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ABSTRACT. We prove new a priori estimates for the resolvent of a class of minimal
Quantum Dynamical Semigroup (QDS). These estimates simplify the proof of the
unital property of QDS and suggest a continuity condition for time-dependent in-
finitesimal generators to ensure existence and conservativity of the Markov master
evolution equation.

\S 1. INTRODUCTION.

The theory of the Markov $\mathrm{m}\mathrm{a}s$ter equation has been intensively studied dur-
ing the recent years [1-10]. Important applications of this theory were contributed
to qu.antum chemistry [3] and quantum optics [4-6]. Numerical Monte-Carlo and
Runge-Kutta algorithms for these equations are discussed in [7-8]. One of efficient
analytical tools in the theory of master equation is the interaction representation
technique [6-7], where the Markov $\mathrm{m}.$.aster equations with time-dependent coeffi-
cients arise in a natural way.

To study Markov $\mathrm{m}\mathrm{a}s$ter equations with unbounded time-dependent coefficients
describing evolution of observables from the algebra $B(\mathcal{H})$ of bounded operators
or states from the algebra $\mathcal{T}(\mathcal{H})$ of operators with finite trace, we introduce the
continuity conditions for the generator.

We recall that one parameter contraction semigroup $P_{t}(\cdot)$ acting in $B(\mathcal{H})$ is
called a Quantum Dynamical Semigroup (QDS) if it is completely positive, normal,
conservative, and ultraweak continuous $[2, 11]$ . Normal and ultraweak continuity
properties mean respectively that l.u.b. $P_{t}(xn)=P_{t}(1.\mathrm{u}.\mathrm{b}. x_{n})$ and $\mathrm{T}\mathrm{r}\{\rho(P_{t}(B)-$

$B)\}arrow 0$ as $tarrow \mathrm{O}$ for any $\rho\in \mathcal{T}(\mathcal{H})$ and $B\in B(\mathcal{H})$ . In the Heisenberg rep-
resentation, the conservative (or unital) property means the conservation of the
unit operator $I$ in the algebra $B(\mathcal{H})$ of observables: $P_{t}(I)\equiv I\forall t\geq 0$ ; in the
Schr\"odinger representation, it means the conservation of the trace of an initial state
$\rho\in \mathcal{T}(\mathcal{H})$ during the evolution: $\mathrm{T}\mathrm{r}T_{t}(\beta)\equiv \mathrm{b}\rho t\geq 0$ , where $T_{t}$ : $\mathcal{T}(\mathcal{H})arrow \mathcal{T}(\mathcal{H})$

and $P_{t}$ : $B(\mathcal{H})arrow B(\mathcal{H})$ are dual semigroups: $\mathrm{T}\mathrm{r}\{\tau_{t}(\rho)B\}=\mathrm{T}\mathrm{r}\{\rho P_{t}(B)\}$ . The
semigroup $T_{t}=P_{t}^{1}$ is called the predual of the semigroup $P_{t}$ . The dagger “\dagger ’’ is
used to denote predual operators and maps. The map. $P(\cdot)$ with the predual $P^{\uparrow}(\cdot)$

is referred to as a completely positive $(CP)$ if

$\sum_{i,j}\mathrm{T}\mathrm{r}\{P(B_{i}^{*}B_{j})\sigma j\sigma_{i}\}*\geq 0$
or equivalently

$\sum_{i,j}\mathrm{T}\mathrm{r}\{B^{*}iBjP^{\mathrm{t}}(\sigma_{j}\sigma_{i})*\}\geq 0$
(1.1)

Key words and phrases. Master equation, minimal resolvent, quantum dynamical semigroup.

Typeset by $A_{\Lambda 4}S- \mathrm{I}\mathrm{f}\mathrm{f}\mathrm{l}$

数理解析研究所講究録
1035巻 1998年 44-65 44



for any finite sequences $\{B_{j}\}\in B(\mathcal{H}),$
$\{\sigma_{j}\}\in\grave{\mathcal{T}}_{2}(\mathcal{H})$ , where $\mathcal{T}_{2}(\mathcal{H})$ is the Banach

algebra of Hilbert-Schmidt operators. For a bounded $CP$-map $P(\cdot)$ , this definition
is clearly equivalent to the standard definition of the cone $CP(\mathcal{H})[11]$ . Indeed,
the substitution $\sigma_{j}=|\psi_{j}\rangle$ ( $\varphi|,$ $\psi_{j,\varphi}\in \mathcal{H},$ $||\varphi||=1$ reduces (1.1) to the standard
definition of $CP$-map: $\sum(\psi.\cdot, P(B^{\mathrm{r}}.\cdot Bj)\psi_{j})\geq 0$. On the other hand, the standard
definition of $CP$-property and the definition of a trac$e$ implies the identity

$. \cdot\sum_{j},\mathrm{T}\mathrm{r}\{P_{t}(B_{i}^{*}B_{j})\sigma_{j}\sigma_{i}\}*=\sum_{k|}.,\sum(\psi:,k, P_{t}(B.\cdot*B_{j})\psi j,k)\geq 0j$ ’
$\psi_{j,k}=\sigma_{j}h_{k}$

for any complete orthonormal system $\{h_{k}\}$ in a separable Hilbert space $\mathcal{H}$ .
Under natural assumptions on the operator-valued coefficients of the formal

generator $\mathcal{L}(\cdot)$ , it was shown in [2, 12-15, 18] that there exists a $\min$imal QDS
$P_{t}^{\min}(\cdot)=\exp\{t\mathcal{L}(\cdot)\}$ defined by the Dyson series; the conservativity of this QD-
$\mathrm{S}$ is necessary and sufficient for the nonexistence of any other conservative QDS
with the same formal generator [12, 13, 16, 18]. Therefore, the generator of the
semigroup is called regular if the minimal QDS is conservative (unital).

In the present paper we show that it is possible, by an appropriate choice of
continuity conditions, to guarantee the existence and conservativity of the minimal
solution of the Cauchy problem for the Markov evolution equation (also known as
the Lindblad equation) with time-dependent coefficients

$\partial_{t}P_{t}(B)=\mathcal{L}_{t}(P_{t}(B))$ , $P_{t}(B)|_{t=}0=B$ ,

corresponding to the formal infinitesimal operator $\mathcal{L}_{\ell}(\cdot)$ :

$\mathcal{L}_{t}(B)=\Phi_{t}(B)-\Phi_{t}(I)\mathrm{o}B+i[H_{t}, B]$ , $t\in R_{+}$

where $H_{t}$ is a family of symmetric operators, and $\Phi_{t}(\cdot)$ is a time-dependent family
of completely positive maps.

Consider the scale of Hilbert spaces $\cdots\subseteq \mathcal{H}_{n}\subseteq \mathcal{H}_{n-1}\subseteq\ldots$ with the inner
product $(\psi, \varphi)_{n}=(\Lambda^{n}/2\psi, \Lambda n/2\varphi)$ and the Banach scale of trace-class operator
algebras $\cdots\subseteq \mathcal{T}_{\Lambda^{n}}(\mathcal{H})\subseteq \mathcal{T}_{\Lambda^{n-1}}(\mathcal{H})\subseteq\ldots$ generated by a positive invertible self-
adjoint “reference” operator $\Lambda:\mathcal{T}_{\Lambda^{\pi}}(\mathcal{H})arrow \mathcal{T}_{\Lambda^{\hslash-2}}(\mathcal{H})$ :

$\mathcal{T}_{\Lambda^{n}}(\mathcal{H})=\{\rho:\rho=\Lambda^{-}n/2\sigma\Lambda-n/2, \sigma\in \mathcal{T}(\mathcal{H}), ||\rho||\tau_{\mathrm{A}}\hslash(\mathcal{H})=||\sigma||\mathcal{T}(\mathcal{H})\}$.

By $B_{\Lambda^{n}}(\dot{\mathcal{H}})$ we $\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{e}$

’

the completion of $B(\mathcal{H})$ with respect $\mathrm{t}\mathrm{O}$ we$\mathrm{a}\mathrm{k}^{*}$ topology
generated by duality between $B(\mathcal{H})$ and $\mathcal{T}_{\Lambda^{n}}(\mathcal{H})$ . Thus, if $\rho\in \mathcal{T}_{\Lambda^{\mathfrak{n}}}(\mathcal{H})$ then, $\rho$ :
$\mathcal{H}_{-n}arrow \mathcal{H}_{n}$ is a bounded operator and A $\in B_{\Lambda}(\mathcal{H})$ . $\mathrm{t}.-$

The article consists of six sections. In \S 2, we describe a class $CPn(\mathcal{B}_{\Lambda})$ of un-
bounded completely positive normal maps $\Phi(\cdot)$ with the predual $\Phi^{\mathrm{t}}(\cdot)$ : $\mathcal{T}_{\Lambda}(\mathcal{H})arrow$

$\mathcal{T}(\mathcal{H})$ which enters the generator of the Lindblad equation. We discuss in \S 2 prop-
erties of the trace-form $\mathrm{T}\mathrm{r}_{*}\{\Phi(B)\rho\}$ which are similar to properties of a quadratic
form, and prove the characteristic property for these maps:

$\lim_{\epsilonarrow 0}\mathrm{T}\mathrm{r}\{\Phi(\mathcal{E})(B)\rho\}=\mathrm{T}\mathrm{r}\{\tilde{\Phi}(B)\sigma\}=\mathrm{T}\mathrm{r}_{*}\{\Phi(B)\rho\}$,
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where $\Phi^{(\epsilon}$ ) $(B)$ is the sequence of bounded normal completely positive operators
which converges with respect to a special locally convex topology to the operator
$\Phi(B)$ on dom $\Lambda,\tilde{\Phi}(B)=\Lambda^{-1/2}\Phi(B)\Lambda-1/2$ , $\Phi(B)\in B_{\Lambda}(\mathcal{H})$ , and $\rho\in \mathcal{T}_{\Lambda}(\mathcal{H})$ ,
$\rho=\Lambda^{-1/2}\sigma\Lambda^{-}1/2,$ $\sigma\in \mathcal{T}(\mathcal{H})$ . This notion plays an $\mathrm{i}\mathrm{m}\cdot \mathrm{p}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ role in the present
paper because the set of pure states, which enter as arguments of sesquilinear forms,

is not invariant under irreversible quantum evolution of these forms.
The main analytical assumptions on coefficients of $\mathcal{L}_{t}(\cdot)$ are introduced in \S 3.

We describe there an algebraic background of the theory $\mathrm{b}\mathrm{a}s$ed on properties of
minimal solutions of the resolvent equation [17, 19, 20]. In \S 3 and \S 4, we discuss
a priori estimates for the minimal solutions of the homogeneous and nonhomoge-
neous Lindblad equations.

The important observation is that the spaces $\mathcal{T}_{\Lambda}(\mathcal{H})$ and $B_{\Lambda}(\mathcal{H})$ are invariant
under QDS provided there exist a constant $c\in R$ and a self-adjoint “reference”
operator $\Lambda\geq\Phi(I)$ such that the following relative bound for quadratic forms holds
true: $\mathcal{L}(\Lambda)_{*}\leq c\Lambda_{*}$ . More precise, we assume that

$\mathrm{T}\mathrm{r}_{*}\{\Lambda \mathcal{L}^{\uparrow}(\rho)\}\leq c\mathrm{T}\mathrm{r}_{*}\{\Lambda\rho\}$ $\forall\rho\in \mathcal{T}_{\Lambda^{2}}^{+}(\mathcal{H})$ . (1.2)

This bound implies the uniqueness of a solution of the Cauchy problem in the class
of dynamical semigroups under additional assumptions on the domain of A and on
the coefficients of the infinitesimal operator $\mathcal{L}(\cdot)$ . This solution can be constructed
as the minimal QSD, and for the corresponding representations we have

$||T_{t}^{m\dot{|}n}(\rho)||\mathcal{T}_{\mathrm{A}}\leq e^{ct}||\rho||\tau_{\mathrm{A}}$ , $||P^{\min}(tX)||s\mathrm{A}\leq e^{ct}||x||g\mathrm{A}^{\cdot}$

The continuity conditions for the family of CCP-maps $\mathcal{L}(\cdot)$ with the predual
$L_{t}^{1}$ : $\mathcal{T}_{\Lambda^{2}}(\mathcal{H})arrow \mathcal{T}(\mathcal{H})$ are the following:

$L_{t}^{1\mathrm{t}}(\cdot)-\mathcal{L}_{i}($ . $)$ can be extended as a bounded map from $\mathcal{T}_{\Lambda}(\mathcal{H})$ to $\mathcal{T}(\mathcal{H})$ , (1.3)

$\lim_{harrow=0||^{\sup_{\mathrm{Y}}}||\leq I}||\mathcal{L}_{t}+h(\mathrm{Y})-\mathcal{L}_{t}(\mathrm{Y})||s\mathrm{A}=0$

$\forall t\geq 0,$ $\mathrm{Y}\in B$ (1.4)

are introduced in \S 5 to describe a class of infinitesimal operators with time-de-
pendent coefficients as a completion of the set of infinitesimal maps $\mathcal{L}_{t}(\cdot)$ with
piecewise constant coefficients $\Phi_{t}(\cdot)$ and $H_{t}$ satisfying the sufficient conservativity
condition at every point $t\in R_{+}$ . The typical temporal dependence of coefficients
of the generator in the interaction representation. The main result of this article
is the derivation of global sufficient conservativity conditions from local sufficient
conservativity conditions for equation with time-dependent coefficients. In \S 6, we
consider examples illustrating the main result.

