
APP LICATIONs OF FURUTA INEQUALITY BASED ON
A $\mathrm{S}\mathrm{I}1’\backslash \iota \mathrm{p}\mathrm{L}\mathrm{E}$ CHARACTERIZATION $\mathrm{O}\Gamma^{\mathrm{I}}$ CHAOTIC ORDER

$\downarrow\backslash \mathrm{I},\backslash \mathrm{S},\backslash \mathrm{T}\mathrm{o}\mathrm{S}\mathrm{I}1\mathrm{I}\Gamma \mathrm{U}\mathrm{J}\mathrm{I}\mathrm{I}^{*}$ , JIAN $\mathrm{F}\mathrm{c}\mathrm{I}$ .1 $1_{\mathit{1}}\backslash \mathrm{N}\mathrm{C}^{**}j\backslash \mathrm{N}\mathrm{O}\mathrm{C}^{4}\iota 7_{\lrcorner}\mathrm{A}13\mathrm{U}\mathrm{R}\mathrm{O}$ KAMEI***

1. Introduction Throughout this note, we consider $\mathrm{b}o$unded linear operators
acting on a Hilbert space, simply operators. An operator $A$ on If is said to be
$\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t},\mathrm{i}\mathrm{v}\mathrm{e}$, in symbol $A\geq 0$ , if $(Ax, x)\geq 0$ for all $x\in FI$ . In particular, $A>0$ means
that $\text{ノ}1$ is positive an $\mathrm{d}$ invertible, i.e., $\text{ノ}\lfloor\geq\alpha$ for some $\alpha>0$ . It is well-known that
A $\geq B\geq 0$ does not assure $A^{2}\geq B^{2}$ in general, but the L\"owner-Heinz inequality
says that the function $tarrow t^{\alpha}$ on $[0, \infty)$ is operator monotone for $0\leq\alpha\leq 1$ , i.e.,

(1) $A\geq B\geq 0$ implies $\prime 1^{\alpha}\geq B^{\alpha}$ ,

cf. [ $19|,$ ( $22|\mathrm{C}\urcorner \mathrm{n}\mathrm{d}[23|$ . Furuta [9] gave it an ingenious extension which is called
the Furuta inequality, cf. [ $3,4,5,7,10,11,12,13,1\prime l,20,21|$ and especially [10] for an
elementary and one-page proof, [24] for the best possibility of the domaim in which
the Furuta inequality holds:

The Furuta inequality. If $A\geq B\geq 0$ , then
for each $r\geq 0$

(2) $(A^{r}A^{p}A^{r})^{1/}q\geq(A^{\mathrm{r}}B^{p}A\Gamma)^{1/q}$

and

(2’) $(B^{\Gamma}\lrcorner^{L}\iota^{\rho}B^{r})\iota/q\geq(B^{r}B^{\mathrm{P}}Br1.1/q$

holds for $p\geq 0$ a$\tau\iota dq\geq 1$ vrith
$(1+2r)q’-^{p}\backslash 1arrow 2\Gamma$ .

Since $\log t$ is $0$ [ $)\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ monotone, i.e., $\log t1\geq\iota_{0_{\mathrm{O}}^{\circ}}B$ for $A\geq B>0$ , it induces a
weaker ordcr $>>$ among positive invertible operators than the usual one $\geq$ , which is
called the chaotic order. Now Ando’s theorem [ $1|$ is rephrased as a $\mathrm{C}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}_{\mathit{1}_{\lrcorner}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}}r$

of the chaot,ic order via a form of (2):

Theorem A. For $\Lambda,$ $B>0,$ $A>>B$ if and only if

(3) $(A^{\underline{\gamma}}B^{\rho,\iota}\epsilon e_{)^{\frac{1}{2}}}\underline{2}\leq A^{p}$

holds for all $p\geq 0$ .

