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~ On globally optimal reconstructions of phylogenetic trees —

WiEK - B - tEHREEE B 5L (Hiroshi Narushima)

i, FEEHICX-T, WYLEE BWELSEYE EIEWFICEIT 3 1960 FEHRLBO K
REFRIC, BARHEHE (LT, BICRREEEL) ORGHETMBEISH T 2 5ENITREILE
MEBEZ oh, TOEHBIEHIN TS, FIHDIZ, INFETOBELZOHENEBREBN,
DXL, KROBERLBN, REIZ, SBROMEDOH A EFEAERNS.,

1. BREFORBREICDOT

SR ORI BT X W. H. Wagner iZIR%E D, Farris [1] i TEOERLETIVTY
ALOMFBL LT AL E2~5 T 075 LRARNOE—FEHEH LOTNS. RHEHOREIET
FEEIE, WD DOHE (RBE) ORRE (fH) 2M8igEmIEE GHURTER) 7batliell L UBER
NEZ ohicE &, ZRMAKROENEIT/NETLS X 5 ICHEBORERNILBEETE (PHE/E) &2
o DOREEL IVEBRNRZOBLAROHMEEEDS I ETHS. BHE (FRHEE) ORRE () 1L, &
RENCIIERBE 2RO SOFIT — 512k > TEZ o, REILGBREFEITBIRORRBIZLD
DNADLDT—FIlLk->TEZONB I ENBL. BOE(E (BORE ERR) ZZ0OWEAE
DIFEEZETH Y, THRHBEEROEE (REBORE EMER) LIIFHORIOBFIOZ ETH 5.
—fici3, BAERIIEEREEBREG SRBHOEHIEZ SHIPERBEROLNTED SN
5. [RHEBOREIDBRNEILD X HIZ) &) EH#EL [Wagner Parsimony | & 72i3 [Maximum
Parsimony | EFFEIN TS, —RiC, HHORHE (XERHE) i2 DU T Wagner Parsimony O F
TORMIE R ERKD S Z &I 5.

Farris [1] i2BW0 T}, REL ST T2BHEOMBEITODOTHE SN TS, —DidEZ Shi- i
EOTTO, BHEORMIEHHBORERLEBEERDLMETHD, bI—DI3REEHEL
HREBORHEERRICEZ 2 REME RO LMETH 5. %EOHRHBIE Wagner Tree EFEITH
TiHha. BAITREZE 1 RETKRITRIE (The First MPR Problem: MPR. i3 Most-Parsimonious
Reconstruction D1 =¥ ¥V THB) LML, H%EDES b L Wagner Tree 43K 5 HfE%E
55 2 BREHIR LRI (The Second MPR Problem) &FERZ &iZd 5.

2. %1 REHIREICOIT

Swofford-Maddison [4] &, FIHIT, Farris [1] ICEOTESEOIEHAL LTEZ S8 1 &
KBTS 28, b b0 DO DOBEOREE () BRI batlefsl L OB ER
TSI TN OoEBENZOBLERESUBENSZ Shic kX, BEMEORMTHHBEORESEYE
i (FEERBORERHETT) 2 RDBTILVITY XL, ZORMEERD EHICEFDELHOIERE S
ZThA. AL, ZORIHKWETLIEI—EBY ERRSTEREREST 5720, Th oM T (R
BHEITICH VO T) KO FHEEDLNS ACCTRAN #its DELTRAN BunikEH TS, 2721,
ACCTRAN HEIeDEIL Farris [1] iIZ5H 5.



Swofford-Maddison [4] IZHB W TIZEED “completely bifurcating” (3NTDHNTEL DRI 3)
DFEMHONT A, Hanazawa-Narushima-Minaka [8] i3BIED—ROEEDEFMIZ L D EWIT
XL LFEIT, Farris-Swofford-Maddison DFRED—LEEZ T 5. 45T, “eltree (tree with
the evaluated leaves)”, “HfH 2 & (median two points)”, “HHEIXMH (median interval)” ZDHEA
%E AU, Farris, Swofford, Maddison %IZ{% & DAL RmENICEWL LD ET B L4k
TITY X LPZDIES YOI ITHBELHBSETRINITED, 52 50O T TORER
BTN THRIICERT AR TIVTY XLEEZ THWE. 3517, HTNVTY XLICKT
5 etE BN 1T > T 5. £ DA EMHTIE Blum-Floyd-Pratt-Rivest-Tarjan [2] iZ& 3 PICK
TIVTY ZLZESNHTHA.

Narushima-Hanazawa [11] {%, #7722 “HfH] 4 5 (median four points)” OB&EEAT 5 &4t

FER ((PEMEOXRMOPEE) O MPR set (BuhBfifg &5 L H M 2OHEADOREEE
&) ICBIT A EEEEZ TS, HRZ, TORBERAVSZEICE->T, KHAD MPR set 2%#
WOHEABICET 2R TERD S ZENTX BT EARLTNA.

