 5. 1. Let X be a Banach space with norm $|\cdot|$ Let $\mathrm{f}(\tau)$ be aX

funct ion of $\mathrm{C}^{\infty}$ ( $\mathrm{R}-\{0\}$ ; X) such that $\mathrm{f}(\tau)$ $=$ $0$ , $|\tau|$ $\geq$ a wi th $\mathrm{s}$ ome a $>$ $0$ .

Assume that there exists a constant $\mathrm{C}(\mathrm{f})$ depending on $\mathrm{f}$ such that

for any $0<$ $|T|$ $\leq \mathrm{a}$ ,

$|( \frac{\mathrm{d}}{\mathrm{d}\tau})^{\mathrm{k}}\mathrm{f}(\tau)1_{\mathrm{x}}\leq \mathrm{C}(\mathrm{f})|\tau|^{-1/2-\mathrm{k}}$ $\mathrm{k}=$ $0$ , 1.

Put $\mathrm{g}(\mathrm{t})$ $=$ $\int_{-\infty}^{\infty}\mathrm{f}(\tau)\mathrm{e}^{-i\mathrm{t}\tau}\mathrm{d}\mathrm{t}$ . Then

$|\mathrm{g}(\mathrm{t})\mathrm{I}_{\mathrm{X}}\leq \mathrm{c}(1+\mathrm{t})-1/2_{\mathrm{C}()}\mathrm{f}$ .
Now we shall prove Theorem B. In view of the facts that when $0$ $<$

$\leq 1$ by Theorem A we have
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$\mathrm{M}-\mathrm{t}\mathrm{A}$

$+$ $\mathrm{I}\mathrm{I}$ $\mathbb{P}\Theta_{\mathrm{t}^{\mathrm{e}^{-}}}^{\mathrm{M}}\mathrm{u}\mathrm{I}\mathrm{l}\mathrm{I}\mathrm{t}\mathrm{A}$

$|\mathrm{I}\Theta_{\mathrm{t}^{\mathrm{e}}}$

$\mathrm{u}\iota||_{\mathrm{X}_{\mathrm{q}}\mathrm{t}}\Omega)$ 2, $\mathrm{q},$
$\Omega$

$\leq \mathrm{C}||(1+\mathrm{A})^{\mathrm{M}+\mathrm{N}}\mathrm{e}^{-\mathrm{t}\mathrm{A}_{\mathrm{u}}}|1_{\mathrm{X}(\Omega)}$

$\leq \mathrm{C}\mathrm{t}^{-\mathrm{N}-\mathrm{M}_{1}}|11\mathit{1}1|\mathrm{X}_{\mathrm{q}}(\Omega)$

for any lu $\epsilon \mathrm{x}_{\mathrm{q}}1\Omega$
) and any integers $\mathrm{N}\geq 1$ , $\mathrm{M}\geq 0$ , we only to show the

case $\mathrm{t}\geq 1$ . Note that by Corollary 7. 5 of [16, Chapter11 we can

wri te

(5. 1) $\mathrm{e}^{-\mathrm{t}\mathrm{A}_{\eta \mathrm{J}}}$

$= \frac{1}{2\pi i}\int_{\theta\infty}^{\beta+i\infty}-_{Z}\cdot \mathrm{e}\mathrm{t}\chi-1(\lambda\star \mathrm{A})1\mathrm{u}\mathrm{d}_{\lambda}$

