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BRI R9 5 conjugate point {Z-DV T
BILKE BREESH HE S0 (Sayuri Koga)
ROBEHIEREEEEZ 2 5,
Minimize J(z,u) = l(z(T)) + JT L(t, z(t), u(t))dt
(C) subject to &(t) = f(t,z(t), u(t)), z(0) = o, k(z(T)) =0
u €U = {ulg(u) < 0,h(u) =0},

z € AC([0,T]; R™), u € L([0,T]; R™)
fBL. UCR™ L:[0,1]]x R*"x R™ — R, f:[0,1] x R* x R™ — R™

Ft ), Lty ) ¥ {(mu)| llz —2()|| <&, |lu—a(®)]| < e} £T (z,u) KEL2[E
BRI TS, (), h() 1 {u]  lu—u()l| <e} L2EMEEMDITTRE, k: R" — R\
l:R* > Rix{z| ||lz—%(T)|| <e} L C%class, g: R™ — R*,h : R* — R* I
{u| |lu-u@)]| <e} k Cclass, F7z, z ldHFZbNIA, T i3 fix point &5 3,

(z,4) LDHBEBELET J(z,u) > J(,0) BRILT DR (2,0) 2 BodEHERE
(C) DFBEE VD, T ZTiE (C) OFMBEIKR§ 2B NERTEE 52 5,

UTHEDRL®, f# (z,7) (& UL(E) = L(t, Z(t), 4(t)), h(t) = h(t, 4(t)) ete. LES

NP I

Dk 5 RREDRE (z,1) € PWS([0,T); R*) x PWC([0,T); R™) iZ*f L, Zeidan &
i conjugate point (ZBET A REMENEREEZEXL TS 2, LALRMRHLEITER
ST BRI, ROFEFEIRN=Z2DORE Z M TEPRHR L R>TWD,

1.strengthened Legendre condition
vHyu(t)v >0 Vv satisfying h,(t)v = 0, Gju(t)v <0 (5 € I(2))
L, I(t) = {.7 € {1a27 Tt 7m}' gj(t) = 0}

2.[0,t]("t € [0, T]) L strengthened normality condition

—p=fip i

p* fov =0 Yv satisfying h,v =0, v <0 (€ I(t)) on [0,t] = p=0
3.[t,T)("t € [0, T]) _L strengthened normality condition

—p=1fp

p(T) = VE(T)3v = p=0

p* fuv = 0% satisfying h,v = 0, Gjuv < 0 (j € I(¢)) on [t,T)
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LirL, ZROORE 1, 2, 3 IXFEEITRNRMHETH A DT U = R™ OBETT LIS
SZRNERL,

Example 1

Minimize [} \/ G2(t) + B2(t) cos? a(t)dt
subject to  @(0) = 0,8(0) = 0,a(1) = 0, A1) = Sr

ZOBNIER 2 + 92+ 22 =1 LOMBROF T, 284 (1,0,0), (0,—1,0) %1 555k
MERDLMBETH D, FIZIE, UTOROER a(t) % Euler  equation, Legendre
condition %7~ LTW3, LinLed b, BIEfECitiev, FlxiE, il b(t) 13, Euler

equation I3z L CWRUVNAS, Bi#R a(t) X 0 T ARIDEEEIE -,

o Euler-equation (§La = Lo, 2L; = Lg)

- —3%(t) cosasina - o at)
La = s ) La(t) = s )
V&2(t) + B2(t) cos? ot) Va2(t) + B2(t) cos? ot)

B(t) cos? a(t)
\/62(¢) sin® B(t) + B(1)2

Lg(t) =0, Ly(t) =

L0, i a(t) KR LTI
La=La=Lg=0, Ly=1
T& 5D T Euler-equation %72 LT3, %R b(t) 12d LTIk

_ - cos? 7t
Lg=0, L= e
p » B V4 + cos? t

THHDT,
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ANE. BE#R b(t) 1% Euler-equation 13W7z 72V,
e Legendre condition ((¢, ) (5,5) ( 2 ) > 0 for all (&,7) € R?)