Narushima-Misheva [12] {, #I®IZ, 58D Narushima-Hanazawa method ([8] 35 & T¥ [11]) D#
MADHT, ACCTRAN #itd LT MPR-poset (Minaka [7] IZ3U CHREFIETOM D% %5
NBIHITHEA SN KA ETLLED S LIEFESR) 2R OBIE OB A IT—iRL U TERK
EFEEEZ TS, DXIZ, Swofford-Maddison [4] I “implicit” 285N T35 ACCTRAN #
DRI, T78H B ACCTRAN BHLOHEIIZ D RMBO TN T O & Rt %
LOME—DDEILTH S Z EEHFINITIFEICIH L, & 51T ACCTRAN HIth MPR-poset D
BARTLE L B 1D DRI AT > T 5.

Narushima [13] {¥, Narushima-Misheva [12] TiE# U7z ACCTRAN HinD5ELHAiFv: %
ACCTRAN ZB89 55 1 RE LRI LI i, ACCTRAN BT 5% 2 FHLMPRNRE
ACCTRAN #uOEEBMEN, TXbLETOEXREHEOMBREEZNSD (% MPR set OHF
TO) AN/ MEDBMREREEH D ICT 2 EB AN L, FOFEHAHANT, Narushima Misheva
uﬂTEitA&ﬁRAN@EﬁR@Rpmx@wkﬁ&ﬁétb@%ﬁdﬁ%émfwé

ZIT, Z0EEEBZ TH. ZEREOHEORHBOES (£ DFEZEIL Manhattan distance
& ﬂ?lih"CL V5) BEE I LICREMENTH 2056, (BENSELSNTHREAIT) BEI &
RERIETTE KD, ZN oAb NEZEREDBADRMWETE KDL ENTES. L
23->T, B 1RAWETHEICEOTIE, B—REOHEERIEHRSTHE I Ldbh s, Fit,
CIET, BPHRBERMICIEORYELELT, ZOBRBIEFEERROD S BITHE L TN
TERIEEZERBLTEL. 35, (LAHARPEREEL CEEREBOBEADOEDTH RN
K> B REBONTEA (external vertices) &> TNBENIEZUEDTTERALLALTE TS
S, TOFRHEEFTLTHI. T70bD5, BEREBEOHMOBEAKD 5 R DOMTEA (intrenal
vertices) 1L > TN T H L. B 1 REHETHBICEOTIE, BEIBBICHECRETSZ &
NTE 5. v

3. 52 REIRIBEICDOIT
s 5 2 IEFIEICRIE T 78 B Wagner Tree 23K BHIRRIC DTS, FI¥IC, Farris

1] Tﬁfbﬂfhéﬁﬁ if “tree” & “network” X, TNENBLD ST THHD MEE “rooted tree”
& “tree” ITHYT B I EEER L TH L. H 2 BEKIBITHEMIC DU T D Wagner H0 1960 548



2 oBAEE TORERIE, Hwang-Richards-Winter [6] @ Part IV - Chap 2 (Phylogenetic Trees) iZ
Steiner M EAEUDITBRESNTNEDT, FULIRELSERATHELELT, 22Tl
AEMOFER & DX LLOEIRT Foulds-Graham [3] DFEREFIALTEHL.

For a metric space (S, d), define a weighted graph G' = G(S, d) with vertex set S so that
each edge {s,t} has weight d(s,t). For a finite subset X C S, a Steiner minimal tree S (X)
for X is a tree having the minimum possible length over all trees in G which contain X in
their vertex sets. '

It is well known that for arbitrary weighted graphs, finding a Steiner minimal tree (SMT)
is in general, an N P-complete problem. It has been shown that for graphs whose edge
weights come from certain metric structures, such as the Euclidean plane or the L, plane,
finding SMTs is also N P-complete.

The problem we are considering, i.e., that of constructing phylogenies, is easily seen to
have the following formalization:

For a fixed alphabet A, let d denote the Hamming distance on A", that is,

d((a1,---,as), (b1,---,b,)) = the number of indices ¢ such that a; £ b;.

In the metric space (A", d), the Steiner problem for phylogeny (SPP) is
(SPP): Given a set X C A", find a Steiner minimal tree S(X) for X.

The following theorem shows that even when A consists of two elements, the SPP for A™
is N P-complete.

Theorem A.  The SPP for A= {0,1} is NP-complete.

The proof is shown by reducing the known NP-complete problem “Exact 3-Cover” to
the SPP (see Foulds-Graham [3]).

Corollary B.  The SPP is NP-complete.