The first author wishes to thank professors L. Accardi, T. Matsui and N. Obata
for hospitality during his visit to RIMS Kyoto in October 1997, where the main
results of this paper were presented at the Symposium ”Recent Trends in Infinite
Dimensional Non-Commutative Analysis”.
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\S 2. BASIC DEFINITIONS AND CONSTRUCTION OF UNBOUNDED $CP-\mathrm{M}\Lambda \mathrm{P}\mathrm{s}$ .
In what follows, the subscript $”*$ ” is used to denote quadratic, bilinear or trace

forms; the arguments of these forms are specified in square brackets or braces.
For example, $\Lambda_{*}[\varphi, \psi]=(\Lambda^{1/2}\varphi, \Lambda^{1/2}\psi)$ is the bilinear form generated by a pos-
itive self-adjoint operator $\Lambda$ , dom $\Lambda_{*}=$ dom $\Lambda^{1/2}$ (see [21, 22]), and $\Lambda_{*}[\varphi]$ is the
corresponding quadratic form. We write $\Phi(I)\leq$ A if dom A $\subseteq$ dom $\Phi(I)$ and
$(\psi, \Phi(I)\psi)\leq(\psi, \Lambda\psi)\forall\psi\in \mathrm{d}\mathrm{o}\mathrm{m}$ A. This inequality can be extended by continuity
to all $\psi\in$ dom $\Lambda^{1/2}\subseteq \mathrm{d}\mathrm{o}\mathrm{m}\Phi(I)^{1/2}:||\Phi^{1/2}(I)\psi||\leq||\Lambda^{1/2}\psi||$ . It is also convenient
to associate the bilinear form $\Phi(B)_{*}$ with the $CP$-map $\Phi(B)=\sum A_{k}^{*}BA_{k}$ :

$\Phi(B)_{*}[\varphi,\psi]=*\sum(A_{k}\varphi, BA_{k}\psi)=\mathrm{T}\mathrm{r}\{B\rho\}$ , $p= \sum|A_{k}\varphi)\langle Ak\psi|$ .

Let A be a positive self-adjoint operator in $\mathcal{H}$ such that $I\leq\Phi(I)\leq$ A and let
$\mathcal{H}_{\Lambda}=\mathcal{H}_{1}$ be the Hilbert space with the norm $||h||_{\mathcal{H}_{\mathrm{A}}}^{2}=\Lambda_{*}[h]$ . Consider the cone
$CP\mathrm{n}(\mathcal{H}_{\Lambda})$ of completely positive normal maps defined in [12] as a completion of
the set $CPn$(-?) of completely positive normal bounded maps with respect to the
locally convex topology generated by the system of seminorms

$\sigma_{A,B}(\Phi-)=\sup_{\psi X\in B,\in A}|\Phi*(B)[\psi]|$ , (2.1)

where $A$ and $B$ are absolutely convex compact subsets of the Hilbert space $\mathcal{H}_{\Lambda}=$

$\mathcal{H}_{1}$ and the Banach algebra $B(\mathcal{H})$ respectively endowed with the strong operator
topology. In what follows we assume that the coefficient $\Phi(\cdot)$ of the infinitesimal
map $\mathcal{L}(\cdot)$ is an element of $CPn(\mathcal{H}_{\Lambda})$ . This definition implies the normal property of
$\Phi(\cdot)_{*}[\psi]$ for any $\psi\in$ dom $\Phi(I)_{*}$ , that is

$\sup_{n}\Phi(B_{n})*[\psi]=\Phi(1.\mathrm{u}.\mathrm{b}n. B_{n})_{*}[\psi]$
$\forall\psi\in \mathcal{H}_{\Lambda}$ (2.2)

for any uniformly bounded increasing sequence of operators $B_{n}\in B(\mathcal{H})$ .
Let us start from “internal” the definition of the algebra $\mathcal{T}_{\Lambda}(\mathcal{H})$ which does not

involve the scale of Hilbert spaces.

Definition 2.1. By $\mathcal{T}_{\Lambda}(\mathcal{H})\subseteq \mathcal{T}(\mathcal{H})$ we denote a completion with respect to the
norm $||\cdot||\tau_{\mathrm{A}}$ of the linear span of the cone $\mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ of positive operators $\rho$ such
that $\sigma=\Lambda^{1/2}\rho^{1/2}$ is a Hilbert-Schmidt operator, i.e. range $\rho^{1/2}\subseteq$ dom $\Lambda^{1/2}$ and
$\sigma\in \mathcal{T}_{2}(\mathcal{H})$ . We denote by $||\rho||\tau_{\mathrm{A}}=\mathrm{T}\mathrm{r}_{*}\{\rho\Lambda\}=\mathrm{T}\mathrm{r}\{\sigma^{*}\sigma\}$ for $\rho\in \mathcal{T}_{\Lambda}^{+}$ ,

$||\rho||\tau_{\mathrm{A}}=$ inf $\mathrm{T}\mathrm{r}_{*}\{(2\epsilon-\rho)\Lambda\}$ for a Hermitian operator $\rho$

$\epsilon\in\tau_{\mathrm{A}^{+}}.\epsilon-\rho\in\tau_{\Lambda^{+}}$

$|| \rho||\tau_{\mathrm{A}}=\frac{1}{2}(||\rho+\rho^{*}||\tau_{\mathrm{A}}+||p-\rho^{*}||\tau \mathrm{A})$ for arbitrary operator $\rho\in$ Span $\mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ . For
$\rho\in \mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ we set

$\mathrm{T}\mathrm{r}_{*}\{\rho\Lambda\}=$ inf $\mathrm{T}\mathrm{r}_{*}\{(\xi+\xi-\rho)\Lambda\}\geq$ inf $\mathrm{b}_{*}\{\xi\Lambda\}=\mathrm{T}\mathrm{r}_{*}\{p\Lambda\}$

$\xi\in \mathcal{T}_{\Lambda}^{+},$ $\xi-\rho\in\tau_{\mathrm{A}}+$ $\epsilon-\rho\in \mathcal{T}^{+}\Lambda$
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and $\rho+\rho^{*}=2p,$ $\rho-\rho^{*}=0$ . Hence, the norm is well defined because all three
equations take the same value on the cone $\mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ of positive operators, and the
last two clearly coincide on subspace of the Hermitian operators.

Note that $\mathrm{T}\mathrm{r}\{|p|\Lambda\}$ is a well defined candidate to be the norm in subalgebra
$\mathcal{T}_{\Lambda}(\mathcal{H})\subseteq \mathcal{T}(\mathcal{H})$ , but the triangle inequality is violated for entangled states $\rho$ .

As an example in the case $\mathcal{H}=C_{2},$ $B(\mathcal{H})=M_{2}$ one can take the entangled state
$\rho=\rho_{a}-\rho_{b},$ $p_{a}=|a)(a|,$ $p_{b}=|b\rangle$ ( $b|$ and any positive 2 $\cross 2$-matrix A such that
{ $a,$ $b\rangle\neq 0,$ $(\Lambda^{1/2}a, \Lambda 1/2b)=0$ . Straightforward computations give

$|p_{G^{-}}\rho_{b}|=\sqrt{1-|(a,b)|^{2}}(p_{a}+\rho_{\mathrm{c}})$ , $c=(b-\langle a, b\rangle a)/||b-\langle a,$ $b$ ) $a||$ ;

$\mathrm{T}\mathrm{r}\{|p_{a}-pb|\Lambda\}=(||\Lambda^{1/2}a||^{2}+||\Lambda 1/2b||2)/\sqrt{1-|\langle a,b)|^{2}}$

provided ( $\Lambda^{1/}2a,$ $\Lambda 1/2b\rangle=0$ . Therefore, $\mathrm{T}\mathrm{r}\{|p_{a}-_{\beta_{b}}|\Lambda\}>||\dot{\Lambda}^{1/2}a||^{2}+||\Lambda^{1/2}b||^{2}=$

$||\rho_{a}||\mathcal{T}\mathrm{A}^{+}||\rho_{b}||\mathcal{T}_{\mathrm{A}}$ .
On the other hand, here is the proof of the triangle inequality for $||\cdot||\tau_{\mathrm{A}}$ for

Hermitian operators $\rho$ :

inf $\mathrm{T}\mathrm{r}_{*}\{(2\xi-\rho_{1}+p_{2})\Lambda\}$

$\epsilon,$ $\epsilon-\rho\iota+\rho 2\in\tau \mathrm{A}^{+}$

$\leq$ inf $\mathrm{T}\mathrm{r}_{*}\{(2\xi 1+\xi_{2^{-}}p_{1}+\rho_{2})\Lambda\}$

$\epsilon_{1},\epsilon_{2},$ $\xi_{1}+\xi 2^{-\rho+\rho_{2}}\iota\in\tau \mathrm{A}^{+}$

$= \inf_{1^{-}\epsilon 1,\xi\rho 1\in \mathcal{T}^{+}\Lambda}\mathrm{T}\mathrm{r}*\{(2\xi-\rho_{1})\Lambda\}+\inf_{\epsilon 2,\epsilon 2+\rho_{2}\in \mathcal{T}\mathrm{A}^{+}}\mathrm{T}\mathrm{r}_{*}\{(2\epsilon 2+_{\beta_{2}})\Lambda\}$

due to the identity $\inf_{x\in X,y\mathrm{Y}(f_{1}(X}\in$ ) $+f_{2}(y))= \inf_{x\in}\mathrm{x}f1(X)+\inf_{y\in Y}f_{2}(y)$ . The
triangle inequality for arbitrary states from $\mathcal{T}_{\Lambda}$ clearly follows from here.

Remark 2.1. For $\rho\in \mathcal{T}_{\Lambda},$ $\rho=\Lambda^{-1/2}\sigma\Lambda^{-}1/2,$ $\sigma\in \mathcal{T}$ the norm $||\rho||\tau_{\Lambda}$ is equivalent to
the norm $||\sigma||\tau$ . More precise, $2^{-1/2}||\rho||\tau_{\mathrm{A}}\leq||\sigma||\tau\leq||\rho||_{\mathcal{T}_{\Lambda}}$ , and $||p||\tau_{\mathrm{A}}=||\sigma||_{\mathcal{T}}$

for Hermitian operators $\rho$ . Thus, both norms describe the same topology. If $\rho$ is a
pure state $\rho=|\varphi$}( $\varphi|,$ $\varphi\in \mathrm{d}\mathrm{o}\mathrm{m}\Lambda^{1/2}$ , then clearly, $\mathrm{h}_{*}\{\rho\Lambda\}=||\Lambda^{1/2}\varphi||^{2}=\Lambda_{*}[\varphi]$ .

Definition 2.1 will be used to extend the construction of a quadratic form, defined
originally on the set of pure states, to the algebra of trace class operators. This
generalization is important when the argument of the quadratic form evolves in
time and the evolution does not preserve the set of pure states.

If both operators $\rho\Lambda$ and $\sigma^{*}\sigma$ are well defined, then the trace $\mathrm{T}\mathrm{r}\{p\Lambda\}$ and the
trace-form coincide: $\mathrm{b}_{*}\{\rho\Lambda\}=\mathrm{T}\mathrm{r}\{\sigma^{*}\sigma\}$ . But in the general case dom $\rho\Lambda\subseteq$

dom $\sigma^{*}\sigma$, and the operator $\rho\Lambda$ may be ill-defined. For example, set $\mathcal{H}=\ell_{2},$ $(\Lambda\psi)_{n}=$

$n\psi_{\mathfrak{n}},$ $\rho=|r)(r|,$ $r=(r_{1},r_{2}, \ldots)$ , and $r_{n}=n^{-1-\delta}/||r||,$ $||r||=( \sum_{k}k^{-1\delta}-)^{1/}2,$ $\delta>$

$0$ . Then $\rho$ is a projection and $p^{1/2}=\rho$ . Hence, $\{\rho\Lambda\psi\}_{n}=n^{-1-\delta_{\sum k\psi_{k}}}k-\delta/||r||$

and $\{\Lambda^{1/21/}\rho\psi 2\}_{n}=n^{-1/2-\delta}(r,\psi)/||r||$ . That is dom $\Lambda^{1/2}\rho^{1/2}=\mathcal{H}$ . On the other
hand

dom $\rho\Lambda=\{\psi:\sum|\psi_{n}|^{2}<\infty, \sum|n^{-\delta}\psi_{n}|<\infty\}\subset \mathcal{H}$.
In particular, $\psi=\{\psi_{n}\}\in \mathcal{H},$ $\psi_{n}=n^{-1+\delta}$ does not belong to dom $\rho\Lambda$ that is
$||\rho\Lambda\psi||=\infty$ . Thus, the aim of Definition 2.1 is to extend $\mathrm{T}\mathrm{r}\{\rho\Lambda\}$ to a larger set of

$\rho$ such that $\overline{\rho^{1}/2\Lambda 1/2}\in B(\mathcal{H})$ .
The next Lemma gives several $\mathrm{a}_{1}1\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ characterizations of $\mathcal{T}_{\Lambda}(\mathcal{H})$ .
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Lemma 2.1. The following are equivalent:
(a) $\rho\in\tau_{\Lambda^{+}}(\mathcal{H})=\mathrm{t}p:\rho^{1/2}$ : $\mathcal{H}arrow \mathrm{d}\mathrm{o}\mathrm{m}\Lambda^{1/2},$ $\sigma=\Lambda^{1/2}p^{1}\in/2\mathcal{T}_{2()\};}\mathcal{H}$

(b) $\sup_{e>0}\mathrm{T}\mathrm{r}\{\rho\Lambda_{\epsilon}\}<\infty,$ $\Lambda_{\epsilon}=\Lambda(I+\epsilon\Lambda)^{-1},$ $\rho>0_{i}$

(c) The densely defined operator $s=\rho^{1/2}\Lambda^{1/2}$ admits an extension to entire $\mathcal{H}$

as a Hilbert-Schmidt operator;
(d) $\mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ is a completion with respect to $||\cdot||\tau_{\mathrm{A}}$ -norm of the envelope of the

cone $\mathcal{E}^{+}=$ { $\rho_{\psi}=|\psi)(\psi|,$ $\psi\in$ dom $\Lambda_{*}$ } of extreme points of the unit ball
$\mathcal{T}(\mathcal{H})$ , that is

$\mathcal{T}_{\Lambda}^{+}(\mathcal{H})=\{\rho:\rho=\sum r_{k}|\psi_{k}\rangle(\psi_{k}|,$ $\sum r_{k}\Lambda_{*}[\psi_{k}]<\infty,$ $r_{k}\geq 0\}$ ;

(e) $\rho\in \mathcal{T}_{\Lambda^{+}}(\mathcal{H})=\{\rho:\rho=\Lambda^{-1/}2\Lambda\sigma 1/2, \sigma\in \mathcal{T}^{+}(\mathcal{H})\}$.

