00O00oo0000
1016 0 1997 0 42-57 42

ON CONTINUITY OF EXTREMAL
DISTANCE IN CASE ISLANDS EXIST

M EA (FEEKX - #) (NaonNDO JIN)
K#EH 18 (MAKOTO OHTSUKA)

Part 1. Islanded curves

We shall treat the case when islands exist in a domain under consideration as in the
title. Such a discussion was first made in [MR] on Riemann surfaces. Let K be a
compact set consisting of mutually disjoint compact sets K, and K; in R?, and F be a
relatively closed bounded subset of R? \ K such that the closure of each component of
E is disjoint from K and R\ (K U E) is a domain. Hence K U E is a compact set and
each component of K U F'is a subset of either Ky or K; or E. We call each component
of E an island.

We set Z = R%\ (K U E). A sequence {Z,}n=0,1,... of subdomains of R? with the
following properties will be called an exhaustion of Z: Z = UX (Z,, R%\ Z; is a
compact set, Z, C Z,4, for each n > 0, the boundary of each Z,, consists of finitely
many polygonal surfaces, no component of Z \ Z, is compact in Z for each n. We
note that the sequence {Z,} starts with Z, instead of Z;, and that {R%\ Z,} is an
approximation of K U E from the outside. In the following Figure 1 an exhaustion
{Z.} is obtained by a dyadic division of R? and taking a suitable subsequence. In
addition to the above properties of {Z,,} we assume for every n that the boundary of
each component of R%\ Z, is a (connected polygonal) surface and the interior of the
component is a domain.

FIGURE 1.
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We consider a new space = whose elements consist of the points of R% \ (K UE) and
the components of K U E so that each component of K U FE is regarded as a point in E.
We shall use the notation p to denote the mapping of R% onto Z, and call this mapping
the projection. Let us introduce a topology on E by taking a base of neighborhood
system for each element £ of = as follows. For simplicity we will call it a base at £. In
case £ is a point z of R%\ (K U E) we take an open ball in R%\ (K U E), centered at z,
as an element of a base at £. In case ¢ is the projection of a component « of K, or K;
or E, considering an exhaustion {Z,} of Z, we take the projection of the component
of R%\ Z, which contains x as an element of a base at £. In what follows we often
identify points of R% \ (K U E) in E with those in R%. The space = coincides with the
Kerékjarté-Stoilow compactification except that the latter includes the point at infinity
but = does not.

Now we consider a bounded open set G whose closure meets every component of
K UE. We shall denote by I'z(Ko, K1, E, G) the family of curves v in £ which connect
p(Ko) and p(K7) such that every v \ p(K U E) is contained in G and the component
curves of every v\ p(K U E) are locally rectifiable. We call p—!(y) an islanded curve or
simply i-curve connecting Ky and K; through E in G, although K and E may not be
contained in G. We shall use the notation I'( Ky, K1, E, G) for the family of i-curves.
We write it simply I" too. See Figure 2.
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FIGURE 2. p(Kj) etc may consist of more than one point

Let ¢ be an i-curve in R?. We define the length s of any component of ¢\ (K U E)
in the ordinary manner. We shall associate a measure with ¢ as follows: Let [ be a
component of ¢\ (K UE) and z(s) be a representation of [ in terms of arc length. Define

a measure g; in R% by means of the equality w(B) = fsez—l (BL) ds for Borel sets B
in R%, and define p.(B) = 3 w, (B), where {l,,} are the components of ¢\ (K U E).
For an i-curve and a non-negative Borel measurable function p in R? we shall write
fc\( KU E) pds or simply [_pds instead of [p. pdpe.

We assume I' # () and call a function p in R? I'-admissible or simply I'-ad. if it is
. non-negative Borel measurable and fc pds > 1 for every c € I'. Given a weight w and
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P, 1 <p < 0o, we define the weighted modulus M, (T;w) = M,(Ko, K1, E,G;w) by

inf { 'p"wda:;p is I‘-ad.} .
R4 '

p

in case I' = () we define M, (I';w) to be zero. The weighted extremal length A\, (T;w) =
Ap(Ko, K1, E, G;w) is defined to be 1/M,(Ky, K1, E, G;w). We call them the weighted
modulus and extremal length of a condenser (Ko, K1, E, G) too. We shall also use the
terminology such as (p,w)-a.e. i-curve and (p,w)-exc. family of i-curves. We shall
call an i-curve c rectifiable if [ ds = fc\( KUE) ds is finite. Given a family of i-curves,

(p,w)-a.e. i-curve is rectifiable as in the case of ordinary curves.