Afterwards. Theorem A is extended to the $\mathrm{f}\mathrm{o}1\iota_{0}\mathrm{W}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma$ result. In other words, the
Furut.a inequality is discussed under the chaotic order $[_{\mathrm{c}}\vee-$) $|$ , cf. [7] and [14].
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Theorem B. For $A,$ $B>0,$ $f\downarrow>>\mathcal{B}$ if and only $i,f$

(4) $(f1^{r}B^{r_{\text{ノ}}}1^{r})\rho\mp_{r}\cdot r_{?}\leq A^{2r}$

holds for all $p,$ $r\geq 0$ .

In this note, we first give a simple characterization of the chaotic order. Precisely,
$\log A>\log B$ if (

$’\iota \mathrm{n}\mathrm{d}$ only if there is an $\alpha>0$ such that
(5) $f\downarrow\alpha>B^{\alpha}$ .

As an application, we discuss Furuta’s type operator inequality implying Theorem
B. Next we consider the $0^{\mathrm{T}\mathrm{a}\mathrm{n}\mathrm{d}}\sigma$ Furuta inequality under the chaotic order. It is
given by Furuta [ $15|$ as a parameteric formula $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma$ the Furuta inequality
(2) and the Ando-Hiai one [ $2_{\mathrm{t}}$ Theorem 3.5] in the following man $n\mathrm{e}\mathrm{r}$ : If $A\geq B\geq 0$

and $A$ is invertible, then for each $t\in[0,1]$ ,

(6) {A $\mathrm{z}(Ar-\underline{\pi t}B^{\rho}A-\underline{7})^{s_{A^{\underline{\pi}}\}^{\frac{1-t+r}{(\mathrm{p}-t)_{\mathit{3}}*^{r}}}}}t\ulcorner\leq \mathrm{A}^{1-\ell+}\Gamma$

holds for $r\geq t,$ $p>0$ and $s\geq 1$ . We here show that if $A,$ $B>0$ and $\log A>\log B$ ,
then there e.xlists $\mathrm{C}\backslash \mathrm{r}\mathrm{l}\alpha>0$ such that for each $0\leq t\leq\alpha$

(7) $\{A^{\underline{\frac{r}{\mathrm{Q}}}}(A^{-}\frac{f}{2}BpA^{-\frac{t}{2})A^{\underline{\frac{r}{\circ}}}\}^{\frac{\alpha-t\tau r}{(\mathrm{p}-\mathrm{c})s+r}}}s\leq A^{\alpha-t+\mathrm{r}}$

holds for $r\geq t,$ $p>0$ and $s\geq 1$ . Finally we also discuss a variant of the grand
Furuta inequality under the chaotic order. As a corollary, we have a recent result
due to Furuta [ $17|$ Cor. 2.5], which is an essential part in the proof of [16, Theorem
2].

2. Characterization of chaotic order. We $\mathrm{b}\mathrm{e}_{\mathrm{o}}\sigma \mathrm{i}n$ by $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}_{\circ}\sigma$ a simple lemma
which is the heart of this note:

Lemma 1. If $A$ and $B$ are selfadjoint and $A>B$ , then there exists an $\alpha\in(0,1]$

such that

(8) $e^{\alpha A}>e^{\alpha B}$ .

Proof. The $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{u}\mathrm{m}\mathrm{D}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}A>B$ means that $A-B\geq\epsilon>0$ for some $\epsilon$ . We here take
$0<\alpha<\epsilon/(e^{||}A||\perp e^{||B]1})$ and $\alpha\leq 1$ . Then we have

$e^{\alpha A}-e^{\alpha B}= \alpha(A-B)+\sum\frac{\alpha^{\tau\iota}}{n!}(A\mathrm{n}-B^{n})n\infty=9\sim$

$\geq\alpha\epsilon\perp\alpha^{2}n\sum_{=2}^{\infty}\frac{\alpha^{n-2}}{n!}(An-B’ 1)$

$\geq\alpha\epsilon-\alpha^{2}||\sum_{n=2}^{\infty}\frac{\alpha^{n-2}}{n!}$ (A$7\mathrm{t}-B^{\mathrm{t}}’$ ) $||$

$\geq\alpha\epsilon-\alpha^{2}\sum^{\infty}-\frac{1}{n!}(||A||^{n}+||B||^{n})\mathrm{n}=2$

$\geq\alpha(\epsilon-\alpha(e^{||}A||+e)||B||)>0$ .

