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CONVERGENCE OF APPROXIMATED SEQUENCES
FOR NONEXPANSIVE MAPPINGS

NAOKI SHIOJI ((EEsEH) AND WATARU TAKAHASHI (&#§#)

1. INTRODUCTION

Let C be a closed, convex subset of a Hilbert space and let 2 be an element of C. Let T
be a nonexpansive mapping from C into itself such that the set F(T') of fixed points of T is
nonempty. In 1967, Browder [3] showed the following convergence theorem for a nonexpansive
mapping: For eacht with 0 <t <1, let z, be an element of C satisfying

Then {z,} converges strongly to the element of F(T') which is nearest to x in F(T) ast | 0.
This result was extended to a Banach space by Reich [12] and Takahashi and Ueda [23]. On
the other hand, in the framework of a Hilbert space, Wittmann [24] studied the convergence
of the iterated sequence which is defined by

Y=, Yny1 =0T+ (1 —0n)Ty,, n=0,1,2,...,

where {a,} is a real sequence satisfying 0 < a, < 1 and a, — 0. Recently, using an idea of
Browder [3], Shimizu and Takahashi [15] studied the convergence of the following approximated
sequence for an asymptotically nonexpansive mapping in the framework of a Hilbert space:

1 &
xn:an$+(1—an)EZT]xn, n=12...,
j=1

where {a,} is a real sequence satisfying 0 < a, < 1 and a, — 0. Shimizu and Takahashi [16]
also studied the convergence of another iteration process for a family of nonexpansive mappings
in the framework of a Hilbert space. The iteration process is a mixed iteration process of
Wittmann’s and Shimizu and Takahashi’s. For simplicity, we state their iteration process in
the case of a simple mapping:

1 &
=7z, ntl = QnT + ]-_an'_'_“ TV ny n:0,1,2,...,
so Ynit ( )n+1]§ Y

where {a,} is a real sequence satisfying 0 < a, <1 and a, — 0.

In this paper, we first extend Wittmann’s result to a Banach space [17], which gives an
answer to Reich’s problem [13]. To extend his result, we essentially need the concept of a
sunny, nonexpansive retraction [4, 11]. We also extend Shimizu and Takahashi’s results to
a Banach space [18, 19]. Then we show strong convergence theorems for an asymptotically
nonexpansive semigroup [20] by the use of an asymptotically invariant sequence of means,
which have been developed in the study of nonlinear ergodic theorems [1, 5, 6, 9, 10, 14, 21, 22].
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2. PRELIMINARIES AND NOTATIONS

Throughout this paper, all vector spaces are real and we denote by N and N, the set
of all nonnegative integers and the set of all positive integers, respectively. We also denote
max{a,0} by (a)+ for a real number a.

Let E be a Banach space with norm ||-]|. Let C be a subset of £ and let T’ be a mapping from
C into itself. We denote by F(T'), the set of fixed points of T'. T is said to be nonexpansive if

[Tz — Tyl < ||z —yl| for each z,y € C.

T is said to be asymptotically nonexpansive with Lipschitz constants {k, : n € N} if lim, k,, <
1 and
Tz — T"y|| < kullz —y||  foreach z,y € C and n € N.

T is said to be asymptotically nonexpansive if there exists a sequence {k,} such that T is
asymptotically nonexpansive with Lipschitz constants {k,}.

Let U = {z € E : ||z|| = 1}. E is said to be uniformly convex if for each ¢ > 0, there exists
6 > 0 such that ||(z +y)/2|| < 1 — § for each z,y € U with ||z — y|| > e. We know [7] that if
C is a closed, convex subset of a uniformly convex Banach space and T is an asymptotically
nonexpansive mapping from C into itself such that F(T') is nonempty then F(T') is convex.
Let E* be the dual of E. The value of y € E* at z € E will be denoted by (r,y). We also
denote by J, the duality mapping from E into 27, i.e.,

