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1. U ®IC

T 5 R0 E B0 GCD 72 & O BIABGETE . BRLBESFOH#RH N v 7
KD O0H b, (NS ELHREEEIZOVTIE. BEIHK (1] IS AFIHEEI # - T
W5 EURESHDL AR SBROBEBVHRINIPBETH L, LHNF OFK ¢
TORURES R . |

F=GH+ Ar (1)
HHSERGEHERDOFAZIETHD, I T, Ap 3 ZDBBHOMENES ¢ LT
THLWNEERTH S, TNDHH05 &)1, BPEESHIME—IZIEE TS RV,
52 bN7-BECHBETTELIRIMMETLINETE (¢ xERNEEDNT, BED
RESBE D), |

SLEMETERO WL . Kronecker % Wang-Rothschild([WR75])) @7 VT ) X A%
Hn7zgs ., SERBETIIETLAVI EXMON TV S, @ [Kal8s] Tit. ROK
INSTEA AL CHEORFE RO T VT Y ZLAPBEINTEY ., TN SERERN
TRTT 5. AMEESMRICTT ATV ) A4k L Tid. 3 [SSKS9L TRES N7,
NEFJBEERSNIBOBEHLEEERAL 27 VT Y X L5 H Y | #3 [SSHIZ, SS93]
T ZOBEF LT bR TS, LELEMS, ZOT7 VT Y XATIE, Be+oKEL
REE TCNFEBERT B ERRONTVEDAT, BEAKIIEORETE CERATT L
VOPRBETH 072, FZCT, KRBT ETHREROT WO RBOERERET 5o X
72 PERORLTIREBEL T, RBESBITRELSHEREZEZ v 7 THLLFEL TV b, £
Zv I TREVES, HRNR FETTEZ Y 7R SHANERTLUENH L, LPL. £
HAOHRKICHENE TN IS, Oy 7R EHAORBICEINLRELE
LLKELTHONEET, AEDBOBENEL R D, #Z THRRBTIL. 3 [SSKSI1]
DFEEXEZy JALELELE L ZWT VT Y RALIEET S, TLT, TOT VT Y XA
BEEBORKZEL CTHEABBTRTILILERT, 8. BEIIHT&ERIS
BOWRBEL L, ARBTIIREE e ¥ ERNE LRELRESBROA LR . BIEFE
3. HELLREDBEZ ST THEANZERTETODLET S,

T, AR THVALE LREDERY 2B TRV, WL [SSKSIL] TRENLT VT
DX L%k SETHNT S, ZEBSEAOLEARFOREBICHET 2 XM ERE 4ET
SEH . FETIE, oy 7 ThWEHEAORIIT 2 HIEEGEE AW BHEFORERE
RIRET L, FOFERIIOVTIZ6ETHRL . RIEISHOREL B 5,
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2. ;L5 L hEE

AETIR., FE/NBETRINIEZHEREOBEERE ) LORBRELSHIEEOHRME T
b5, CEHEZERLL. LERX F(z,y,...,2) € Clz,y,...,2) DELE z [ZBT 52 RE*%
deg(F) HEEBICHT KB % tdeg(F). ELEBUICBT 5 ERE%Z 1o(F) L BT $FICHT
SRV ERFUIHERICETL DL TE, FOFHERD I, @REN e LD
HOM% |Fl. &L, &K ¢ LWTOHEOM% [F1¢ TET, [FIY i [|Fl]¢ &7
Et b, T 175 M OB E rank(M) L KT,

AT, BB INELHEKE deg(F) =n,tdeg(F) =d % 5%

F(z,y,...,2) = faZ" + fas12" ' +---+ fo, fi€Cly,...,2] i=0,1,...,n) (2)
EL ., EEBOEEEY v & T 5, %’%iﬁ%ﬁﬁ@é‘/ﬁ(ﬁﬂi%@ LIEET D,
tdeg(fi) =€, 1= 0,1,...,n

MR EDTSER F(z,y,...,2) £ F(z.0,...,0) REMHIP BT HTHD LT o
%5, UTOBETR FOREn OEFE A BVRAOBRE A LED S, |

3. BFEOEUESS#ET7 VI ) X L
3 [SSKS91] THRESINEESHOT VT ) X LD E ROLIER FIZOWTH
Y 5, |

 Fley) =2+ (y-2) - (y+ 1)’ + (" + 2z -y
1 RS ER F(z,0) DR% REEETRD . 28 Hensel BHAT2 I L. Flz,y) Da
WKHETAIREATFELELTRDELI B ADDONFHFBEFRBON L,