Part 2. Main result

Let {Zn}n—01,... be an exhaustion of Z as above. By taking {Zn}n=no,no+1,... 88
{Zn}n=0,,... for a large no if necessary, we may assume from the beginning that no
component of Z \ Z; contains both some points of Ky and some points of K;. Let Ké")
(resp. K:E")) be the union of the components of R? \ Z,, each of which is not disjoint
from Ko (resp. Ki). Set K(® = K(()n) U K§n) and E™ =R%\ (Z, U K™). Like E we
consider the space Z,, for each n > 0 which consists of the points of R? \ (K™ u E(™)

and the components of K(™ U E("), As above we introduce a topology on =, and use
the terminology ”projection” and the notation p,, for the mapping of R? onto Z,,. We

define (K™, K™, E™, G) like T = I'(Ko, K1, E,G) and write it as [, for simplicity.
We define also M,(Tn;w) = My(KS™, K™ EM G;w) and Ay(Tn;w) = Ap(KS™,
K§n),E("),G;w) = 1/M,(T'p;w). We shall use the simple notation M, X\, M) and
A We call X (resp. A(™) the extremal distance between Ko (resp. K((,")) and K,
(resp. K{n)) through E (resp. E(™).
Our main result is the following theorem. It will be proved at the end of the paper.

Theorem. Asn — oo (™ tends to ).

FIGURE 3. A(™ = A, (K{™, K™, E™ G;w) > X = Ay (Ko, K1, E, G; w)
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Part 3. Lemma and part of its prbof

We begin with a lemma.

Lemma. Letw € A,, 0 < ¢ < 1, G, Ko, K1, K, E, Zp, K\, K™, K™ E™) T T, be
as above and 0 < a < co. Let p € LP¥(R?) be a positive lower semicontinuous function

which is continuous in G\ (KUE). Then for eache > 0, we can find a Borel measurable
function p’ > p which have the following properties:

1)/ p’pwd:v_<_v/ pPwdz + €.
: R R -

2) Suppose there ezists a sequence of i-curves ¢, € I'y,n = 1,2, ..., satisfying fcn plds <
a. Then there exists ¢ € I' such that f pds < a+e. )
Proof. Set Wy = Zo, Wy, = Z,,\ Z,—1 and d,, = dist (8Z,,— 1,6Z ) for n > 1. We define

€n, Gk, By, B as in the case when there are no islands. That is, we choose a sequence
{en}$2; of positive numbers decreasing to zero such that

(1) 2P Zz—:n < e, ae, < d, Wi?rt;Gp forn=1,2,...

n=1

Let {Gr}e=1,,... be an exhaustion of G. Namely, G, C Gi41 for each k and UGy = G.
We choose k; so that [ pPwde < P!, where By = (G\Gx,)NW;. For n > 2 we choose
ki <.+ <kp<---sothat [p pPwdr < ebt! for each n, where B, = (G \ Gi,) N W,,.
We set B = U2 1B

Set

1
1+ —) p(z) for x € B,,n=1,2,...,
p'(z) = ( En
p(z) for z € R%\ B.

Clearly p’ is Borel measurable in R?. We see that

oo 1\? 00 9p oo
/p'pwda::Z(1+—> / ppwdxgz—p.gg+1-_—2pzc€n<e
B €n JB, n=1 €n n=1

n=1

by (1). Hence

/p'pwd:c=/ p”wdm+/p’pwda:</ppwdm+s.
G G\B B G

Thus p’ has the property 1).

We shall show that p’ has the property 2). Let ¢, € T',, for n = 1,2,... and assume
fcn p'ds < a for all n. Suppose there is an arc ¢, C ¢, which connects 8Z,,_; and
0Z,, in W, N B for an m,1 < m < n. Then

1
dsz———/ 'ds < e / 'ds < aep,.
‘/(;n,m p 1 + 1/€m Cn,m g - Cn p "



46

Hence

i < i < < .
delrilrf\Gp_erng/cnmds_/c pds < agp,

n,m

This contradicts (1). Thus it is inferred that for any n and m,1 < m < n, there is no
arc on ¢, which connects 8Z,,_, and 8Z,, entirely in B,,. See. Figure 4.

FIGURE 4.

Since p’ > p has a positive lower bound on G and fcn p'ds < a < oo for each n, each
¢, is rectifiable. This is not the end of the proof. There is a considerable way to go
before the completion of the proof of the lemma.