Lemma 1 implies the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{i}n\sigma 0$ basic inequality :
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Corollary 2. If $\text{ノ}l,$ $B>0$ , then $\log A>\log/\mathit{3}i,f$ and only if there exists an
$\alpha in(\mathrm{O},$ $11$ such that $\mathit{4}\downarrow\alpha>B^{\alpha}$ . .

Proof. If $10_{h^{r}}$ A $>\log B$ , then $\text{ノ}1^{\alpha}>B^{\alpha}$ for some a $\in(0,1]$ by Lemma 1. Con-
versely, if $\text{ノ}l’>\mathcal{B}^{\prime l}$ for some $\alpha\in(0,1]$ , then $A^{\alpha}\geq l\mathit{3}^{\tau \mathrm{Y}}+\delta$ for some $\delta>0$ and

$\alpha \mathrm{l}\mathrm{r})\mathrm{b}’ A=\log A^{\alpha}\geq\log(B^{\alpha}+\delta)>\log B^{\alpha}=\alpha\log B$ .

By the ab $o\mathrm{v}\mathrm{e}$ discussion, we have the following simple characterization of the
chaotic ordcr:

Theorem 3. For $A,$ $B>0,$ $A>>B,$ $i.e.$ ) $\log A\geq\log B$ , if and only if for any
$\delta\in(0,1]$ the $\tau^{\backslash }e$ exists an $\alpha=\alpha_{\delta}>0$ such that

(9) $(e^{\delta}A)^{\alpha}>B^{\alpha}$ .

Proof. Sincc A $>>B$ is equivalent to $\log e^{\delta}A=\log \text{ノ}1+\mathit{6}>\log B$ for any $\delta>0$ ,
Corollary 2 ilnplies that $\mathrm{A}>>B$ is equivalent to that for any $\delta>0$ there exists an
$\alpha=\alpha_{\delta}\in(0,1]$ such that $(e^{\delta}A)^{\alpha}>B^{\alpha}$ .

The result, in t,his section is appeared in [6].

3. The Furuta inequality under chaotic order. In this section, we discuss
the Furuta inequality under the chaotic order. Such an attempt has been made in
our previous papers $[5,7]$ and we obtained Theorem $\mathrm{B}$ , which is based on Theorem
A. Now we present the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{W}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma$ inequality which is more like the Furuta inequality
(2) than (4) in Theorem B. Technically speaking, it is just an application of the
Furuta inequality (2) as seen below:

Theorem 4. If $\Lambda,$ $B>0$ and $\mathrm{A}\gg B_{f}$ then for any $\delta>0$ there exists an $\alpha=\alpha_{\delta}\in$

$(0,1]$ such that

(10) ( $A^{r_{B^{\rho}A^{r})}} \frac{1}{q}\leq e^{\underline{\delta}_{\mathrm{E}}}q$ A $\mathrm{g}\pm\underline{2}qr$

holds for $p\geq 0,$ $r\geq 0$ and $q\geq 1$ with $(\alpha+2r)q\geq p+2r$ .
$\dot{P}$roof. By Theorem 3, for any $\delta>0$ we can choose $\mathrm{c}\gamma \mathrm{n}\alpha=\alpha_{\mathit{5}}\in(0,1]$ such that
$(e^{\delta}A)^{\alpha}>B^{\alpha}$ . Let us put $A_{1}=(e^{\delta}A)^{\alpha},$ $B_{1}=B^{\alpha},$ $r_{1}= \frac{r}{\alpha}$ and $p_{1}=R\alpha$ . If $p,$ $q$ and
$r$ satisfy the condition stated in Theorem 4, then