F=z~¢1=(z-0)-y/2-y*/8—y*/16 = 5y*/128 + - -+,
F=z—p=(x—-1)+y/2—y?/8+0+y*/128+---,
Fy=z—p3=(x—2)+y/2+y*/8+y*/16 +5y*/128 + - - -,
Fi=z—p,=(x+1)+y/2+y%/8+0—1y*/128 4 ---

INSEDORFPHOMEL T FOBMRTIEKRE S, TOBITIX FLF;, FsF, 72 5680
BHRFELoTVE, 2ZT. RERBBAIVIEIRE F)IEABLTASLL, ylZoWn
T2RUEDEBERLOMEEQIZR LI EDbh 5,

ECLFR,... . FELOWOhDELY AL T 5,

A=F, -~ Fp =2 +a,13 '+ -+ ag

bLOADEERL HI1F, B, B8 ta, (i=0,...,r—1) bBERTH V. 73 [SSHIZ]
® Theorem 4.2 & V) tdeg(a,_1) <1 THAHZ W bhrb, 22T,
dr—l = _(Qprm +o mer)‘

THHT LAEETIUZ. g, om, OBRIEMZ 5 L EVISEEL S LB D 5.
COZEEFIAL CHAERZRET HOW ., #3L [SSHI2) I2H BEHRFOREELETH 5,
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3.1. AFSM@E7 NI U L
ZI&M%HT%%?%t?»:UXAww%MUTwiv&%wfééo

L.SERATTNVS = (y—G,...,2—2), §,...., 5 € C&, FNFES&FELLTEF
FHile b L H)IED S, (—BEEEIZT LR S = (y,...,2) £ TH, TOLE
F(z,y,...,2) = F(2,0,...,0) (mod S) &% %, )

2. BEE T F(x,0,. .. )@ﬁ%tbéo

3. S Honsel W2 £ 9 F(z,y,...,2) O B B RO * BRI KD o

4N%ﬁﬁm®%ﬁm%?éﬁ%%%%%mfﬂﬁﬁ%%kb6o

:@7»jUfA®%%t&ofwémukwﬁﬂf&éo
T 3.2 E% FOZEARTOEREEELT 5, L>E&51£“®E&¢&L IRL
[y + -+l Jp =0 (mod S¥Y), (=1,2,...,n)
BOE. Fpyyoo o Fp, D SH 2L 5280 F OLEHARNFTH B, Y

SEHE 3.2 135 [SSKS91, SSHO2] DFEEHTH 1, LR RKOLZ L THHIET%
PR S o EBRIC LREBRE KD 51213 . #IC[SSKS91] @ Find-Relations 7 VT 1) X
LEHWVE,

EE 3.6 j=1,2..., 00 M; 25817 (i =1,2,...,n) % |¢]| ; DBREDFIN 5
RBATHIE RS Bo 12721 . BRED 0 THAHDIEML 2 VWIDLET 5,

Find-Relations 7 VT J X A3 RO & 9 24751 H L T Gauss DiEFHELR L OITFEE
TR H)bDTH B, -
M(ty, ... tg) = My + - - + 4 My, (3)
ZZTLty,.. 3T X=% 35, k=nt 3L, Find-Relations (2 & D& S
ﬂt&#ﬁﬁ@ﬁAﬁ®%i EH32L0) FOLZHEART LR 5, L2 L. #w3 [SSHI2|
ZET, EBIZIEE=12BEONIWITINIH T AFET F 02 TORHRF 2 ’E
f%é%@#%w

3.2. WEITANER

FREEOMESRE LT, 1) NFBEOH LYY LR LOBEIEE > T RWwI L, 2)
NG A=F by, EEATTYEERLELTHI L, 3) E= v I TRVEEHNADY
BIEZy I RSBEANOEREPVELTLZ L. BHITON L, TSI UBOETHR
4 LRBOT VT ) X LATHERET S,

4. ZIEXEF O FREEBD RE LR

AETIE, ZHAF OSHARFORERIET 2R ERE RO D, ZOREERIE
MBI L DBEMEFOREICB W TEELRRE 23727 3 [SSHI2] DRI LRI
D cf. [SSH92, Theorem 5.3]
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M4 A2FEEEPE=y 7 TRWVWEIEAUIIHERT 5 Z & WD ARTEROT 7o —F
TLVEREAEEE2RET 5, MAOHA L., dEPIIIEET S,
UF. ABeClz,y,...,2]| A E%ERAL BERDLHIIED D,