Part 4. Contour sequence and graph

Stlll let ¢, € T', as in 2) in the statement of the lemma We parametrize p,(c,) as
= {n.(t);0 < t < 1}. We apply this parametrization to ¢, too. Then we have
= {p,'(na(t));0 < t < 1}. The part of ¢, outside K (") y E™) consists of ordinary

curves.

We follow the discussion at lines 17-25 of p.253 in [MR]. Fix n > 1 for a moment.

Sometimes we shall call t ”time” instead of parameter. For m,0 < m < n, let ¢,, ,»(1) be

the largest value of ¢ for which 7,(t) € p, (K((,m)). We denote by a,,(1) the component
of 8K((,m) on which 7, (tn m(1)) lies. Let t;, ,.(1) be the smallest value of ¢ for which
Nn(t) € pr(E™) and t > ty, 1 (1). Then n,,(t;, ,, (1)) lies on some component of OE(™ or
8K{™ . We denote the component by ap,(2). If M (ty m (1)) € BKfm), then the i-curve
Cn,m consisting of the component of K, (m) bounded by (1), the arc {7, (t); tn,m(1) <
t <t,m(1)} and the component of K" ( ) bounded by a.,(2) is an element of T',,. If
we want to regard this as a curve in Z,,, then we define n(m)( ) = pm(am (1)) for
0 <t < tum(1), 0(E) = M(t) For tum(D) < £ < th (1) and 1™ (1) = Prn(m(2))
for ¢, ,,(1) <t < 1. Thus we obtain a curve Yn,m in =, which is represented by

{n(m) (t);0 <t < 1}. See Figure 5 for an example of ;. In the subsequent figures we
do not draw the open set G but it is supposed to exist.
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FIGURE 5.

If 7 (t); (1)) € OE(™), then let t, (2) be the largest value of ¢ for which 7,(t) €
Pn(am(2)). It may happen that tnm(1) = tnm(2); in this case -, does not ”cross”
@, (2) but only touches it. We continue this process, and obtain a sequence of ”stop-
ping times” ¢, m(1) < tnm(1) <tnm(2) < --- <t ,,(gm), asequence of stopping points
M (tn,m (1)), s N (7, m(gm)) and a sequence o, (1)(C BKém)), am(2), .oy tm(gm + 1)(C
BKfm)) of distinct contours such that 7, (tn,m (1)) € pr(am (1)), Mty (1)) € Prlam(2)),
M (tn,m(2)) € Pn(am(2)), ..., nn(t;,m(j — 1)) € pu(am(4)), "ln(tn,m(j)) € pn(am(4)); -
T (tn,m(9m)) € Pr(0tm(gm +1)). We call the sequence {am (1), ..., @m(gm +1)} a (n,m)-
contour sequence or simply a contour sequence. See Figure 6 for different contour
sequences.

FIGURE 6. Example of different contour sequences in Zo N G

Define v, m to be the restriction of v, to

Tn,m = (th,m(l), t'ln,m(l)) U (tn,m(2)a t;z.,m(rz)) U---u v(tn,m(Qm)a t',n.,m(qm))‘

We denote the components of v, m by lnm(1), ...,ln,,,;('qm). When we want to regard
Yn,m as part of a curve in =,, also in case ¢;, > 2, besides n,(lm) () =nn(t) for t € Ty
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we define n(m)(t) by pm(am(1)) for 0 <t < ¢, m(1), by the projection of the component
of E(™) bounded by a,(2) for t], (1) < t < tnm(2),..., by the projection of the
component of E(™) bounded by otm(gm — 1) for &, ;. (gm-1) <t < tnm(gm) and finally
by pm(am(2)) for t;,m(qm)vg t < 1. Now we have a curve in Z,, which we still denote
by Yn,m- We shall call such a modification of v, the m-shortening of v,. We perform
the n-shortening of v, and denote the resulting curve in =, by 'y( ™) Next we perform

the (n — 1)-shortening of 'y,(l ") and denote the resulting curve in Z,,_; by fy(n D We

continue this process until we obtain 'y( ). We note that
(2) A\ (K™ UEM) D 4D\ (KD UECD) 540\ (KO U EO).

