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Dynmaical processes in macroscopic systems can be categorized
tipycally into three hierarchial stages. First the initial dynami-
cal stage is concerned with the precise information of microscopic
level, to which the Liouville or von Neumann equation is relevant.
Secondly the kinetic stage 1is described on the basis of the
Boltzmann equation, where the microscopic basis of the second 1law
of thermodynamics was elucidated as well as irreversibility.
Thirdly the thermo-hydordynamical stage comes, which is described
in terms of hydrodynamics and thermodynamics. Variational princi-
ples relevant to these three stages are presented, which shows
that the dynamical basis of irreversibility comes about as a

result of the information contraction of the state of the systen.

§1.Introduction

Corresponding to the hierarchy of development of dynamical
systems, we have three sorts of variational principles, which are
converted into one another by contracting informatons of the state
of the system, as shown in the table below. We begin with the
kinetic theories of conduction electrons in solids based on the
Boltzmann equation, for which a varitional principle we call the
Umeda-Kohler-Sondheimer (abbreviated as UKS) principlet’ is pre-
sented as an extremum problem in 82, whose thermodynamical meaning
is given on the basis of the entropy production. The extremum

gives such a transport coefficents as electrical conductivity.
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Contracting the informaton of the distribution function, we can
derive the hydrothermodynamical variational principle which was
obtaied by Onsager?2’ many years ago by applying the theory of
stochastic processeé to the system at thermal equilibrium.

In §3 we investigate the dynamical stage on the basis of the
von Neumann equation, for which a variational principles?®’ formu-
lated as a stationarity problem. By means of the information
contraction the stationarity problem is converted into an extremum
problem. This contraction is presented in §4, where the vvariatio—
nal principle is reduced to the UKS principle in a more rectified
form?’ . In 85 it is summarized how the contracton of information
of the densiity matrix and distribution function convert the
variational principle of reversible dynamical processes into the

one of irreversibile thermodynamical processes.

Successive information contraction--------—==—=—--- >

Our V.P. UKS V.P. Onsager'’s V.P.

Dynamical stage| Kinnetic stage Hydro-Thermodynamical stage

|
|
|
|
|

von Neumann eq.+-+>Boltzzmann eq.»»Navier-Stokes eq.

time developing------—-==—=--—---—-——=-——m—————————- >

§2. UKS and thermodynamical variational principles

The Boltzmann equation in the kinetic theory is written
af f af
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as the sum of the collision and drift terms, which are given by
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respectively, for the system of conduction

scattered by static impurities, where the transition

is written
We k=27 <KkiIVIKk’>|2 /R

in terms of the impurity potential V.
Assuming
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in terms of the Fermi distribution

1
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we obtain

[ af ] _ 3fy Lo
at J¢ ¢ ’
from (3), where the collision operator L is defined by
Lotk) = =, We, k- 8lex—ex ) (du—dn ).

The drift term (1) is written as

[af]__ 9fe
]
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in terms of the flows and forces

jx =evy , gk ={ex~udvey, (ve=hk/m)

electrons
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(3)

in solids

probability

(4)

A5)

(6)

(7)

(8)

(9)

(10)



X1 =E-{Vu/e), X:=-(VT)/T. (11)
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Substituting (7) and (9) into (1), we get the linearized

Boltzmann equation

Lo=X,  X=jr -Xi +ax X2 (12)

in the wave number k-space.

With respect to the inner product defined as

afale)
(er0)=(0,0)= -5 ——— & ¥k » (13)
X3 ‘ ' ‘
3fs :
(w,pr):—g:g., We. k- dlen—ex Yl —wx ) (dx—dc ) (14)
ey

gsatisfies the self-adoint and positive definite relations
(¢,Ly)=(y,Ls), ' (15)
{$,Le)20. ~ (16.)

Thus observed values of the electric and heat currents

expressed as

Boo=op felsihezlers)  (i=1,2), (17)

where we rewrite §,=j, j:z=q. Puttng the solution of (12) as
$=X1 co1 +X: c 0z, ({18)
we get

Leoi=3: . _ (19)

Thus we can rewrite (16) as

are
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Ji= & Li. X, (i=1,2), (20)
confining ourselves to an isotropic or cubic system, where
L;s=L,a=(¢a,Loa)=(j.,L"Ji)=J'(szjs(t))dt (i,j=1,2), (21)

2

jilt)r=e-ttj;. (22)

which show Onsager’s reciprocity relation.

Based on the relations (15) and (16), the Umeda-Kohler-
Sondheimer(UKS) variatiional principle!'' is presented as follows.
[T] (gp,Lp)=Max. on the condition (p,Lyp)=(p,X). (23)

(41 2(w,X)-(p,pLyp)=Max. (24)
X)e

L) —~ifl—-—— =Max. (25)
(g, Lyp)

The maximum gives the entropy production, which is equal, if X is
an orthogonal component of the electric current, to the electrical
conductivity. Changes of entropy with time due to collisions and

drift are written as

S vy L
) ]= (¢, ¢2 (26)
3t ¢ T
35S - - (9,X) (27)
at b T
repectively. The entropy production (25) is intrinsic to the
system. Using (18) and (19), we can rewrite (26) and (27) as

{{g} = Ex(L-1): 1 J 7, (28)
C [
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3S ‘
— = 2J: X, ‘ {29)
( 3t J»o i ’

in terms of the flows and forces. The‘ UKS principle, when
reproposed merely with respect to Ji’s, is much contracted, and we

obtain the thermodynamical variation principle, which was obtained

by Onsager based on a probabilistic augument and stated as

i

223 X, - ZZ_(L"?);iJ;JizMaX.._ . (30)

with respect to J;’s without reference to ¢ as in UKS.

