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Precise Computation of Drag Coeflicients of the Sphere 1
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1. Introduction

The computation of the drag coefficient of a body immersed in a fluid is the
subject which attracts many researchers, e.g., see [1], [2], [3], [4], [5] and their ref-
erences. It has not only the practical importance such as the case of aircrafts or
cars, but also it is a good bench mark problem for new flow codes. To the best of
our knowledge, however, there are no literatures discussing the preciseness of drag
coeflicients by using an error estimate even in the case of the circular cylinder or
the sphere. '

In this paper we present precise computation of drag coefficients of the sphere
by using two finite element schemes for axisymmetric flow problems developed by
ourselves recently [6],(7]. One is an extension of the standard mixed finite element
method to axisymmetric problems, and the other is an extension of the stabilized
finite element method. Our method of computing drag coefficients may be consid-
ered as a consistent flux method [8], [9], [10], but we fix a proper test function,
which enables us to obtain error estimates of drag coefficients under some assump-
tion. Moreover our numerical results show that P2/P1 mixed finite element scheme
produces lower bounds and that P1/P1 stabilized finite element scheme does upper
bounds. Combining these facts and an extrapolation of numerical results, we obtain
drag coefficients of the sphere for the Reynolds numbers between 10 and 200.

2. Drag coefficients of axisymmetric bodies

Let G be a body in a velocity field. Let U be the representative velocity and p
be the density of the fluid. The drag coefficient of G is defined by

D
Cp =1
D %pUZA?

where D is the total force exerted on G by the fluid and A is the area of cross section
of G to the direction U.

When the direction of U coincides with the z-axis, the drag coefficient is written
as

2
Cp = T pUZA fsv(almnx + 0oty + 02.1.)dS,

Tn this paper all proofs are omitted. They are found in the paper submitted to Computational
Methods in Applied Mechanics and Engineering by the same authors.



where o is the stress tensor, S is the surface of G, and n = (ng, ny,n,)7 is the unit
outer normal (from the fluid) to S.

Suppose that G is axisymmetric with respect to z-axis. We introduce the cylin-
drical coordinates (z1,0, z,), where z; is the distance from z-axis and z, is equal to
z. Furthermore we assume the flow is axisymmetric, i.e.,

U = ul(mly 1'2), Ug = O; Uy = Uz(ﬂ?],xz), pP= P(fﬂla 1:2):

where (uy, ug, up)7 is the velocity and p is the pressure. Then the three-dimensional
problem can be reduced to a two-dimensional problem in a meridian. Let C be
an intersection curve of S and the meridian (z; > 0). Then the drag coefficient is
rewritten as '

Cp = UzA/ 2021 u, p)n;zids, (1)
where o is the stress tensor defined by

2 1,0u; Ou;
0ij(u,p) = =pSij + 7-Dij(u),  Dyj(u) = 5(5—+ 3—;) (2)
7 z

and n = (ny,n,)7 is the unit outer normal (from the fluid) to C.

Here we briefly review the finite element formulation for axisymmetric flows
[6],[7]. Let © be a meridian of an axisymmetric domain in R3. We denote the point
in Q by z = (z1, z,) as above. The stationary axisymmetric Navier-Stokes equations
are written as

(u-grad)u + %Lu +gradp=f (z€9Q), (3)
divi u=0 (z€Q), (4)

where u = (uy, up)T is the velocity, p is the pressure, f = (f1, f2)7 is an external
force, Re is the Reynolds number, and

1 2 1 0 92
di = —di A= -
i T iv(z:u), Y7 022 T 110s, + Oz3’

A+ 0
1
0 -4,
We note that the differential operators acting each component of the velocity are

different and that they have singularities on the axis z; = 0. Considering these
facts, we introduce function spaces [6],[11],

L=

X12@) ={v: Q> R; of PIpfy e 17(0), 0 < |8 < 13,

WiA(Q) = {v: @ - R; i D% € (@), 0<|] < 4}.

The velocity u and the pressure p are sought in

Uy € X1/2(Q): uz € W, /2(9), pE L1/2(Q)( 10/3(9))
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We define a trilinear form a; and two bilinear forms a and b by

2
ay(w, u,v) = /Q > (w - gradu;)v,z,dz,
=1

(u,v) = /{ Z D;;(u)D;j(v) + ulvl}:cld:c

1,7=1
b(v,q) = / q divyv zidz.

The following proposition is proved easily by using the Gauss-Green theorem.

Proposition 1. Let (uy, uz, p) be any functions in X1/2(Q) X 1/2(9) X Wlllg(ﬂ)
Then for any function v € XII/Q(Q) x W. (Q) we have

al(u) u, U) + a(u) U) + b(U:p)
= / {(u - grad)u + RiLu + gradp + Rigrad(divlu)}vmldm
e
+/ (u, p)]n vz ds,

where o(u,p) is the stress tensor defined by (2).