A= amT™ + am_lxm‘l + .-+ ao, (m < n) (4)
B = bn—-mzn-m + b‘n—m—1xn——m_1 +--+ bO

fifH 4.1 F = AB %2 513 tdeg(F) = tdeg(A) + tdeg(B) T» %,

58 4.2 F = ABD & %, tdeg(a;) -—l—tdeg(bjr) > tdeg(fir;) & HIL. tdeg(aia) +tdeg(bj/) >
tdeg(fi:ﬂ-/), ’L 74 ?:I,j 75 j, 7z 53!52];& ai/xi' & bjI:IZjI B, EThEFNALB GZZ?E?'%O

EE 4.1 KA (0,0). 5 (0,e0) A (n,eq) tdeg
BIUE (n,0) 3B EIZH D B (1, e), k
0<i<nlIMEOAENIZTOY b 3N, ,
FOLHIBNAD ) bRADLDED LT 5, 4 D
(M1EDEHICELELDTHS,) €o

€n

X 1

TOLE, REBOXREERICEL TROEHE L RAH D L0,
EE 4.1 F=ABZOIE. i+ j<nZ2l-3THEEDOIEEK: & j1IxfL T,
B (i + j, tdeg(a; x b)) BSIHE D OAMENC T T v h 8RBT Eidkv,

T 4.2 M1IZBWT, i OO0 1, ... n OFRERICHL T ST 2 HAEEED
35, D EBARVEKOREEE B LY 5. ($hb5, £A (L, E)RDO
REH LI DDOEREIZHB)

%41 X OLERAN FOLEARTFLRHIE. ADBRBEORE ERE L TRIKIL
T 5o |
/ tdeg(a”i) < min{E'i7 En—m+i} (Z = 07 17 RN m)

ZOFRAU L ZREEFRIETFC[SSHI2] DA ERLI Vb BV EREEX 5, 512, €
Zy I TCRVEEANOEAPTHTH LM T TN T 5,

5. — kD ZEHZIEXD E B 5 H7
RETIRSETHENLZBHESB7T VT ) XA LOHELBIEXTTR I, BIb, NFHK
WO B ORBO LR E 2 RET S, BB, RETE F42E=y 7 EARGEL vy,

EES51k=1,...,AlIRL. E, %
E;, = max{min{ Ey, En_sas}, B, + E; (i > 0, > 0,i+j=k)}
LED, BIEE 2XRDLHIZEHET S,

Ey=e,, Ei=’i€n+E£+1,’i=1,2,...,ﬁ (5)
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BT, 31 DTNVTYXAIIBWT, Step 3 THLEH Hensel k% k = 2E, T,
REWMIZT FO IZHATANFEBEBE KDL X,

F(z,y,...,2) = lc(F)Fszf‘) fe F,Ezgﬁ) ~ (mod §?Ea+1) (6)

ZIT.EFREREZy 2T D, UMk @RED 2B, RETDO F OBRONFREER®
ETNEN @1, o b L REIBHEF 2 Fi=2- 0= F™ (i=1,2,...,n) £ ¥ 5,

5.1. #WREE BV BHNEFORE |
Step 4 TR E HWTZBENRFORELITER )0 Ty 7 LIZEL R WEERE
5 720>, G [SSKSL, SSHO2| DAk L 3P L Bk 5. T T G2 RRTED 5,

G=Fp - Fp =3 +g 127 4+ +go
wES5.15=1,2,...,rlZxfL |
(B ), ) + -+ (c(F)pm, ) 5, =0 (mod 525++1)
% HIE, lo(F)ig; & S ke LTEHETNIE . KA Y 10,
tdeg(lc(F)'gr—s) < Ei
T, HL KD IO, |
WES2r>aThHbHEE, j=1,2,...,7IZRL
LAe(F)pm Y + -+ (e(F)gm, )|z, =0 (mod S*5+)

BOIE. G=1c(F) Fpy - Fp, 3 1c(F)"'FOZERXRFTH 5,

El_l;

