0oooo0O0oooo
9830 1997 0 133-141 133

Formal power series solutions of non-linear
partial differential equations
of the first order

Hidetoshi TAHARA
(Department of Mathematics, Sophia University)

In 1903, Maillet [1] proved that if an algebraic ordinary differential equa-
tion has a formal power series solution then it is in some formal Gevrey class.
Later, this result was extended to general analytic ordinary differential equa-
tions by Gérard [2] and Malgrange [3].

In this note, I will try to generalize this result to partial differential equa-
tions.

§1. Maillet’s theorem

First, let us recall the general form of Maillet’s theorem.
Denote by C[[t]] the ring of formal power series in ¢, and by C{t} the
subring of C/[[t]] of convergent power series in ¢.

Definition 1. If a formal power series Yiso ait’ € C[[t]] satisfies

a; ;
Z iys—lt € C{t}

i>0 &

for some s > 1, we say that u is in the formal Gevrey class C{t};.
Let n € N(= {0,1,2...}), let G(t, Xy, X1,...,X,) be a holomorphic
function defined in a neighborhood of the origin of C"*? satisfying
A1) G, Xo, X1,.-.,Xn) #0,
A;)  G(0,0,...,0)=0



and let us consider the following ordinary differential equation
(e1) G (t,u,0u,...,0Mu) =0,

where 6 = t% and u = u(t) is an unknown function. Under A;) and Aj) we

have

Theorem A ([2], [3]). If (e;) has a formal power series solution u(t) €
C([t]] satisfying u(0) = 0 then u(t) belongs to the formal Gevrey class C{t},
for some s > 1.

The general form of Maillet’s theorem is formulated as follows:
Let F(t, Xo, X1,...,Xy,) be a holomorphic function defined in a neigh-
borhood of (0, ag, ai,...,a,) € C™"? satisfying

B))  F(t,Xo, X1,...,X,) £0,
By)  F(0,a0,01,...,a,) =0
and let us consider the following ordinary differential equation

(e2) F (t, TRVRTIC ,u(")) =0

with an unknown function u = u(t).

Maillet’s Theorem. If (e;) has a formal power series solution u(t) €
C[[t]] satisfying u»(0) = a, for p = 0,1,...,n then u(t) belongs to the
formal Gevrey class C{t} for some s > 1. :

From Theorem A to Maillet’s Theorem. Let us explain here how to reduce
(e2) to (e1). Let u(t) = ;5o uit* € C[[t]] be a formal solution of (e;). Put

Cu=@+t"w, where p= Z ut', w= Z Whit'.
i>0 i>1

Then the equation (e;) with respect to u is rewritten into an equation with
respect to w:

(%) F (t, e +t"w, o + " 0w, ..., ™ 4 @nw) =0
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where

0, = (0+n)
O, = 0+ (n—-1))(0+n)

O = (B+1)--- 0+ (n—1)(0+n).

By applying Theorem A to () we can get w € C{t}, for some s > 1; this
implies u € C{t}s. | .

§2. Formulation in PDE

Following (e;), let us consider the non-linear partial differential equation:
du Ou\ |
(E) G (t,x,u,t—“, ——;f) =0,

where (t,2) € C?, u = u(t, z) is an unknown function and G(t, z, X1, X3, X3)
is a holomorphic function defined in a neighborhood of the origin of c®
satisfying ' ‘
Cl) G(t,.’IZ,Xl,XQ,Xg) $ 0,
Cy) - G(0,2,0,0,0) =0 (near z =0).
‘Denote by C[[t, z]] the ring of formal power series in (¢, z), and by C{t,z}
the subring of C[[t, z]] of convergent power series in (t,). :

Definition 2. If a formal power series 3. a; ;t'z? € C[[t, z]] satisfies

> i _yigi ¢ C{t,z}

Z‘!S-—lj!a'—l

for some s > 1 and o > 1, we say that u is in the formal Gevrey class
C{t, .'L'}(s’g').

The following is a direct analogy of the case in §1 to PDE:



Problem 1. Under what condition is the following assertion (M) valid ?
(M) If (E) has a formal power series solution then it is in some formal
Gevrey class.

Example 1. Let us consider

(t%>2 —u? =a(z)t® + (g—;f)g : (2.1)

where a(z) € C{z}. It is easy to see:
1) For any ¢(z) € C[[z]] satisfying ¢(0) # 0 the equation (2.1) has a
unique formal power series solution u(t, z) € C[[t, z]] of the form
u(t,z) = ¢p(z)t + > gr(z)th.
k>2
(We denote this by U(¢) € C[[t, z]].)
2) If we choose ¢(x) being out of formal Gevrey classes, then U(¢) does

not belong to any formal Gevrey class.
3) This implies that (2.1) does not satisfy (M).

Usually, as is seen above, in the case of PDE some data (for example,
initial data or boundary data, ect) can be given freely and therefore by
choosing this free data as a formal power series out of formal Gevrey classes
we can easily conclude that (M) is not valid.

In order to include such cases as Example 1, instead of (M) let us consider
the following problem:

Problem 2. Under what condition is the following assertion (AM) valid
?

(AM) If (E) has a formal power series solution then (E) has a formal
power series solution in some formal Gevrey class.

Of course, (AM) is valid for the equation (2.1).

§3. Some definitions

A formal power series f(t,z) € C[[t,z]] is expressed in the form

ft,z) =3 fi=)t',  filz) € Cllz]]
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Definition 3. The valuation v;(f) of f(¢,z) in t is defined by the follow-
ing:

(1) if f =0, v:(f) = oo

(2) if f # 0, w(f) = inf{i; fi(z) # O}.