Suppose f is given in (L3, ,(€))?. Let (u,p) be a solution of (3) and (4) subject
to a boundary condition. If (u p) has the regularity assumed in Proposition 1, we

have
/m[a(u, p)In vzids = a1(u, u, v) + a(y, v) + b(v, p) — (£, v), (5)
for any function v € X11/22(Q) W1/2(Q)a where
= / f v zdz.
Q

Since (5) is meaningful for the function (uq,u,,p) € X11/22(Q) X Wll/g(Q) x L315(9),
(5) is valid for the (weak) solution (u,p) of (3) and (4). Let C be the intersection
curve mentioned above. C is a portion of the boundary 9Q. Let v* = (0,v3) be a
fixed function such that

2
vy € Wl/z(Q), v3=1 onC, viz1» 0s(u,p)n; =0 on IN\C. (6)

J=1
From (1) and (5) we obtain

47

€=~

{au(u, u,v7) + a(u,v") + b(v", p) = (f,v)}- (7)

We employ (7) for the computatlon of the drag coeflicient.
Let (uyp, Uon, pr) € X;/ZZ(Q) /2(9) x L3,(2?) be a corresponding finite element



154

solution. Let v} be an interpolation of v* in the finite element space. We define an
approximate drag coefficient C% by

4T
Ch=-—
b pU2A

{1 (us, Uh;vvi) + a(up, v) + b(vy, pr) — (£, v3)}- (8)

Remark 1. (i) We have derived (8) for axisymmetric flow problems in the
cylindrical coordinates. The corresponding result (including the computation of
lift coeflicients) for the general flow problems in the Cartesian coordinates can be
obtained similarly.

(ii) The drag coefficient C% applied t6 the problem in the Cartesian coordmates
coincides with that obtained from the consistent flux method [8],[9],[10]. In those
papers, however, the function v* is not used. As will be shown soon the use of v*
enables us to derive an error estimate.

(iii) The direct boundary integration (1) for finite element solutions produces poor
results (see Section 4). Similar facts are pointed out also in the literatures cited
just above. In (1) the boundary values of gradu and p appear. In general, the
estimate at the boundary of a function is harder than that in the interior (we need
more regularity). That is the reason why we employ (8) for the computation of drag
coefficients, where only interior integrals appear and there are no boundary terms.
(iv) In the real computation of C% we replace the function v} by a more convenient
function, which makes the computation simpler but does not change the value (see
Theorem 2). ' ‘

Proposition 2. There exists a positive constant
cr = cr(llullv, llunllv, [lo*llv, 1 Fllczz 25 0, Uy A; Re)
such that

|Cp ~ Cpl < er{llu = unllv + Ilp — pall@ + 10" = villv}, (9)
where V-norm and Q-norm represent the Xl/Z(Q) WI/Z(Q) norm and the Lf/z(ﬂ)
norm, respectively.

Let h be a disretization parameter of the domain, i.e., the maximum diameter
of elements.

Theorem 1. Suppose that there exrist positive constants c; and o independent of
h such that

lu—willv, llp=pulle, [lv* = villv < e2h®. (10)

Then we have :
|Cp — CB| < c3h?, (11)

where c3 is a positive constant independent of h.
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Figure 1: Statement of the problem

3. Computation of drag coefficients of the sphere

Here we compute drag coeflicients of the sphere. We consider a domain Q shown
in Fig. 1. At the origin there exists a sphere of unit diameter. We note that the
scale of Fig.1 is distorted. For the figure scaled correctly we refer to Fig. 2.

The equations we consider are (3) and (4), where f = 0. The boundary conditions
are shown in Fig. 1, where 7 is the stress vector defined by

7(u,p) = [o(u, p)]n.
Let g be a given velocity on I';. We define an affine space V(g) by
V(g) ={v=(v1,v5) € X1/2(Q) X Wlllg(ﬂ), v=0onT;, v=gonT, v; =00n T3}

We denote V(0) by V.
We seek the velocity u in V((0, 1)) and the pressure p in @ = L3,(Q). Then the
variational formulation of our problem is :

ar(u,u,v) + a(u,v) + b(v,p) =0 (Vv e V), (12)
b(u,g) =0 (Vg €Q) (13)

In our problem C = T';. We choose a function v* satisfying (6). For example,
v* = (0, v}), where v; € C*(2) and

. 1 (23> —0.5),
vylea) = { 0 (z;=—14).
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Setting

we have
Cp = —16{a(u, u,v*) + a(u, v*) + b(v*, p) }.

Remark 2. (i) After having studied the influence of the boundedness of the
domain, we have chosen the domain shown in Fig. 1 [12]. Here we do not present
the detail, but we note that our choice is suitable for low Reynolds number flows
where no Kérman vortices appear.

