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Morréy spaces and appliéations to 9 and

hypoelliptic pseudodifferential equations
 Hitoshi Arai

Abstract

This paper is a survey on Morrey-Hélder estimates for hypoel-
liptic pseudodifferential equations on nilpotent Lie groups, the Kohn
Laplace equation and the tangential Cauchy-Riemann equation on CR
manifolds.

1 Morrey-Holder estimates for elliptic equa-

tions.

We will begin with Morrey-Hélder esitmates for elliptic equations which give
a motivation of this paper. As is well known, the following Holder continuity
of the solutions of Laplace equation on R™ holds true for LP-data with p > n:

Theorem C1 (well known) Suppose f and g are distﬁbutions on an open
set U C R™ which satisfy Af = gonU. Ifge Lf (U), n < p < oo, then

loc

Vfis l’ocally Holder continuous of order 1 —n/p on U.

A natural question is what happen when p < n. To study this question,
let us recall the classical Morrey spaces L% (R™):
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where ||z|| is the Euclidean norm on R™. Moreover, for an open set U C R",
let
LoNU) = {f € L2 (U): of € LPR™) for Vp € D(U)}

loc loc

Morrey-Holder estimates for elliptic equations are the following:

Theorem C2 (cf. [18]) Suppose 1 < p < n. Let U C R™ be an open
set, and P an elliptic pseudodifferential operator in the Hormander class
OPS%,O on U. Suppose f is a compactly supported distribution on U, and
g a distribution on U which satisfy Pf = g onU. Ifn—p <A <n and
g € L2NU), then V f is locally Holder continuous on U of order 1—(n—\)/p.

loc

This theorem improves Theorem C1. In fact, as we will see later in more
general case, Theorem C1 is a direct consequence of Theorem C2.
In this paper, we will describe Morrey-Holder estimates for non-elliptic

equations such as (yu = f or dpu = f.

2 Morrey-Holder estimates for 0.

Before moving on to the main body of this paper, we mention an application
of Morrey spaces to 0, equation.

Let M be a compact strongly pseudoconvex CR manifold, and p(z,y)
a quasi-distance associated with an approximate Heisenberg coordinate. It
was introduced by Folland and Stein [7]. By using this quasi-distance p,
- Folland and Stein introduced many non-isotropic function spaces which are
appropriate for estimating solutions of the 0O equation. To describe Morrey-
Holder estimates for 0p, we need one of them: Let V X V be an open set in
M x M on which p is defined. For 0 < p < 1, let

_ o @ = W
0u0) = {7 €00 o+ sup LTI < o},

where and always || - ||, is the usual LP norm with respect to the measure
dm on V induced by the Hermitian form ( , ) defined in [7]. Moreover, we



denote by I',(V,loc) the space of all f € C(V) such that ¢f € I' (V) for
every compact supported C* function ¢ on V. These are called non-isotropic
Holder spaces.

The following theorem was proved by Folland and Stein:

Theorem FS (cf. [7]) (A) Suppose ¢ and 0 are locally integrable (0,q)-
forms, 0 < q < n, which satisfy Opp =0 on V. If0 € LP(V),2n+2 < p <
oo, then Z;p € I'g(V,loc), where 3 =1— (2n + 2)/p.

(B) Suppose 0 is (0,q)-form in L3(M) (0 < q < n). If0 € LP(V),
2n + 2 < p, then the Kohn solution ¢ = 8, Gpf (see [10]) is in ['s(V,loc),
where  =1— (2n+ 2)/p. |

A question arising from the above theorem is what occors when p <
2n + 2. Our analysis of non-isotropic Morrey spaces can give an answer to
this question. We begin with defining non-isotropic Morrey spaces on V:

LPAV) = {f eIr(V): swp @) Pdm(y) < oo}

zeV,r>0T7 J p(z,y)<r

(0 < p < 00,0<A). We have that

,
P(V), A=0

LPMV) = L®(V), A=2n+2 (1)
{0}, A>2n+ 2.

Using Morrey spaces, we get the following estimates:

Theorem 1 ([1]) (A) Let ¢ and 6 be locally integrable (0, q)-forms, 0 < ¢ <
n, which satisfy Oy = 0 on V. Suppose 1 < p < 2n+2. If§ € LPA(V),
M+2—p<A<2n+2, then Zj0 € T'i_(ant2-2/p(Vsloc), for 1 < j < 2n.
(B) Suppose 0 is (0,q)-form in L* (M) (0 < ¢ < n). Let1l < p <
M2 IfO € IPNV), 2n+2—p < A < 2n+2, then ¢ = B Gop is in
I'i—(2nt2-2)/p(V; loC). ‘



This theorem is not only an answer to the above mentioned question,
but also an improvement of Theorem FS. Indeed Theorem 1 implies
Theorem FS by the following way: If 1 < ¢ < p < 00, then LP(V) C
L¥(V), where A = (2n + 2)(1 — ¢/p). Hence if 2n + 2 < p < oo and
@ € LP(V), then 0 € L¥*(V) for every 1 < q¢ < 2n + 2, and thus Theorem 1
implies that the Kohn solution ¢ of Gy = 6 is in I'1—@n+2-3)/p(V; loc), where
1-(2n+2—-X)/q =1— (2n + 2)/p. Therefore Theorem FS (B) follows
from Theorem 1 (B). By a similar way, Theorem 1 (A) is proved by using
Theorem FS (A).