§3.Dynamical or quantum-statistical variational principle
The von-Neumann equation for the system exposed to an electric

field E(t) is expressed as

. ?
it a‘t) = [H-P-E(t),p], (31)

in terms of the Hamiltonian H and the polarization operator P of

the system and a time dependent external electric field E(t). We
assume
olt)=pc+p:i (L), {32)
pc =Kexp(-8H~£(N) {33)
8 } . .
pl(t)=I daxpcexp(aH)&(t)exp(-AH), (34)
Qe
which correspond to (5) for the Boltzmann equation. Substituting

{31) into (30) with (32) and (33), we get
3d/3t+La=3-E(L), {35)

where we have defined L by
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Le= -i[H,®)l/h, 3=ilH,Pl/h. (36)

Assuming for the appliied electric field 1in analogy with

incoming and outgoing waves in the scattering theorys' as

E(t)=Eexp(st) (t<0), }}pmp(t)zpc,' ) {37)
E{t)=Eexp({-st) (t>0), }}? plt)=pc, {38)
in terms of an adiabatic parameter s(>0), and also
d(t)=a' ' exp({st) - (£<0), (39)
e(t)=3' - expl-st) {t>0). (40)

Substituting (39) and (40) with (37) and i38) into (45), we obtain
L.+ =j-E, (41)
L-s®*-"=j-E, {42)
defining a superoperator
Ls =L+s, Le =i[H,d]1/k. (43)

LLet us define the inner product
8
(Q,w)=(m,@)=j Tr{®p: exp(aAH)Pexp(-aH)dr. (44)
2

Then the superoperator Ls satisfies

(&, L:9)=~(¥,L.s8). _ {45)

for any pair of operators & and @. The quantum variational

principle is presented as follows. Let us make
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W(Q.‘+)’@c-))-_-(@(4-)_@(—)’E;j)+(§(-)’LSQ(+), (46)
stationary with respect to &¢*) and &‘-'. Then the solutions
satisfiy (55) and (56), respectively, and gives the Joule heat

W=J;-E = -J_5-E, (47)

to {(46), where J; and J.; are the current at t=0 for the states

governed by (41) and (42), respectively. If E is a unit vector

parallel to the y-axes, the stationary value of
O'(@+ 9@—)=(@~‘@—)ju ‘)+(@— ;L3Q¢), (48)

gives the electrical condctivity

® 8
) @
§4. Reduction of variational prihciplé from the quantum to UKS
Let us write @'+’ and its time reversal &‘-' as
v =p=3"+3", &’ =3=-8’+e", ‘ (50)

are odd and even components of & with respect

"

where &’ and @&
inversion of time. Eliminating &' in (46) into. which (50)

substituted, we get
W(s')=2(8’,3-E)-(8’,A8"), L C(51)
where A is defined by

Pn ~Pm h2s2+(E, -E, )2
Em _En ﬁés

(®,AT)= ZZ (mi@din)(nigim) {52)

including a singular term inverse to s and satisfies

(3,A)=(T,AD), ‘ (53)

are
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(®,A®)20. (54)

Thus we get the UKS type principle. Maximizing (65) as to &', we

get a master equation
A®'=3-E. ‘ (55)

The maximum is the Joule heat generated in the system and the
electrical conductivity for a special case. So as to remove such a
singular term as in (52), we decompose '+’ , &!(-° into diagonal
and offdiagonal parts in the scheme of diagonalizing the unpertur-

bed Hamiltonian Hp, as

O+ =Py (* +P ), G- =Py 7+ T, (56)
and then introduce decompositions

@c'+)=¢d’+§d”,: By (" ==8g '+Bq ", {567) -

as to time reversal into odd and even components. Contracting (46)

in thegse terms, we get
W(®;')=2(0’,5-E)-(8",L&s ), (58)

where [ is defined for any diagonal operator D by

27

LD= , §|a><ax §|<a|T(Ea+is)zb>|28(Ea—Eb)(Da—Db), {59)

and satisfies

(¢’ ,Le’)=(¢’,La’), (60)

(¢',L3’)20. ‘ (61)

Thus we get the variational principle maximizing (58), which is
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similar to but more complex than the UKS case.

If we redefine the inner product as

(Q,@)=(W,Q)=J‘TP{QDBEXP(AHB)QGXP(-AHz)dl, (62)
2

in terms of the thermal weight
pe =Kgexp[-8(Hg-uN) ] - - (63)

for the uﬁperturbed Hamiltonian Hp, we can rewrite (58)

W(ds’)=2(®s’,3-E)-(8s’,08s°), (64)

which is the most fundamental, rectified form of the UKS principle.

Maximizing (64) with ®&;' gives a sort of master equation
Lo, '= §-E, | ~ (65)

which reduces to the Boltzmann equation for conductiion electrons

with the collision term written in terms of the T-matrix.

§5.Conclusion

The quantum variational principle concerning the von Neumann
equation in the system of conduction electrons exposed to an
applied electric field presented as a stationarity problem was
transformed into the UKS maximum principle by means of information
contractions. The maximization demands that diagonal elements of
the odd component of density matrix or the distribution function
of electron with respect to time reversal should satisfy the
rectified Boltzmann equation with the collision term given in
terms of the T-matrix. Further the UKS principle is reduced to
the thermodynamical variation principle first due to Onsager.2’

That is to say, through successive contractions the quantum,
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kinetic and thermodynacal vafiatiohal principles, which governs
the three typical hierarchial stages of the thermodynamical system
are converted from one to another, exhibiting that irreversibility

comes about through contractions.
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