Jo={yeE :(v,y) =z’ =lyl’}, ceE.
F is said to be smooth if for each z,y € U, the limit
t —
o 12 2yl = izl

(2.1) 1

t—0 t

exists. The norm of E is said to be uniformly Géteaux differentiable if for each y € U, the
limit (2.1) exists uniformly for z € U. We know that if E is smooth then the duality mapping
is single-valued and norm to weak star continuous and that if the norm of E is uniformly
Gateaux differentiable then the duality mapping is norm to weak star, uniformly continuous
on each bounded subset of E. :

Let C be a convex subset of E, let K be a nonempty subset of C' and let P be a retraction
from C onto K, i.e., Pz = z for each € K. A retraction P is said to be sunny if P(Pz+t(z—
Pz)) = Prforeach z € C and t > 0 with Pz+t(z—Pr) € C. If there exists a sunny retraction
from C onto K which is also nonexpansive, then K is said to be a sunny, nonexpansive retract
of C. Concerning sunny, nonexpansive retractions, we know the following [4, 11]:

Proposition 1. Let E be a smooth Banach space and let C' be a conver subset of E. Let K
be a nonempty subset of C and let P be a retraction from C onto K. Then P is sunny and
nonezpansive if and only if

(v — Px,J(y—Px)) <0  foreachz € C andye K.

Hence there is at most one sunny, nonexpansive retraction from C onto K.
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In the case when E is a Hilbert space with norm || - || and inner product (-, -), C is a closed,
convex subset of £ and K is a closed, convex subset of C, there is a mapping P from C onto
K which satisfies

(2.2) |z — Px|| = néllr\l |z =yl for each z € C.
Y

This mapping P is said to be a metric projection from C onto K. We know that a metric
projection is nonexpansive and that a mapping P from C onto K satisfies (2.2) if and only if
(z — Px,y — Pr) < 0 for each y € K and z € C. So in this case, the metric projection is the
unique sunny, nonexpansive retraction. |

Let S be a semigroup and let B(S) be the space of all bounded real valued functions defined
on S with supremum norm. For each s € S and f € B(S), we define elements I, f and 7, f in
B(S) by

LF)(8) = f(st) and (r.f)(t) = f(ts), tes.

Let X be a subspace of B(S) containing 1 and let X* be its dual. An element y of X* is said
to be a mean on X if ||ul| = (1) = 1. Let X be I,-invariant for each s € S, i.e., [,(X) C X.
A mean p on X is said to be left invariant if u(l,f) = u(f) for each s € S and f € X. A
sequence {4, } of means on X is said to be strongly left regular if

Jim |l — Spall =0 for each s € S,

where [} is the adjoint operator of I,. Let X be I, and r,-invariant for each s € S, ie.,
l(X) C X and 7,(X) C X. A mean p on X is said to be invariant if u(l,f) = u(r.f) = u(f)
for each s € S and f € X. A net {y,} of means on X is said to be asymptotically invariant if

lign@a(lsf) - ua(f)) =0 and lign(ua(rsf) - ua(f)) =0 foreachse Sand f € X.

- Let H be a Hilbert space and let C be a closed, convex subset of H. A family S = {T: :
t € S} of mappings is said to be a uniformly Lipschitzian semigroup on C with Lipschitz
constants {k,: ¢t € S} if

(i) k; is a nonnegative real number for each t € S and sup,cg k; < 00;
(i) for each ¢ € S, T, is a mapping from C into itself and ||Tyx — Thy|| < k¢J|z — y]| for each
z,y € C;