Proof.
Let $\rho\in \mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ . Then $\mathrm{T}\mathrm{r}\{\rho\Lambda_{\epsilon}\}=\mathrm{T}\mathrm{r}\{\sigma^{*}(I+\epsilon\Lambda)^{-1}\sigma\}\leq \mathrm{T}\mathrm{r}\{\sigma^{*}\sigma\}<\infty$. Hence,

$\mathrm{h}\{\rho\Lambda_{\mathrm{g}}\}=\sum||(I+\epsilon\Lambda)^{-1/2}\sigma\psi_{k}||^{2}\leq\sum||\sigma\psi_{k}||^{2}=\mathrm{T}\mathrm{r}\{\sigma^{*}\sigma\}$ (2.3)

converges uniformly $\mathrm{i}\dot{\mathrm{n}}\epsilon$ for any orthonormal system $\{\psi_{n}\}$ . Therefore, it is possible
to pass to the limit as $\epsilonarrow 0$ in each summand:

$\sup_{\epsilonarrow 0}\mathrm{n}\{\sigma(*I+\epsilon\Lambda)^{-1}\sigma\}=\sum\sup_{\mathcal{E}arrow 0}||(I+\epsilon\Lambda)^{-1}\sigma\psi_{k}||^{2}=\mathrm{T}\mathrm{r}\{\sigma^{*}\sigma\}<\infty$.

Thus we prove that (a) implies (b). More precise, we proved the equation describing
the regularization of trace-form by traces:

$\mathrm{h}_{*}\{\rho\Lambda\}=\sup_{arrow\epsilon 0}\mathrm{T}\Gamma\{\rho\Lambda\epsilon\}$

$\rho\in \mathcal{T}_{\Lambda}^{+}$ . (2.4)

Let (b) holds, that is $\sup_{\epsilonarrow 0}\mathrm{T}\mathrm{r}\{\rho\Lambda_{\epsilon}\}=c<\infty$ . Let us prove that range $\rho^{1/2}\subseteq$

dom $\Lambda^{1/2}$ and $\mathrm{b}\{\sigma^{*}\sigma\}=c$ for $\sigma=\Lambda^{1/2}\rho^{1/2}$ . For any $\psi\in$ -?, $||\psi||=1$ we have:

$||\Lambda_{\epsilon}^{1/21/2}p\psi||2\leq \mathrm{T}\mathrm{r}*\{\rho\Lambda\}=\mathrm{C}<\infty$ (2.5)

for any $\epsilon>0$ . Since A is a positive self-adjoint operator, $\Lambda_{\epsilon}^{1}/2\varphiarrow\Lambda^{1/2}\varphi$ as a
resolvent for all $\varphi\in$ dom $\Lambda^{1/2}$ , and $||\Lambda_{\mathrm{g}}^{1/2}\varphi||arrow||\Lambda^{1/2}\varphi||$ , we conclude that $||\Lambda_{\zeta}^{1/2}\varphi||$

is bounded if and only if $\varphi\in \mathrm{d}\mathrm{o}\mathrm{m}\Lambda^{1/2}$ . Hence (2.5) implies $\rho^{1/2}\psi\in \mathrm{d}\mathrm{o}\mathrm{m}\Lambda^{1/2}\forall\psi\in$

$\mathcal{H}$ . The inequality $\mathrm{T}\mathrm{r}\{p^{1/2}(I+A)^{-1}\rho^{1/2}\}\geq||(I+A)^{-1}||\mathrm{T}\mathrm{r}\rho$ with $A\geq 0$ implies
$\mathrm{T}\mathrm{r}\{\rho\Lambda_{\epsilon}\}=\mathrm{T}\mathrm{r}\{\sigma^{*}(I+\epsilon\Lambda)^{-1}\sigma\}\geq||(I+\epsilon\Lambda)^{-1}||\mathrm{b}\{\sigma\sigma\}*$. Hence,

$c= \sup_{e>0}\mathrm{T}\mathrm{r}\{\rho\Lambda_{\epsilon}.\}\geq\sup_{\epsilon>0}||I+\epsilon\Lambda||-1\mathrm{T}\mathrm{r}\{\sigma^{*}\sigma\}=\mathrm{T}\mathrm{r}\{\sigma^{*}\sigma\}$,

that is $\sigma\in \mathcal{T}_{2}(\mathcal{H})$ . Hence, we proved that $(\mathrm{b})arrow(\mathrm{a})$ .
Let us prove that (a) implies (c) and (c) implies (b). Since $\sigma$ is a bounded

operator, $\sigma^{*}$ is also bounded and $\sigma^{*}\varphi=p^{1/2}\Lambda^{1}/2\varphi,$ $\forall\varphi\in$ dom $\Lambda^{1/2}$ . Hence $s=$
$\rho^{1/2}\Lambda^{1/2}$ is densely defined and uniformly bounded. Therefore, the operator $s$ has
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a unique bounded extension to $\mathcal{H}$ : $\rho^{1/2}\Lambda^{1/2}=\sigma^{*};$ $\sigma^{*}\in T_{2}(\mathcal{H})$ because $T_{2}.(\mathcal{H})$ is a
$*$ -algebra and $\sigma\in \mathcal{T}_{2}(\mathcal{H})$ . Thus, $(\mathrm{a})arrow(\mathrm{c})$ .

Assume (c) holds. Note that $s(I+\epsilon\Lambda)^{-1/2}=p^{1/2}.\Lambda_{\epsilon}^{1}/2,$ $(I+\epsilon\Lambda)^{-1/2_{S}*}=$

$\Lambda_{\mathcal{E}^{/2}}^{1}\rho 1/2$ . Since $s$ is a Hilbert-Schmidt operator,

$\infty>\mathrm{T}\mathrm{r}\{Ss^{*}\}\geq \mathrm{T}\mathrm{r}\{s(I+\epsilon\Lambda)^{-1}s\}*=\mathrm{T}\mathrm{r}\{\beta\Lambda_{\epsilon}\}$

uniformly in $\epsilon>0$ . Hence, $p\in \mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ by (b).
Let $\{\psi_{k}\}$ be an orthonormal system in $\mathcal{H}$ . Then $I= \sum|\psi_{k}\rangle$ $\langle\psi_{k}|,$ $\rho=\rho^{1/2}Ip1/2=$

$\sum|h_{k})\langle h_{k}|$ with $h_{k}=\rho^{1/2}\psi_{k}\in \mathrm{d}\mathrm{o}\mathrm{m}\Lambda_{*}$ , and $\sum||\Lambda^{1/2}h_{k}||^{2}=\mathrm{T}\mathrm{r}_{*}\{\Lambda\rho\}<\infty$ . Thus
$(\mathrm{a})arrow(\mathrm{d})$ with $r_{k}=1$ . On the other hand, if $\rho=\sum_{k}r_{k}|\psi_{k}\rangle\langle$ $\psi_{k}|$ by (d) then
$\mathrm{T}\mathrm{r}\{p\Lambda_{e}\}\leq\sum r_{k}||\Lambda^{1/2}\psi k||^{2}<\infty$ . Hence, $(\mathrm{d})arrow(\mathrm{b})$ .

Set $p_{\Lambda}=\Lambda^{-1/2}\rho\Lambda-1/2,$ $\rho\in \mathcal{T}^{+}(\mathcal{H})$ . Then

$\sup \mathrm{T}\mathrm{r}\{\rho\Lambda_{\mathcal{E}}\}=\sup \mathrm{T}\mathrm{r}\{\rho(1+\epsilon\Lambda)^{-1}\}=\mathrm{T}\mathrm{r}\rho<\infty$ .

Thus, $(\mathrm{e})arrow(\mathrm{b})$ . On the other hand from (a) we have $\Lambda^{-1/2}\sigma=\rho^{1/2}\in \mathcal{T}_{2}^{+}(\mathcal{H})$

and from (c), $s\Lambda^{-1/2}=\rho^{1/2}\in \mathcal{T}_{2}^{+}(\mathcal{H})$. Therefore, $\rho=\Lambda-1/2\sigma s\Lambda-1/2$ with $\sigma s\in$

$\mathcal{T}^{+}(\mathcal{H})$ . That $\mathrm{i}\mathrm{s}\{(\mathrm{a}),(\mathrm{C})\}arrow(\mathrm{e})$, where $(\mathrm{a})arrow(\mathrm{c})$ was proved above. This finishes
the proof of Lemma 2.1.

The assertion (b) of Lemma 2.1 holds true for any sequence $A(\epsilon)\leq c_{A}$ A of
bounded positive operators such that the sequence of quadratic forms $A_{*}(\epsilon)$ gen-
erated by $A(\epsilon)$ converges to $A_{*}$ on dom $\Lambda^{-1/2}$ and $A\leq c_{A}$A on dom A. Indeed, for
$\rho\in \mathcal{T}_{\Lambda}^{+},$ $\rho=\Lambda^{-1/2}\sigma\Lambda^{-1/2},$ $\sigma\in \mathcal{T}$ we have $\mathrm{T}\mathrm{r}\{A(\epsilon)\rho\}=\mathrm{T}\mathrm{r}\{\sigma A_{\Lambda}(\epsilon)\}arrow \mathrm{T}\mathrm{r}_{*}\{A\rho\}$ ,
where $A_{\Lambda}(\epsilon)=\Lambda^{-1/2}A(\epsilon)\Lambda-1/2\leq c_{A}$ $I$ converges strongly and ultra weakly to the
bounded positive operator $\overline{\Lambda^{-1}/2A^{1/1}2}A/2\Lambda-1/2$ .
Deflnition 2.2. For any $T$ such that $T= \sum_{k=0^{i}}^{3}k\tau_{k},$ $0\leq T_{k}\leq c_{k}\Lambda,$ $\mathrm{d}om$ A $\subseteq$

$\mathrm{d}om\tau^{k}$ and for any $\rho\in \mathcal{T}_{\Lambda}$ we set

$\mathrm{h}_{*}\{\rho T\}=k.\ell=\sum_{0}^{3}i^{k+}\ell \mathrm{T}\mathrm{r}*\{\tau_{k}\rho\ell\}=\sum_{k,\ell=0}^{3}ik+\ell \mathrm{T}\mathrm{r}_{*}\{\sigma_{t}\tilde{\tau}k\sigma_{\ell}\}$,

where $\tilde{T}_{k}=\Lambda^{-1/2}T_{k^{/2}k}^{1}\tau/2\Lambda 1-1/2\in B(\mathcal{H})$ , and $\sigma_{\ell}=\Lambda^{1/2}\rho_{\ell}1/2\in \mathcal{T}_{2}^{+}(\mathcal{H}),$
$\rho_{\ell}=$

$\Lambda-1/2\sigma_{\ell}\Lambda^{-}1/2$ . $\mathrm{b}_{*}\{\rho T\}$ is referred to as a trace-form and the set of operators $T$

as above is denoted by $B_{\Lambda}(\mathcal{H})$ :

$||T||_{B_{\mathrm{A}}}=0 \leq T_{k}\leq \mathrm{C}_{k}\Lambda,\tau\Sigma_{k=0}^{3}i^{k}T_{k}\inf_{=k}\sum_{=}30|c_{k}|$ .

Clearly, all operators $\Phi(B),$ $B\in B(\mathcal{H})$ are elements of $B_{\Lambda}(\mathcal{H})$ provided $\Phi(I)\leq\Lambda$ .
Remark 2.2. Operators from $B_{\Lambda}(\mathcal{H})$ can be uniquely extended as bounded operators
from $\mathcal{H}_{\Lambda}$ into $\mathcal{H}_{\Lambda^{-1}}$ . Indeed, for $\forall\psi\in$ dom A we have $( \psi,T\psi)=\sum_{k}i^{k}||Tk^{/2}1\psi||^{2}$ ,
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and the right-hand side of this equation is a bounded quadratic form on dom $\Lambda^{1/2}$ .
Hence, for the extension $\overline{T}$ , we have $|| \overline{T}||\mathcal{H}_{1}arrow \mathcal{H}_{-1}\leq\sum|c_{k}|$ .

Remark 2.3. The values of $\mathrm{T}\mathrm{r}_{*}\{pT_{k}\}$ depend only on restrictions of components
$T_{k}$ to dom A. That is $\mathrm{T}\mathrm{r}_{*}\{pTk\}$ does not depend on any choice of a self-adjoint
extension of the positive densely defined operator $T_{k}|_{\mathrm{d}\mathrm{o}\mathrm{m}\Lambda}$ .

The independence of $\mathrm{T}\mathrm{r}_{*}\{\rho T\}$ on a choice of positive components $p_{\ell}$ and $T_{k}$

follows from the representation of each summand:

$\mathrm{T}\mathrm{r}_{*}pT=\sup_{\epsilon>0}$ Tr $\sum_{k,t=0}^{3}ik+\ell_{\mathrm{T}\mathrm{r}t\{\}}T^{(}\mathcal{E})_{\rho\ell}k=\mathrm{T}\mathrm{r}_{*}\{\sum_{k,t=0}i^{k+}\ell T3(k\mathcal{E})_{p_{\ell}\}}$

with $T_{k}^{(\epsilon)}=(I+\epsilon\Lambda)^{-1}\tau_{k(I}+\epsilon\Lambda)^{-1}$ (see Lemma 2.1).