3 Dirichlet growth theorem on nilp'otent Lie
groups |

The classical Morrey spaces were introduced by Morrey in order to prove
Morrey-Holder estimates for solution of elliptic equations. A main step of
the proof is the following classical Dirichlet growth theorem by Morrey:

Theorem M (cf. [14]) Suppose 1 < p‘g nand0<pu<l. If
feHRY and |Vf]e L5 0HPRY),

then there erists a continuous function f on R™ satisfying that f = f almost

everywhere on R™, and that

Fa+y) - F@) ,
P "

where C and C' are positive constants depending only on n, p and .

However, since partial differential equations we will study are not elliptic,
Theorem M is not appropriate to our aim. For this reason we prove an
analogue of the Dirichlet growth theorem to stratviﬁed Lie groups. As we
will describe later, our analogue is not only a generalization of the classical
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Dirichlet growth theorem to stratified Lie groups, but also a refinement of it
even if G is the Euclidean group.

In what follows, let G be a stratified Lie group equipped with the following
stratification for the Lie algebera & of G:

&=V® & Vn, WN,Vj]=Vj1when1<j<m-1, (W, V,]={0}.

Let @ =3 7", jdim(V}) > 2. Denote by « -y the multiplication of z,y € G,
and by z~! the inverse element of x € G. Let 0 be the unit of G. Denote
by {6.} the family of dilation on G associated with the stratification of G,
that is, if z = exp(L) e Gfor L= L +---+ L, € V1 ®---®V,, then
6.(z) = exp(rLy + 1%Ly + +- -+ r™L,,). In this paper we choose once and for
all a homogeneous norm | -| by | |

m m 1/2m!
exp (EL,-) = (ZHLJ-HM/J') ,
j=1 =1
where || - || is a Euclidean norm on & with respect to which the Vs are

mutually orthogonal. Denote by dz the Haar measure on G. Let d(z,y) =
lz-y7Y, (z,y € G). | |

In the following, we fix a sub-laplacian £ = — E;vzl X J2 of G, where X’s
are left-invariant vector fields which form a basis of V5. For 1 < p < oo, we
denote by £ the a-th power of the smallest closed extension £, of LIC(G)
in LP(G). For 1 < p < 0o and a > 0, Folland [5] defined the non-isotropic
Sobolev space SP as the domain of cg‘/ 2 equipped with the norm

1fllsg == 11 £llp + 1157 f1lp.

We will use also the non-isotropic Hélder semi-norm of order p € (0,1)
defined by

z-y)— f(z
= sp U0 1)
2,y€G,y£0 |yl
for continuous functions f on G. For details of Sobolev spaces S% and the
semi-norm | f|,, we refer Folland [5].



Morrey spaces LP*(G) on G are defined by

{feL%:,c(Grufn,,,A= sup (i / lf(y)l”dy)l/p<oo
A Ty~ t<r

T€G,r>0

(1<p<00,0<A<Q).
The following theorem is an analogue of the Dirichlet growth theorem:

Theorem 2 ([1]) Suppose 1 <p < o0, 0< <1, and p < o < min{p +
(Q/p),Q}. Let1l <q<Qfa. If

feSt and L2f e [PA-l1r(Q),

then there exists a continuous function f on G satisfying that f = f almost
everywhere on G, and that |

lf]i‘ < C“C;mf”l,Q—(a—#) < Cluﬁgﬂf”pﬂ—(a—u)p’

where C and C' are positive constants depending only on G, p, p and a.

As a consequence of Theorem 2 we have a version of Theorem M to the
group G: As usual, a multi-index I = (i1, -+ , ) is a k-tuple with k arbitrary
and 1 <i; < N for j=1,---,k, and we set |I| = k. Then we define X to
be X X, -+ X

i

Corollary 3 ([1]) Suppose 1 <p < Q and 0 < p < 1. Let k be an integer
with 1 < k <min{p+ (Q/p),Q}. Let1 < q< Q/k. If

fest and Y |Xif| € PUEHR(G),
{I=k

then there is a continuous function f on G so that f = f almost everywhere
on G, and that

‘f|u <C Z “XIf“p,Q—(k—u)pv‘

=k

where C is a positive constant depending only on G, L, p and p.