(ili) Tyex = TyTsx for each t,s € S and z € C;
We denote by F(S), the set of common fixed points of S, i.e., Nyes{z € C : Tz = z}. A
uniformly Lipschitzian semigroup S = {T : t € S} on C with Lipschitz constants {k; : ¢ €
S} is said to be asymptotically nonexpansive if inf,.gsup,csks: < 1, and it is said to be
nonexpansive if k, = 1 for all ¢t € S. If S is left reversible, i.e., each two right ideals of S have
nonempty intersection, S is naturally directed by ¢t < s if and only if {t} UtS D {s} U sS
for t,s € S. So, in this case, inf,sup, k,; = lim, k,. Let S = {T: : t € S} be a uniformly
Lipschitzian semigroup on C such that {T;x : t € S} is bounded for some z € C and let X be
a subspace of B(S) such that 1 € X and the mapping ¢ — ||Tiz — y||? is an element of X for
each z € C and y € H. For each mean p on X and z € C, there is a unique element zq of C
satisfying

p({Tiz,y) = (zo,y)  forally e H,

where p,(T;z,y) is the value of p at the function ¢ — (T,z,y). According to [14], we write
such z¢ by T, 2. We remark that T,z = z for z € F(S). ’



97

3. CONVERGENCE THEOREMS FOR A MAPPING

The following celebrated convergence theorem of an approximated sequence for a nonex-
pansive mapping was established by Browder [3]:

Theorem 1 (Browder). Let C be a closed, convex subset of a Hilbert space, let T be a
nonexpansive mapping from C into itself such that F(T') is nonempty and let P be the metric
projection from C onto F(T). Let x be an element of C and for each t with 0 <t < 1, let z,
be a unique point of C which satisfies

Then {z,} converges strongly to Pz ast tends to 0.

This theorem was extended to a Banach space by Reich [12] and Takahashi and Ueda [23].
From their results, their proofs and Proposition 1, we know the following:

Theorem 2 (Reich, Takahashi and Ueda). Let C be a closed, convezx subset of a Banach
space whose norm is uniformly Gateauz differentiable and let T be a nonezpansive mapping
from C into itself such that F(T) is nonempty. Letx be an element of C and let x, be a unique
element of C' which satisfies (3.1) for each t with 0 <t < 1. Assume that each nonempty, T -
invariant, bounded, closed, convez subset of C' contains o fized point of T. Then {x,} converges
strongly to an element of F(T'). Moreover, for each element x of C, define Px = lim; x,. Then
P is a sunny, nonezpansive retraction from C onto F(T).

Theorem 1 and Theorem 2 induced Halpern [8] and Reich [13] to study the convergence of
the iteration

(3.2) Y=2, Ynt1 =02+ (1—0a,)Tyn, neN,

where {a,} is a real sequence such that 0 < a, <1 and a, — 0. They obtained partial results
and posed problems for the convergence of the sequence defined by (3.2). Since Halpern
studied the problem in the framework of a Hilbert space, we introduce Reich’s problem [13]:

Problem 1 (Reich). Let E be a Banach space. Is there a sequence {a,} such that whenever
a weakly compact, convex subset C of E possessed the fized point property for nonexpansive
mappings, then the sequence {y,} defined by (3.2) converges to a fized point of T for all z in
C and aoll nonezpansive T : C — C?

Recently, Wittmann [24] solved the problem in the case when F is a Hilbert space:

Theorem 3 (Wittmann). Let C be a closed, convex subset of a Hilbert space, let T be a
nonezpansive mapping from C into itself such that F(T') is nonempty and let P be the metric
projection from C onto F(T). Let x be an element of C and let {a,} be a real sequence which
satisfies

(3.3) 0<a, <1, Jlr&an:O, Zan:oo and Z|an+1—an[ < 00.

n=0 n=0
Then the sequence {y,} defined by (3.2) converges strongly to Px.
We extend Wittmann’s result to a Banach space [17]. The difficulty to prove it depends on

that the duality mapping is not weakly continuous in a Banach space. In a Hilbert space, the
duality mapping is essentially the identity mapping and hence it is weakly continuous.
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Theorem 4. Let C be a closed, convex subset of a Banach space whose norm is uniformly
Gateauz differentiable and let T' be a nonezpansive mapping from C into itself such that F(T)
is nonempty. Let {a,} be a real sequence which satisfies (3.3). Let x be an element of C' and
let {y.} be the sequence defined by (3.2). Assume that {x;} converges strongly to 2 € F(T) as
t | 0, where for each t with 0 <t <1, z; s a unique point of C which satisfies (3.1). Then
{yn} converges strongly to z.