Corollary 2.2. If $\Phi_{*}(\cdot)\in CP_{D_{*}}(\mathcal{H}_{\Lambda})$ and $\Phi(I)\leq\Lambda$ , then

$\sum_{k}|\Phi(B)_{*}[\rho^{1/2}\psi k]|\leq||B||||\rho||\tau_{\Lambda}$
, $\forall p\in \mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ , $B\in B(\mathcal{H})$ (2.6)

for any orthonormal system $\{\psi_{k}\}$ .

To prove the normality of the map $Barrow \mathrm{T}\mathrm{r}_{*}\{\Phi(B)p\}$ , consider a sequence $B_{n}$

converging $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{l}\mathrm{y}*\mathrm{t}\mathrm{o}0$ . We have $\sup_{n}||B_{n}||=b<\infty$ and

$|\Phi(B_{\hslash})_{*}[p\psi 1/2]k|\leq||B_{n}||\Phi(I)_{*}[\rho^{1}\psi_{k}/2]\leq bc\Lambda_{*}[p^{1/}2\psi_{k}]$ .

Since $\sum_{k}\Lambda_{*}[p\psi_{k}1/2]<\infty$ and $\Phi(B_{n})_{*}[\rho\psi_{k}1/2]arrow 0$ as $narrow\infty$ , by the Lebesgue
theorem we have

$\lim_{\hslash}\sum_{k}\Phi(Bn)_{*}[\rho^{1/2}\psi k]=\sum_{k}\lim\Phi(nB_{n})*[p^{1/}\psi_{k}2]=0$
.

Since the bilinear form $(B, \rho)=\mathrm{T}\mathrm{r}\{B\rho\}$ separates points of algebras $B(\mathcal{H})$ and
$\mathcal{T}(\mathcal{H})$ , the estimate (2.6) justifies the definition of the predual $CP$-map $\Phi^{\mathrm{t}}(\cdot)$ as a
contraction ranging $\mathcal{T}_{\Lambda}(\mathcal{H})$ to $\mathcal{T}(\mathcal{H})$ :

$\mathrm{T}\mathrm{r}_{*}\{\Phi(B)\rho\}=\mathrm{b}\{B\Phi^{\mathrm{t}_{(\rho)}}\}$ $\forall B\in B(\mathcal{H})$ . (2.7)

Now we are in a position to give a simple equivalent definition of $CPn(\mathcal{H}_{\Lambda})$ .

Definition 2.3. For each contractive $CP$-map $\Phi^{\mathrm{t}}(\cdot)$ : $\mathcal{T}_{\Lambda}(\mathcal{H})arrow \mathcal{T}(\mathcal{H})$ we denote
by $\Phi(\cdot):B(\mathcal{H})arrow B_{\Lambda}(\mathcal{H})$ the dual $CP$-map defined by (2.7).

The key advantage of this definition is that the normal property (2.2) of $\Phi(\cdot)\in$

$CPn(\mathcal{H}_{\Lambda})$ becomes obvious, because $\Phi^{\mathrm{t}}(\rho)$ in (2.7) is a bounded trace class operator.
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Theorem 2.3. There exists $one-t_{\mathit{0}}$ -one correspondence defined by (2.7) between the
subset $\{\Phi(\cdot)\in CP\mathrm{n}(\mathcal{H}_{\Lambda}), \Phi(I)\leq\Lambda\}$ and the subset of contractive $CP$-maps $\Phi^{\mathrm{t}}(\cdot)$ :
$\mathcal{T}_{\Lambda}(\mathcal{H})arrow \mathcal{T}(\mathcal{H})$ .

Proof. Corollary 2.1 shows that if $\Phi(\cdot)\in CPn(\mathcal{H}_{\Lambda})$ and $\Phi(I)\leq\Lambda$ , then $\Phi^{\uparrow}(\cdot)$ is a
contractive $CP$-map ranging $\mathcal{T}_{\Lambda}(\mathcal{H})$ into $\mathcal{T}(\mathcal{H})$ . To prove the converse, consider the
sequence of bounded $CPn$-maps $\Phi^{(\epsilon)}(\cdot)$ :

$\mathrm{b}\{\Phi^{(\epsilon)}(B)\rho\}=\mathrm{T}\mathrm{r}\mathrm{t}B\Phi^{\uparrow_{()}}p_{\epsilon}\}$ , $p_{\epsilon}=(I+\epsilon\Lambda)^{-1}p(I+\epsilon\Lambda)^{-1}\in \mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ , (2.8)

where $\mathrm{T}\mathrm{r}_{*}\{\Phi^{\uparrow}(\rho\epsilon)\}=\mathrm{T}\mathrm{r}\{\Lambda_{\mathcal{E}}p(I+\epsilon\Lambda)^{-1}\}\leq||\Lambda_{\epsilon}||$ Tr $\rho\leq\epsilon^{-1}$ Tr $p$ . Therefore,
$||\Phi^{(\mathcal{E})}(\cdot)||\leq\epsilon^{-1}$ .

The map $\Phi^{(\epsilon)}(\cdot)$ is normal because $\mathrm{T}\mathrm{r}_{*}\{\Phi\dagger(p\epsilon)\}$ is finite [16, Theorem 2.4.21].
Since $\mathcal{T}_{\Lambda}(\mathcal{H})$ is dense in $\mathcal{T}(\mathcal{H})$ with respect to the trace norm, equation (2.8) defines
$\Phi^{(6)}(\cdot)$ uniquely as an element of $CP\mathrm{n}(\mathcal{H})$ . To complete the proof we need to verify
convergence $\Phi^{(\epsilon)}(\cdot)arrow\Phi(\cdot)$ with respect to topology (2.1). Consider the seminorm

$\sigma_{A,B()}\Phi^{()}\epsilon-\Phi=\sup_{\in \mathrm{x}\in B,\psi A}|\Phi(e)(X)_{*}[\psi]-\Phi(X)_{*}[\psi]|$

$\leq 2\sup_{X\in B}||\Lambda^{-1}/2\Phi(X)\Lambda^{-}1/2||\sup_{\psi\in A}||\rho-p_{\epsilon}||\tau_{\mathrm{A}}$
,

where $p=|\psi\rangle$ $(\psi|, \rho_{\epsilon}=|(I+\epsilon\Lambda)^{-1}\psi)((I+\epsilon\Lambda)^{-1}\psi|$ where $\psi\in$ dom $\Lambda^{1/2}$ . Let us
evaluate $\delta(\epsilon)=||p-\rho_{\mathrm{g}}||\tau_{\mathrm{A}}$ . For Hermitian operators, by Definition 2.1 we have:

$\delta(\epsilon)=$ inf $\mathrm{T}\mathrm{r}\{(2\xi-p+\rho_{\epsilon})\Lambda\}=$ inf $\mathrm{T}\mathrm{r}\{(2\xi\sim-\beta\sim\sim+P\mathrm{g})\}$

$\epsilon,$
$\epsilon-\rho+\rho_{e}\in\tau \mathrm{A}^{+}$

$\epsilon\epsilon-\sim,\sim\rho+\sim\sim\rho e\in^{\tau+}$

with $\xi\sim=(\xi^{1/2}\Lambda^{1}/2)^{*}(\xi 1/2\Lambda^{1}/2)\in \mathcal{T}(\mathcal{H}),$ $|\psi_{\Lambda})(\psi_{\Lambda}|\in \mathcal{T}(\mathcal{H}),$
$\psi_{\Lambda}=\Lambda^{1/2}\psi\in \mathcal{H}$ ,

$p_{\zeta}=|\psi_{\Lambda}\mathrm{g})(\psi\epsilon\Lambda|\in\tau \mathcal{H}, \psi^{\epsilon}\Lambda=(I+\epsilon\Lambda)^{-1}\psi\Lambda\in \mathcal{H},$ $\rho=|\sim\psi\rangle\langle\psi|,$ $p_{\epsilon}=|\sim\psi\epsilon)\langle\psi^{\mathrm{g}}|$ .
Set $c_{\epsilon}=||\psi_{\Lambda}||^{2}||\psi_{\Lambda}^{\epsilon}||-2\geq 1$ and $\hat{\rho}_{\epsilon}^{\mathrm{t}\circ}’ r=c_{\epsilon}|\psi_{\Lambda}^{\epsilon}\rangle${ $\psi_{\Lambda}^{\epsilon}|\geq p_{\epsilon}\sim$ . Since the positive

operators $p_{\epsilon}^{\neg\iota or},$ $\rho\sim$ have the same traces, the straightforward computations implies

$\delta(\epsilon)=$ inf $\mathrm{T}\mathrm{r}\{(2\xi-\beta+\tilde{\rho}_{\epsilon})\sim n\circ r\}$

$\xi,$ $\xi-\rho+\rho_{e^{\mathrm{o}}}\in\sim\sim_{\mathrm{B}}r\tau+$

$\leq \mathrm{T}\mathrm{r}\{(2|^{\sim\sim}\rho-\rho_{e}|-\rho+\hat{p}\sim nor)\epsilon\}=2\mathrm{T}\mathrm{r}\{|_{\beta}\sim-\hat{\rho}_{\epsilon}^{no}|r\}=4||\psi\Lambda||\sqrt{||\psi_{\Lambda}||2-|(\psi\Lambda,\psi^{\mathcal{E}}\Lambda)|^{2}}$ .

Therefore, $\delta(\epsilon)arrow 0$ as $\epsilonarrow 0$ because $\psi_{\Lambda}^{\epsilon}arrow\psi_{\Lambda}$ in $\mathcal{H}$ for any $\psi\in \mathcal{H}_{\Lambda}$ . This finishes
the proof of the theorem.

Hence, we may set $\mathrm{T}\mathrm{r}_{*}\{\Phi(B)\rho\}=\lim_{earrow 0}\mathrm{T}\mathrm{r}\{\Phi(6)(B)\rho\}$, where $\Phi^{(\epsilon)}(\cdot)$ is any
sequence from $CPn(\mathcal{H})$ converging to $\Phi(\cdot)$ with respect to topology (2.1), or equiv-
alently, $\Phi\dagger(\cdot)$ is a contraction ranging $\mathcal{T}_{\Lambda}$ to $\mathcal{T}$ .
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\S 3. A PRIORI ESTIMATES OF QDS AND
CONDITIONS SUFFICIENT FOR CONSERVATIVITY.

Let us describe assumptions on coefficients of the formal infinitesimal map (1.2)
for fixed $t\in R_{+}$ . From now on we assume that there exist the generator $-G$

of the strongly continuous one parameter semigroup of contractions $\exp\{-Gt\}=$

$s- \lim_{Narrow\infty}(I-\frac{t}{N}G)^{-N}=W_{t}$ : $\mathcal{H}arrow \mathcal{H}$ , a vector subspace $D=\mathrm{d}\mathrm{o}\mathrm{m}c^{N}\subseteq \mathcal{H}$

such that $D\subseteq \mathrm{d}\mathrm{o}\mathrm{m}H\cap$ dom $\Phi(I)$ for some $N\geq 2$ , and

$G \psi=iH\psi+\frac{1}{2}\Phi(I)\psi$ , H.$\psi=H^{*}\psi$ $\forall\psi\in \mathrm{d}\mathrm{o}\mathrm{m}$ A. (3.1)

By $\mathcal{T}_{D}(\mathcal{H})$ we denote the linear span of the set of pure states $|\psi\rangle$ ( $\psi|,$ $\psi\in D$ . Clearly,
$\mathcal{T}_{D}(\mathcal{H})\subseteq \mathcal{T}_{\Lambda^{2}}(\mathcal{H})$. Let $\Lambda\geq\Phi(I)\geq I$ be a reference self-adjoint “reference” operator
such that $\Lambda\geq\Phi(I)\geq I$ . In sequel we assume that $D$ is a core for $\Lambda^{1/2}$ and

$G\in \mathcal{B}_{\Lambda}(\mathcal{H})$ , dom $G^{N}\subseteq \mathrm{d}\mathrm{o}\mathrm{m}\Lambda\subseteq \mathrm{d}\mathrm{o}\mathrm{m}G\subseteq \mathrm{d}\mathrm{o}\mathrm{m}\Lambda^{1/2}\subseteq \mathcal{H}$ , (3.2)

$\Phi^{\mathrm{t}}(\cdot):\mathcal{T}_{\Lambda^{k}}(\mathcal{H})arrow \mathcal{T}_{\Lambda^{k-2}}(\mathcal{H})$ , $k=1,2$ (3.3)

is a $\mathrm{C}\mathrm{P}$-contraction for $k=1$ and $\mathrm{C}\mathrm{P}$-continuous mapping for $k=2$ ;

$c\uparrow_{(\cdot):\mathcal{T}_{\Lambda}k}(\mathcal{H})arrow \mathcal{T}_{\Lambda^{k-1}}(\mathcal{H})$ , $k=1,2$ (3.4)

is a $\mathrm{C}\mathrm{C}\mathrm{P}-_{C}ontinuouS$ mapping such that

$\mathrm{T}\mathrm{r}_{*}\{\Lambda \mathcal{L}^{\dagger}(\rho)\}\leq c\mathrm{n}*\{\rho\Lambda\}$ . (3.5)

In \S 2 we noted that the predual $CP$-map $\Phi^{\uparrow}(\cdot)$ is well defined on $\mathcal{T}_{\Lambda}(\mathcal{H})$ . The
more so it is well defined on $\mathcal{T}_{D}(\mathcal{H})\subseteq \mathcal{T}_{\Lambda}(\mathcal{H})$ or on $\mathcal{T}_{\Lambda^{2}}(\mathcal{H})$ . Similarly, $G\rho\in \mathcal{T}(\mathcal{H})$

for $\rho\in \mathcal{T}_{\Lambda^{2}}(\mathcal{H})$ , and $pG^{*}\in \mathcal{T}(\mathcal{H})$ because the vector space $B_{\Lambda}(\mathcal{H})$ is $*$-invariant.
Hence, the predual infinitesimal map $\mathcal{L}^{\uparrow}(\cdot)$ is well defined on $\mathcal{T}_{D}(\mathcal{H})$ :

$\mathcal{L}^{\uparrow}(\rho)=\Phi^{\mathrm{t}}(\rho)-\overline{\beta c*}-G\rho\in \mathcal{T}_{\Lambda}(\mathcal{H})$ $\forall\rho\in \mathcal{T}_{\Lambda^{2}}(\mathcal{H})$ (3.6)

and therefore, $|\mathrm{T}\mathrm{r}_{*}\{\Lambda L^{\mathrm{t}}(\rho)\}|<\infty$ . Note that the main property of $\mathcal{T}v(\mathcal{H})$ is that
the image of this set under the Schr\"odinger evolution belongs to dom A.