$=$ $- \frac{1}{2\pi i\mathrm{t}}\int_{\theta^{+}i\infty}^{\theta i\infty}\mathrm{e}\frac{\mathrm{d}}{\mathrm{d}\chi}(\lambda+\mathrm{A}-\mathrm{t}\chi-1)1\mathrm{l}\mathrm{I}\mathrm{d}\chi$

for all $\mathrm{u}\in 9(\mathrm{A}^{2})$ , because

(5. 2)
$|1 \frac{\mathrm{d}}{\mathrm{d}\chi}(\lambda+\mathrm{A})^{-1_{\eta}}\iota \mathrm{I}1_{\mathrm{x}_{\mathrm{q}}(\Omega)}$ $\leq\frac{\mathrm{C}(\beta)}{1+1^{\chi}1^{2}}||\mathrm{n}\mathrm{I}\mathrm{I}\mathrm{l}\mathrm{x}_{\mathrm{q}}(\Omega)$ for any ${\rm Re}\chi\geq\theta$

by Theorem A. Since 9 (A2) $\mathrm{i}s$ dense in $\mathrm{x}_{\mathrm{q}}(\Omega)$ , the equat ion (5. 1) holds

in $\mathrm{X}_{\mathrm{q}}(\Omega)$ .
First we shall consi der the case $\mathrm{u}\in \mathrm{Y}_{\mathrm{q},\mathrm{b}}(\Omega)$ . Let $\mathrm{b}>\mathrm{b}_{0}$ and let

$\psi\in \mathrm{c}_{0}^{\infty}(\mathrm{R}^{3})$ such that $\psi(\mathrm{x})$ $=$ $1$ for $|\mathrm{X}|$ $\leq \mathrm{b}$ and $=$ $0$ for $|\mathrm{X}|$ $\geq \mathrm{b}$ $+$ $1$ .
Since we can move the path in the following integral to the imaginary

axi $\mathrm{s}$ by Theorem 4. 1, (5. 1) and (5. 2). we have

$\mathrm{a}_{\mathrm{x}}^{\alpha_{\psi \mathrm{e}\mathrm{Q}\mathit{1}}}-\mathrm{t}\mathrm{A}=\frac{1}{2\pi i\mathrm{t}}\mathrm{a}_{\mathrm{X}-}^{\alpha_{\{\int_{\beta i}^{\beta}\mathrm{e}}}+i\infty\infty \mathrm{t}_{\lambda-}1\psi_{\frac{\mathrm{d}}{\mathrm{d}\chi}}(+)\mathbb{U}\mathrm{d}\lambda\}$

$= \frac{1}{2\pi \mathrm{t}}\Theta_{\mathrm{X}}^{\alpha}\{\int_{-\infty}^{\infty}\mathrm{e}^{i\mathrm{t}\mathrm{S}}\psi\frac{\mathrm{d}}{\mathrm{d}\mathrm{s}}(i\mathrm{s}+\mathrm{A})^{-1}\mathrm{u}\mathrm{d}\mathrm{s}\}$

for any lu $\epsilon \mathrm{Y}_{\mathrm{q},\mathrm{b}}(\Omega)$ and multi-index $\alpha=$
$(\alpha_{1} , \alpha_{2} , \alpha_{3})$ : $\alpha_{2}$

$=$
$(\alpha_{2,1},$ $\alpha_{2,2}$ ,

$\alpha_{2,3})$ , $\alpha_{1}\leq 1$ , | $\alpha_{2}|$
$\leq 2$ and $\alpha_{3}\leq 2$ . Taking $\eta(\mathrm{s})$

$\in \mathrm{C}^{\infty}(\mathrm{R})$ so that $\eta(\mathrm{S})$

$=$ $1$ for I $\mathrm{s}|$ $\leq 1/4$ and $=$ $0$ for $\mathfrak{l}\mathrm{s}|$ $\geq 1/2$ we have

(5.3) $\Theta_{\mathrm{X}}^{\infty}\psi \mathrm{e}-Tl^{\iota_{\mathrm{U}}}\backslash =$

$\mathrm{J}_{0}(\mathrm{t})\mathrm{U}+$ $\mathrm{J}_{1}(\mathrm{t})\mathrm{u}$

where

$\mathrm{J}_{0}(\mathrm{t})\mathrm{u}=\frac{1}{2\pi \mathrm{t}}\Theta_{\mathrm{X}}^{\alpha}$ ( $\psi\int_{-\infty}^{\infty}\mathrm{e}^{i}$
ts

