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Constructing a non-degenerate commuting square
from equivalent systems of bimodules

#:/#% 1% (Nobuya SATO) *
HKRHEHE 4R PD

ARBOEETIL, 220 Jones index BFRAH>D finite depth 72 subfactor 235 FRIKIT non-
degenerate commuting square %5 b5 T2 DME+HFRAL, TTD 2 DO subfactor
25 opposite equivalent TH 5 & W I RERIZOWTHHA LIV EED.

§1 Commuting square & V. F. R. Jones DE&
AROEFEDONEE, V. Jones A% 1995 £ED Aarhus IR T 2HFFEESR TH LHED
OIFWRETH 5. Z D, Jones DEEL M THoMNEWVI L ZHMPLHHAL LS.

V. F. R. Jones DREE (19956 A, T<Y—7)
Ri; (i,j = 0,1) ZHFMRKIT von Neumann algebras L, TNHMBRED X HIT non-
degenerate commuting square Z& LTV 5 &9 5.

A
Ry C Ry
DN MNB
Ry C Ry
c

=1L, AB,C,DiXBE#72 inclusion matrices T2 L$ 5. (F72bb, inclusion (2Bt
575 T RERETHBETH.) ZhblZ, basic construction Z#VEFTZ LTIV, RO
%R 5t von Neumann algebra @ 2 E#KF & Z OHFRD AFD II, factor D% 5.

Roo c Rox c Ry o CUZoRon ™ =N
N n N n
Ryo C Ry C Ris e C U%o:ORlnweak =M
N N N N
weak

Ry - Ry C Ry e CUZ Ry =M

ok . -
P=UZRp =+ C Q= UffzoRnlweak C Q1= U$L°=0Rn2weak .

(zZTC, NCMC M- -BEXB®PCQC Q- L AFD II; factors ThHHI LR
inclusion matrices DEE#I4t & Perron-Frobenius DEE»H 025, )

Jones W L-EEL X, FOX L TELNIZZOD subfactor NC ME PC QD
MOBEERD L, i, —H7 finite depth THIL, bHI—FHEID, LI HOT
Hot-.
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FhiL, Z DORIE% paragroup BigE Mo THR LTz, 972D, paragroup #imd flatness
BT AEBREZIEATAZLIZLY, EEORE LTROBEIFELNT.

Jones ORIEDMEE ([S1], Corollary 2.2) N C M?? finite depth £725DiX P C Q
5 finite depth ® & X IZfR 5. '

i, Jones B L7z 2 BB ORBEOHERXE X 5.

FVBRNVERLELN TV, ZREIMBH729DIZ, subfactor D global index DEFEH
VETHD. ETEXT 220 subfactor DEIZIE, %X Jones index 22V TDORAMRIL
EORVEFTT DD, ThIRDLEMRE LT global index 3 5.

R (global index) II; subfactor N C MiZ*f LT, global index [[M : N|] 2RO T
EETD.
[[M: N = > (dimy X)(dimXy)
~NXn:irreducible
Z 2T, nyXnhtXsubfactor N ¢ M5 EBNBBEH N-N bimodule TH 5.
WDEEIL Jones DIILHOMEDOREE 52 5.

£ ([S1], Corollary 2.5) [[M: N]]=[[Q: P]].

§2 3 X5t TQFT M 5 subfactor M equivalence ~

FOEEI, 22D subfactor & 3 RITD topological quantum field theory (3 ¥kt TQFT)
OECEREE 2D, ZHICOWTHREAL LS.

3Tt TQFT &1, 3 It i) FTee72 BASARMEII R L THRIKIT Hilbert Z2fH) 2 *f
EEED, W OPOAEERE-T functor THD. ZOEEIT, WEOEKR TOMMER
BOBFHRICEEZFET DA, Atiyah 12X 0 HENICAEIL I, Turaev-Viro iZE > THA
HEMT, 3IRALEED 3ARSENCL D, TQFT BEFHNICEHEIER I N, &
T, Z O Turaev-Viro B 3 k7T TQFT 1%, AR index, finite depth @ II; subfactor 7>
LR TEX A2 L2 Ocneanu iIZ X > THLNTWD. ZOTDITHERT —F S quantum
6j-symbol T 5.