Bl SR H% H=1c(F)" " Fp,,, - Fp, LEODB, ZOL XFES51 LY S2E-+ %
L LT, tdeg(G) < E, 72 tdeg(H) < E. BV LD KiZ, G, H % le(F)*1F T
‘Hensel Bl T5E ., IELY 2E, +1> (n—1)e, +d, [C:’]ifr =0, [f?]%fr =0THh5
o, BEA=Ic(F)"'F -~ GH (mod S?E-+2) 130 & %2 5, BHS 2T, S2E+3 =
S2E-+4 = ... ¥ Hensel 242 VEL THRAETH 2, LoT, Gl I(F)"F D
ZHANTFTH %, ]

%51 5=12,...,2lZkL
A )pmy Y + - -+ (c(F)pm, ')z, =0 (mod 525+
%518, G=1c(F)Fy, - Fp, OBRBERMEF2E 95,

INSOMELRICIVEHEI2QEXRD L HIz—Hfbsn b,
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EE 5.1 5=12,..., a8
I.(IC(F)QO‘ITH)J + T + (lC(F)QOmr)JJEJ = 0 (mod SzEﬁ+1)

ERD DO {Pmy,- - Pm. } PEBOTHEEIIN L T FERROBEBRANBKILL %
W HIE, 1e(F)Fp, -+« Frn, DRBGEHAR D0 F OBHERFTH 5,

UELY, BRHERFOMEE L RO E7-OICITEH 51 OFFTKONIT IV L5
D5, ZDRMRIZFH I [SSKSI1] @ Find-Relations 7V T Y XA TROON B, % B,
L [SSKS91]) TIXEH 32 DERE KD B720IZ. ty,ty, ..., 1y £/5F X — 5 & L 12475
M(ty,tg,...,t,) IZ Find-Relations 7TV T ) A A% FHL 720 LHL. 737 A—=F % %L
EUTHEEIFEELZHAIELD0T, ARTIRUTOL I ICHET 5,

M 5.3 t £/87 A—F LT BITH M + M 2BV T,
rank(t'M + M’) = rank(tM + M), ¢ €R
RO, M+ M & tM+ M B LOBREERIEFRETSH 5,

5.4 M\M' % nfTOfTHE 5, TDE & rank( M + M') < rank(tM + M') & 7
Bt cRIEEANETHS,

t§52j=Lz;wﬁtﬁLQA@%%M?UsznﬂﬁﬁumemﬁE@ﬁ%ﬁ
DINH S 72 HATHNEERT Bo 72720 . BREBAODHIEWL 20dDET 5,

:n%mﬁiuib‘ﬁﬂM@m%m¢@=nMyMM@+~~HM@@#bbu\1o
DI8T A—F DA% & LFTHIIA L T Find-Relations 7 )V T X A 2 (EEHT 5 2
ET, BHURT L L 2lMEE 2 RET A ENHRS,

6. STEE
RETIE, FIETRELA-RESBET VT ) AADBELEEOXE R 1B L TEHEARH
EoTWVWAIEFRT, '

[Kal85, Lemma 1] £ V| Step 1 DZHNRA T TN S DFIEEIT. BEDEA 29nd’ T
HEZENDNPL, LoTStep 1 TOFFHREIR . 1 EHLHNX F(z,9,...,2) DFHEEN
O(dn) TH Y., ®MY¥FMUEF 2v 735 ged(F(x,9,...,2), F'(z,9,...,3)) OFtEEN

O(n2) Th DI EDE . O(2dn™2) + 02 d1nvH) & % B

Step 2 DEMEH LI A SRR . BB RS ERTE 5,

Step 3 @ Hensel #EIZ DV TEET %, Lagrange DHIHIRDETEIL . n KKHD 1 £
ZIENUII L BBREEZ K LIZOWT n [BfTR Y LENDH LDOT, £ TIE Ont) DFtEE
%5, vEBOSZENTERES K UTOHEORIE KP %2 52 Lidhv, Thid, 1
DOERIIETDIRENS K AR 52 L%V 0TH D, [Kal8h, §6] 12 kL. “IHME
BERAWCTLVEWERE 52 A2 & HRAED, fED-O K #HWA, £ o T Step
3 @ Hensel HBIZ BV THEREDFEEIZ O(k%n?) TH B, BED S ORDELURETF % 5
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45L& k+1EETHE Lagrange DRI & BEOROFHERD 02K — (k—1)°)n)
Y. BEOFEI N THEE 5%\, FHE 5112 UL, Hensel B k = 25,
RETITE 2T T TH A, £ T, Hensel BHERDFTEEIL.