So we solve Reich’s problem as follows from Theorem 2 and Theorem 4:

Theorem 5. Let C, T, {a,}, * and {y,} be as in Theorem 4. Assume that each nonempty,
T-invariant, bounded, closed, convex subset of C contains a fized point of T. Let P be the
sunny, nonexpansive retraction from C onto F(T). Then {y,} converges strongly to Pzx.

On the other hand, Shimizu and Takahashi [15] studied the convergence of another approx-
imated sequence for an asymptotically nonexpansive mapping in the framework of a Hilbert
space:

Theorem 6 (Shimizu and Takahashi). Let C be a closed, convez subset of a Hilbert space,
let T' be an asymptotically nonezpansive mapping from C into itself with Lipschitz constants
{k.} such that F(T) is nonempty and let P be the metric projection from C onto F(T). Let
0<a<l,letby=2%" (141 —kj|+e7) and let a, = b:’jﬁra forn € Ny. Let x be an
element of C and let x,, be a unique point of C which satisfies

1 & .
Tp :anx+(1—an)g > Tig,, neN,.
7=1

Then {x,} converges strongly to Px.

We extend the result to a Banach space. First, we show that F(T') is a sunny, nonexpansive
retract for an asymptotically nonexpansive mapping 7" in a Banach space [18]:

Theorem 7. Let C be a closed, convez subset of a uniformly convex Banach space whose norm
15 uniformly Gateaux differentiable and let T' be an asymptotically nonexpansive mapping from
C into itself such that F(T') is nonempty. Then F(T) is a sunny, nonexpansive retract of C.

Now we show a generalization of Shimizu and Takahashi’s result [18]:

Theorem 8. Let C be a closed, convex subset of a uniformly convex Banach space whose norm
is uniformly Gateauz differentiable and let T be an asymptotically nonexpansive mapping from
C into itself with Lipschitz constants {k,} such that F(T') is nonempty and let P be the sunny,
nonezpansive retraction from C onto F(T). Let {a,} be a real sequence such that

n

' — 1
0<a, <1, T}LIIgoan:O and lim <1,

n—oo Op

where b, = Y7_okj/(n+1) forn € N. Let x be an element of C and for all sufficiently large
n, let x, be a unique point of C which satisfies

1 L
3.4 n = Oy 1l—ay,)——) T’x,.
(3.4) Ty = a2 + ( “)n+1§) T

Then {z,} converges strongly to Pz.
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Remark 1. The inequality lim,,(b,—1)/a, < 1 yields (1—a,)b, < 1 for all sufﬁaently large n.
So for such n, there exists a umque pomt x, of C satisfying z,, = a,z+(1 an)n 1 2j=0 17 Tn,
since the mapping T, from C into itself defined by T,,u = nT +(1- an)n—i—1 >0 TIu satisfies
| Tou — Tv)| < (1 = an)by|lu — o] for all u,v € C.

In the case when T is nonexpansive, we have the following [18]:

Theorem 9. Let C be a closed, convex subset of a uniformly convexr Banach space whose
norm is uniformly Gditeouz differentiable and let T be a nonexpansive mapping from C into
itself such that F(T) is nonempty and let P be the sunny, nonezpansive retraction from C
onto F(T). Let {a,} be a real sequence such that 0 < a, < 1 and lim, a, = 0. Let x be an
element of C and for each n € N, let z,, be a unique point of C which satisfies (3.4). Then
{z,} converges strongly to Pz.