Subfactor 2*H B b5 3KkT TQFT % 3 RLEKEIZH L THEHA LIHEIC, Bohd
&1, global index PHITH S Z L BHBN TS, (—HIZ, FERORV 3 KILEHKEE
WHd 3 3T TQFT i3, BREETHIZ EPAHE LTERINDS. ) Th&y, &
FR¥k T non-degenerate commuting square %> b HiL 5, $2 DD D subfactor i, 3 K
FTEREICR LTiL, BT TQFT 2> &iZ725b. —H T, canonical commuting square
NHELNBHE $ 2 DD subfactor 12 3KTT TQFT 2@AT 2L, ThLIZEWIIER
HEOBRICHD. Zhbx bl LT, ROEEPRY IO LHDND.

S ([S2], Theorem 2.4) N C M»bHELNS TQFT & PCQ»bFbNdLivid
BRIKTHD.

T OBGRE b AEOIERER L B o T, AFRKIT non-degenerate commuting square %>
SELNBHE 2 DD subfactor ZFHSIT 7V, LW DRI DOREEOEETHD. £
=T, 2 o0FKFB index, finite depth 72 subfactor 43 opposite equivalent TH D &V H T &
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% 3T TQFT BREWIER]ETH D, LEBELIZWEZAER, ZhTIEH L 70
R, TR, ROXOIBRERBETIONRRNI EBbMn5.

E& ([S3], Definition 2.3) A C B, C C D% AR index, finite depth 72 II; subfactor
L95%5. AC BE C C D# equivalent T D &%, B-C bimodule 3% ->T, AC B »bH
%515 B-B bimodule, C C D »6% 5115 C-C bimodule, ¥ X B-C, C-B bimodule
® 4 FED bimodule 2 finite system #7232 &, L EH/TB.

2T, 4D bimodule 73 finite system %729 & {X, relative tensor product, contra-
gradient, irreducible decomposition (Z-2WCTH L TWT, BEX bimodule @ EHEEN AR
BTHD, EWNHZELThHS.

E# ([S3], Definition 2.4) A C B,C C D%% R index, finite depth 72 II; subfactor
£95. AC BL C C D opposite equivalent TdH 2 Li%, A C B& CoPP C DOPPA3
equivalent TH 5, LEET .

INODEEBOERIIIKROEENRDS.

N C M% AFD 11, factor @ inclusion T, index AR, finite depth TH 2B ELIRETS. =
DL &, 3R TQFT #H 2513, % DFEIZ fusion algebra & LT, N-N bimodule ¢ 7>
b72%5 b0, M-M bimodule DHNPHRDHDDENEFNNLLEBLNS TQFT I, FULY
DTH5. LiZiB7z equivalent subfactor DA%, AFD II; subfactor AC B& C C D
NEETHNIL, B-B, B-C, C-B, C-C?® 4 F&® bimodule % % -> paragroup 2% 5 & \»
IZTHdENPD, Thhnb, AC BROEBRHREIND 3RTTQFT & C Cc DRI
2N, RICHDTHDLZ Enmh5b. [FERIZ, AFD II; subfactor A C B& C C DM
opposite equivalent TH L, 3 KT TQFT IXIEWIERLETHS. (—i&iZ, AFDII,
subfactor A C B HB/ 55 3T TQFT &, APP C BPPh G 6 b FiL, #HEL
HTHD.)

Z Z T, equivalent subfactor D Z 21 X 5.

il 1 R% AFD II, factor, G #HRE, H%Z DU 4 & T relatively simple ThH 5 &4
5. a% RED G @ outer action & §5. ZD&&, RCRX,GiX, Rxo HCRx,G
L equivalent TH 5. BRERD, RC Rx, G 6B bND R X4 G-R X, G bimodule
D system & Rxo HC RXo G2D/ONDZEN L1 Ocneanu @ Mackey machine 7> 5
equivalent THDZ EROLNDINLTHBD.

Bl 2 XV—RITIE, ORI TEY 2. N C M% AFD II, factor @ inclusion T index
AR, finite depth &3 5. X 5HiZ, P% % ® intermediate subfactor £+ 5. Zm L X,
P C M5/ 564 %5 M-M bimodule M 727 fusion rule algebra iX, N C M»bH/bh 5
D subalgebra TH 5 DT, —fRIT global index (22T, REX [[M : P]] < [[M : NJ|
DRV 2. ZZ T, global index IZ2WT, X [M: Pl] =[[M: N|] Bk srod &
i%, Wi#& O fusion rule algebra B—&,THZ LBbnd. ZhiY, Zo global index ®
HETTIE, NCM& PC M» equivalent THBZ &MBRES.

il 3 N C M#% AFD II, factor ® inclusion T index ABR, finite depth & 51{Z, fusion
graph DEFETH D &9 5. ZhD asymptotic inclusion MV (M'NM,,) C M2 &% 5 &,
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Zvid subfactor NQ N C M ® M & equivalent THD. Ziuid, asymptotic inclusion @
MV (M'NMy)-MV (M'N M) bimodule @ system & NOQN C MQM®D MR M-M® M
bimodule D% #1133 equivalent TH D Z ENHHED.