$\eta(\mathrm{s})\frac{\mathrm{d}}{\mathrm{d}\mathrm{s}}(i\mathrm{s}+\mathrm{A})^{-1}\mathrm{u}\mathrm{d}\mathrm{s}$),
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$\mathrm{J}_{\infty}(\mathrm{t})\mathrm{u}=\frac{1}{2\pi \mathrm{t}}\Theta_{\mathrm{X}}^{\alpha}$ ( $\psi\int \mathrm{e}\infty-\infty i$

ts
$(1- \eta(S))\frac{\mathrm{d}}{\mathrm{d}\mathrm{s}}(i\mathrm{s}+\mathrm{A})\pi \mathrm{l}\mathrm{d}-1\mathrm{s}$ ).

By Theorem A we have

(5. 4) $1 \mathrm{I}\Theta_{\mathrm{X}}\alpha_{(}1-\cap(\mathrm{S}))(\frac{\mathrm{d}}{\mathrm{d}s})^{\mathrm{N}}(i\mathrm{S}+\mathrm{A})^{-1}\mathrm{l}\mathrm{u}||\mathrm{q},$

$\Omega$

-N-l -N-l
$\leq$ $(1-\eta(\mathrm{s}))$ { $||(_{\dot{4}\mathrm{S}}+\mathrm{A})$ Iu

$||\mathrm{X}_{\mathrm{q}}(\Omega)^{+}||\mathbb{P}(i\mathrm{S}+\mathrm{A})$
$\mathrm{u}|1_{2,\mathrm{q},\Omega}$ }

$-\mathrm{N}$

$\leq \mathrm{C}(\mathrm{N})(1+\mathrm{I}\mathrm{s}|)$ Il $\mathrm{u}$ Il
$\mathrm{X}_{\mathrm{q}}(\Omega)$

’

and hence by the relation $\frac{1}{\mathrm{t}}\cdot\frac{\mathrm{d}}{\mathrm{d}x}\mathrm{e}^{\mathrm{t}\mathrm{x}}$ $=$
$\mathrm{e}^{\mathrm{t}\chi}$ we have

(5.5) $|\mathrm{I}\Theta^{\mathrm{M}}\mathrm{J}\mathrm{t}\infty(\mathrm{t})|\mathrm{u}\mathrm{l}1_{\mathrm{q}},$

$\Omega\leq \mathrm{C}(\mathrm{N}, \mathrm{M}.\alpha)\mathrm{t}^{-\mathrm{N}}||\mathrm{u}|1\mathrm{x}_{\mathrm{q}}(\Omega)$

for any integers $\mathrm{N}\geq 2$ , $\mathrm{M}\geq 0$ . On the other hand, noting that

$\mathrm{a}_{\mathrm{t}^{\mathrm{J}}0}^{\mathrm{M}}(\mathrm{t})\mathrm{f}$ $= \frac{1}{2\pi}\sum_{\mathrm{n}=0}\mathrm{M}\infty\Theta_{\mathrm{t}^{-\mathrm{n}}}\mathrm{t}^{-1}\mathrm{M}\Theta_{\mathrm{X}}^{\alpha}${ $\psi\int \mathrm{e}^{i}-\infty$

st
$\eta(\mathrm{s})(_{\angle \mathrm{S}}.)\frac{\mathrm{d}}{\mathrm{d}s}\mathbb{R}\mathrm{n}(i\mathrm{s})\mathrm{f}\mathrm{d}S$ }

$=$
$\mathrm{t}^{-(\mathrm{M}+1)}$ $\mathrm{M}\Sigma \mathrm{c}(\mathrm{n})\Theta^{\alpha}\mathrm{x}$

{ $\psi\int_{-}\mathrm{e}^{\dot{\mathrm{A}}}\infty\infty$

st
$( \frac{\mathrm{d}}{\mathrm{d}\mathrm{s}})^{\mathrm{n}_{\{\eta(}}S)$ (is) $\mathrm{n}\frac{\mathrm{d}}{\mathrm{d}\mathrm{s}}\mathbb{R}(i\mathrm{S})\mathrm{f}$ } $\mathrm{d}\mathrm{s}\}$