Recently, Shimizu and Takahashi [16] studied the convergence of another iteration process
for a family of nonexpansive mappings. The iteration process is a mixed iteration process of
(3.2) and (3.4). For simplicity, we state their result for a nonexpansive mapping:

Theorem 10 (Shimizu and Takahashi). Let C' be a closed, conver subset of a Hilbert
space, let T be a nonexpansive mapping from C into itself such that F(T') is nonempty and let
P be the metric projection from C onto F(T'). Let {a,} be a real sequence which satisfies

(3.5) 0<a,<1, lima,=0 and > a, = .
n=0

Let z be an element of C and let {y,} be the sequence déﬁned by
1 &
(3.6) Yo =T, Yni1 = 0nT+ (1~ an)m > T7y,, neN.

Then {y,} converges strongly to Pz.

We also extend their result to a Banach space [19]. From Theorem 7, we know that F(T')
is a sunny, nonexpansive retract for an asymptotically nonexpansive mapping 7'.

Theorem 11. Let C be a closed, convex subset of a uniformly convex Banach space whose
norm is uniformly Gateauz differentiable and let T be an asymptotically nonezpansive mapping

from C into itself with Lipschitz constants {k,} such that F(T) is nonempty. Let P be the
sunny, nonexpansive retraction from C onto F(T). Let {a,} be a real sequence which satisfies

(3.5) and
é((l ~ an)(;z%g)kjy - 1)+ < 0.

Let z be an element of C and let {y,} be the sequence defined by (3.6). Then {y,} converges
strongly to Px. :

In the case when T is nonexpansive, we have the following [19]:
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Theorem 12. Let C be a closed, convex subset of a uniformly convez Banach space whose
norm is uniformly Gateauz differentiable and let T be a nonexpansive mapping from C into
itself such that F(T') is nonempty. Let P be the sunny, nonezpansive retraction from C onto
F(T). Let {an} be a real sequence which satisfies (3.5). Let x be an element of C and let {yn}
be the sequence defined by (3.6) Then {y,} converges strongly to Px.

4. CONVERGENCE THEOREMS FOR FAMILIES OF MAPPINGS

In 1975, Baillon [1] proved the first nonlinear ergodic theorem in the framework of a Hilbert
space:

Theorem 13 (Baillon). Let C' be a closed, convex subset of a Hilbert space and let T be a
nonezpansive mapping from C into itself such that F(T) is nonempty. Then for each z € C,
the Cesaro means

| R
n+1§)Tx

converges weakly to an element of F(T).

Using an asymptotically invariant net of means, Rodé [14] and Takahashi [21] generalized
Baillon’s theorem. From their results, we know the following:

Theorem 14 (Rodé, Takahashi). Let C be a closed, conver subset of a Hilbert space and
let S be a semigroup such that there exists an invariant mean on B(S). Let S = {T, : s €
S} be a nonexpansive semigroup on C such that F(S) is nonempty. Then there exists a
nonexpansive retraction P from C' onto F(S) such that T,P = PT, = P for eacht € S and
Pz € co{Tix :t € S} for each x € C. Moreover, let {,} be an asymptotically invariant net
of means on B(S). Then for each x € C, {T, z} converges weakly to Px.

We show that Theorem 13 is a direct consequence of Theorem 14: Let C and T be as in
Theorem 13 and let z be an element of C. For each n € N, let p1,, be the mean on B(N) defined
by pa(f) = _n_-li——TE?:O fi for | = (fo, f1,--+) € B(N). It is easy to see that {T" : n € N} is
a nonezpansiwe semigroup, F({T™ : n € N}) = F(T), {u,} is asymptotically invariant and
T,z = nlj YroT'z for each n € N. From Theorem 14, there exists a mapping P from C
onto F(T) and #1 Yr o T’z converges weakly to Px. So Theorem 14 is a generalization of
Theorem 13. Moreover, many theorems can be reduced from Theorem 14; see [9, 10].

Let C' and S be as in Theorem 14, let S = {T} : s € S} be an asymptotically nonexpansive
semigroup on C, let  be an element of C, let P be the metric projection from C onto F(S)
and let {41,} be a sequence of means on B(S). By the results in Section 3 and Theorem 14,
it is natural to consider the following problems:

Problem 2. Let {a,} be a real sequence such that 0 < a, < 1 and a, — 0. Then does the
sequence {z,} defined by

Tn= 0,2+ (1 —an)T,,2,, n€N

converge strongly to Px under some conditions?
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Problem 3. Let {b,} be a real sequence such that 0 < b, <1 and b, — 0. Then does the
sequence {y,} defined by

Y=, Ynt1 =02+ (1 —=0b,)T,yn, n€EN
converge strongly to Px under some conditions?