The algebraic assumption (3.5) arises as a result of series of improvements (see
[12-19] $)$ of one-sided relative bounds for commutators introduced originally in [11].

For equations with time-dependent generator $\mathcal{L}_{t}(\cdot)$ , we assume that the coeffi-
cients of $\mathcal{L}_{\ell}^{1}(\cdot)$ are.continuous in the trace-form sense:

$\mathcal{L}_{t}^{1}(\cdot)-\mathcal{L}_{\iota}\uparrow(\cdot)$ can be ext.ended as a bounded map from $\mathcal{T}_{\Lambda}(\mathcal{H})$ to $\mathcal{T}(\mathcal{H})$ , (3.7)

$\lim_{harrow=0||\mathrm{Y}|}\sup|\leq I||\mathcal{L}_{t+h(\mathrm{Y})\mathcal{L}_{t}}-(\mathrm{Y})||_{\beta_{\Lambda}}=0$

$\forall t\geq 0,$ $Y\in B$ (3.8)

Let us start with preliminary review of algebraic ideas of the proof that in the
Heisenberg picture, the quantum dynamical semigroup $P_{t}^{\min}(\cdot)$ , is conservative
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under assumption (3.6) implies, and in the Schr\"odinger picture, the subalgebra of
trace class operators $\mathcal{T}_{\Lambda}(\mathcal{H})$ is invariant under action of QDS.

In [13-14] we introduced a convenient form of the resolvent equation for the
quantum dynamical semigroup $P_{t}(\cdot)=\exp\{t\mathcal{L}\}(\cdot)$ on. the von Neumann algebra
$B(\mathcal{H})$ with time-independent generator $\mathcal{L}(B)=\Phi(B)-\Phi(I)\mathrm{o}B+i[H, B]$ . This
resolvent equation reads

$X=A_{\lambda}(B)+Q\lambda(x)$ , $B\in \mathcal{B}(\mathcal{H})$ , $X=R_{\lambda}(B)= \int_{0}^{\infty}dte^{-}P\lambda t(tB)$ (3.9)

where $A_{\lambda}(\cdot)$ and $Q_{\lambda}(\cdot)$ are completely positive contraction maps,

$A_{\lambda}(B)= \int_{0}^{\infty}dte^{-}W_{t}\lambda t*BW_{t}$ , $Q_{\lambda}(B)= \int_{0}^{\infty}dte-\lambda tW_{t}*\Phi(B)W_{t}$ , (3.10)

and $W_{t}=\exp\{-Gt\}$ is a strongly continuous one-parameter contraction semigroup
in $\mathcal{H}$ with the formal $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}-G,$ $G \psi=iH\psi+\frac{1}{2}\Phi(I)\psi\forall\psi\in \mathrm{d}\mathrm{o}\mathrm{m}H\cap$ dom $\Phi(I)$ .
It was proved in [14] that the series $\sum Q_{\lambda}^{k}(A_{\lambda}(\cdot))$ converges strongly to the resol-
vent

$R_{\lambda}^{\min}(B)= \sum_{k=0}Q_{\lambda}^{k}\infty(A_{\lambda}(B))$
$\forall B‘\in \mathcal{B}(\mathcal{H})$ (3.11)

of the minimal dynamical semigroup $[14, 15]$ . The minimal property means that,

for the resolvent $R_{\lambda}(\cdot)$ of any other dynamical semigroup with the same formal
generator $\mathcal{L}(\cdot)$ , the difference $R_{\lambda}(\cdot)-R_{\lambda}^{\min}(\cdot)$ is a completely positive map.

Integration by parts of in $(3^{\backslash }.10)$ yields the identities

$A_{\lambda}(I)+\lambda-1Q\lambda(I)\equiv\lambda-1I$, $\sum_{k=0}^{n}Q_{\lambda}^{k}(A_{\lambda}(I))+\lambda^{-1}Q_{\lambda}^{n+}1(I)\equiv\lambda^{-1}I$ (3.12)

for any $n>1$ . If $\Phi(I)\geq I$ , then $A_{\lambda}(I)\leq(\lambda+1)^{-1}$ and $Q_{\lambda}(I)\leq I$ . Since CP-maps
$A_{\lambda}(\cdot)$ and $Q_{\lambda}(\cdot)$ are contractions, the definition (3.10) and commutation property
(2.2) prove that $A_{\lambda}(\cdot)$ and $Q_{\lambda}(\cdot)$ are normal. Thus, $A_{\lambda}(\cdot),$ $Q_{\lambda}(\cdot)\in CPn(\mathcal{H})$ .

$i^{\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{m}}(3.12)$ follows three important assertions:
(a) The sequence $Q_{\lambda}^{n}(I)$ is monotone decreasing;
(b) There exists uniform a priori estimate $\sum Q_{\lambda}^{k}(A_{\lambda}(I))\leq\lambda^{-1}I$ for any partial sum

of the series;
(c) The resolvent $R_{\lambda}(I)$ can be represented by the series:

$R_{\lambda}(I)= \sup_{n}\sum_{k=0}^{n}Q_{\lambda}k(A_{\lambda}(I))+\lambda^{-1n}\inf Q_{\lambda}(I)=R_{\lambda}\mathrm{m}:\mathrm{n}(I)+\lambda^{-}1\inf Q\lambda(nInn)$. $(3.13)$

The last identity shows that $R_{\lambda}^{\min}(I)=\lambda^{-1}I$ and $P_{t}^{\min}(I)\equiv$

.
$I$ (that is QDS

$P_{t}(\cdot)$ is $\mathrm{u}n\mathrm{i}taI$ or conservative) if and only if $\inf_{n}Q_{\lambda(I)}^{n}=0$ for any $\lambda>0$ (see [10-
13]). Otherwise, there exist a stationary point $X_{\lambda}= \inf_{n}Q_{\lambda}^{n}(I)\geq 0$ which is the
mwimal eigenoperator of $Q_{\lambda}(\cdot)$ in the class of positive operators with unit norm.
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If $R_{\lambda}^{\min}(I)\leq\lambda^{-1}I$, then any QDS $P_{t}(\cdot)$ with the same formal generator $\mathcal{L}(\cdot)$ is
conservative if and only if $R_{\lambda}(I)-R_{\lambda}^{\min}(I)=X_{\lambda}$ .

Suppose that the generator $\mathcal{L}(B)$ satisfies the condition $\mathcal{L}(\Lambda)_{*}\leq c\Lambda_{*}$ , $c\in$

$R_{+}$ , A $\geq\Phi(I)$ for some positive self-adjoint “reference” operator A $\in C(\mathcal{H})$ .
Then the following a priori estimates hold for the semigroup and for its resolvent:

$P_{t}( \Lambda)=\Lambda+t\mathcal{L}(\Lambda)+\frac{t^{2}}{2!}\mathcal{L}2(\Lambda)+\cdots\leq\Lambda+ct\Lambda+\frac{(ct)^{2}}{2!}\Lambda+\cdots\leq\Lambda e^{\mathrm{C}}t$ ,

$R_{\lambda}( \Lambda)=\int_{0}^{\infty}dte-\lambda tPt(\Lambda)\leq(\lambda-c)-1\Lambda$ $\forall\lambda>c$ . (3.14)

Note that $A_{\lambda}(\Phi(I))\equiv Q_{\lambda}(I)$ . Since $\Phi(I)\leq\Lambda$ , the estimate for sum of the series

$\sum_{1}^{\infty}Q_{\lambda}^{k}(I)=R\lambda(\Phi(I))\leq R_{\lambda}(\Lambda)\leq(\lambda-c)-1\Lambda$ $\forall\lambda>c$

follows from (3.14) and from the decomposition (3.11) of the resolvent. As we
shall see later, these estimates remain true for the resolvent of minimal QDS with
unbounded coefficients:

$\sum_{1}^{\infty}Q_{\lambda}^{k}(I)=R_{\lambda}\mathrm{m}\mathrm{i}\mathrm{n}(\Phi(I))\leq(\lambda-c)-1\Lambda$
$\forall\lambda>c$ . (3.15)

The weak convergence of the series (3.15) implies that $Q_{\lambda}^{n}(I)arrow w0$ as $narrow\infty$ on
the dense subset dom $\Lambda_{*}\in \mathcal{H}$ . Since the sequence of positive operators $Q_{\lambda}^{n}(I)$

is uniformly bounded, it converges strongly on $\mathcal{H}$ . Hence, the condition (3.5) is
sufficient for the conservativity of the minimal QDS (see [14-15]).

A priori bound (3.14) for the minimal resolvent and condition (3.6) were consid-
ered in [17] for the simplest and the most natural choice $\Lambda=\Phi(I)$ . An important
observation that it is possible to use operators majoring $\Phi(I)$ was made in [18] and
independently in [20], where a condition similar to (3.6) was used as a sufficient
conservativity condition together with assumption $||H\varphi||\leq||\Lambda\varphi||$ on a dense set es-
$sdom$ A. In [14] and the present paper we show how to avoid excessive assumptions
like explicit relative bounds for the Hamiltonian $H$ .

The estimate (3.14) and trace-form regularization (see Lemma 2.1, $(\mathrm{b})$ ) mean
that the subalgebra $\mathcal{T}_{\Lambda}(\mathcal{H})$ is $T_{t}$-invariant. Indeed,

$\mathrm{T}\mathrm{r}_{*}\{T_{t}(\rho)\Lambda\}=\sup_{e>0}\mathrm{T}\mathrm{r}\{\tau_{t}(\rho)\Lambda_{\mathrm{g}}\}=\sup_{e>0}\mathrm{n}\{\rho P_{t}(\Lambda \mathrm{g})\}$
, $\forall\rho\in \mathcal{T}^{+}(\Lambda \mathcal{H})$

$\mathrm{T}\mathrm{r}\{T_{t}(\rho)\Lambda e\}=\mathrm{T}\mathrm{r}\{\rho Pt(\Lambda_{e})\}\leq e^{\mathrm{c}t}\mathrm{T}\mathrm{r}\{\rho\Lambda_{\epsilon}\}\leq e^{ct}\mathrm{T}\mathrm{r}_{*}\{p\Lambda\}<\infty$ . (3.16)

Simple bounds $(3.15)-(3.16)$ give an algebraic hint to analytical estimates consid-
ered in the next Section. The estimate (3.16) can be extended to semigroups with
piecewise constant generators satisfying condition (3.6) at pointwise and remains
true even for time-dependent generators. We divide the rigorous proof of these
statements into a series of auxiliary lemmas.
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\S 4. A PRIORI ESTIMATES AND SUFFICIENT CONSERVATIVITY
CONDITIONS. ANALYTICAL PART OF THE THEORY

We start from a simple observation on monotone property of the regularization
map $\Lambdaarrow\Lambda_{\epsilon}=\Lambda(I+\epsilon\Lambda)^{-}1$ .
Lemma 4.1. Let $A$ , A be positive self-adjoint operators. Then $A_{\epsilon}\leq\Lambda_{\epsilon}$ .

Proof. For bounded positive operators $A$ and $\Lambda$ , the proof follows from the
inequality $(I+\epsilon\Lambda)^{-1}\leq(I+\epsilon A)^{-1}$ (see [21]). For bounded $A$ and self-adjoint A
it was proved in [14, Lemma 2]. Let now $A\geq 0$ be a self-adjoint operator. Since
$(A_{\mathrm{g}})_{\mu}=A_{\epsilon+\mu}\leq A$ $\forall\epsilon,\mu>0$ (see [14]) and $A_{\epsilon+\mu}$ is a bounded operator,

$0\leq A_{\epsilon+\mu}\leq\Lambda_{\zeta}$ (4.1)

for any positive self-adjoint operator $A\leq$ A. The family of bounded operators
$A_{\epsilon+\mu}$ is strongly continuous in $\mu,$ $\muarrow+0$ , as a resolvent. Hence, (3.7) holds for
$\mu=0$ . Therefore,

$0\leq A_{\epsilon}\leq\Lambda_{\epsilon}$ . (4.2)

Thus, we extend the assertion [14, Lemma 2] for positive self-adjoint operators.

Lemma 4.2. Let the conditions (3.1-3.4) are satisfiedj then for $\rho_{t}=W_{t}\rho W_{t}^{*},$ $\rho\in$

$\mathcal{T}_{\Lambda}$ we have

$||\rho_{t}||\tau \mathrm{A}\leq e^{ct}||\rho||\tau_{\mathrm{A}}$ , $||A_{\lambda(_{\beta}}^{1})||\tau\Lambda\leq(\lambda-C)^{-}1||_{\beta}||_{\mathcal{T}}\mathrm{A}^{\cdot}$ (4.3)

Proof. By the assertion (d) of Lemma 2.1, it suffices to prove estimates (4.3) for
a total set of pure states $\rho=|\psi$)($\psi|\in \mathcal{T}_{\Lambda^{2}},$ $\psi\in$ dom $G^{N}$ . In this case $\psi_{\lambda}=$

$(I+\lambda^{-1}G)\psi\in \mathrm{d}\mathrm{o}\mathrm{m}\Lambda^{1/2}$ and $\rho_{\lambda}=|\psi_{\lambda}\rangle\langle$ $\psi_{\lambda}|\in \mathcal{T}_{\Lambda}$ . By assumption (3.4) we have

$c||\rho||_{\mathcal{T}}\Lambda=c\mathrm{h}_{*}\{\Lambda\rho\}\geq \mathrm{b}*\mathrm{t}\Lambda \mathcal{L}(\rho)\}\geq-2{\rm Re} \mathrm{b}*\{\Lambda|c\psi\rangle(\psi|\}=-2{\rm Re}\Lambda*[G\psi,\psi]$.