4. The Main Result

We now describe one theorem and one corollary in this paper. Let Vp be the set of
operational taxonomic units (mathematically a nonempty finite set). Let ; be the set of
ith character-states (here, the set R of real numbers or the set N of nonnegative integers).
Let 0 : Vo — Q X Qg X - - x 2, (denoted by £2) be a function. This function ¢ is called a
character-state function for Vo. Let the restriction of o-range to Q; (1 < i < n) be denoted



by o;. Let ,
d(a, b) = Z ]a,; - bz]

for any elements a= (ai, ag, - --; an) and b= (by, by, - -+, b,) in 2. This distance d is said
to be rectilinear. Then the second MPR problem (2-MPRP) is:

(2-MPRP): Given a set Vp and a character-state function o for Vp, find an optimal
phylogenetic tree T' with the set Vo of external vertices evalueted by o, under Wagner
Parsimony criterion.

The optimal phylogenetic tree is called a globally optimal solution for the 2-MPRP. The
2-MPRP with o; instead of ¢ is called the character-wise 2-MPRP or the 2-MPRP under

a single character.

Theorem. The character-wise 2-MPRP can be solved by the computational complexity
of sorting the |Vo| numbers, and futhermore, the solution is essentially unique.

We here illustrate the theorem by using an example. Let Vo = {f, g, h, 1, J, k, [}, where
f is a unique root such as a species of fossil, and {g, h, i, j, k, [} is a set of present day
speices. Let a character-state function o for Vp be given in 3 1.

#£1:Voando

v | f g h 1 j k l
o) | (1,2,2) (3,0,1) (0,1,1) (6,2,3) (5,3,0) (2,4,2) (4,5,0)

For example, d(o(f), o(g9)) = |1 —3|+ ]2 —0]+ |2 — 1] = 5. A globally optimal solution

for the (character-wise) 2-MPRP on the first character is found as follows:

| Step 1.  Sort in ascending order the following vertices (OTUs) with the known
character-states, according to the character-states:

(f:1), (9,3), (B, 0), (4,6), (4,5), (k,2), (1,4).

Then we have the following:

(h'70)’ (f7 1)7 (k’2)7 (973)7 (l74)7 (]75)7 (7’76)'



Step 2. Construct a tree shown in X 1.
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1: A tree

Step 3. Root the trée in B 1 at f. Then we have a globally optimal solution shown
in X 2. The length of the rooted tree is 6.
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B 2: a globally optimal solution on the first charactér
A globally optimal solution on the second character is similarly shown in X 3.
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B 3: a globally optimal solution on the second character
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The length of the rooted tree is 5. The relation = means that this part may be any tree
with the external vertices f and ¢ having the same character-state. Note that other parts
may have similar variations. Any two trees equivalent under the relation = are said to
be state-homogeneous. The “is essentially unique” in the theorem means “is unique up to
state-homogeneity”. The fact that the tree-topology of the rooted tree in B 2 and that of
the rooted tree in & 3 are different, is a critical point.

Corollary. Let (Q2, <) be a poset with the usual ordering. Then if 0(Vp) is a chain in
(R, <), the 2-MPRP can be solved by the computational complexity of sorting the |Vo| X p
numbers for p = the number of characters, and futhermore, the solution is essentially

unique.

Note that comparing the SPP and the 2-MPRP, we have a difference such that some
elements in “X” of the SPP may be internal vertices of the solution tree, but all elements
in “Vp” must be external vertices of the solution tree.

5. SEOWEDHG

FIREDEFEMITFE TEWLERICL D, BEPREOHEENH SIS LT, #Hils
DOEUMHEPZN SOBES LUOHME SEEH DTN, BEEHRELTDELDWEAEDDOH
5. BLEMFCRIT S TREVWEE] 05 EHT—-FEOBFNERMLOKER, ZotHFRICHE
LHEBHNEIY SN BICON, T, BERENHEIEET, L bRENICEENEL
WHERIZH URBSEE B U Z DB 5.

ABOFHEE LT, BEHEITOIHT ACCTRAN Hit & A TEEN DELTRAN #Hth%
#f1F, MPR-poset - TD ACCTRAN #yt& DELTRAN HtDB#%, MPR-poset DHERAIHE
i, BIUE 2 ZEWELHEO —RNBEEDE { OWRFENH . T, BEREDOLD—
7L EBRBARD T TOMAIL, Z£D—Fl& LT Swofford-Maddison [5] 72 EFi% H 555, D
BAOHBEMICE VIEELEBRAIISBEOFED—DOTHH 5. CHOoDOFBEICMOAA, BHRELT
DEMRBEEIIND 3T, BoNlTINITYZLDIAVE 2 —F 40 TY A2 MR, BT
TIKHBY 7 b7 EOBEDTIZ, HEKEILHEDY 7 MY 2 7T ORRKERDFED1OT
HbH. XL, HADEHB/NEBOMETED L I RLEBE®RAFE O, Tbb, HI4aW¥E L
DHBROBIHICED I IIIBENTHEDNAERT A ELEELRETHA9.
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