We shall take a procedure similar to that at lines 9-15 of p.254 in [MR]. We consider
n = 1,2,... Since there are only finitely many contour sequences on BZO, we select a
subsequence {Yn, , }x=1,2,... of {¥n} so that all the shortened curves {'yno . } in-Zg have
the same contour sequence on 8Zy. Next we select a subsequence {vn, , }x=1,2,... of

{Yno }k=1,2,... S0 that all the shortened curves {'yn1 .} in Z; have the same contour
sequence on 8Z;. We continue this process and take a diagonal sequence {7y, ,}.
For each k > 1 we consider the k-shortening of vy, , and replace the curves {cx € ['x}
originally given in 2) of the Lemma by the p; '-images of the shortened curves of {¥n, , }.
We shall again use the notation =1, s, ...for these shortened curves. We note that the
p,; -images of the new {v,} still satisfy the condition in 2) as to the p’-length. We
emphasize for the new {v,} that v,,¥n+1,... have the same contour sequence on 97,
for each n. We represent each 7, by 7,(t),0 <t < 1, as a curve in =, as before.

We shall need a further study of contour sequences. Let 1 < m < n. We denote the

components of 7,(1 ™) | in Zy by l(m)(l), 1) (gm). By (2) each l(m )(z) is contained

in some I{™ )(3) For n’ > n.> m > 1 we shall say that 'Yr(u ™) and 'y,(, ™) have the same

m—contour graph if for each j,1 < j < gp, lfl, )( ) and i’ )(j) contain the same number

of l T 1)(z) s and 1™ )() s respectively; the number of i’m )( ) could be zero. In case

= 0 we shall say that ((,)) and '7(0) have the same 0-contour graph if their contour
sequences are same. Since there are only finitely many different contour graphs for each
m, we may assume that the m-contour graph is same for all {'y,(,m)},n > m, for each
m > 1 by choosing a subsequence of {,} if necessary. See two examples in Figure 7
which have the same contour sequences but the contour graph is different.

The following diagram shows the difference of the two contour graphs.

Example 1
a'—....—iﬂ /6'— ...... —-Ify ’ ’Y'_ ...... —-'6
e cveieens AC b e -
Example 2
a4 G-y o AnRREEEE -4
B e ¢ Ch oo 47

In the next part we shall see the necessity of the notion of contour graph.






50

Part 5. Relay posts

As in the preceding part, denote by 'y,(L ™) the z curve obtained by the m-shortening of
n for 1 < m < n. We are concerned with {"yn )} forn>2and2<m<n Wefixn
for the moment. Let (@ (j), @m(j+1)),1 < j < g1, be a contour pair at the m-th step,
and l(m)( /) be the arc on 'y,(L ™) which connects the above contour pair. We shall take
replay posts on such arcs. How to take them depends on the contour graph There are

different relations of I{™~ 1)(3’ ) to l(m)( ) as follows.

Type 1) There is no arc over i (7). This type is shown in the following diagram.
Qo (.7) }— ............ —| am (J _'- 1)

We take no point on 1™ ().

Type 2) There is just one arc over l( )( 7)-

We divide the present type into various cases.

Case (i). First we draw a figure.

FIGURE 8.

Assume first that m > 2 and there is a component E,,_; of R?\ Z,,_» which contains
both a,,(j) and a;,—1(j3’). Then take the component E,,,_ of R?\ Z,,_1 which contains
am(j). This 8E,,_; may coincide with a,—1(j’). We shall denote the compact domain
bounded by a contour, say a.,(j), by A (7). Since 1™ (4) connects am,(j) and 8E,,_1,
there exists a point z7, (j) on 1) DN ((EBm-1\ Am(3)) \ B).

If m = 1, then let EO be the component of R? \ Z, which contains a;(j). This Eg
may coincide with ag(j’). As in the case m > 2 one can take xIl( 7).
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Case (ii). In this case we always assume that m > 2 and that o, (j) and a,-1(5')
are contained in different components of R? \ Z,,_5. Let E,,_; be the component of
R?\ Z,,—1 which contains a,(j). We draw a figure.

FIGURE 9.

As in Case (i) take a point ;. (j) on l(m)(]) N ((Em-1\ Am(5)) \ B). Next let E,,_,
be the component of R? \ Z,,_ 2 which contains a,,—1(j"). Then, after leaving 0F,, _ 15
i’ )( ) meets OE,,_, before meeting ap,_1(j’). Thus i’ (4) contains an arc connecting
OFEp, 2 and ap—1(3') in B2\ Am—1(5"). Since this arc is not entirely contained in B
as observed in Part 3, there exists a point z}t (5) on 1’ (DN ({(Em—2\ Am-1(5")) \ B).