Let us compare Theorem 2 and Corollary 3 with Thoerem M: In the
classical case, Morrey’s theorem show us that the Hdlder seminorm of a
function f is estmated from above by some Morrey space norm of gradient
Vf of f. However, our results assert that the non-isotropic Hélder norm of
[ is estimated by X, f for only X, -, Xy € Vi, which generate never the
tangent bundle TG of G except when G is euclidean. In addition, Theorem
2 concerns with not only V f but also fractional derivative Eg/ 2 f of f.

4 Morrey spaces and pseudodifferential
equations on Lie groups

In this section we apply what we have obtained to pseudodifferential oper-
ators on a stratified Lie group G which were introduced in Christ, Geller,
Glowacki and Polin [4]. Let us recall the definition of their pseudodifferential
operators. Denote by S the usual Schwartz space on G. For f € §, ¢ > 0, we
write fi(z) = t~9f(61/:x). A distribution K € &' is said to be homogenous of
degree k if K(f;) = t*K(f) for all ¢t > 0 and f € S. Let Rhomy, be the set of
all regular homogeneous distributions of degree k on G, and let K¥ = Rhomy
when k ¢ {0,1,2,---}, and

K* = {K' + p(z)log |z| : K’ € Rhomy,
p(z) a homogeneous polynomial of degree k},when k € {0,1,2,--- }.

Definition 2 ([4]). Suppose j € Cand U C G is open. Let i = {(z,y) :
z € U,z -y~! € U}. We define the core class C?(U) to consist of the set of
K € D'(U{) with the following properties (i) and (ii):

(i) There exist K € K~977*™ depending smoothly on the parameter
u € U such that for each N > 0 there exists M > 0 such that

M 4
K-) K™=EyeC¥U).

m=0



(ii) For some finite R > 0, K,(w) = K(u,w) vanishies identically for
|lw| > R. |

Let K € C/(U). For f € D(U), let Kf(z) = f * K,(), if the right-hand
side is defined. We say that K is a pseudodifferential operator of order j on
U with core K, and denote K = O(K), K = k(K), and OC(U) ={K: K € |
C(U)}. We also wirte the relation in (i) by K ~ 3" K™,

We say that K(~ ;K% € OC(U) has a local right parametrix at a
point zy € U, if there is an open neighborhood W of z; satisfying that for
every open set W, CC W, there exist an operator P, € OC~3(W) and a
smoothing map S : &'(W) — C®°(W) such that

PPih=h+ Sh on W,

for h € £'(W).
The following Morrey-Hélder estimates of pseudodifferential equations are
proved by using Theorem 2 and Corollary 3:

Theorem 4 ([1]) Let k be a positive even number with k < Q and P €
OC*(G). Suppose P is hypoelliptic, and has a local right parametriz at a
point o € G. Then xo has an open neighborhood W C G as follows: Suppose
a, p and A are positive numbers with 0 < a < k, 1 < p < Q/(k — ) and
Q—plk—a) <A <min{Q —p(k—a)+p,Q}. Let f,g € D'(W), and assume
that Pf is defined and

Pf=g on W.

(1) If g € LP*(W,loc), then for every p € D(W),
a/2
12572 N)]k-@-nm-a <

(Note that 0 <k — ((Q — A)/p) —a < 1.)
(2)  If in addition to the above hypotheses, a is an integer, then

Y Xif € Tr@-n/p-a(W, loc).

iIl<a



There are some sufficient conditions on pseudodifferential operators to be
hypoelliptic and to have right parametrix. For them, we refer the reader to
[4], and also to [17] when G is the Heisenberg group.

Using these results, in particular Theorem 2, Corollary 3 and Theorem
4, we can prove Theorem 1. We also use Morrey space boundedness of non-
isotropic singular integrals which was proved in [1] or in [3].

Since LY(@) C LPQO-0/0)(@G) for 1 < p < g < 00, Theorem 10 yields the
following corollary which is an extension, to non-elliptic case, of the regula;rity
result for second order elliptic equations of LP data (p > n):

Corollary 5 ([1]) Let k, P, o be as in Theorem 4. Then there ezists an
open neighborhood W € G of zo as follows: Suppose o is an integer with
0<a<k, and p a real number with Q/(k — a) < p < Q/(k — a — 1) where
we can regard Q/0 as 0. Let f,g € D'(W), and assume that Pf is defined
and ’Pf =gonW. If g€ LP(W,loc), then Z[I[<a X1 f € Ty(W,loc), where

~-(@Q/p) —

These results extend Theorems C1 and C2, the classical theorems on regu-
larity of the Laplace equation, to certain hypoelliptic, higher order equations
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