In this section, we give answers to the problems in the framework of a Hilbert space. The
first result in this section gives an answer to Problem 2 [20]. It is a generalization of Theorem 6
for an asymptotically nonexpansive semigroup:

Theorem 15. Let C be a closed, convex subset of a Hilbert space H and let S be a semigroup.
Let S = {T, : t € S} be an asymptotically nonexpansive semigroup on C with Lipschitz
constants {k; : t € S} such that F(S) is nonempty and let P be the metric projection from C
onto F(S). Let X be a subspace of B(S) such that 1 € X, X is l,-invariant for each s € S,
the mapping t — || Tyu — v||? is an element of X for each u € C and v € H and the mapping
t — k, is an element of X. Let {u, : n € N} be a strongly left reqular sequence of means on
X. Let {a,} be a real sequence satisfying

0<an, <1, hman-—‘o and hmM

n—00 an

1.

Let z be an element of C and let {x,} be the sequence defined by
(4.1) Tp = anZ + (1 — 0,)T},, Tn
for n > ng, where ng is some natural number. Then {x,} converges strongly to Px.

Remark 2. By the similar reason as in Remark 1, there exists ny € N such that there is a
unique point z,, € C satisfying z, = a,z + (1 — a,)T}, T, for n > ny.

In the case when S is nonexpansive, we have the following [20]:

Theorem 16. Let C, H, S, S, P, X and {u,} be as in Theorem 15. Assume that S is
nonexpansive, i.e., k, =1 for allt € S. Let {a,} be a real sequence satisfying 0 < a, <1 and
lim, a, = 0. Let z be an element of C and let {x,} be the sequence deﬁned by (4.1) forn € N.
Then {x,} converges strongly to Pz.

Next, we give an answer to Problem 3 [20]. It is a generalization of Theorem 10 for an
asymptotically nonexpansive semigroup:

Theorem 17. Let C, H, S, S, P, X and {u.} be as in Theorem 15. Let {b,} be a real
sequence satisfying

0<b, <1, limb, =0, Y by=00 and Y ((1=ba)((ta)e(kr))* = 1)+ < 0.
n=0 n=0

Let x be an element of C and let {y,} be the sequence defined by
(4.2) Yo=2 Ynt1 =02+ (1 —=0b,)Ty, Y, n€EN.
Then {y,} converges strongly to Pz.

In the case when S is nonexpansive, we also have the following [20]:
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Theorem 18. Let C, H, S, S, P, X and {u.} be as in Theorem 15. Assume that S is
nonezpansive, i.e., k, = 1 for allt € S. Let {b,} be a real sequence satisfying 0 < b, < 1,
lim, b, = 0 and 372 4b, = 00. Let x be an element of C and let {y,} be the sequence defined
by (4.2). Then {y.} converges strongly to Px.

5. DEDUCED THEOREMS FROM THE RESULTS IN SECTION 4

Throughout this section, we assume that C is a closed, convex subset of a Hilbert space H.
Since we use abstract means in the results in Section 4, we can deduce many theorems from
them. We give the proofs for some results in this section. For others, see [20]; see also [10].
First we extend Shimizu and Takahashi’s results [15, 16].