(i) The condition
up =0 onTly

is automatically implied from u; € Xll}Z(Q) (see [6],[11]).

Now we solve the problem (12) and (13) by two kinds of finite element schemes.
We divide the domain € into a union of triangles (see Fig.2). Let V4 and @ be
finite dimensional subspaces of V and @, respectively.

The first choice of finite elements is P2/P1. The mixed finite element formulation
of (12) and (13) is: Find (un, pn) € Va((0,1)) x Q4 such that

a1 (un, Un, va) + a(un, vp) + b(vh,pn) =0 (Yup, € V), (14)

b(un, qn) =0 (Vgn € Q). (15)
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The second choice of finite elements is P1/P1. In this case we use the stabilized
finite element formulation: Find (us, pr) € Va((0,1)) x Q4 such that

An(un)((un, pr), (vh,98)) =0 (Y(vn, gn) € V1),
where V), is the product space
' Vi="Vi xQ4
and Ay (up) is a bilinear form in V;, defined by

An(wi)((un, Pr);s (vh, gn))
= a1(wh, un, o) + a(un, va) + b(vn, pr) + b(tn, g) + Ca(wn)((u, pa), (vh, gn)),

Cr(w)((un, pn), (n, qn)) Z TK
1 1 '
x [ {(w-grad)u, + E—Luh + grad p, H{(w - grad)v;, + ELU;, —grad g }z,dz.
K

Here the summation is taken for all elements K and 7x is the stabilization parameter
defined by
S { h3 Re/(4c3) when Rey < 1,
x= hK/(2|wK|) when RGK Z 1,

where Rey is an element Reynolds number

]’I,K|'LUKIR6

R@K = 2 7
o

)
hy is the diameter of element K, w is a representative velocity of w in K, e.g., the
value of w at the centroid of K, and ¢, is a positive constant independent of h.

Remark 3. (i) In the case of axisymmetric problems the construction of finite
element subspaces is not so trivial because of the appearance of the singularity on the
axis. Especially in the stabilized finite element method we have to use a symmetric
decomposition with respect to the axis as shown in Fig. 2. For the details we refer

to [6],[7].

(ii) For the choice of the stabilization parameter Tx we refer to [13],[14].
After obtaining the finite element solution (uy, ps) we get the drag coefficient by

Ch = —16{ay(un, un, v}) + alun, v}) + b(vi, o)}, (16)

where v}, is the interpolation of v* in the finite element space.

Theorem 2. Let ¢y, = (0, ¢op) be a function in the velocity finite element space
defined by
1 at all nodal points on C,
Pan = { 0 at the other nodal points.



Suppose (uy, py) 18 the solution of (14) and (15). Then we have

Cg = —16{a;(un, un, on) + alun, dn) + b(én, pn)}- (17)

Remark 4. (i) (17) makes the computation C% easier. We do not need the
values of v*, but need only some manipulations of the stiffness matrices and the
finite element solution.

(ii) In the case of the stabilized finite element method we may replace (16) by

Cl = —16{a1(un, un, v;) + alun, vy) + b(v, pr) + Cu(un)((un, pr), (v;, 0))}-
Then as Theorem 2 we can show

Cp = —16{ay(un, un, $) + a(u, ¢4) + b(¢n, pr) + Ca(un)((un, pr), (¢1,0))}. (18)

We assume the condition of Theorem 1. The exact solution (u,p) satisfies

Cu(w)((w,p), (v5,0)) = 0.

Hence if there exists a positive constant ¢, independent of A such that

|Cr(w)((u, p), (vF, 0)) — Ca(un)((un, p), (v5, 0))] < csh?, - (19)
we have
|Cp — CF| < csh®, (20)

where c5 is a positive constant independent of A.

4. Numerical results of the drag coefficients

Let N be the representative subdivision number of the domain (the element size
is of order 1/N). Fig. 2 shows the subdivision of N = 16 for the P2/P1 element.
The subdivision for the P1/P1 element is obtained by dividing each triangle into
four congruent triangles (and a suitable modification is done for elements adjacent
to the boundary). Total element numbers and freedoms of velocity and pressure for
N=16,40,48 are listed in Table 1.