I B2(t) cos? aft) T, a(t)B(t) cos® aft)
Ja0) 1 PO ostalt) &) + () costalt)
Ly &2(t) cos? a(t) .
\/ 62(t) + B(t)? cos? at)
ThBOT, i a(t), b(t) 125 Legendre condition iz ZNEFNKORTEZ b

*Léo 2
0 f 2

2 cos? 7t 4 cos? wt ) 2 9
(f’ 77) \/1‘11+cos2 1trt \/%4-0052 ',trt" ( E ) _ 2(€ + 2?7) Ccos 37rt S
o e n V4 + cos? t

Vitcosznt  VAtcosZat »

L oT, B a(t), b(t) 1% Legendre condition %74, L2 Lf£ﬂ§6\ E#R a(t) 12

*FL
on (1§ 5) (1)

ThHDHDT, &1 D strengthened Legendre condition X7 LTV, T X,
AR a(t) 1238 L 2B BRI R D o T2,

KRz strengthened normality conditions Piéqffﬁ'élﬁ'ﬁb ‘fﬁﬁ’(“&) BICbIbbT. %
NHED—2>THKRL Z LI TERVWES Zeidan HITFRL TS [4], &L, Loewen 5
A Tgeneralized conjugate point] % EZEL. [1] {23V T control Ik U AWM TEZ D
A BEHIHREDME (2, v) € PWS([0,T]; R*) x PWC([0,T]; R™) 2%t L generalized
conjugate point (2B B REENESRGEE5 X HILTUV5, T O generalized conjugate
point % NSO 30 MRE (strengthened Legendre condition, strengthened nor-
mality conditions) W7z SR TOMYED Z LB TE D, A, THH DIRE DTG
TId conjugate point X generalized conjugate point T&H 5, El]*f'); HERD conjugate
point DEBRVKEHRLAERT DO TH oL DITHVMEEZE LD Z AR DT
%%, LIL7ZRAE Loewen Hid generalized conjugate point % E& T HBRIZH 55
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EMATVRY, ZHuE, TR DRVMED S & TIXEBIMICHLZ LTV B &ETH
5, ZIZ T, ROBEET 5,
Assumption A

Giu()(J € I(1)), hu(t) 1% [0,T] L full rank ¥,

5L, I(t) = {jlg;(t) = 0}

Theorem 1 (Pontryagin’s principle ) Assumption A %¥i7=3 (C) OFHME (z,7) I
X LIRS & i T2
(P, A 20,7) € AC([0,1]; B™) x Loo([0,1]; B*) x R x R™ BFTET B,

a
b
c
d

Do 2 0,20 + [Iyll + [Alloe #0

-p=H,, 2=H,

p(T)* = y*VE(T) + X VI(T)

Min{L(t,Z,u) + p* f(t,Z,u)|u € U, ||u — a(t)|| < €}
= XL +p*f on [0,T]

S N N N

BL. H=XL(t,2,u) +p(t)* f(t,2,u) + u(t)*h(u) + A(t)*g(u)
IO XL, D) = {j € I#)|A\t) > 0}2I(t) c I{t) £ L. &RD admissible
direction %%z 3,

_ [veR™ |h(t) =0, gu(t)v =0, je D(t)
V= { 13(t) + gju(t)v <0, j e I(t)\D(2) }

V i={aw|a > 0,v(t) € V(t)}

ZIT VI IE) DL DRI R DM, BRI ERIER & B u ikt LTI,
I®)=1I(t) &b, (1
Theorem 1 @ (d) XV, ROFHEB/BZZ &N TE B,

(d) Hy,=0 a.el0,T]
w’ Hyu(t)w > 0 for all w satisfying h,(t)w = 0, Giu(t)v <0 (5 € I(2))

Definition 1 Theoreml O (a), (b), (), (d) =T Ao, p, v, A BIEET A
# (z,1) % ertremal LIRS,
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Definition 2 ROFEH %W p 1X p = 0 EiFTH B & & extremal (z,4) 1
[0, T| £ V&(T)-controllable ([0, T] L strongly normal) TH>B LV,