Theorem 19. Let T and U be asymptotically nonexpansive mappings from C into itself with
Lipschitz constants {k, : n € N} and {k, : n € N}, respectively such that TU = UT and
F(T)NF(U) # 0 and let P be the metric projection from C onto F(T)NF(U). Let {a,} be a

real sequence such that 0 < a, <1, a, — 0 and lim,_,__ (2 Yo Tivj=t kiksi/(n + 1)(n + 2) —
1)/an < 1 and let {b,} be a real sequence such that 0 < b, <1, b, — 0, 2 b, = o0 and

SL":O((I — b)) (28 Tisjm kikj/(n 4+ 1)(n + 2))? — 1)+ < 00. Let z be an element of C and
let {z,} and {y.} be the sequences defined by

2

(n+1)(n+2) Y. > T, for all sufficiently large n,

Tn = 0,2+ (1 —ay)

1=0 i+j=l
and
2 n L
Yo=2, Yop1 =bn2+(1=by)—-—- T'Uy, forn e N,
* (n+1)(n+2) tzzgwrzj:zl

respectively. Then both {z,} and {y.} converge strongly to Px.

Theorem 20. Let T be an asymptotically nonezpansive mapping from C into itself with Lip-
schitz constants {k, : n € N} such that F(T) is nonempty and let P be the metric projection
from C onto F(T). Let {r,} be a real sequence such that 0 < r, < 1 and lim,r, = 1. Let

{a,} be a real sequence such that 0 < a, <1, a, — 0 and lim, ((1 — ) SR Tk — 1)/an <
1 and let {b,} be a real sequence such that 0 < b, < 1, b, — 0, ¥2°,b, = 0o and

Z‘;O((l = b)) (1 = 1) 20T ki) — 1)+ < o00. Let x be an element of C and let {z,}
and {y,} be the sequences defined by

Tp =02+ (1 —a,)(1=1,)) riT'z, for all sufficiently large n,
i=0
and

Y=2, Ynt1 =bx+(1—=0,)(1 —1y,) Z?’fLTiyn forn € N,
i—0

respectively. Then both {z,} and {y,} converge strongly to Px.
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Proof. For each n € N, define a mean p, on B(N) by u.(f) = (1 — rp) E2, 7t fi for f =
(fo, f1,+++) € B(N). Then for each j € N,

im |l = G|l = lim SUP{ (L =ra) Yo fi= (L=1a) d_rpfins] s f €17,]fi < 1}
=0 1=0
j—l . 0 . . .
< ,}Lngosup{l(l — 1) Y rfi| (L =10) D (= 1) fasg| s f €191 fil < 1}
=0 =0

< lim 2(1 — 7)) =0.

n—oo

So {p.} is strongly left regular. It is easy to see that {T" : n € N} is an asymptoti-
cally nonexpansive semigroup with Lipschitz constants {k,}, F({T" : n € N}) = F(T) and
T,z = (1 —71,) St oriTix for n € N. Hence by Theorem 15 and Theorem 17, we obtain the
conclusion. [

The following is a generalization of Theorem 6 and Theorem 10; see also [2]. For simplicity,
we state it for a nonexpansive mapping.

Theorem 21. LetT be a nonexpansive mapping from C into itself such that F(T') is nonempty
and let P be the metric projection from C onto F(T). Let {apm : n,m € N} be a sequence
of nonnegative real numbers such that Y oo_ 0nm =1 and lim, . Y00 _o |0 mt1 — Qpm| = 0.
Let {a,} be a real sequence such that 0 < a, <1 and a, — 0 and let {b,} be a real sequence
such that 0 < b, <1, b, — 0 and Y22 yb, = 00. Let x be an element of C and let {z,} and
{y.} be the sequences defined by

Tn =02+ (1 —an) Y aumI™2,  forn €N,

m=0
and -
Yo=2, Yng1 =bnZ+(1=0,) Y @umT™ya  forneN,
m=0

respectively. Then both {x,} and {y,} converge strongly to Px.
We show some more results which can be deduced from the results in Section 4.