Case (iii). In cases (iii) and (iv) we let am( j +1) play the main role instead of a,,(j)
in (i) and (ii). First assume m > 2. If am (5 + 1) and aun_1(j’ + 1) are contained in the
same component of R%\ Z,,,_ 2, let E,,_; be the component of R?\ Z,,,_1 which contains
am(j+1) and take a point z, (5 +1) on l(m)(g) N(Em-1\An(G+1)) \ B) as in Case
(ii). We handle the case m = 1asin (1).

Case (iv). Assume m > 2. If a,, (5 + 1) and a;,—1(j’ + 1) are contained in different
components of R?\ Z,,_, we take points T, m(J+1) and z;7,.(j +1) as in Case (ii).

Above we have taken points =3}, (5), Z;, ,,(§ +1) and possibly one or both of z} ¥, (),
T, (7 +1). We shall show them on a contour graph in case all four of them are taken.

am_l(j/) Foeveveanen — am__l(j, + 1)
am(]) Fooonen N N W oeeeeoeene N —|am(]+1)
Tom(d) 2 h(d) Tom(i+1) 2p (G + 1)

Type (3). There are rnany arcs over I\™ (4) as the following diagram shows. We take
z} (5) and possibly z1 1 (5) on 1™ (j) as in Type (2), and take ;, (5 +1) (possibly)
and z,, .(7 + 1) also on l(m)( ). These are shown in the diagram given below.

Om—1(J)F e d i d o -Jam 1(4’ +l)
am(])}—x e e X seereeanraaienae i e eeeee e N —|am(]+1)
am(7) (z5.(5)) (Trm(+1) = n,m(J +1)
The paljentheses for ztt.(j) and ;7. (4) indicate that one or both of them might be
non-existent. ' '
Now we consider all the points taken above on {v,},>1. We note that for any fixed
m > 1 the number of such points and the existence or non-existence of points of the
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form z}?, or z,7, do not depend on n > m because the contour graph is same once
m > 1 s fixed. Since the points {z;} ; (j)}n=1,2,... lie in the compact set W1\ B for each
j, there exists at least one accumulation point, say z7 (j). For each j we can choose
a subsequence {n;} of {n} such that {z;} ,(j)} converges to some point z7 (j). We
may assume that for each j, all {z; ;(j)} are included in some closed ball Vit(j) c
GN(WoUW,UW;) with center at z7 (j) such that [, pds < &/(r12%) for any segment s
in V;*(5); recall that p is continuous in G \ (K UE). We denote the subsequence of {~,}
containing {7}, ;(7)} by {74 }. We do the same with {z;, (1)}, {z (1)} {o71 (G")}-
We may assume that the resulting subsequences are same as above. That is, it is still
{rr}-

Next we are concerned with the sequences {:c:;z( j)} for each j,1 < j < rp. They lie in
the compact set W\ B so that there are an accumulation point a:'{ (j) and a subsequence
{a:j{k’z(j)} of {} ,(j)} converging to z3 (j). As above we may assume that for each j,1 <
j <ra,all {z ,(j)} are included in some closed ball Vit (5) € GN(W,UWUW3) with
center at z3 (j) in such a way that [ pds < e/ (r22*%) for any segment s in V, (j). We
denote the subsequence of {'77(11,3} containing {} ,(j)} by {%(lzk }. We do the same with
{m;,z(j)},{:c::g(j’ )} {m;; (4”)}. We continue such procedure and take the diagonal
sequence {’y,(fz)} We consider the k-shortening of 'y,(!:) for each k. We shall write {v,}
for the sequence of the shorten curves. For this new sequence we have a subsequence
of {z}(5)}n>1,{Zn (F)}n>1, {&T(5)}n>1, {x;; 7 (5")}n>1. We shall still use the same
notation as above for curves and small balls. ‘

We shall modify v, in V1 (j),1 <m < n,1 < j < ry, which has center at z} (). In
Vit (4) we replace v, NV} (j) by two radii of V,}(j) terminating at v, N9V, }(j). See
Figure 10 for this modification. '

Ficgurke 10.