Therefore, $2\lambda^{-1}{\rm Re}\Lambda_{*}[G\psi,\psi]\geq c\lambda^{-1_{C}}||\rho||\mathcal{T}_{\mathrm{A}}$ and

$||\rho_{\lambda}||\tau\Lambda=\Lambda_{*}[\psi\lambda]=\Lambda*[\psi]+\lambda-2\Lambda_{*}[G\psi]+2\lambda-1{\rm Re}\Lambda_{*}[G\psi,\psi]$

$\geq(1-c\lambda-1)\Lambda*[\psi]=(1-c\lambda-1)||\rho||\tau \mathrm{A}^{\cdot}$

Hence, $\mathrm{R}_{*}\{\Lambda\rho\lambda\}\leq(1-c\lambda-1)||\rho||\tau \mathrm{A}$ and from the strong convergence $W_{t}=s-$

$\lim_{Narrow\infty}(I-\frac{t}{N}G)^{-N}$ we have

$||p_{t}|| \tau\Lambda=.\lim_{Narrow\infty}\mathrm{b}_{*}\{\Lambda(I-\frac{t}{N}G)-N\rho(I-\frac{t}{N}G)-N\}\leq e^{ct}||\rho||_{\mathcal{T}_{\mathrm{A}}}$ .

The second estimate obviously follows from here. This finishes the proof.

Corollary 4.1. For dual mappings, the following estimates hold $tme$:

$W_{t}^{*}\Lambda W_{t}\leq\Lambda e^{\mathrm{c}t}$ , $A_{\lambda}(\Lambda)\leq(\lambda-c)-1\Lambda$ on $dom$ A (4.4)
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Lemma 4.3. Assume the conditions (3.2-3.6) are satisfied; then

$||(R_{\lambda}^{(\hslash}))\mathrm{t}(\rho)||\tau_{\mathrm{A}}\leq(\lambda-\mathrm{C})^{-}1||\rho||\tau_{\mathrm{A}}$ , $R_{\lambda}^{(n)}(\Lambda)\leq(\lambda-C)^{-}1$ A. (4.5)

Proof. The assertion of this lemma is fulfilled for $n=0$ (Lemma 4.2 and Corollary
4.1). Assume that (4.5) is fulfilled for $n=1,$ $\ldots,$

$k$ and prove it for $n=k+1$ . Set
$p=|\psi\rangle\langle\psi|\in \mathcal{T}_{\Lambda^{2}},$ $\psi\in \mathrm{d}\mathrm{o}\mathrm{m}c^{N}$ . Then

$\mathrm{T}\mathrm{r}_{*}\mathrm{t}\Lambda_{\epsilon}R_{\lambda}((k+1)\beta)\}=\mathrm{T}\mathrm{r}_{*}\{\Lambda_{\epsilon}A^{1}\lambda(p)\}+\int_{0}^{\infty}e^{-\lambda t}dt\mathrm{T}\mathrm{r}*\{R^{(k}(\lambda\Lambda))\Phi \mathrm{t}(\rho_{t})\}\zeta$

$\leq \mathrm{T}\mathrm{r}_{*}\{\Lambda A_{\lambda}^{1}(\beta)\}+(\lambda-C)-1\int_{0}^{\infty}e^{-\lambda t}dt\mathrm{T}\mathrm{r}*\{\Lambda\Phi^{\dagger}(\rho_{t})\}$

$= \mathrm{T}\mathrm{r}_{*}\{\Lambda A_{\lambda}\mathrm{t}(\rho)\}+(\lambda-c)-1\int_{0}^{\infty}e^{-\lambda}dtt\mathrm{T}\mathrm{r}_{*}\{\Lambda \mathcal{L}^{\uparrow()}\rho t+c_{\rho_{t}}+\rho tG^{*}\}$ , (4.6)

where $\rho_{t}=W_{t}\rho W_{t}^{*}\in \mathcal{T}_{\Lambda^{2}}(\mathcal{H})$ . Using assumption (3.5) for the first summand in
integral (4.6) and integrating by parts in the second summand, we obtain

$\mathrm{T}\mathrm{r}_{*}\{\Lambda_{\epsilon}R^{(+}(_{\beta)\}\leq}\lambda k1)(1+\frac{c}{\lambda-c}-\frac{\lambda}{\lambda-c})\mathrm{b}*\{\Lambda A_{\lambda}\dagger(\rho)\}+\frac{1}{\lambda-\mathrm{c}}||\rho||\mathcal{T}_{\Lambda}$ .

The assertions of the lemma follow from here.
We recall that

$(R_{\lambda}^{\min})^{\mathrm{t}}(\beta)=$ l.u.b. $(R_{\lambda}^{(n})$n) $\dagger|(\beta)=A\lambda(\rho)+\sum_{1}^{\infty}(Q|\lambda)^{n}(A_{\lambda}^{\mathrm{t}_{(}}\rho))=\int_{0}^{\infty}e^{-\lambda t}dt\tau\min(t\rho)$

is the resolvent of the minimal quantum dynamical semigroup in the Schr\"odinger
picture (see [2], [12-15]), and on the other hand

$T_{t}^{\min}( \beta)=w^{*}-\lim_{\frac{\lambda(R_{\lambda}^{\min})^{\mathrm{t}}\cdots\lambda(R_{\lambda}^{\min})^{\dagger}}{N}Narrow\infty}(\rho)|\lambda=tN-1$

Definition 4.1. For $X\in B_{\Lambda}(\mathcal{H})$ , we define $P_{t}(X)$ : $\mathcal{H}_{1}arrow \mathcal{H}_{-1}$ as an image
$\Lambda^{1}\tau B_{t}\Lambda^{1}\tau$ of the bounded operator $B_{t}$ such that $\mathrm{b}\mathrm{t}_{1}B_{t}\sigma$} $=\mathrm{T}\mathrm{r}\{B\rho_{t}\}\sim$ , for all $\sigma\in$

$\mathcal{T}(\mathcal{H})$ , where $\rho_{t}\sim=\Lambda^{1}\tau T_{t}(\rho)\Lambda^{1}\tau\in \mathcal{T}(\mathcal{H}),$ $\rho=\Lambda^{-f}\sigma 1\Lambda^{-i}$ .
Now as a simple corollary of Lemma 4.2, we obtain

Theorem 4.4. Under assumptions (3.2-3.5) we have a $p$riori estimates for the
quantum dynamical semigroup

$||T_{t}^{\min}(\rho)||\tau \mathrm{A}\leq e^{ct}||p||\tau_{\mathrm{A}}$ , $||P_{t}^{\min}(X)||_{B}\mathrm{A}\leq e^{ct}||x||_{B_{\Lambda}}$ . (4.8)

Proof. The first inequality (4.8) follows from the uniform estimate (4.7):

$||R_{\lambda}^{\min}!| \tau_{\mathrm{A}}=\lim_{narrow\infty}||R_{\lambda}^{()}n||\tau\Lambda=(\lambda-C)-1$ ,

$||T_{t}^{\min}( \rho)||\mathcal{T}_{\mathrm{A}}\leq\lim_{Narrow\infty}||\lambda(R^{\min}\lambda)\uparrow_{||^{N}\lambda=tN}-1=\lim_{Narrow\infty}(tN^{-}1(tN-1-C))^{N}=e^{\mathrm{C}\ell}$ .

Since for $B\in B(\mathcal{H}),$ $\sigma\in \mathcal{T}(\mathcal{H}),$
$X=\Lambda\tau B\Lambda 11\mathrm{p},$ $\rho=\Lambda^{-_{2}^{1}}\sim\sigma\Lambda^{-_{T}}1$ we have $\mathrm{T}\mathrm{r}\{B\sigma\}=$

$\mathrm{T}\mathrm{r}_{*}\{x_{\rho}\}$ , the second estimate (4.8) follows from here and from Definition 4.1.
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Corollary 4.2. Conditions (3.2-3.6) are sufficient for the minimal ‘fynamical semi$
group to be $conServativ\backslash e$ .

This statement follows from the uniform upper bound for the decreasing sequence

of bounded operators $Q_{\lambda}^{(n)}(I)$ and from the weak convergence of the series

$\sum Q_{\lambda}^{k}(I)\leq R_{\lambda}^{\min}(\Lambda)\leq(\lambda-c)^{-}1$ A

on the dense set dom A $\in \mathcal{H}$ .
Theorem 4.5. Let $\rho\in \mathcal{T}_{\Lambda}^{+}(\mathcal{H})$ and conditions (3.2-3.6) are fulfilled, then
1) $R_{t}=\mathrm{T}\mathrm{r}_{*}\{p^{p}t(\Lambda)\}=\mathrm{T}\mathrm{r}\{\sigma^{*}\sigma_{t}\}t$ where $\sigma_{t}=\Lambda^{1/2}\{T_{t}(\rho)\}1/2$ is a scalar function
continuous in $t\geq 0$ .
2) If $A$ is a positive self-adjoint operator such that $A\leq c_{A}$A then the scalar function

$A_{t}=\mathrm{T}\mathrm{r}_{*}\{\rho P_{t}(A)\}\leq cAe^{ct}\mathrm{T}\mathrm{r}_{*}\{\rho\Lambda\}$

is bounded and continuous.

Proof. 1) Let $\{\psi_{k}\}$ be an orthonormal system in $\mathcal{H}$ . The series

$\delta_{S,t}=R_{S^{-R}}t=\sum(||\Lambda 1/21/2\psi_{k}||2-||\Lambda\rho_{s}\rho t\psi 1/21/2k||2)$

$= \sum(||\rho_{\theta}\Lambda 1/2\psi\overline{1/2}||2-||\overline{\rho_{t}/121/\Lambda 2}\psi_{k}||2k)$

converges uniformly in $s,t:|\delta_{s,t}|\leq(e^{cs}+e^{\mathrm{c}t})$ Tr $\sigma^{*}\sigma$, for any $\sigma=\Lambda^{1/2}\rho^{1/2}$ because
of the estimate (4.1). Hence,

$t-s arrow\lim_{+0}|\delta s,t|\leq\sum\lim_{tSarrow+0}(||\rho_{S}^{1}\Lambda 1/2\psi_{k}\overline{/2}||^{2}-||\overline{\rho t1/21/2}\psi_{k}\Lambda||2)arrow$.

Now let $\{\varphi_{k}(\delta)\}$ be a family of elements from dom $\Lambda^{1/2}$ such that $||\psi_{k}-\varphi k(\delta)||\leq$

$\delta k^{-2}$ . Then, by the inequality $\Lambda_{*}[h]-\Lambda_{*}[v]\leq\{\Lambda_{*}[h]1/2+\Lambda*[v]1/2\}\Lambda*[h-v11/2$ we
have

$| \delta_{s,t}|\leq\delta(e^{\mathrm{c}f}+e^{\mathrm{C}t})\mathrm{T}\mathrm{r}\{\sigma*\sigma\}\sum k-2+\sum(||\rho_{s}\Lambda^{1/}1/22||^{2}-||p_{t}\Lambda 1/2\varphi_{k}|\varphi k|1/22)$ .
Since the strong continuity of the bounded family of positive operators $\rho_{t}$ fol-
lows from its weak or trace norm continuity and $\Lambda^{1/2}\varphi_{k}\in \mathcal{H},$ $||\rho_{s}^{1/}\Lambda^{1/}2\varphi_{k}|2|2-$

$||\rho_{t}\Lambda^{1}2\varphi k1/2/||2arrow 0$ as $t-sarrow \mathrm{O}$ . Hence, $|\delta_{s,t}|arrow 0$ as $t-sarrow \mathrm{O}$ because $\delta$ can be
chosen arbitrary small. This proves assertion 1) of the theorem.

2) The estimate of the last statement of the theorem follows from (4.3) and from
the inequality

$\mathrm{h}_{*}\{\rho P\min_{t}(A)\}=\sup_{arrow \mathrm{g}0}\mathrm{n}\{\rho_{t\epsilon}^{1}A\rho_{t}\}/21/2\leq$

$cA \sup_{\epsilonarrow 0}\mathrm{n}\{_{\beta_{t}^{1/1/}}\Lambda\epsilon\rho t\}22C_{A}=\mathrm{b}_{*}\mathrm{t}\rho Ptm|.n(\Lambda)\}\leq c_{A}e\mathrm{T}\mathrm{c}t\{\mathrm{r}_{*}\rho\Lambda\}$ .

Note that the inequality $A\leq c_{a}\Lambda$ implies $||A_{0^{/2}}^{1}\psi||\leq c_{A}^{1/2}||\Lambda 1/2\psi||$ for any

self-adjoint extension $A_{0}$ of $A$ . Hence, the operators $\alpha=A_{0^{/21}}^{1}\Lambda^{-}/2$ and $\alpha^{*}=$

$A_{0}\Lambda^{-1}1/2/2A_{0}1/2$ are bounded: $||\alpha^{*}\alpha||\leq c_{A}$ . Now the proof of the continuity of $A_{t}$

is a revision $\mathrm{f}$ the previous proof in the Hilbert space $\mathcal{H}_{0}$ with the inner product
$(\psi, h)_{\mathcal{H}_{0}}=(\alpha\psi,\alpha h)\mathcal{H}_{0}$ . This completes the proof.
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$.\S 5$ . COMPLETION OF THE SET OF REGULAR INFINITESIMAL MAPS
WITH PIECEWISE CONSTANT COEFFICIENTS

Consider the Markov evolution equation

$\partial_{t}P_{S,t}(B)=\mathcal{L}_{t}(P_{s,t}(B))$ , $P|_{t=S}(B)=B’$ , $0\leq s\leq t$ , (5.1)

with infinitesimal map $\mathcal{L}_{t}(\cdot)$ that is a simple function of time, i.e., takes constant
values on time intervals; the total number of these intervals is assumed finite in any
bounded subset of $R_{+}:$

$\mathcal{L}_{t}(\cdot)=\mathcal{L}_{i}(\cdot)$ , $\Phi_{t}(\cdot)=\Phi_{i}(\cdot)$ , $H_{t}=H_{i}$ $\forall t\in(t_{i-1}, t_{i}]$ , $t_{0}=0$ , $i>0$ .