—p(t) = fo(t)p(2)
p(T) = Vk(T)*r, r € R
p(t)* fu(t)v(t) = 0 for all v satisfying v €V on [1,T]

FEIZRIRE (C) Ofig (z,a) 23 [0, T] £ VE(T)-controllable T Theorem 1 (230>
TX#0 LTES, |

Definition 3 T OFMEZM-ITRABNSTFETLL & 1€ (0,T) % T @ generalized

conjugate pomt & @2/59
@ yqv )GACxACxV y #0 on [r,T]
st. §=fay+ fuv, y(r) = VKT)y(T) =0,
a(r) £0, a(T) = {V?U(T) + 7" V*K(T)}y(T) +* 1'VE(T)
< faq+ Houy + Hyv,v >< 0 on [1,T]
(i) (i) TIHAET DB (v, ¢, v) [TH LIRDOWTNHDOEBE /T,
(@) IMC[0,T], (M) >0
s.t. < fiq+ Hpwy + Hyv,v >< 0 on M
(b) 3(7,9) € AC xV
s.t.y ~ fa:y '1' fuv) y_(O) = Vk(T)y(T) = 0, g(T)*q(T) <0
< frg+ Hpy + Hyv,5 >< 0 on [0,T]

Theorem 2 =2 ha—/VEHIK U S I THEZA DN TWA ET5, ZDL EXSHIIED
D3IRfRE, KTWNZERT R u 23, Assumption A &Wi7= L. [0,T] £ VE(T)-controllable
THIL(0,T) E generalized conjugate point BSTFETE LRV,

Loewen &l generalized conjugate point % EET BRI, (i) ICBWTHRHEy £
Oon [r,T] ZMRTWhole, ZOFHRENRNE ZKEARIZH LTS generalized con-
jugate point 3SFET D Z LRH D, T, 3 ODMVMEE (strengthened Legendre
condition, [0, ], [¢, T]("¢ € [0,T] L strengthened normality condition) ™% & TikH B
W7z LTWAEETH 5,

Example 2
Minimize f; {3zul}dt
subject to = = —u; + us,
‘ m(O) = 0, U9 2 (751
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T=up—u >0 XY 2 [IEFEMTHY, >0 2(0)=0 THHDOTz >0 815

11
/0 {Emuf}dt >0

£oT (U, 8,%) = (1,1,0) 13, ZORMEDETHD, 4. f=—ui+ug, H=p(—u; +
up) + 2zul + Aur —ug) &V

f2=0, fu=(-1,1), Hpp=H,, =0, Hy =(1,0)

&L ZAT, ZORBEDHE (7,z) IZxtL. (y,q9,v) = (0,t -1, ( j )) T T OR %
7=, B _

y=foy+fw, y(3)=0, a3)#0,

_q = f;q + Ha:zy + Hpv

< frq+ Hypy + Hyv,v >< 0 on (5, 1]
1

Z0 g ITHL, (y,a)=<t,(2

)) LT DR
Y= fg+ £u5,50) =0, 5(3)7e(3) <0
< faq+ Hpuy + Huuv, 9 >< 0
ZDOBFITH DRI, generalized conjugate point DEFED (i) 2RV Ty Z 0 on [7, T
IS ETHD, b, ZBERTH LT y=0o0n [r,T]| D8R T MEETDHIENH 5B,

B\ Example 1 & 2%, TOROHR c(t) IIFERTH DB, R at) 135H
FRTIZZRV Y,

5wt
‘ _ M\,%C\TQ. ve
gemm\lzeA ;°(t)8: { at)=0
4 B(t) = 3rt

#I#R a(t), b(t) 13FEIZ Euler equation Legendre condition (i LTV 5%, L2>L7A#s

5. a(t) I3 generalized conjugate point t = 3 Z#FD3, ##R c(t) IX (0, 1) Lk generalized
conjugate point [3FF2720 Y,
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Bib. B a(t) ICRL 2= (0, 8),u:= (&, 8) EBL &,