92002 ... 4 (2B2)%n2 < (1 + -+ 2E;)%n?
= (QE,,% + Eﬁ)2”n2
~~ 26vd4v,n4v+2

THY. OEVdR) L B,

RIZ Step 4(BEMETFRET VT ) X 1) 2 BT 5, 2O Step 3 lo(F)p DRFEH
¢ Find-Relations |2 X 24THEED 2 DIZhiT 5T EHIE DL, FIBDOFIEIIH A L&
L TIE, k(F)xp b ZO kI TR ERBCEL T 2E, RETHAnBEFE T
v, LoT, BFEHEEFR '

2 (nd(2E)Y +n(k —1)(2Ey)®) < X2 (nd*(4kd + 1)° + n(k — 1)(4kd + 1))
< anc’zl k(4kd + 1)% '
S 24vd2vn(z1;b:1 k2u+1 S 26vd2vn2'v+3

o T. 02V DIEETH 5= ENIH B o BEE. KEFNIST X—5 i
B35 1 RSERTH 5 n x (2B,)° — BY) OFFIC Causs DIBER 77 5 HLEHS &
n x 0 OFFFIC Gauss DIEEE 7% ) BERMMT SN Do MERFOFHIERD &
R IEEEOBME BT 5, -

m171 e ml,ql

, degy(m;;) <1, my; € Clt]

Mg1 - Mgy

1. i=2&7%5,
2. j=1,...,q X DVTRDITFIBIEL 1T 90

B ATIE misa 1 BT B — LTS my 2T 7200204,
3. iNn—1TRIFTNL, i % 1R L TStep 1 IZRE S,

B JATIC M1, 1’%#07‘6*& Wy mi_1 ODRE i —1RTHLI DL ¢ BDOFERZE
VEEL., £i-117 mﬂla‘:ﬁxh‘éiﬂ 3. %z—l'ﬁ‘@%ﬁ@/ﬁﬁm‘z—lzﬁfmﬂl
DXL i—1THEDS 2¢ BOREXVLELTH, TNE g—i+ 1E{TR HDT,
WCREL - T 2quq'lElo>§%ﬁt7;c%o ZLTLill2o0nT2h5 gETITRHIDT

27 (2% +--- +¢°) < 2¢°¢
L0, EHEEI O ) ke be 0T nx ((2E,)° — EY) OFFFIOHER .
n*((2E,)" — EY) =n*((2nd +2)" — (2kd + 1)¥) =~ 22vnv+4dv

THHME., 0P M) DFtEREL %5, COFIEL kDELZ 1L IHRA TTHEPLL
TWLEILTR ILENDH S L DOD, Hensel EEOFTHREICHMEL X% 52\, B
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HAARETNT ) X LD Step 312DV TIE, BELMEL IZOWTITHOZIEEETET LD
nx ((2E)" — Ep) (IOFEE LEL L, BEBOFEI Gauss DIHFEEZ FHVADT, &
BED O ((2E,)' —EY) L bo ZOBEY Rt DRERREORETLnETHELIE
TRIE 5 ADVMRIET S 720, Step 3 DEFTEE D Hensel I REE 25 W,

LoT, &k EL TORERIZ 02%d%n®t?) L B,

7. SERDOFRELEER

AR CRL 72 EURESROGERIL 0Q%dYn® ) TH Y . TLEHORK 122N T
SEABBE 2 oTWVD, RLEDDRAT v 73 A LEBSHASEAER L 25 % w0
12, Iﬁ@7WjuiAu%%%EﬁrﬁLfi%wwﬁw:aﬁ“#

HPIZESERL -FREEIISEARM & ko720, ZOFEEITERIC i%# [y =
WRBDDER-oTWE, ZOELREHEL T, EESlijbOWTnifﬁﬁ%ﬁt
FTEZIUIMHHAFERETHELEHBD, EBIIZIILAEDLERIIH L Tj =2, 31EE
THRHHRFZRETHZ LAHFKS, THid. Hensel B E 1c(F)p D BERETEEEL <K
LELILEERT S, G&IE. EOLILLEANRVERCRYRFE2RETE, &
DEIBREZHERDN jIZOWT AT TITRLEVERETERVORETAR V., T/, E
W IARTRELTVT ) X LATHEREWESHEL 72354, 3 [SSH2 o7 VT

LIHRTEDERELE SN DOV TERE TRV, 28, ERIGEURES
%%ﬁ&5%%Mﬁ&%%ELtﬂ%@%®%%%ﬁ&b&Hhi&%?\$h®E@51
BIVBEMELLDELBIITTHE, ZNIZOVTLESERA N,

2 £ X ®
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