The solution $P_{t,s}(\cdot)$ of Eq. (5.1) are constructed as the composition of the so-
lutions of equations with constant coefficients on each interval. It has the char-
acteristic property of a left cocycle: $P_{t},{}_{\tau}P_{\mathcal{T},S}=P_{t,s},$ $s<\tau<t$ ; in what follows,
$P_{t,s}(\cdot)$ is referred to as a Markov cocycle: $P_{t,s}(\cdot)=P_{t-t_{n}}^{()}n(\cdots P_{t_{k(s)}-\theta}^{(k}(S))(\cdot))$ , where
$P_{t}^{(k)}(\cdot)=e^{t\mathcal{L}_{k}}(\cdot)$ is the minimal dynamical semigroup with constant generator
$\mathcal{L}_{k}(\cdot)$ , on the half-interval $(t_{k-1,k}t], k(S)= \{\min_{k}t_{k}>s\},$ $t_{n}= \{\max t_{j} : t_{j}<t\}$ .

If there exists a sequence of completely positive conservative Markov cocycles
converging at every $t\in R_{+}$ in the ultraweak or weak sense, then, clearly, the
limit is a completely positive and conservative Markov cocycle. First, we consider
a priori estimates for the solution of the time-dependent Lindblad equation with
simple coefficients.

Let the generator $G_{t}$ be a simple strongly measurable function of $R^{+}$ and let $G_{t}$

have a joint invariant core $D\subseteq$ dom $G_{t}^{N}\subseteq$ dom A for some $N\geq 2$ . In sequel we
suppose that the assumptions $(3.2)-(3.5)$ be fulfilled at each moment $t\in R_{+}$ and
$D_{t}$ : $\mathcal{H}_{1}arrow \mathcal{H}_{-1}$ is a strongly measurable family of bounded operators such that

$|(\Lambda)^{-}1/2(\varphi,$$D_{t}\Lambda)^{-1/}2\varphi|\leq c_{D}(t)||\varphi||^{2}$ (5.2)

$\mathcal{L}_{t}(\Lambda)_{*}[\varphi]\leq c\Lambda(t)\Lambda*[\varphi]$ , (5.3)

where $c_{D}(t),$ $c\Lambda(t)\in L_{1}^{1_{\mathrm{o}\mathrm{C}}}(R_{+})$ .
Lemma 5.1. If conditions (5.2-5.3), are satisfied at each point in every time-
interval $(t_{k-1},t_{k}]$ , then the minimal solution of the Lindblad equation

$\partial_{t}P_{tt}=\mathcal{L}(Pt)+D_{t}$ , $P|_{t=0}=^{\mathrm{o}}$ ,

satisfies the estimate

$|(P_{t}^{\min})*[ \varphi]|\leq\Lambda_{*}[\varphi]\int^{t}0ds\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{t}\int_{s}tc_{\Lambda}(r)dr\}cD(S)$ $\forall\varphi\in$ dom $\Lambda_{*}$

where $c_{D}(s)= \sum|c_{k}(s)|$ .
Proof. In this case, the Duhamel equation reads as follows: $(P_{t}^{\min})_{*}[\varphi]=$

$= \int_{0}^{t}P_{t-n}^{(n}\cdots P_{t_{k}})(k(s)),(t(*)^{-}D_{S})_{*}[\varphi]d_{S=}\int_{0}^{t}\mathrm{b}_{*}\{T^{(k}s))\ldots T(n)(tk(\cdot)^{-}st-t\mathfrak{n}\rho_{\varphi}()D_{s}\}ds$
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Hence,
$|(P_{t} \mathrm{m}\mathrm{i}\mathrm{n})*[\varphi]|\leq\int_{0}^{t}d_{S}\mathrm{T}\mathrm{r}_{*}\mathrm{t}T_{t_{k()}s}sT_{t}-s-tn((k())\ldots(n)\rho_{\varphi})\Lambda\}\mathrm{c}_{D(s})$,

where the semigroup $T_{t}^{(k)}(\cdot)$ in $\mathcal{T}(\mathcal{H})$ is predual of $P_{t}^{(k)}(\cdot)$ and $\rho_{\varphi}=|\varphi\rangle$ $(\varphi|\in$

$\mathcal{T}_{\Lambda}(\mathcal{H})$ . Hence, Theorem 4.4 implies the estimate:

$|(P_{t}^{\min})_{\mathrm{r}}[ \varphi]|\leq \mathrm{T}\mathrm{r}_{*}(\rho_{\varphi}\Lambda)\int_{0}^{t}dse^{(-}\mathrm{n}(t_{k}(\cdot)tt_{n})\mathrm{C}\mathrm{A}(t)+\cdots+-s)\mathrm{C}\Lambda(t_{k\sim 1})C_{D}(S)$

$= \Lambda_{*}[\varphi]\int_{0}^{t}d_{S}\exp\{\int_{s}^{t}c_{\Lambda}(r)dr\mathrm{I}^{c_{D}}(s)$ $\forall\varphi\in \mathrm{d}\mathrm{o}\mathrm{m}$ A.

This completes the proof.

Now let $\mathcal{L}_{t}(\cdot)$ be a function of the parameter $t$ continuous in the sense $(1.3)-$

(1.4). Consider the sequence of partitions $\{t_{i}(N)\}$ of the semi axis $R_{+}$ such that
$0\leq t_{k(s)}(N)-S\leq 2^{-N}$ for every $s\in R_{+}$ . We assign the sequence of simple

infinitesimal operators $\mathcal{L}_{\tau}^{(N)}(\cdot)=\mathcal{L}_{t_{k(r)}}(\cdot)$ to the infinitesimal operator $\mathcal{L}_{t}(\cdot)$ . Let
$P_{t,s}^{(N)}$ be the composition of the minimal solutions of the equations with piecewise

constant generators $\mathcal{L}_{t}^{(N)}(\cdot)$ . Consider the difference $\delta_{t}(M,N=P,(t(N)B)0-P^{()}(t|0MB)$ ,
which is uniformly bounded and satisfies the following nonhomogeneous equation
with trivial initial condition:

$\partial_{t}\delta_{t}^{(M,N)}=\mathcal{L}^{(}tN)(\delta t(M,N))+Dt(M,N)$ , $\delta_{t}^{(M,N)}|_{t=0^{=0}’}$

where $D_{t}^{(M,N)}=\mathcal{L}_{t}^{(N)}(P_{t,0}^{(M)}(B))-\mathcal{L}_{t}^{(M)}(P_{t,0}^{(M)}(B))$ , that is $|\mathrm{T}\mathrm{r}_{*\mathrm{t}\}|}\rho D_{t}(M,N)\leq$

$2K_{t}\mathrm{b}_{*}(\beta\Lambda)$ . Since the difference $\delta_{t}^{(M,N)}$ is bounded in norm, it suffices to prove
the ultraweak convergence $\delta_{t}^{(M,N)}arrow 0$ as $M,$ $Narrow\infty$ on subset of $\mathcal{T}_{\Lambda}(\mathcal{H})$ . We use
the linear span of the set of pure states $\rho_{\varphi}=|\varphi\rangle\langle$ $\varphi|,$ $\varphi\in \mathrm{d}\mathrm{o}\mathrm{m}\Lambda_{*}$ , as such a subset.

Let us set
$\rho_{t}^{(M,N)}.f=T^{(k())}sT^{()}-t\mathrm{B}(_{\beta}t_{k(})^{-}st\varphi)n\in \mathcal{T}_{\Lambda}*\cdots(\mathcal{H})$ .

Then Lemma 5.1 ensures the following estimate for $\mathrm{T}\mathrm{r}\{\rho_{\varphi}\delta_{t}(M,N)\}$ :

$| \mathrm{b}\mathrm{t}\rho_{\varphi t}\delta^{(N)}\}M,|\leq|\int_{0}^{t}d_{S}\mathrm{T}\mathrm{r}_{*}\{\rho t_{S},\}(M,N)_{D_{s}}(M,N)|$

$\leq||B||\int_{0}^{t}ds\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{t}\int_{s}t(c_{\Lambda}S)d_{\mathcal{T}}\}||Y||\sup\leq 1||\mathcal{L}_{s}^{(N)}(Y)-\mathcal{L}_{S}^{(}M)(Y)||\beta\Lambda$

uniformly in $M$ and $N$ . By assumptions $(1.3)-(1.4)$ , the supremum $\delta_{s,t_{k(_{\mathrm{J})}}}^{(M,N)}=$

$\sup_{||\mathrm{Y}||}\leq 1||\mathcal{L}_{S}^{(N})(Y)-\mathcal{L}(sM)(Y)||s_{\mathrm{A}}$ is a uniformly continuous function in $s,$ $M,$ $N$ .
Hence, there exists a uniform upper bound in $\mathcal{L}_{1}^{1_{0}\mathrm{c}}(R_{+})$ for the integrand, and we
can use the dominated convergence theorem, which gives

$\lim_{M,Narrow\infty}|\mathrm{T}\mathrm{r}\mathrm{t}\rho\delta_{t}(M,N)\}|=M\lim_{N},||B||\int^{t}0ds\exp\{\int^{t},c\Lambda(\tau)d\mathcal{T}\}\delta_{s,t}^{()}MN)k(\cdot)arrow 0$

since $h=s-t_{k(s)}arrow 0$ .
Finally, we obtain the following result.

60



Theorem 5.2. Assumptions (3.1-3.5), (5.2-5.4) are sufficient for the sequence
$\{P_{ts1}^{(N}()B)\}$ to be ultraweak fundamental and converging to the conservative com-
pletely positive cocycle $P_{t,s}(B)$ .

Consider the class $S_{\Lambda}$ of simple infinitesimal maps $\mathcal{L}_{t}(\cdot)$ , satisfying $\mathrm{t}$.he assump-
tions of Theorem 5.1.

Definition 5.1. The sequence $\{\mathcal{L}_{t}^{(N})(\cdot)\}$ from $S_{\Lambda}$ is said to be $\mathrm{T}\mathrm{r}_{\Lambda}$ -fundamental
if it converges in the locally convex topology generated by the system of seminorms

$\sigma_{T}(\mathcal{L}_{t}(N))=\int_{0}^{T}dt\sup||B||\leq 1||\mathcal{L}_{t}(N)(B)||\mathcal{B}\mathrm{A}\exp\{\int_{t}^{t}d\mathcal{T}c_{\Lambda}(\mathcal{T})\}$ ,

for all $T>0$ . The infinitesimal map with variable coefficients $\mathcal{L}_{t}(\cdot)$ is said to be
$S_{\Lambda}$ -measurable if the sequence

$\mathcal{L}_{t}^{(N)}(\cdot)=\mathcal{L}_{t_{k}}(\cdot)$ , $t\in(t_{k}, t_{k+1}]$ , $t_{k}-t_{k-1}=2^{-N}$ ,

converges to $\mathcal{L}_{t}(\cdot)$ with respect to the seminorms $\sigma_{\rho,T}$ .
Theorem 5.2 shows that $S_{\Lambda}$ -measurable infinitesimal maps form a natural class

of generators of conservative Markov cocycles.

\S 6. EXAMPLES

1. Let $\mathcal{H}=L_{2}(R)$ , and let the coefficients of the map $\mathcal{L}_{t}(\cdot)$ be

$H_{t}=\Omega(x, t)X^{2}$ , $\Phi_{t}(B)=-\partial_{x}a(X, t)Ba(X, t)\partial x$
’

where $a$ and $\Omega$ are smooth bounded functions such that

$\sup_{x}a(x, t)<\infty$ , $\sup_{x}|\Omega(x, t)|<\infty$ , $\inf_{x}a(x, t)>0$ $\forall t\in[0,T]$ .

We set $A(x, t)=a^{2}(x, t)$ . The operator $L_{t}=- \frac{1}{2}\Phi_{t}(I)=\frac{1}{2}A(\cdot, t)\partial_{x}^{2}+aa_{x}’\partial_{x}$ is the
generator of a diffusion process $\xi_{\tau}$

. , satisfying the stochastic differential equation

$d\xi_{\mathcal{T}}=a(\xi_{\tau}, \tau)(dw_{\tau}+a(\xi_{\tau},\tau)ax’(\xi \mathcal{T}’\tau)d\mathcal{T})$ , $\xi_{t}=x$ ,

where $w_{\tau}$ is the standard Wie’ner process (see [24]). The two-parameter family
$W_{s,t}$ of contraction operators with the $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}-G_{t},$ $G_{t}= \frac{1}{2}\Phi_{t}(I)+\dot{i}H_{t}$ , can be
represented as the conditional expectation

$W_{s,t} \psi(x)=M_{x,t}\psi(\xi_{s})\exp\{-i\int_{s}^{t}d\tau\Omega(\xi_{\mathcal{T}},\mathcal{T})\xi_{\mathcal{T}\}}2$ .