_ =37 _ _ 2 9
H:L'.'z: = 2 y H.'z'u. = 0, Hu'u. = 3m
(0 0 _ 0 0

D, kO

(y,q,v):( sin%"(()l—t) >,(cos37’“§1—t) )( & 00302 x(1—t) >)

IZEA T DR (generalized conjugate point M5 (1)) W73
J=foy+ =0, y(3G)=yQ1)=
a =170 o=} )=vea ()

—4 = f2q+ Huay + Howv
_ _ _ 204 cin2
qTqu + 'UTH:ztuy + 'UTHuu'U =q1v1 + qoV2 + gl(—t)—gg)—ﬂ(t)
= ’Ul{gz;;’vl +¢}=0

:@E@ﬁ q &:ﬁblﬁi?ﬁ (?7,’5) _ (( Sin’ﬂ'((;l—t) ),< —NCOSZ)I'(].—t) )) }iu_‘:‘@iﬁ:
(generalized conjugate point DFAH: (i) @ (b)) Z 727,

i=Fg+fo=0 §0)=5(1)=0, y(3)e})=-L<0
< fiq+ Hpy + Huv, o >=01{q1 + 2 vl} 0 on [0, 1]

iOT‘@ﬁa@Fiﬁmm%1®%ﬁ%Tﬁ&W

b L. control FRIKAENU = {u|h’(t) = 0} 12 & W BEx b= B R (C) DO
WBIE (z,a) € AC([0, T); R™) X Loo([0, T]; R™) 12t L&, KD X V55V MRE Assumption
B D% & T generalized conjugate point (ZBId 2 Ro@ENERHFE 5 X HDENTE S,

Assumption B

(i) VE(T): X full rank %%
(#3)  hy(t)hy(t)* : [0,T] LIERI,

Theorem 3 =3 hu—/UESAER U = {ulh(u) =0} KLV B bk T, &
DL E (C) DE (Z,4) \ZBUWT Assumption B &7z L. [0,T] £ VE(T)-controllable
ThdETD, ZDEE, (0,T) L generalized conjugate point BIEFE L7V,



168

Example 3
Minimize [ {u; + zus}dt
subject to 1 =y, + Ug,
£(0) =1, z(1) =2, wjup, =0
~ 1 onl0,i] _ 0 onl0,3] _ 1
= = —t4 =
“ {0 on (3,1 '™ {].on@J]J *s
WZXFL,
= _ (0,1) on 0,1
hu — , — ) 12
@) ={ 0 o
THHOT

e, [0,1] k hh: XIERL, £, ZOREDOANIL BT

H = p(u1 + ’U,g) + w1 + Uy + Augue

F7. B

p_{ -1 on|0,3] A—{_H% on[03] ~_ 3
—t—31 on(31] "’ t—3 on (31"’ 2

IIUTORE W23 DT, (%,4) iX extremal,

—P = Hm = Uy, p(l) =V
0=H, =p+1+ Xy
0=H,, =p+z+ i

I

L22L72A3 5 generalized conjugate point B3FFETH DT, (z,4) IR TIXA2V, BB,

fw = 07 fu - (11 1)7 H:z:z = Huu =0, Hmu = (Oa 1)

/N
y = 2t—3 onlg3 q= -3 on[g3]
—t+1 on (3,1’ t—1 on(3,1] "’
oy = 2 on [4,2] vy = 0 onlfil
0 on(3,1] "’ -1 on (3,1]
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[

=

IXEL T DR (generalized conjugate point @ (i) X (ii) D (a)) ZW/ZT DT, t =
generalized conjugate point :

y= fzy+fuv7 ()_0 Q()7£0
_q = f*q + Hz::z:y + quv

11
< fiq+ Hpuy + Huv,v > <0 onfgs
=0 on (2, 1]

generalized conjugate point ¢t = 1 BFEETH DT, (7, ) IFETIIRVY,

S5 XK
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