At first we study the convergence of C% and C% when N becomes large, i.e., the
element size h becomes small. Fig.3 shows the behavior of drag coefficients for Re =
100 when N increases. The white marks depict the values of C% (P2/P1 element)
and C% (P1/P1 element) and the black marks depict the values C% obtained by
the direct boundary integration of (u, ps),

2
C,g = _16,/0 Z 02 (Un, pr)N;z1ds
=1

for P2/P1 and P1/P1 elements. We see that the convergences of Ch and C% are
much faster than C%.
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Table 1: Total element number(XN,) and freedoms of velocity(N,) and pressure(N,)

1.10
1.09
1.08
1.07
1.06

Cp

1.05
1.04
1.03
1.02
1.01

P2/P1 P1/P1
N[ N, N, N, N, N, N,
16 | 640 2,538 323 2560 2,574 1,287
40 | 4,000 15,948 2,009 | 16,000 16,038 = 8,019
48 | 5,760 22,978 2,891 | 23,040 23,086 11,543
T
g oo - £} g
el
.......... >
o
T =
I S
.'.-- -
- present (P/P;) ——
— present (Py/Py) &
b.i.  (Py/Py) ~e--
, b.i.  (Py/Py) ~=
x
16 20 24 32 40 48
N v

Figure 3: Convergence of drag coefficients (N is the number of subdivision and b.i.
stands for the boundary integral)



From Fig. 3 we observe that C% converges from below and that C%* converges
from upper. The convergence of C% is faster than that of C*, which is an expected
result from the approximation property of the finite element spaces. In fact, the
P2/P1 space has the approximation ability of

llu—uillv, llp —phlle ~ O(R?),

where u; and pj are interpolations. On the other hand the P1/P1 space has the
approximation ability of

|lu—uillv ~ O(R), llp = pillg ~ O(h?).

Hence o in (11) is (at most) equal to 2 and « in (20) is (at most) equal to 1.

Remark 5. Consider the Stokes problem or the Navier-Stokes problem with
low Reynolds numbers. Then for the P2/P1 element and for the stabilized P1/P1
element (10) holds with a=2 and 1, respectively [7]. For the stabilized P1/P1
element we can show (19) with =1 if |uy| is bounded uniformly with respect to A.

From the above observation we assume that C% is written as

c
C}Ll) = CD - ]_V_Z
where ¢ is a constant independent of A ~ 1/N. By using the results of N=40 and
48, we extrapolate the values C%. Table 2 shows the results Cp obtained like this as
well as C}, (P2/P1 element), C% (P1/P1 element), and those by Shirayama [4] and
Schlichting [15]. Shirayama’s results are based on finite difference computation in a
three dimensional domain. Schlichting’s results are based on physical experiments.
We read the values from a Re-Cp graph in his book. Fig. 4 depicts the graphs of Cp,
and others of Table 2. Since we cannot distinguish Cp, C% and C%' in the graph,
they are marked by common circles. When Re is greater than 200, the Kdrmén
vortex appears and the flow is no longer axisymmetric. We therefore stopped the
calculation of drag coefficients at Re = 200.

5. Concluding remarks

We have presented a computational method of drag coefficients of axisymmet-
ric bodies and have obtained drag coefficients of the sphere for Reynolds numbers
between 10 and 200. We used two kinds of finite element schemes, P2/P1 mixed
scheme and P1/P1 stabilized scheme. It has not proved yet theoretically but the
numerical results have shown that the former gives lower bounds of the drag coeffi-
cients and the latter gives upper bounds.

In order to obtain drag coefficients for higher Reynolds numbers we have to solve
three dimensional problems because the Kérman vortices appear. To those prob-
lems our method is also applicable not only for drag coefficients but also for lift
coefficients.

The application to drag and lift coefficients of cylinders is straightforward at
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Table 2: Drag coefficients of the sphere

Re | Cp ch ch Shirayama Schlichting
10 | 4.3178  4.3159 4.3194 4.255 4.35
1513.2805 3.2790  3.2817 3.34

20 | 2.7240  2.7227  2.7250 2.622 2.79

25 (23700 2.3689 2.3709 2.42

30 [ 2.1218  2.1207 2.1225  2.066 2.17

40 | 1.7917 17908 1.7924  1.741 1.84

50 | 1.5785  1.5777  1.5791  1.532 1.61

60 | 1.4272  1.4264 1.4277 1.427 . 146

70 1 1.3131 1.3124 1.3136 1.313 1.33

80 | 1.2233  1.2226 1.2238  1.222 1.23

90 | 1.1503  1.1497 1.1508 1.149 1.17
100 { 1.0895 1.0889 1.0900 1.104 1.11
125 [ 0.97316 0.97265 0.97363 - 0.995
150 | 0.88887 0.88841 0.88933 0.901 0.918
1751 0.82396 0.82353 0.82439 0.853
200 | 0.77176 0.77136 0.77218 0.784 0.807

4 B present. = —o0— .

Shirayama -

3L Schlichting --#-- i
2 F

1 L

10 20 30 40 5060 80 100 150 200

Figure 4: Drag coeflicient of the sphere vs. Reynolds number

Re
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least for not so high Reynolds numbers. For high Reynolds numbers some kind of
upwind techniques and fine mesh subdivisions in boundary layers as considered in
[3] will be required.
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