Let us check the conservativity conditions (1.2) and the continuity criteria (1.3)
and (1.4) with respect to the operator

$\Lambda=\lambda(-\partial x2+X^{2}+I)$ , $\lambda=\sup_{x\in R,t\in(0,\tau)}\{|\Omega(x, t)|+A(X, t)\}$ .
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First, we have the following identity for the commutator: $i[H_{\ell}, \Lambda]=i[\Omega X^{2}, \partial_{x}^{2}]=$

$-i\{b\partial_{x}+\partial_{x}b\}$ , where $b=\partial_{x}(\Omega(x, t)x^{2})$ . For every $\epsilon\in R_{+}$ , the well known
inequality

$\pm(A^{*}B+B^{*}A)\leq A^{*}\epsilon A+B^{*}\epsilon^{-1}.B$ (6.1)

holds, and in the case $A=i\partial_{x},$ $B=b=\partial_{x}(\Omega_{X^{2}}),$ $\epsilon=1$ , we have $i[H_{t}, \Lambda]\leq$

$(b^{2}-\partial_{x}^{2})\leq\lambda\Lambda$ if
$\sup_{t\in(0,\tau]}(1+|x|)-1|\partial x\Omega X^{2}|\leq\lambda$. (6.2)

Straightforward computations imply the identities
$\Phi_{t}(x^{2})-\Phi_{t}(I)\mathrm{o}x2=-2a(x, t)a_{x}’(X, t)_{X}-a^{2}(x, t)$ ,

$\Phi_{t}(\partial_{x}^{2})-\Phi_{t}(I)0\partial_{x}^{2}=-(a’(x)x, t)2\partial^{2}x$ .
Therefore, condition (1.2) is satisfied if

$\sup_{x,t}(1+|x|)(|\Omega_{x}’(x, t)|+|\Omega_{x}’(x, t)|)<\infty$ , $\sup_{x,t}|a_{x}’(x, t)|<\infty$ . (6.3)

Let us check the continuity assumptions.
Consider $\rho\in \mathcal{T}_{\Lambda^{2}}(\mathcal{H})$ , that is $p=\Lambda^{-}\tau\sigma\Lambda^{-1}1T,$ $\sigma\in \mathcal{T}(\mathcal{H}),$ $\sigma_{1}=x\rho x\in \mathcal{T}(\mathcal{H})$ ,

$\sigma_{2}=\partial_{x}\rho\partial_{x}\in \mathcal{T}(\mathcal{H})$ , by definition of the reference operator A. For any sequence of
operators $A_{n}$ such that $\sup_{n}||A_{n}||<\infty$ and $A_{n}arrow 0$ in the strong sense, we have
$|\mathrm{h}A_{n}\sigma|arrow 0\forall\sigma\in \mathcal{T}(\mathcal{H})$ . Therefore,

$\mathrm{T}\mathrm{r}_{*}\{B[Ht-H_{s},\rho]\}=\mathrm{b}\mathrm{t}B(x\Delta\Omega s,tX\Lambda^{-}\tau_{\sigma}\Lambda^{-^{1}}1f-\Lambda^{-\tau}\sigma\Lambda 1-l_{X}1\Delta\Omega_{S},tx)\}arrow 0$

where $\Delta\Omega_{s,t}(x)=\Omega_{t}(x)-\Omega_{s}(X)$ , because the function $x\Omega(X, t)$ is uniformly bound-
ed by the assumption (6.2), the operator $x\Lambda^{-I}1$ is bounded in $\mathcal{H}$ , and $|\Omega(x, t)-$

$\Omega(X, s)|arrow 0$ everywhere in $R$ as $t-sarrow \mathrm{O}$ . Furthermore, from inequality (6.1) we
have the following estimate for the difference of completely positive maps:

$\Phi_{t}\dagger(\rho)-\Phi_{s}\mathrm{t}_{(}p)\leq\frac{\epsilon}{2}(\Phi_{t}\dagger(\beta)+\Phi_{s}\dagger(\beta))+\epsilon-1(a(X, t)-a(_{X,S)})\sigma 2(a(X, t)-a(x, S))$ .

Therefore, by the same arguments and inequality (6.1), we obtain
$|\mathrm{n}_{*}(B(\Phi^{\mathrm{t}}t(\rho)-\Phi_{l}^{\dagger}(\rho)))|\leq\lambda\epsilon||B||\mathrm{T}\Gamma*(\rho\Lambda)+\epsilon^{-1}\mathrm{T}\mathrm{r}*\{(a(\cdot, t)-a(\cdot, S))2\sigma_{2}\}arrow 0$ ,

because $|a(x, t)|$ is a bounded function of $x$ and $t$ , and $|a(x, t)-a(x, s)|arrow 0$ as
$t-sarrow \mathrm{O}$ for all $x\in R$ .

The following inequality can be proved in a similar way:
$\mathrm{b}_{*}\{B(\Phi_{s}^{1}(I)-\Phi_{t}\mathrm{t}(I))0\rho\}\leq||B||\mathrm{T}\mathrm{r}\mathrm{t}\sigma\varphi(S, t)\}$ ,

where $\varphi(s,t)=\Lambda^{-f}1(\Phi_{s}^{1}(I)-\Phi_{t}|(I))\Lambda-^{1}I,$ $\rho=\Lambda^{-}1\sigma\Lambda^{-}1\in \mathcal{T}_{\Lambda^{2}}(\mathcal{H})$ .
The operator family $\varphi(s,t)$ is uniformly bounded. Note that $a\partial_{x}^{2}=\partial_{x}^{2}a-(\partial xa’x+$

$a_{x}’\partial_{x})$ , and consequently (6.1) gives the following inequality:
$||\varphi(s,t)\psi||\leq||(|a^{2}(\cdot,t)-a^{2}(\cdot, S)|+\epsilon-1|a_{x}’(\cdot,t)-a’(x., s)|2)\partial_{x}^{2}\Lambda-1\psi|1+\epsilon||\partial^{2-}\Lambda 1\psi x||$

for arbitrary small $\epsilon$ . Thus, $||\varphi(S,t)\psi||arrow 0$ since the differences $|a(x, t)-a(x, s)|$

and $|a_{x}’(x, t)-a’x(X, s)|$ are uniformly bounded in $x$ by (6.2), and
$|a(x,t)-a(x, s)|arrow 0$ , $|a_{x}’(x,t)-a’x(X, s)|arrow 0$ .

as $t-sarrow \mathrm{O}$ for all $x\in R$ . Hence, the limit Markov cocycle $P_{s,t}(\cdot)=w^{*}$ -

$\lim P_{\epsilon,t}^{(N)}(\cdot)$ exists and is conservative if the continuity assumptions (6.2), (6.3) are
satisfied for the uniformly bounded coefficients $a(x, t)$ and $\Omega(x, t)$ .
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2. Consider the infinitesimal operator $\mathcal{L}_{t}(\cdot)$ of the master equation with timc-
dependent coefficients

$\Phi_{t}(B)=(L+\overline{f}(t)W)*B(L+f(t)W)$ , $f(t)\in \mathcal{L}_{\infty}(R)\cap \mathcal{L}_{2}(R)$ ,

$H_{t}=H_{0}+(f(t)W*L-\overline{f}(t)L^{*}W)/2i$ , (6.5)

where $L\dot{\mathrm{i}}\mathrm{s}$ a closed operator, $W$ is a unitary operator, $H_{0}$ is a symmetric operator
in the Hilbert space 7-?.

If the unital property of the minimal solution of the master equation with the
generator $\mathcal{L}_{t}(\cdot)$ holds for all $f(\cdot)\in C(R)\cap \mathcal{L}_{2}(R),$ $||f||\leq \mathrm{c}$ for some $c>0$ then
the solution of the corresponding quantum stochastic differential equation is unique
and isometric [25]. This remark expla.ins our interest in unital property of time-
dependent master equations.

Assume that the operator $L^{*}L=\Lambda\geq I$ is essentially self-adjoint and $W$ : $\mathcal{H}_{k}arrow$

$\mathcal{H}_{k}$ is a bounded operator for $k=1,2$ . Then the densely defined operators $\Lambda^{-\frac{1}{2}}L^{*}$ ,
$L\Lambda^{-\frac{1}{2}}$ are contractions in $\mathcal{H}$ . Note that the difference $\delta_{s,t}(\cdot)=\mathcal{L}_{t}^{\uparrow_{(}\cdot)(\cdot)}-\mathcal{L}_{S}\mathrm{t}$ does
not contain the operator $H_{0}$ and the terms which are bilinear in $L^{*},$ $L$ :

$\delta_{s,t}(\rho)=(|f(t)|^{2}-|f(s)|2)W[\rho, W^{*}]+\overline{(f(t)-f(S))}[L,\rho]W+(f(t)-f(S))W^{*}[p, L]$ .

For $\rho\in \mathcal{T}_{\Lambda}(\mathcal{H})$ , the operator $L\rho$ is bounded both in $\mathcal{T}(\mathcal{H})$ and in $B(\mathcal{H}_{\Lambda})$ . Indeed,

$||L\rho||e\leq||L\Lambda^{-^{1}}\tau||B||\sigma||B||\Lambda^{-_{T}}|1|\beta\leq||\sigma||g\leq||\sigma||\tau=||_{\beta}||\tau \mathrm{A}$

’

$||L\rho||\tau=:$ .$\sup_{U}.\mathrm{T}\mathrm{r}\{UL\rho\}=\sup \mathrm{T}\mathrm{r}_{*}\{UL\Lambda-1\tau_{\sigma}\Lambda-\tau 1\}$

$\leq||\Lambda^{-_{\tau_{U}}^{1}}L\Lambda-1\tau||_{B}\mathrm{T}\mathrm{r}|\sigma|\leq||\sigma||\tau=||p||_{\mathcal{T}}\mathrm{A}^{\cdot}$

Therefore, $\delta_{s,t}(\cdot)$ is a bounded mapping from $\mathcal{T}(\mathcal{H}_{\Lambda})$ to $\mathcal{T}(\mathcal{H})$ . Thus,

$|\mathrm{T}\mathrm{r}_{*}\{B(\mathcal{L}_{t}|(\rho)-\mathcal{L}_{S}^{\dagger}(\rho)\})|\leq|\mathrm{T}\mathrm{r}\{B\delta_{s},t(\beta)\}|\leq 6(|f(t)-f(S)|)(1+||f||_{\infty})||\rho||\mathcal{T}\Lambda||B||_{B}$

and the assumptions $(1.3)-(1.4)$ are clearly satisfied.
The family of operators $G_{t}= \frac{1}{2}L_{t}^{*}L_{t}+iH_{t}$ can be considered as a perturbation

of the generator $G= \frac{1}{2}L^{*}L+iH_{0}$ by the operator $g_{t}= \frac{1}{2}|f(t)|^{2}+\overline{f}(t)L^{*}W$ which
is relatively bounded with respect to $\Lambda$ :

$||g_{t} \psi||\leq\frac{1}{2}||f||2||\psi||+||f||||L\Lambda-1||||\Lambda\psi||\leq\frac{c^{2}}{2}||\psi||+c||\Lambda\psi||$

with the upper bound $c= \sup||f(t)||$ . Hence, by the semigroup perturbation
theory [22], the operator $G_{t}$ with the domain dom $G_{t}=\mathrm{d}\mathrm{o}\mathrm{m}G$ is a generator of
the strongly continuous bounded semigroup $W_{s}=\exp\{-SG_{t}\}$ with $t$ fixed.

We assume that the operators $H_{t}$ are symmetric on dom $G$ . Then for any $\psi\in$

dom $G$ we have

$\frac{d}{ds}||W_{s}\psi||^{2}=-||(W_{S}\psi, L_{t}^{*}L_{f}Ws\psi)||\leq-||W_{S}\psi|\{2$ .
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Therefore, $W_{s}$ is a contractive semigroup.
In sequel we assume for simplicity that $||H_{0}\psi||\leq||\Lambda\psi||,$ $\forall\psi\in$ dom A. Then

dom $G_{t}=\mathrm{d}\mathrm{o}\mathrm{m}$ A is an invariant joint domain of the generators $G_{t}$ . Consider the
trace-form $\mathrm{T}\mathrm{r}_{*}\{\Lambda \mathcal{L}t\mathrm{t}_{(}p)\}$ for $\rho\in \mathcal{T}_{\Lambda^{2}}(\mathcal{H})$ . Using the algebraic identity

$\mathcal{L}_{t}(\Lambda)=L^{*}[L^{*},$ $L1^{L}+i[H_{0}, \Lambda]+|f(t)|^{2}W^{*}[\Lambda, W]$

$+f(t)([W^{*}, \Lambda]L+\frac{1}{2}W^{*}[L^{*}, L]L)+\overline{f}(t)(L^{*}[\Lambda, W]+\frac{1}{2}L^{*}[L^{*}, L]W)$ (6.5)

and assuming that the densely defined operators $[L^{*}, L]$ can be extended to $\mathcal{H}$ as
a bounded operator, $||[\Lambda, W]\psi||^{2}\leq c_{0}\Lambda_{*}[\psi 1$ and $||[H_{0}, \Lambda]\psi||^{2}\leq c\Lambda_{\mathrm{r}}[?\psi]$ on dom $\Lambda_{*}$ ,
we obtain from (6.1) and (6.5) the desired inequality (1.2)

$\mathcal{L}_{t}(\Lambda)_{*}\leq c_{t}\Lambda_{*}$ on dom A and hence $\mathrm{T}\mathrm{r}_{*}\{\Lambda \mathcal{L}_{t}^{\mathrm{t}}(p)\}\leq c_{t}||\rho||\mathcal{T}_{\mathrm{A}}$

for some uniformly bounded function $c_{t}$ . Thus, the conditions

$[L^{*}, L]\in B$ (-?); $||H_{0\psi}||\leq||\Lambda\psi||,$ $\forall\psi\in \mathrm{d}\mathrm{o}\mathrm{m}\Lambda$ ;
$||[\Lambda, W]\psi||^{2}\leq c_{0}\Lambda*[\psi 1,$ $||[H_{0}, \Lambda]\psi||^{2}\leq c\Lambda_{*}[\psi]$ $\forall\psi_{\in \mathrm{d}_{\mathrm{o}\mathrm{m}}\Lambda}1/2$ ,

$W:\mathcal{H}_{k}arrow \mathcal{H}_{k}$ , is a bounded operator for $k=1,2$

imply the existence of the unital cocycle which has the formal $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\prime \mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ of the
master equation with time-dependent coefficients (6.5).
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