RIZ, opposite equivalent &V 9 &1L, HBRIKIE non-degenerate commuting square (&
HRIMETO2BMETHDZ LICTONWTHAL L . £DHITiE, paragroup RO S
ZELTD.

§1 DA FRIKIT non-degenerate commuting square IZxths LT, paragroup ERIZRIT 5
biunitary connection Z%&%. 7bb, 450757 k%0 FOEEREEK (biunitary
connection &9 ) Z#4%5%. Biunitary connection I3 commuting square {2331} 5 IEHEAR
EEOHR Y B X %5 % % unitary T, basic construction & compatible 726D TH 5. Zh
(Z string algebra construction i L T, HFRIKIE von Neumann algebra @ 2 EHEKF! &
Z ORBFRED AFD 11, factor ¥ %215 5.. :

Ao - Aoa - Ao, s C Ay = My
N N N N

A - Aiq C A2 o CAee =M,
N N n N

Azp C Az C Az s CAgeo =M,y
N N N

QOZAOO,O C leAoo,l C QzIA

ZZT, My C MiH»» Qo C Qi D—F 7 finite depth TH B L{KE L L 9. ([S1, Corollary
22012 L->T, b H—F b BEIIC finite depth TH B.) Ocneanu ? compactness argument
(02, I1.6] IZ &> T, My C M;® “flat part” (=higher relative commutants) My’ N MiiZIB D
BOD KR LT, AollBEND. M/ N My % By, VR My N My% B, b ERZ 5. 8
EBRITRD & 5172 o TS,

By C Aypg C Aog C Ag2 -+ C M
N N n N N
B C Ay C Ay C A - C M
N N N N N
By C Ay C As1 C Ayp -+ C M
N N N N

Bo C Q C Q1 C @

[S2, Theorem 2.4] DFEBADHF T, By, C Q1 2*H{ DN D BBy bimodule @ system &
My, C Mi»»5bEB 55 My-M, bimodules @ system (FERFLETHDHI L ERLE. 2D
Z i, subfactor B, C @ 1% My C M;IZ opposite equivalent THHZ & ZRLTND.
Thwxz, [[Q1: Bl =[[@1: Q)] THHDT, LOFI2I2XY, Qo C Q1 iX My C M,
IZ opposite equivalent TH 5.
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8§83 Commuting square DR

PAF, AcC B& C C Dii, equivalent 72 AFD II; subfactor &9 %. BERER L~
A12HIZ, WD commuting square #Ex X 5. ZZ T, D-C bimodule giZ C C D» b 8
RICEB BB C-D paragroup @ generator pDcCéh Y, A-B bimodule hiZ A C B»H H
RIZEB BN D A-B paragroup @ generator 4By, C-A bimodule XTI A VMIIERME/RBER
C-A bimodule DEFfTH 5.

End(g9(3g)" ™ ®c¢ X4 ® (hh)*'h) C End(g9(3g)" ' ®c Xa ® (hh)")
n N
End((gg)" ®c Xa ® (hh)"'h) C  End((gg)" ®c Xa ® (hh)™)

Z i, non-degenerate commuting square (272> TWBH Z &b, Lido-T, Z
AUIZHS U7z biunitary connection 233 %. String algebra construction iZ &> T, &ROF
FR¥ 7t von Neumann algebra @ 2 EH§KFI & £ OERD AFD II; factor DF|%HE5. ZD
B, Ay =End(---®9®g® c*a®h®h--:) 2o TVWBH I LIAERIIHMD. ZIT,

—— — N e’

kA &
c*x Al XBER 72 C-A bimodule ¢ X, TH 5.

Ao’o(z End(c*A)) C ‘ AO,I C A0,2 c --- C A(),oo = M,
N N N n
Aip C Aia - Ao C +++ CA=M
N N N N
Aso C Ay C Ay C o ChAge=M, Y
N n N

Qo = Ay C i1=Ax1 C @Q2=Axy C
WEWIXEEBREREZRBRRDZ ENTED.

EHE ([S3], Theorem 3.3) L () T, 220 subfactor My C My, Qo C Q1 1E¥h

Fh, CP° C DL AC BIZRETHB.