Then [ pds along these radii is less than &/(r,2™*!). We do the same with other
balls, and denote the resulting i-curve in I';, by -,. Recalling that we assumed f,y plds <
a after showing the property 1) in the statement of the lemma, we obtain

(3) / pds < a + ° for any n.
Tn 2
We shall call any one of {z} (j)}, {z; (j + 1)}, {zFt(5")}, {zx ~(j + 1)} a relay post.
We place them in the order of increasing parameter on each of +;, and two of them
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adjacent if they lie on a connected component of some v, N (G \ (K U E)) and there is
no relay post between them. One can put the order to any two relay posts according to
their order on 7,, which contains them; this order does not depend on the choice of +/,.
Thus we see that the totality of relay posts forms an ordered set S. We write z < y for
two relay posts z and y if the parameters corresponding to z is smaller than that to y.
Then z is said to be smaller than y. The notation y < z and the terminology that y is
smaller than z will have similar meanings.

Part 6. Defining i-curve ¢ desired in 2) of the lemma

We define a distance d(z, z’) between two points z and z’ in G\ (K U E) by inf f,y pds
for an arc v connecting z and z’ in G\ (K U E); if z and =’ do not belong to the same
component of G \ (K U E), then d(z,z’) is set to be co. We connect every couple of
adjacent relay posts by a curve in G\ (K UE) so that [ pds along this curve is very close
to the d-distance between the relay posts. To be precise, the totality of adjacent couples
being countable, we enumerate them as a1, as, ... without paying any attention to their
order, and set A; = {a1}, A2 = {a1,a2},... For an integer ¢ > 0 let n, be the smallest
number such that 'y;lq contains A,;. Naturally n, increases with g. We connect the
points z; and y; of a; by a curve C; in G\ (K UE) so that fcj pds < d(zj,y;)+e/2'H.
Then using (3), for any ¢ we have

g q
Z/ pds<Zd(:cj,yj)+E§/ pds+£<a+£+iza+s.
= Je, P 2=/, 2 272

!
g

By letting ¢ — oo we obtain

(5) Z/ pds < a+e.
j=1"C

We shall call any one of the above arcs C; a C-arc. Its direction is determined by the
order of its end points. Thus we obtain a countably infinite number of directed curves
in G\ (E U K) each of which consists of some of C-arcs. Each curve is rectifiable on
account of (5) and hence has two end points on K U E. We shall call any one of these
curves a C-curve. Finally we shall form a curve of I" by means of C-curves.

We have already given the order to the set S of relay posts. This order gives the
order of points of the union of C-curves. We let correspond C-curves to mutually
disjoint open intervals on the interval (0,1) so that each C-curve is a continuous image
of the corresponding open interval and the order is preserved. Subsequently we shall
parametrize C-curves differently.

Recall that there is no relay posts on the 0-th step. We denote all the ordered relay
posts of the first step, excepting all those of the form z}*(j) and =7 ~ (), by

mf(1)7m;(2)’ xf(2)7 ey Ty (Tl)

If there is a relay post of the form z} () which is the right hand neighbor to zj (1),
then it will be denoted by =7 (1). We write similarly for all other relay posts of the
form z{1(-) or z77(+).
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We take the following closed subintervals of I = (0,1):

1 2 27 —1 27
I1,1: ) 7"'7II,j: S ) 3Ty
2r1+1 2r1+1 _ 2ri+1°2r1 4+ 1

;o [=1 2m ]
L = o 172 +1]°

Set Iy = UL, I1,;. Then the length of I'\ I; is equal to 1/2+1/(2(2r;1 +1)). We change
the parameter of the C-arc connecting z7 (j) and z; (j + 1) so that this is expressed
as a continuous image of I ;. Similarly we change the parameter for the union of the
C-arc connecting z7 (j) and z 7 (j) and the C-arc connecting " (j) and T;,; in case
T7(4) exists but not 7 ~(j + 1). We do the same in case only z; ~(j + 1) exists or
both =] 7 () and z7 7 (j + 1) exist. Thus we have a continuous mapping of I into E.

In the second step we denote the relay posts by z3 (1),z5(2),z3(2),..., 24 (r2 —
1),z (re) as in the first step. In case 3 1(-) and/or z; 7 (-) exist we treat them also as
in the first step. As to the relation between the set of relay posts of the first step and
of the second step there are the following two cases:

1) Between z3 (j) and z (j + 1) there exist some relay posts of the first step.

2) Between them there exists no relay post of the first step.