$(1+27^{\cdot}1)q= \frac{1}{\alpha}(\alpha+2r\mathrm{I}q\geq\frac{1}{\alpha}(p+2r)=p_{1}+2r_{1}$,

that is, $\{A_{1}, B_{1}; p_{1,q,1}r\}$ satisfies all the conditions for implying the Furuta in-
equality (2). Hence we have

$(A^{r}B^{p}A^{r})^{\frac{1}{q}}=e^{-\frac{2\delta\tau}{q}}(A^{r_{1}}B^{p_{1}}A^{\mathrm{r}}1111)^{\frac{\iota}{\eta}}$

$\leq e^{-\frac{2\delta r}{q}}A^{\frac{\mathrm{p}+2\tau}{1\mathrm{q}}}$

$=e^{-\frac{2\delta r}{q}}(eA \delta)^{\mathrm{z}}\frac{+2r}{q}=e^{\eta}$ A$’ \underline{s}_{z}\frac{2\mathrm{r}}{\prime}$

as desired.

Theorem 4 has l,he following corollary equivalent to Theorem $\mathrm{B}$ :
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Corollary 5. If $A,$ $B>0$ and $A>>B$ , then

(4) $(A^{\mathrm{r}}B^{\rho}A\Gamma)q\perp\leq A^{A^{\underline{2r}}}q$

holds for $p\geq 0,$ $r\geq 0$ and $q\geq 1$ with $2rq\geq p+2r$ .

Proof. We first note that if $p,$ $q$ and 7 satisfy the above condition, then $(\alpha+2r)q\geq$

$p+2r$ for all $\alpha>0$ . Hence Theorem 4 implies that for any $\delta>0$

$(A^{r}B^{p}A^{r})^{\iota}q\leq e^{\underline{\delta}}\sigma^{R}A^{\mathrm{z}\mathrm{L}^{\underline{2r}}}q$

holds for $p\geq 0,$ $r\geq 0$ and $q\geq 1$ with $2rq\geq p+2r$ . Taking $\deltaarrow 0$ , we have the
required inequality.

Remark. (1) In [5], we proved Theorem $\mathrm{B}$ , which is based on Theorem A by apply-
ing the Furuta inequality. On the other hand, Corollary 5 (equivalent to Theorem
B) follows from Theorem 4, which is an application of the Furuta inequality via
Theorem 3. That is, we could $\circ\sigma \mathrm{i}\mathrm{v}\mathrm{e}$ a proof of Theorem $\mathrm{B}$ not based on Theorem $\mathrm{A}$ ,
in which Theorem 3 is actually used instead of Theorem A.

(2) We remark that the condition $(\alpha+2r)q\geq p+2r$ in Theorem 4 cannot be
weakened to $(1+2r)q\geq p+2r$ , which is based on an example due to Furuta [8]:
As a matter of fact, we put

$B_{1}=,$ $C_{1}=,$ $A_{1}=B_{1}+C_{1}$ ,

and $r_{1}=1,$ $p_{1}=3,$ $q_{1}= \frac{3}{2}$ . Then it is clear that $A_{1}\geq B_{1}\geq 0$ and

( $A_{1}^{\mathrm{r}_{1}}B_{1}^{\rho_{1}}$ Afl) $\frac{1}{q_{1}}\not\leq A\frac{\mathrm{p}+2r}{1q_{1}}$

(Actually $(1\perp 2r_{1})q_{1}\not\geq p_{1}\perp 2\tau_{1}.$) Let us put $A=A_{1}^{2},$ $B=B_{1}^{2},$ $r= \frac{1}{2}r_{1}=\frac{1}{2},$ $p=$

$\frac{1}{2}p_{1}=\frac{3}{2}$ and $q=q_{1}= \frac{3}{2}$ . Then $A_{1}\geq B_{1}$ implies $A>>B$ and $(1+2r)q=3 \geq\frac{5}{2}=$

$p\perp 2r$ . On the other hand, we have

$(A^{\mathrm{r}}B^{p}A^{r})^{\frac{1}{q}}=(A_{1}^{r_{1}}B_{11}^{p1}Ar_{1})^{\frac{1}{q_{1}}}\not\leq A^{\frac{\mathrm{p}_{1}+2\mathrm{r}_{1}}{1q_{1}}}=A^{\epsilon_{\frac{+2r}{q}}}$

Concluding this section, we present the following characterizations of the chaotic
order by summing up the above argument:

Theorem 6. For $A,$ $B>0$ , the following $assert\dot{i}ons$ are mutually equivalent;

(1) $A>>B_{J}i.e.,$ $\log A>>1_{0_{\circ}^{\sigma}}B$ .