SIBADIRE TEOHEEZ L TRL. AC B¢ C C Ditequivalent ThHd L7 5.

End(---®7® g® c*c) BLVEnd(--- ® g® g® p*p) ELNEN Cp_1, Cn—2& End(4*4®
il —=J<2

n f& n @&
h@h ) BEXOEnd(g+p ®h®h--) % TNEN B 1, B, XTI LIZTD. D
S———’ N —

n @ n &
& %, Cn,—l C An,O: C"n.,—2 C Cn,—l: B—l,n - AO,m B—Z,n C B—l,n7b§%@j’50)® n ‘:Ol’\

TRYL>TWD I ERbND. LiehoT, ROKD LS REERRICZoTNDHI L
272D,
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B3 C Bgs C --- C N_
N N _ al
B C B,41 C B, C -+ C N_;
N N N n
Co-1 C Ao C Ay C Ao C - C M
N N N N N
C'1,—2 - Cl,_1 C Al,g C Al,l C A1’2 c .- C M
N N N N N N
Co—2 C Cy_1 C Agg C A1 C Ayp C -+ C M,
N N N N N

P, C Py C Q C @ C @ C

FFIUDHIC, My C My 2 finite depth THHZ L #RE D, ZD®H, Ny C Mi%
T DRD ladder &% L 9.

B_10(=End(4*4)) C B_y1 C B C -+ C Ny
N N N N
A C A, C A C - C M

= ® ladder 13k ® commuting square 2> bR I 5.

B_i2n C B_int1
N N (%)
Aton C Aignt1

Z ® commuting square (=X 3 biunitary connection i3 ax4-flat THHDOT, T L
W, N_; C M; @ principal graph (X B_j 9, C A1, D n H3+453KE WV E T A TO Bratteli
diagram T#% 5. ZhiZ finite graph THD DT, N_; C M;7* finite depth & 07>5. Xo
T, AFD I factor Myix N_; C M, ® intermediate subfactor 72T, D. Bisch ®E# (B,
Theorem 2.6 IZ & Y, My C M; % finite depth TH 5.

S. Popa @ index & BR72 strongly amenable subfactor D4y4EEH [P, Theorem 2] IZ &
D, EEOIELIEHRT 2103, FHAOTHEOBEBRORIIINT, Cpe=M'NM,,
Cot = My' O\ My, By = Q) N Qny B = Qo' N Qn, EFREILEV . RFMEICLY, K
FIZOWTHERTHLIT A THEDT, My C MiDF &R LIiZT 5.

£, BOBODn > 1125WT, Ch_a C M{N MY DT &5 Ocneanu O
compactness argument [02, IL6] XV 25, ZIZT, N,y C MikVRHbohd Mi-M,
bimodule @ system iX, C € Db b3 D-D bimodule DENEF—RTEHDT,
Cp_o DEFEF IR 5 Z @ inclusion @ Perron-Frobenius BA~7 k& M/ N M,
DZFIIIEDEHSE B (= Perron-Frobenius BEHE) D&V LRV, LizhoT, =1
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EREIE L. ZODITIL, global index D—% [[M; : N_yj|] = [[D : C]] %%z &

(CIRET DI L3 D9D. LD (%) IZXERT 5 biunitary connection i3 4%4-flat T 2 D

T, [[My : NLJ) = [[B : A]] 80258, A C B: C C D 7 equivalent TH B DT,

[(B:A]=[D:C)|THb. £>7T, [[M;: Ny|] = [[D: C|] BF¥k. ZHickY,

Cn—1= M| N M, BBz, Cpg = MyN M, bRIROHR TTES. O
LOFEELE ORBOERIZLY, KROBREET.

% ([S3], Remark 3.4) AC B, C C D% index AR, finite depth 72 AFD II, subfactor
£9%. AC B& C C D opposite equivalent T D NE+5E&MEIE, AC B, CC DIE
FRIR 5T non-degenerate commuting square IZ basic construction %1 L T/ 5415 subfactor
ChBILTHB.

Byl

LEOEEBBIOHUCONT, LVFELLHYZVFIL, ORI [S3] 2 B F X
V. E7, equivalent subfactor DBEE DA L LTiX, MEKIZL S “quantum Galois
correspondence” 23 ¥V £7. FHE L IIRFERFBONEROTELSRB LTI,

Z OFERIT A RFIHRAS I L OSTHA R EF AR #I S OB TILAbhiz b O TT,

SE X
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