In the first case 1) we take a closed interval I ; whose end points correspond to :c;'( 7)
and z; (j + 1) and whose interior includes the intervals taken for the relay posts of the
first step lying between z3 (j) and x5 (j + 1). In the second case 2) we take I ; disjoint
to I;. We may assume that all the different intervals in the second step are mutually
disjoint and that, denoting their union by I, the length of I \ I is less than 1/4. For
each j we map I ; \ I1 ;- as in the first step. We treat the second case 2) properly and
obtain a continuous mapping of Iy into =. _

We continue this process and obtain an increasing sequence {I,} of finite union of
closed intervals. Setting J = U;2, I,,, we shall denote the continuous mapping of J into
E by ¢(t). The set I\ J is a totally disconnected compact set and its linear measure is
zero. What is left is to show that the mapping {(¢) of J can be extended continuously
to I. For that purpose let t, € I\ J. For given n let I, ;, (resp. I, ;,+1) be the
closed interval nearest to to on the left (resp. right). We note that the right (resp.
left) end point of I, ;, (resp. In ;. 1) is z;, (jn + 1) (resp. z}(jn + 1)). We shall call
{In ., In,j.+1} the defining sequence of . See the following diagram: -

In,jﬁl-l ' 1 j

I' In+1,j 1+1 )
nHLj n

ty

FIGURE 11.
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Now fix N for the moment. As in the beginning of the proof of our main lemma we
set dy = dist (0Zn_1,0Zn) > 0, and by the assumption in the lemma infw,ng p is
positive. Hence there exists 5 > 0 such that f7 pds > én for every arc y connecting
0Zn_1 and 0Zy in W,,NG. For simplicity set C = Us2,C;. Since fé pds < a+¢, there
exists ng such that »

(6) / pds < 6.
C\¢(Ing)

As stated above t( is determined by {( nijnsIn.jn+1)}. The relay posts X (j, + 1)
are illustrated in the following diagram:

.4 an_l(j) : ' an_l(j) .o
.......... X d an(f) an(f)F oA b 4 an () an(j”)_ (SN P
z, (jn +1)  zf e+ 1)

Now we shall show that C can be extended to be a continuous curve in = by proving
that for any point to € (0,1) the limse s ¢(t) exists. Let {I,j,,In j,+1} be the defining
sequence of to. As stated already the right end point of I, ; corresponds to the relay
post x; (j»+1) and the left end point of I, ;, +1 corresponds to the relay post z;} (5, +1).
‘We recall that in general, if a,(j) is a contour, then A, (5) denotes the compact domain
bounded by a,(j). Also we note that there is an arc which is a subarc of the curve
Yk, Obtained by the n-shortening of v;, k > n, which connects contours o, (' — 1) and
an(j') of the contour sequence of 8Z,, and which contains z; (j, + 1). Let an_1(j) be
the contour of the contour sequence of 8Z,,_; which lies on the upper left to a,(j’) on
the contour graph, and a,,(5”) be the contour of the sequence of 8Z,, which lies on the
lower right to apn—1(j).

We will show that if n > max (ng, N + 1), then a,(j'),an(j”) and a,_1(5) are
contained in the same component of R% \ Zy_;. Suppose a,_;(j) and a,(j’) are not
contained in the same component of R% \ Zy_;. Then ay,_1(j) and a,(j') are not
contained in the same component of R? \ Z,,_,. From the definition of the relay posts
there is a relay post z,, ~(j, + 1) in the component of W, _; whose boundary contains
an—1(j). We know that z (j,+1) is contained in the component of W,, whose boundary
contains ay(j). Since z, (jn, + 1) and z, ~(j, + 1) are not in the same component of
R?\ Zny_1 and they are in G, the C-arc which connects =~ (j, + 1) and z (j, + 1)
contains an arc connecting 0Zy_; and 8Zx in GNWy. Hence f C(In\In_1) pds > 6. But

this is contradictory to the inequality |, C(In\In_y) PAS < dn by (6). Therefore a,_1(7)

and an(j’) are contained in the same component of R%\ Zy_;. We see similarly that
an—1(j) and @, (j") are contained in the same component of R%\ Z,,_;. It follows that
the relay posts z;, (jn + 1), 2} (4n + 1) and, if exist, ;= (jn + 1), 2T+ (jn + 1) are in the
same component of R?\ Zn_;.

Denote by I, 41,4 and I,4+1, the components of I,11 which contain I, ;. and Iy, j, 41
respectively. Then the intervals I,,11 ;,a < j < b are placed between I 1,4 and I y1p
and a < jny1 < Jne1 + 1 < b holds, where j,.; appears, for instance, in Intij,,, in
the diagram given below. The right end point of I, 11 4 corresponds to the relay post

Z,y1(a+1). See the following: dlagram
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Inaj n In+1’j n+l In+1:j n+]+1 In,jn""l
e 0 o [ J ® o o ®
0 In+1a ty Lnsip 1
FIGURE 12.