(2) For any $\delta>0$ there exists an $\alpha=\alpha_{\delta}>0$ such that $(A^{r}B^{p}A^{r})^{\frac{1}{q}}\leq e^{\underline{s}_{R}}\emptyset A^{\frac{\mathcal{D}+2r}{q}}$

holds for $p\geq 0,$ $r\geq 0$ and $q\geq 1w\dot{i}th(\alpha+2r)q\geq p+2r$ .
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(3) $(\Lambda^{\mathrm{r}}/J^{\rho}A^{r})\prime \mathrm{t},$ $\leq A^{L_{\frac{+2r}{\mathrm{q}}}}ho/,(l_{S}$ for $p \geq 0_{f}r\geq()\mathit{0}7\},d(\int\geq 1$ with $2rq\geq p+2r$ .

(4) $(/1^{r}lJ^{\rho}A^{\Gamma})\overline{l’}+arrow rr\leq A^{2r}$ holds for all $p,$ $r\geq 0$ .

(5) $( \text{ノ}\mathrm{t}8/i^{\rho}\Lambda\int)^{\mathrm{i}}\leq A^{\mathrm{p}}$ holds for all $p\geq 0$ .

4. The grand Furuta inequality under chaotic order. Now the grand
Furuta inc( $\downarrow \mathrm{t}\iota \mathrm{a}\mathrm{l}\mathrm{i}\dagger,\mathrm{y}[15]$ is mentioned that if $A\geq B\geq()$ and $\Lambda>0$ , then for $0\leq t\leq 1$

(11) $\{A^{\frac{\mathrm{r}}{2}}(A^{-\frac{t}{2}}B^{\rho}A^{-\frac{t}{2}})^{s}A^{\frac{r}{2}}\}\frac{p-1-}{}t)\cdot\infty r\succ r\leq A^{1-t+\mathrm{r}}$

holds for $r\geq t,$ $p\geq 1$ and $s\geq 1$ . Taking $t=1$ and $s=r$ , we have the Ando-Hiai
inequality [2; Thcorem 3.5] as a special case. $\mathrm{T}\mathrm{h}\mathrm{a}1_{}$ is, the following inequality holds
under the same $\zeta \mathrm{u}\mathrm{s}\mathrm{u}\mathrm{m}_{\mathrm{P}^{\mathrm{t}\mathrm{i}_{0}\mathrm{n}}}$ as above;

(12) $A^{\mathrm{r}}\geq\{A^{r/2}(A-1/2BpA-1/2)r_{\Lambda^{r}\}^{1/}}/2\rho$

for $p,$ $r\geq 1$ . On the other hand, taking $t=0$ arld $s=1$ , we have the Furuta
inequality (2). Namely t.he $\circ\sigma \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{d}$ Furuta inequalit, $\mathrm{y}$ is understood as a parametric
formula int,crpolating the Ando-Hiai inequality and $|_{\mathfrak{N}}$ he inequality by himself.

Now we discuss the $0\sigma \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{d}$ Furuta inequality undcr the chaotic order. For sim-
plicity, we nssume t.hat $\log A>1_{0_{\mathrm{o}}^{\sigma}}B$ . The following theorem is $an$ application of
the grand Furuta inequality, too.