$\mathrm{n}=0$

lt follows from Theorem 4.1 and Lemma 5.1 that

(5.6) $||\Theta_{\mathrm{t}\mathrm{o}\mathrm{q},\Omega}\mathrm{M}_{\mathrm{J}}(\mathrm{t})_{\mathrm{U}1\mathrm{I}}$

$\leq \mathrm{C}(\mathrm{M}, \mathrm{b}, \mathrm{q})(1+\mathrm{t})-(\mathrm{M}+3/2)||_{1\mathrm{l}1}||$

$\mathrm{X}_{\mathrm{q}}(\Omega)$

for any $\mathfrak{s}\mathrm{u}$ $\in \mathrm{Y}$ $(\Omega)$ , integer $\mathrm{M}\geq 0$ and $\mathrm{t}\geq 1$ . Comb ining (5. 3), (5. 5)
$\mathrm{q},$

$\mathrm{b}$

and (5. 6) we have for any $\mathbb{I}1$ $\in \mathrm{Y}$ $(\Omega)$ . integer $\mathrm{M}\geq 0$ and $\mathrm{t}$ $\geq$ $1$

$\mathrm{q},$
$\mathrm{b}$

(5. 7) $||\Theta_{\mathrm{t}}^{\mathrm{M}-\mathrm{t}\mathrm{A}_{\iota}}\mathrm{e}\mathrm{u}||\mathrm{Y}\mathrm{q},$

$\mathrm{b}(\Omega)$

$+$ $||\mathrm{a}_{\mathrm{t}}^{\mathrm{M}_{\mathbb{P}}\mathrm{t}}\mathrm{e}^{-}\mathrm{A}_{\mathrm{u}}||2,$

$\mathrm{q},$

$\Omega \mathrm{b}\leq \mathrm{C}(1+\mathrm{t})-3/2-\mathrm{M}_{||\mathrm{u}}||\mathrm{Y}\mathrm{q},$

$\mathrm{b}^{(\Omega})$

.

Next we shall consider the case $\mathrm{u}\in$ X $(\Omega)$ . Taking $\phi$ $\in$
$\mathrm{C}^{\Phi}(\Omega )$ ,

$\mathrm{q}.\mathrm{b}$ $0$ $\mathrm{b}$

such that
$\int_{\Omega_{\mathrm{b}}}\phi(\mathrm{x})\mathrm{d}\mathrm{x}=$

$1$ , in view of Remark 1.4, we have

$(\chi+l\lambda)^{-1}\mathrm{u}$
$=$ $( \chi+P,1)^{-1}\mathbb{N}_{1}\mathrm{u}+\frac{1}{\lambda}(\chi+l\mathrm{t}\backslash )^{-1}\mathbb{N}_{2}\mathrm{u}$ $+ \frac{1}{\lambda}\mathbb{N}_{3}\mathrm{u}$ for $\mathrm{u}\in \mathrm{x}_{\mathrm{q},\mathrm{b}}(\Omega)$

where $\mathbb{N}_{\mathrm{j}}$

$=$
$\mathbb{N}_{\mathrm{j}}$ $(\phi , \Omega_{\mathrm{b}})$ $(\mathrm{j} = 1,2 , 3)$ be the same $\mathrm{s}$ ymbol as in (1. 2).