Theorem 22. LetS = {S(t) : t € [0,00)} be an asymptotically nonexpansive semigroup on C
with Lipschitz constants {k(t) : t € [0,00)} such that F(S) is nonempty, the mapping t — k(t)
is measurable and the mapping t — ||S(t)u — v||? is measurable for each v € C and v € H
and let P be the metric projection from C onto F(S). Let {v,} be a sequence of positive
real numbers with v, — oo, let {a,} be a real sequence such that 0 < a, <1, a, — 0 and

lim, (fo" k(t)dt/v, — 1)/an < 1 and let {b,} be a real sequence such that 0 < b, < 1,
b, = 0, 32 ,b, =00 and Z;";O((l — b)) (Jgm k(t) dtJvn)? — 1)+ < 00. Let x be an element of
C and let {z,} and {y,} be the sequences defined by :
Tp = px + (1 — an)—l— /% S(t)z, dt for all sufficiently large n,
0

n

and e
W=, Y1 = b+ (L=b) [T SOydt forneN,
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respectively. Then both {z,} and {y,} converge strongly to Px.

Proof. Let X be the space of all bounded measurable functions from [0,00) into itself. We
remark that an element f in X is not an equivalence class with the usual equivalence relation,
where the usual equivalence relation g ~ h means the Lebesgue measure of the set {t €10,00) :
9(t) # h(t)} is zero. The reason is that we consider that X is a subspace of B([0,00)) with
the supremum norm. For each n € N, define a mean y, on B(X) by u,(f) = %fo" f(t)dt
for f € B(X). It is easy to see that {u,} is strongly left regular and S(u,)z = 7% Jom S(t)x dt
for n € N. Hence by Theorem 15 and Theorem 17, we obtain the conclusion. []

Theorem 23. LetS = {S(t) : t € [0,00)} and P be as in Theorem 22. Let {\,} be a sequence
of positive real numbers with \, — 0, let {a.} be a real sequence such that 0 < a, < 1,

an — 0 and lim,____ ()\n Joo e Mtk(t) dt - 1)/% <1 and let {b,} be a real sequence such that
0< b <1, by — 0, Ti2gbn = 00 and £20((1 = b,)(An J5° e k(t) dt)? — 1)+ < o0. Letx
be an element of C and let {z,} and {y,} be the sequences defined by

Tn = 0,2+ (1 — an))\n/O e S (), dt for all sufficiently large n,

and
Yo=7, Yog1=bpz+(1- bn))‘n/o e 'S(t)yndt  forn €N,

respectively. Then both {z,} and {y,} converge strongly to Px.

Proof. Let X be as in the proof of Theorem 22. For each n € N, define a mean Ln 00 B(X)
by pn(f) = A fg7 et f(t) dt for f € B(X). It is easy to see that {un} is strongly left regular
and S(pn)z = Aa f[;° e *'S(t)z dt for n € N. Hence by Theorem 15 and Theorem 17, we
obtain the conclusion. [J

The following is a generalization of the two theorems above. For simplicity, we state it for a
nonexpansive semigroup.

Theorem 24. Let S = {S(t) : t € [0,00)} be a nonezpansive semigroup on C such that F(S)
is nonempty and the mapping t — ||S(t)u — v||® is measurable for each u € C and v € H
and let P be the metric projection from C onto F(S). Let {a,} be a sequence of measurable
functions from [0,00) into itself such that f§° a,(t)dt =1 for each n € N, lim, o a,(t) = 0
for almost every t > 0, lim, o f5° |an(t + 8) — an(t)|dt = 0 for all s > 0 and there exists
B € Li,.[0,00) such that sup, a,(t) < B(t) for almost everyt > 0, where § € L},.[0,00) means
a restriction of # on [0, s] belongs to L'[0,s] for each s > 0. Let {a,} be a real sequence such
that 0 < a, <1 and a, — 0 and let {b,} be a real sequence such that 0 < b, < 1, b, — 0 and
Ynzobn = 00. Let z be an element of C and let {x,} and {y,} be the sequences defined by

Tn = apT + (1 —ay) /Ooo an()S(t)z, dt forn eN,

and
Yo =2, Ynir=buz+(1—0,) /0 n(t)S()ydt  forn €N,

respectively. Then both {x,} and {y,} converge strongly to Pz.
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