Since é’l Int1,a\In ;, contains an arc starting from z, (jn + 1) and terminating at

z,.,(a+1) and
/ pds < [ pds < dn
é]] C\C(Ino) .

by (6), ©,,;(a+1) and z; (j, + 1) are contained in the same component of R\ Zn_1.
It was shown above that z, (j, + 1) and z;(j, + 1) are in the same component of
R?\ Zy_;. Similarly it follows that z,,;(a + 1) and z;,,(a + 1) are contained in
the same component of R% \ Zx_;. Since the left (resp. right) end point of I, 41,441
corresponds to the relay post z}, ; (a+1) (resp. z,,,(a+2)), Clr., +1,a41 I8 an arc starting
from z;},,(a + 1) and terminating at =, ,(a + 2). Hence z;} ,(a+1) and z;(a +2)
are contained in the same component of R? \ Zy_;, because

n+1,a\Mn jn

Gl CCUnir\ 1) € €\ CIny).

n+l,a+1

In the same way we conclude that the relay posts z,_ ,(j) and T +1(J) and, if exist,
z,11(j) and 7, (j), a+1 < j < b, are contained in the same component of R\ Zn_1.
By repeating such process we conclude that all relay posts between z (j, + 1) and
z}(jn + 1) are contained in the same component of R?\ Zy_;. By the arbitrariness of
N we infer that ¢(t) is continuous at to.

Similarly we can show that ¢(t) is continuous at ¢ = 0, 1. It is now proved that C can
be extended to be an i-curve ¢é of I' = I'( Ky, K3, E,G). Our lemma is now completely
proved.

Part 7. Proof of the Theorem

We begin with the case when I' # 0. Given £,0 < € < 1/2, as in the case when there is
no island, we can find a lower semicontinuous I'-ad. function p in R¢ which is continuous
in G\ (K UE) and which satisfies [, pPwdz < M + . Moreover, we may assume that
p is positive in R?. Take p’ as in the lemma and suppose there exist {ny} and c; € 'y,
such that fck p'ds <1—2¢ for k=1,2,.... By the lemma we can find an i-curve ¢ € T’
such that fé pds <1—-2e+e=1—e¢. Since ¢ € I" and p is I'-ad., fé pds > 1. This is a
contradiction. Hence there exists ng such that fc p'ds >1—2¢for all ce Ty, if n > ny.
Using the property 1) in the lemma, we have [p, p’Pwdz < [pq pPw +€ < M + 2 and

, 1
M < (n)<_______/ Poan <
SMPS ey Jou? 90 S

The arbitrariness of € yields the equality M = lim,_,oc M (),
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Next we consider the case when I' = (. Let p be a positive lower semicontinuous
function in R¢ with fRd PPwdz < €. Let p’ be a function obtained in the Lemma for the
above € and p. Then it is a measurable function satisfying p' > p and fRd p’Pwdr <
fRd pPwdr + ¢ < 2e. Since I' = §), there is no curve in G connecting Ky and K;. It
follows that for every sequence {7x} of curves in G which have end points tending to K
and K; respectively, f% pds > 1 only with a finite number of exceptional k’s. Suppose
there exists an infinite sequence {n;} such that p’ is not I',-ad. Then for each n; there
is v; € I'yp; such that f,yj p'ds < 1. This is impossible because all Yn; are contained in
G and their two end points tend to Ky and K respectively. Therefore there exists ng
such that p’ is I'p-ad. for all n > ng so that M < [ p’Pwdz < 2e. This implies that
M®™) — 0 as n — oo. Thus the assertion in the theorem is true in the present case.
The proof of the theorem is now completely proved.

Comments. The proof of our lemma in the case when no islands exist will appear
in [AO] as Lemma 6.1 (Shlyk-Ohtsuka). [Sh, p.91, Theorem 1.3] gives a proof of our
Theorem in the non-weighted case but it does not seem to be easy to understand it.
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Postscript. The second author gave a talk at the Colloquium. However, the proof
of the ”Claim” in Part 5 of the distributed abstract was found to be incomplete. So
considerable parts of Parts 5 and 6 were rewritten following the idea proposed by the
first author, and thus the present report is presented as a joint work.



