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(On the Universal R-matrices‘of the Dihedral groups )

Bk -2 FAFHEAX (Michihisa Wakui)

Abstract : The notion of universal R-matrix is defined by Drinfel'd at the same time
of defining quantum groups. In this note we determine the universal R-matrices of the
group Dy, , generated by s and t with relations s™ = 1, t? = s™ and tst™! = s71.
Here m > 3 and n > 1 are integers. The group Dy, is the dihedral group Da,, of
order 2m if m = n, and is the quaternion group Qs of order 2m if m = 2n.

Theorem Ifm 4, orm =4 and n is odd then the universal R-matrices of ClDm »]
are the universal R-matrices of C[< s >] , where < s > is the cyclic subgroup generated
by s. So the number of the universal R-matrices of C[Dy, ] is m.

If m = 4 and n is even then an universal R-matriz of C[Dp, ] is one of the following.

(i) the universal R-matrices of C[< s >], | R

- 1 - L . . n .

(ii) Rq,p = 1 3o aeP(—1)ititag?itar g B2k yhere a? = (—1)%, u=0,1
. a,B3,:,7=0,1 .

So the number of the universal R-matrices of C[D4,p] , where n is even, is 8.

For the proof of Theorem we use the representation theory of cyclic groups. As a
corollary to Theorem we obtain the following familiar result.

Corollary The groups Dg and QQs are not isomorphic.

We prove this by calculating the rank of the quasitriangular Hopf ‘algebra (C[D4,nl,
Ra,”). The concept of rank for a quasitriangular Hopf algebra is defined by Majid.
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#Bons, 2FHOMEIL Radford [7] Ik - TS vz,
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728 Doy 122WTEZX D, Dy @ s TEBSNDEGRIEINE m OREE Z,, (CFEET
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L7eh> T, xkx (k=0,1,--- ;m—1) I ﬁm@“%ﬁﬁ‘"\%%jﬁ Ep &
Zg —kigi ... @D

Thb, Ers=(FE, L% B06, i=0,1,--- ,m—1IZ/LT
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(R21R)A(v) =v®v THELDODERBEERD LI, a;, b; DERF 4,5 %VNO%ODI’)L m %
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(Rle)A(’U) =RV < aibj =0,
| bib; = a®7biy;
b $oT, v W) KUEhbiE, i =0,1,2,3 28 LT, biys = a?biby = 0 TH
5,€v) =155 a =1, SW)=v »5 a1 = a3 BLNEDOT, v VKRV TRD
i, v=FEo+E;+a1(E1+ E3) (8L, a? = (-1)%) £&FPNB, ThE {s'} O—K#E
TETE, EEOXEBL, W, ZOBO v id (ClDsyn), Ray), (a2 =(-1)3) oYK7

1
?&5W:§u+ﬁﬂ+gﬂ—sﬁtﬁﬁﬁ:hﬁ%ﬂ@&*@ﬁ%%%otoD

§.3 7 5 DIEH

ZZTIE, EEHAOIBHE LT, M8 OHKRE Dy &8 DUITTHEE Qg RE T W
ZERERT B, D70, Majid[5 ]I ko TEH S W=k y TREOBKE V) B
V5,

E#(Majid) (A, R) 2H=A%y TREE TS, R=3" 000 #. ADRu=73_5(0:)a
% A CEPLIRSET, A LOBBERL A% LIE S0 ML —2% (A, R) ORSE VL,
Ft5 rank(A4, R) T,

EH 2 00%=fky THE (A, R), (B,R') #*RETHLLIE, Fv 7REOFR ¢ : A — B
DPEELT, (0@9)(R) =R #H0IoL&%nI,

ROFEIIERP L/-EHIZEPN D,

6 FALZE=fky TREBOBEEIELY, O

—fIZ, 2008 G, G OBMICEEER ¢ : G — G PHE, Thudsy 7TREOFRR
B ¢ : C[G] — C[G'] %%, 2L T, C[G] DEERFH R LT (p® ¢)(R) &
C[G'] DEERATFIC B SO EIHEETIUE, R 5 ORBIEROBIEFHE L 75205 7
ZHIZHED o

d lo] 1 |2] 3
rank(C[Da,n], Ra) | 8 [4(1 —v=1)| 0 [4(1 + V=0

toETIR, n EEOEKTH S,
n 4 2
(a'7ﬂ') (LN) (—171‘1’) (\/:Ta N) (—\/———:Lﬂ')
rank(C[Dsn], Ra,) | 8 0 |4(1++v=1)|4(1-+v=1)
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(R5DFEH) b L. B Dg & Qs 2 FE%LSIE, FUMNES 2 2 EBRITFIOERSSELL %
CTRERL V. LA LRSS, FIZE, 4(1 +v—1) BB E T 5 EBRTFIOEEE Dy ©

BELIETHZDIH LT Qs DHAXIMBY ., H L koTwhV, XoT, B Dy & Qs
R TRV, [ Co | | '

BB ARRPERS LTSV L) TEERCRH LT,

HEEVEATE | B TR~ HONBFIC— AR 2D ) E L, ZICBHTLTITERLE
R ’

SEXR

[1] E. Abe “Hopf algebras” , Cambridge University Press, Cambridge, 1980 (original
Japanese version published by Iwanami Shoten, Tokyo, 1977)

[2] C. W. Curtis and I. Reiner “Methods of representation theory volume 1” , John

- Wiley & Sons, 1981 ‘

[3] V.G. Drinfel’d “Quantum groups” ,in “Proceedings of the International Congress

~ of Mathematics, Berkeley, CA., 1987” p.798—820

[4] V. G. Drinfel'd “On almost cocommutative Hopf algebras” Leningrad Math. J. 1
(1990) p.321—342

[5] S. Majid “Representation-theoretic rank and double Hopf algebras” Comm. Alg.
18 (1990) p.3705—3712 |

[6] H. Murakami, T. Ohtsuki and M. Okada “Invariants of three manifolds derived
from linking matrices of framed links” Osaka J. Math. 29 (1992) p.545—572

[7] D. E. Radford “On the antipode of a quasitriangular Hopf algebra” J. of Alg. 151
(1992) p.1—11

[8] D. E. Radford “On Kauffman’s knot invariants arising from finite-dimensional
Hopf algebras” in “Advances in Hopf algebras” (Lecture Notes in Pure and
Applied Mathematics 158), edited by J. Bergen and S. Montgomery, Marcel
Dekker, 1994, p.205—266

[9] N. Yu. Reshetikhin and V. G. Turaev “Ribbon graphs and their invariants derived
from quantum groups” Comm. Math. Phys. 127 (1990) p.1—26

[10] N. Yu. Reshetikhin and V. G. Turaev “Invariants of 3-manifolds via link polyno-
mials and quantum groups” Invent. Math. 103 (1991) p.547—597