Comb ining thi $\mathrm{s}$ and (5. 1). we have

(5.8) $\mathrm{e}^{-\mathrm{t}\mathrm{A}_{\mathrm{u}}}=\frac{1}{2\pi i}\int_{l-}^{\beta i\Phi}\mathrm{e}^{\mathrm{t}1}(+i\infty x-x+\mathrm{A})\mathbb{N}_{1}\mathrm{u}\mathrm{d}\lambda$

$+ \frac{1}{2\pi i}\int_{\beta-}^{\beta+}i\infty i\infty \mathrm{e}(\lambda+\mathrm{A})\mathrm{I}\mathrm{I}\frac{\mathrm{d}x}{\lambda}\mathrm{t}\chi-1_{\mathbb{N}_{2}\mathfrak{s}}$
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$+ \frac{1}{2\pi i}\int_{\beta}^{\rho_{)}+_{i\infty}}\frac{1}{\lambda}\mathrm{e}\mathbb{N}_{3}-i\infty \mathrm{t}\lambda\eta\iota \mathrm{d}\lambda$ .

Putt ing $\mathrm{T}_{1}(\mathrm{b}, \phi, \mathrm{t})\mathrm{u}=$
$\mathrm{e}^{-\mathrm{t}l\mathrm{A}}\mathbb{N}_{1}\mathrm{u}$ and $\tau_{2}(\mathrm{b}, \emptyset, \mathrm{t})\mathrm{u}=\int_{0}^{\mathrm{t}}\mathrm{e}^{-\mathrm{S}}l\dot{\mathrm{A}}_{\mathbb{N}\mathrm{U}}\mathrm{d}\mathrm{s}$ $+$

$\mathbb{N}_{3}\mathrm{u}$ .
$\mathrm{s}$ ince $\frac{1}{2\pi i}\int_{\beta-i}^{\beta+_{i\infty}}\infty\frac{1}{\lambda}\mathrm{e}\mathrm{u}\mathrm{t}\lambda \mathrm{d}\lambda=$

$\mathrm{u}$ for any $\mathrm{u}\in \mathrm{X}_{\mathrm{q}}(\Omega)$ , and $\mathrm{s}$ ince by Theorem 7. 4

of [16, Chapter11 we have

$\int_{\mathrm{o}^{\mathrm{e}^{-\mathrm{s}\mathrm{A}}\mathrm{N}}}^{\mathrm{t}}\mathrm{d}\mathrm{s}$ $= \frac{1}{2\pi i}\int_{\rho_{)}-i}^{\beta i\infty}\mathrm{e}+\infty \mathrm{t}\lambda(x+\mathrm{A})^{-1}\mathrm{u}\frac{\mathrm{d}\lambda}{\lambda}$ for $\mathrm{u}\in 9(\mathrm{A})$ and $\mathrm{t}$ $>0$ ,

$\mathrm{i}\mathrm{t}$ follows from (5. 1) and (5. 8) that the relat ion $(0.6)$ holds.

Moreover, not ing that $\mathbb{N}_{1}\mathrm{I}\mathrm{u}$ , $\mathbb{N}_{2}\mathrm{u}$ $\in \mathrm{Y}_{\mathrm{q},\mathrm{b}}(\Omega)$ . $\mathrm{s}$ ince by (5. 1) and (5. 8) we

have

(5.9) $\mathrm{a}_{\mathrm{t}^{\mathrm{e}^{-\mathrm{t}\mathrm{A}_{\mathrm{t}}}}}\mathrm{u}=\partial_{\mathrm{t}}\{\frac{1}{2\pi i}\int_{r}^{\beta+i\infty}\mathrm{e}(\lambda+\mathrm{A}))-i\infty \mathrm{t}\lambda-1\mathbb{N}_{1^{\mathrm{u}\mathrm{d}\lambda}}\}$

$+ \frac{-1}{2\pi i}\int_{\rho_{-}i\infty}^{\rho_{+i}\infty}\mathrm{e}(\lambda+\mathrm{A})^{-1}\mathbb{N}_{2}\mathrm{t}_{\lambda}\eta \mathrm{I}\mathrm{d}\lambda$,

$\mathrm{i}\mathrm{t}$ follow$\mathrm{s}$ from (5. 7) , (5. 8) and {5. 9) that the estimates $(0.7)$ and

$(0.8)$ hold. Thi $\mathrm{s}$ completes the proof of Theorem B.
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