Theorem 7. If $\Lambda,$ $B>0$ and $\log A>\log B_{J}$ then there $ex\dot{x}sts$ an $\alpha>0$ such that
for $0\leq t\leq\alpha$

(13) $\{A^{\frac{\mathrm{r}}{2}}(A^{-\frac{t}{2}}B^{p}A^{-\frac{t}{2}})^{s}A^{\frac{r}{2}}\}\Gamma^{\alpha}\mathrm{p}-t)_{\theta+^{r}}rightarrow-tr\leq A^{\alpha-t+f}$

holds for $r\geq t,$ $p\geq\alpha$ and $s\geq 1$ .

Proof. By Corollary 2, we can suppose that $A^{\alpha}>B^{\alpha}$ for some $0<\alpha\leq 1$ . For
$0\leq t\leq\alpha\leq p$ , we put $A_{1}=A^{\alpha},$ $B_{1}=B^{\alpha}$ , ; $t_{1}= \frac{t}{\alpha}$ , $r_{1}= \frac{\mathrm{r}}{\alpha},$ $p_{1}=\alpha E$ . Since
$0\leq t\leq\alpha\leq p,$ $r\geq t$ and $s\geq 1$ , we have $0\leq t_{1}\leq 1,$ $r_{1}\geq t_{1},$ $p_{1}\geq 1$ (and $s\geq 1$ ).
Therefore the grand Furuta inequality assures that

$\{A^{\frac{r}{2}}(A^{-}\frac{\ell}{2}B\mathrm{p}A^{-\frac{\mathrm{t}}{2})^{s}\}^{\frac{\alpha-t+r}{(\mathrm{p}-t)s+\mathrm{r}}}}\mathit{1}1\frac{r}{2}$

$=\{A_{1^{-}}^{\lrcorner}’(A^{-}2Bp_{1}A-\mathrm{t}\lrcorner)^{s_{A^{2}}}1111\}^{\frac{\mathrm{t}-t_{1}\star r1}{(\mathrm{p}_{1}-t1)s+r1}}r\iota\lrcorner r\lrcorner 2$

$\leq A_{1}^{1-t_{1}\mathrm{r}_{1}}+$

$=A^{\alpha-t+r}$ .

So the proof is complete.

Incidentally, (13) implies the following inequality $on$ the chaotic order:

(14) $A^{\frac{r}{2}}(A^{-\frac{t}{2}}B^{p}A^{-\frac{t}{2}})^{s}A^{\frac{r}{2}}<<A^{(p-\ell)}s+\mathrm{r}$

for $r\geq t,$ $p>0$ and $s\geq 1$ .

Remark. Exactly the $0\circ_{\mathrm{T}}\mathrm{a}\mathrm{n}\mathrm{d}$ Furuta inequality is expressed as the monotonicity of
an operator function $\mathrm{C}\gamma s$ follows:
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The grand Furuta inequality. If $A\geq B\geq 0$ and $\Lambda$ is invertible, then for each
$t\in[\mathrm{o}, 1]$ ,

$F_{\mathrm{p},t}(A, B, \Gamma, S)=A^{-f/2}\{’ 1^{f/}2(A-t/2BpA-t/2)^{\mathit{8}}A\mathrm{r}/2\}^{\frac{1-\mathrm{t}\perp r}{(\mathrm{p}-t)s+f}}A^{-}r/2$

is a decreasing function of both $r$ and $s$ for all $.r\geq t,$ $p\geq 1$ . and $s\geq 1$ .

Therefore (11) is a special case of the grand Furuta inequality, more precisely. We
now remark that a chaotic version of the grand Furuta inequality can be considered,
which will be done in the forthcoming paper by T.Furuta [18].

5. A variant of the grand Furuta inequality. Very recently, Furuta
proposed in [16; Cor. 2.5] the following variant of the $\mathrm{g}\mathrm{T}\mathrm{a}\mathrm{n}\mathrm{d}$ Furuta inequality (11)
related to a parallelism among Furuta’s type operator inequalities. Actually it is
the opposite of (11) on the sign of $t$ :

Theorem C. If $A\geq B\geq 0_{f}$ then

(15) $\{A^{\frac{r}{2}}(A^{\frac{t}{2}}B^{p}A^{\frac{\ell}{2}})^{s}A^{\frac{r}{2}}\}^{\frac{1+t+r}{(\mathrm{p}+t)s+r}}\leq A^{1+t+r}$

holds for $t\geq 0,$ $r\geq 0,$ $p\geq 1$ and $s\geq 1$ .