Let G(t,z, X1, X5, X3) be a holomorphic function defined in a neighbor-
hood of the origin of C® satisfying C1) and C;), and let us consider

(E) G (t z,u tg“ g“) =0.

For simplicity we write
ou Ou
Du = y b —
" (“ ot 8x>

Oou Ou
D’U,(t,O) = (u,tgt-,—a—;)

For u(t, z) € C|[t, z]] with v (u) > 1 we put

z=0

gi(u) = ({?}C; (t,x Du)) , 1=1,2,3;
¢i(u;0). = (g)C(J (¢,0, Du(t, 0))) , 1=1,2,3;
oG ——(t,0, Du(t,0))
N 00Xy
X, —— (¢, 0, Du(t, ()))
Introduce new variables &1, &, ..., 71, M2, - -+, (1, (o, - - ., and put
X=> &t Y= nt", Z=3 (t"
i>1 i>1 i>1

We define d;(G), d2(G), d3(G) by the following:
d,(G) = v (G(t,z, X, ), Z) — G(t,2,0,), Z)),
do(G) = v (G(t,z, X, Y, Z) - G(t,z,X,0, 2)),
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d3(G) = v (G(t,z, X, V, 2) - G(t,z, X, ),0)).
By the definition it is easy to see:
Lemma 1. (1) d;(G) > 1 (i =1,2,3).

(2) gi(u) = 0 is equivalent to (0G/0X;)(0,z,0,0,0) # 0.
(3) ¢;i(u) > 1 implies d;(G) > 2.

§4. Results.

Let u(t,z) € C[[t,z]] be a formal power series solution of (E) satisfying
u(0,z) = 0. Put

q(u) = min{g; (u), g2(u), g3(u)},
l(u) = max{¢; ¢;(u) = q(u)}.
It is clear that gy (u) = g(u) holds. Assume:
al)  qlw) < oo,
a2)  qu(u;0) = q(u),
a-3)  p(u;0) —q(u) € {1,2..}, if I(u) = 2.

Note that in case [(u) = 2 we have ¢2(u;0) = ¢2(u) < ¢;(u) < ¢1(u;0) and
~ therefore p(u; 0) = p(u;t)|,_, is well-defined.

Theorem 1. If (E) has a formal power series solution u(t,z) € C[[t, z]]
satisfying u(0, z) = 0 and if the conditions a-1), a-2), a-3) and

d3(G) — 1

g(u) < 5

(4.1)
are valid, then (E) has a formal power series solution w(t, z) such that
C{t,z}21), whenl(u)=1,
w(t,z) €

C{t,z}1,1), whenl(u)=2or 3.

Remark 1. (1) In case [(u) = 2 or 3, the conclusion of Theorem 1 asserts
the existence of a holomorphic solution.



(2) In case q(u) = 0 and I(u) = 3, the above result is nothing but the
Cauchy-Kowalewski theorem.
(3) This result was extended to general non-linear higher order partial

differential equations in [4],[5].

The following theorem fills the case where the condition (4.1) is not sat-
isfied.

Theorem 2. If (E) has a formal power series solution u(t,z) € C[[t, z]]
satisfying (0, z) = 0 and if the conditions a-1), a-2), a-3) and
a(u) < max{d)(G), dx(G)} - (42)
are valid, then (E) has a formal power series solution w(t,z) such that
C{t,z}2), whenl(u)=1,
w(t,z) € { C{t,z}ez2, whenl(u)=2,

C{t,z}(,2), when [(u)=3.

85. Examples.

Example 1. Let us consider

(t%‘-)z —u? =a(x)t® + (g—gg - (5.1)
where a(z) € C{z}.

1) For any ¢(z) € Cl[z]] satisfying ¢(0) # 0 the equatioh (5.1) has a
unique formal power series solution u(t, z) € C[[t, z]] of the form

u(t,z) = ¢(z)t + Z o (z)tF.

E>2

2) In this case we have ¢;(u) = 1, g(u) = 1, gs(u) > 2, q1(u;0) - 1,
¢2(u;0) = 1, g3(u;0) > 2, di(G) = 2, d2(G) = 2, d3(G) = 3. Therefore,
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q(u) =1, {(u) = 2 and p(u; 0) = 1. Since the condition (4.1) is valid, we can
apply Theorem 1 to the equation (5.1).

3) Conclusion. The equation (5.1) has a holomorphic solution w(t, )
satisfying w(0, z) = 0.

Example 2. Let us consider

(t%?) —u? = <x22—z —u+(1+ :r)t) + a(z)t (5.2)

where a(z) € C{z}.
1) By a calculation we see that the equation (5.2) has a unique formal
solution u(t, z) of the form

uaﬂﬁ:(1+x+§]p—nmﬂt+§:m@w@

p>2 k>2

2) In this case we have ¢i(u) = 1, g2(u) = 1, g3(u) > 2, q1(u;0) = 1,
g2(u;0) = 1, g3(u;0) = o0, di(G) = 2, da(G) = 2, d3(G) = 2. Therefore,
q(v) =1, l(u) = 2 and p(u;0) = 1. Since the condition (4.2) is valid, we can
apply Theorem 2 to the equation (5.2).

3) Conclusion. The equation (5.2) has a unique formal power series solu-
tion u(t, z) satisfying «(0,2) = 0 and it belongs to the formal Gevrey class
C{t7 '7"}(23) :

4) Note that (5.2) does not satisfy the condition (4.1) and we can not
apply Theorem 1 to this case.
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