By a similar way to the preceding section, a chaotic version of Theorem $\mathrm{C}$ is
given and also an application of Theorem 3:

Theorem 8. If $A,$ $B>0$ and $A\gg B$ , then for any $\delta>0$ there exists an $\alpha>0$

such that

(16) $\{A^{\frac{r}{2}}(A^{\frac{t}{2}}B^{\rho}A^{\frac{t}{2}})^{s}A^{\frac{r}{2}}\}^{\frac{\alpha+t+r}{(\mathrm{p}+t\rangle_{S+}\gamma}}\leq(e^{\frac{s_{\mathrm{p}S}}{(p+l)s+r}}A)^{\alpha+t}+\Gamma$.

holds for $t\geq 0,$ $r\geq 0,$ $p>0$ and $s\geq 1$ .

Proof. First of all, for a given $\delta>0$ there exists an $\alpha=\alpha_{\delta}>0$ such that

$A_{1}=(e^{\delta}A)^{\alpha}>B^{\alpha}=B_{1}$

by Theorem 3, and we can add to the condition $0<\alpha\leq p$ by the L\"owner-Heinz
inequality. Putting $t_{1}= \frac{t}{\alpha}$ , $r_{1}= \frac{r}{\alpha}$ and $p_{1}=R\alpha$

’ Theorem $\mathrm{C}$ implies that

$\mathrm{f}A^{\frac{r}{2}}(A^{\frac{t}{2}}BpA\frac{t}{2}1sA\frac{\mathrm{r}}{2}\}\frac{a+t+r}{(\mathrm{p}+t\}_{S+}r}$

$\leq e^{-\frac{\backslash l\backslash \cdot\tau\cdot \mathrm{T}^{\mathrm{J}}l}{(\mathrm{p}+t)_{S+}r}}.."..A_{1^{+}}^{1}t_{1}+\mathrm{r}_{1}$

$=(e^{\frac{\delta \mathrm{p}s}{(\mathrm{p}+t)_{S+r}}}A)^{\alpha+t}+\mathrm{r}$ .

So the proof is complete.
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Corollary 9. $(\Gamma^{\mathrm{t}}\mathrm{u}\mathrm{r}\mathrm{t}\mathrm{I}\mathrm{t}\mathrm{a})|17[lfA,$ $B>0$ and $\Lambda>>B$ , then

(17)

holds for $p\geq \mathrm{u}>(),$ $s\geq 1,1\geq\gamma\geq \mathrm{U}$ and $\beta\geq-n\gamma$ .

Proof. If we put $t=|\iota\gamma$ and $r=2\beta+([]\iota\gamma \dagger p)\mathit{3}$ , l,lten $t\geq 0$ and
$r\geq 2\beta+u\gamma+p=2(\beta+u\gamma)+(p-u\gamma \mathrm{I}\geq 0$ .

Hence it $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}^{\mathrm{t}}\backslash \mathrm{i}$ frorn Thcorem 8 that for any $\delta>0$ there exists an $\alpha>0$ such that

(18) $\{\text{ノ}[b_{(\text{ノ}1B^{\rho}A^{\mathrm{I}^{t}}}.\mathrm{J})^{s_{A\}}}t\frac{r}{2}\frac{a+^{p}+r}{(\mathrm{p}+l)s+\ulcorner}\leq(e\Gamma\nu+\prec^{\frac{*}{s+r}}\text{\’{o}}\iota A)^{\alpha}-\vdash\ell+\Gamma$

holds for $f,$ $\geq 0,$ $r\geq 0,$ $p>0$ and $s\geq 1$ .
Since $\alpha>0|\mathrm{l}\prime \mathrm{n}\mathrm{d}$

.
} $\downarrow\gamma+\beta\geq 0$ , we have

$\frac{(p+t)_{\mathfrak{h}}+\Gamma}{2(\alpha+t’+\Gamma \mathrm{I}}.\leq\frac{(p-\vdash|\iota\gamma)s\perp 2\beta+(u\wedge\prime+p)_{S}}{2(u\gamma+2\beta+(u\gamma+_{\mathcal{P})S})}=\frac{\prime\theta+(1l\gamma+p)_{S}}{(\mathrm{e}\iota\gamma+\beta)+(\beta+(u\gamma+p)_{S})}\leq 1$ .

Taking the $\mathrm{p}\mathrm{o}\mathrm{w}\mathrm{c}\mathrm{r}.’arrow^{\theta+}(\vdash\ell)\gamma 2(r\iota+\ell+r)$ on both sides of (18), it follows from (1) that

{ $A^{\frac{2\beta+\{\iota\gamma+\mathrm{p})s}{\lrcorner}(A^{\underline{\tau}}zBA^{\frac{\mathrm{u}}{\underline{\circ}}}}’ \mathrm{A}2\mathrm{P})s\downarrow f’ 21\infty-\beta+\mathrm{u}\gamma\vdash S$ :

$\leq\{e^{\frac{\prime p}{(\rho|\cdot p)s\perp r}}"\Lambda\}^{(+t+)\cdot\frac{\backslash \gamma\cdot\primearrow\tau}{2(\alpha+\mathrm{t}+r)}}\alpha\Gamma$

$=e^{\underline{\delta}p}\mathit{1}^{-\iota^{(\gamma}}$
.

$\text{ノ}p+u$ ) $s+\beta$ .

Hence we have the conclusion by $\mathrm{t}\mathrm{a}\mathrm{k}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma\deltaarrow 0$ .

Remark. Furuta proved in [15; Theorem 2] that if $A>>B$ , then there exists a
partial isometry $U$ satisfying

(19) A\S $(A \frac{u}{2}fBpA-u\Delta 2)^{S}A^{\frac{\beta}{2}}\leq U^{*}A^{(\mathrm{t}}s\gamma+\rho)S+\beta U$

holds for $p\geq u>0,$ $s\geq 1,1\geq\wedge’\geq 0$ and $\beta\geq-u\gamma$ . Consequently he obtained
a generalized Kosaki trace inequality $\cdot$, if $A>>B$ , then for a continuous increasing
function $f$ on $\mathbb{R}_{+}$ with $f(\mathrm{O})=0$

$Tr_{l}.( \int(f1\S\sim(A\frac{\mathrm{u}}{2}\mathit{1}.B^{p}.A\frac{u\gamma}{2})s,1^{\frac{\beta}{\underline{\circ}}}))\leq Tr(f(.A^{(}u\gamma+p)_{\mathit{3}^{-\vdash\beta}}))$

holds for $p\geq u>0,$
$s\geq a_{1},$ $\tau_{1}\geq\wedge(\geq 0$ and’ $\beta\geq-u\gamma$ .

Finally we make a path from Corollary 9 to (19) clear. As in [16], we use the
lemma that there is a partial isometry $U$ such that $XSX\leq U^{*}SU$ for given $S\geq 0$

and $0<X<1$ . Since Corollary 9 says that . $\cdot$ .

is a contraction, i.e., (17), if we choose $S=A^{(\mathrm{u}\gamma+\rho}$) $S+\beta,$ th. $\mathrm{e}.\mathrm{n}$ we can apply it to $X$

and S. $\mathrm{N}_{\mathrm{c}}’\iota \mathrm{m}\mathrm{e}\mathrm{l}\mathrm{y}$ we have (19);

$A^{\frac{o}{2}}(.4^{\mathrm{f}_{B^{\mathrm{P}_{t\mathrm{t}’}}}}‘\underline{\underline{1\gamma}})^{s}A^{\mathrm{g}}2=XSX\leq U^{*}SU=U^{*}A^{(\mathrm{u}\gamma+_{\mathrm{P})S+\beta}}U$
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