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Substitution in two letters and transcendence
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1 Introduction

Let A = {ay,...,a,} be afinite nonempty set of letters and let A* and A“ denote the
sets of all finite words over A and all sequences zgz; - -z - -+ (2 € A), respectively.
Let A be the empty word. A substitution (over A) is a map o : A — A*\ {A},
which has a natural extension to 8 = A* U A¥ by concatenation: o(zozy--+) =
o(zo)o(zy) . If a; is a prefix of o(a;) and the length of o(a;) is greater than 1,
then there is a unique w € §) having a prefix a; and being a fixed point of o, which
means that o(w) = w. Any real algebraic irrational § can be uniquely expressed as

o0

0= E SkZ_k, (1)

k=-m

where m is a nonnegative integer depending on § and ¢ = 0 or 1. The problem we
are interested in is whether the sequence €pey --- € {0,1}* is a fixed point of any
substitution over {0,1} or not.

Generally, for a fixed point w = zgz; - - - of the given substitution o, we define
the generating function of w for a; by

fi() = kf: e (1 as) 2, @)

where xi(w;a;) = 1 if zx = a;, and otherwise xx(w;a;) = 0, so that

1

zn:f,(z) = 1§)Zk = .

=1 l—2

It is known that f;(z) (1 < 7 < n) satisfy a Mahler type functional equa-
tion if o is of constant length, which means that each o(a;) (1 < ¢ < n) has
the same length > 2, and it is also known that if o is of nonconstant length,
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i.e., the lengths of o(a;) (1 < ¢ < n) are not equal, then we can construct
91(2), ..., 9:(2) € Q|[21,- - -, 2,]] satisfying a Mahler type functional equation and
9i(z,...,2) = fi(z) (1 <1 < n). We shall give here a detailed explanation of these
facts, following Loxton [3].

First we consider the case where the substitution ¢ is of constant length. Suppose
that each o(a;) (1 <7 < n) has the same length d > 2. Since o(w) = w, we observe
that for any k, the string zaxTak41 - - Tak4d—1 coincides with o(a;) if 24 = a;. If we

t
> i = { 1 if a; is the ([ + 1)-st letter of o(a;)
il =

0 otherwise,

we have

Xdlf'+l wy az Zzpule w; (1_7)

We can now obtain a system of functlona,l equations for the functions f;(z) (1 <17 <
n), since

00 oo d—1 n oo
Z xn(w;a;)2" = Z Xaksi(w; a;) 2z = Z (Z zb”zz') (Z xk(w; aj)zdk) )
h=0 k=0 1=0 = k=0
that is .
= pi(2)fi(z*) (1 <i<n), (3)
— _

where p;;(2) = Ya ;12" are polynomials.

Next we consider the case where the substitution ¢ is not necessarily of constant
length. We adopt the usual vector notations: if p = (pg1,...,4,) € No™ with Ny
the set of nonnegative integers, we write z# = 2" --- 2z and |p| = p1 + -+ + fn.
Define the functions ¢1(2),...,9.(2) € Q[[21,--.,2x]] by

=Y ¢iz* (1<i<n),

where the sum is taken over all n-tuples u = (p1,...,4n) € No", ¢i, = 1 when-
ever z|, = a; and for each k£ there are exactly uj occurrences of aj in the string
ToT1 " T|uj-1, and ¢;, = 0 otherwise. Then g;(z,...,2) = fi(z) (1 <7 < n).

In what follows, |u|,, denotes the number of occurrences of the letter a; in the
word u € A*. Suppose that the term z* occurs in the series g;(z). Imagine the fixed
point w = zoz; - - - being constructed by applying the substitution o successively to
Tg, T1,.... When wereach ||, we must have examined the letter a; exactly u; times
and so we must have written out the word o(a;) exactly p; times. Let t; = |o(a;)]q,.
Then the part of the sequence constructed by the time the substitution o reaches
z|, contains the letter ar exactly 37, pitix times and altogether Y7, Y7 pitik
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letters have been written down. The next letter to be written will be the first
letter, say a;, of o(q;), so that g;(z) must contain the term z” with v = 3211, pits.
If a,,, say, is the second letter of o(a;), then g,(z) contains the term z* with
Me =1 (k#£1), & =v+1, and so on. We introduce the n x n matrix T = (tik).
If z=(2,...,%,) is a point of C™ with C the set of complex numbers, we define a
transformation T : C™ — C™ by

Tz = (H Zktlk,...,HZkt"") . | 4)
k=1 k=1

Noting that
(T2)* = 27,

where the exponent 47T on the right-hand side is the usual product of the row vector
4 and the matrix T, and so z¥ = (Tz)*, we can expect that each g;(z) will be
expressible by means of g;(T2z) (1 < j < n). This works as in the preceding case.
Set 1;;x = 1 if a; is the (|&] + 1)-st letter of o(a;) and is preceded by exactly «y
occurrences of the letter a; for each k, and set ¢;;, = 0 otherwise. Let the length
of each o(a;) (1 < j < n) be not greater than s. Then

Z(ﬁiuzp = Zzn: Z ¢ijn¢juz“T+n

bog=1|k|<s

i S0 bijnz®)diuz"t

i=1 ¥ |k|<s

= Z 3 i) (3 binzt),

J=1 |x|<s

il

that is
pr )9i(T'z) (1 <1< n), (5)

where p;;(z) are certain polynomlals whose coefficients are 0 and 1. The functional
equations such as (3) and (5) are called Mahler type functional equations.

In this paper we study substitutions in two letters in connection with the dyadic
expansion of real algebraic irrationals. Hence, in what follows, we consider the
case of n = 2 and write a; = @ and ay = b for abbreviation, so that in this
case A = {a,b}. The generating functions defined by (2) are denoted by fi(z) =
fo(2), fa(z) = fi(2). Similarly we denote a1(2) = 9.(2), g2(2) = g(2), which
satisfy ga(zzz) = fa(2), gb(Z,Z)' = fb(z)’ and

() = M) (273,
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where

M@ = (B 43), ez, s(z) € 2l )

T=<taa tab)’ : (6)

tba  top

Further

where t,5 = |o(@)|g (o, 8 € A), and the characteristic polynomial of the matrix T
is defined by

D(X) = X? — (toa + tow) X + (taales — tabbsa)-

If we proved that the value f,(27!) or f3(27!) of the generating function of a
nonperiodic fixed point w of a substitution ¢ in two letters is transcendental, we
could conclude that the sequence €oe; - - - appearing in the dyadic expansion (1) of
any real algebraic irrational is not a fixed point of any substitution over {0,1}. This
has not been proved so far. In the present paper, we prove it in the case of constant
length (see Theorem 2 and Corollary below) and also in the case of nonconstant
length, however, with some exceptional cases.

THEOREM 1. Let w be any fized point of a substitution o in two letters and let
fo(2) and fy(2) be the generating functions of w for a and for b, respectively. If
tartra®(1)B(0)®(—1) # 0, then the numbers f,(I7) and f,(I™') are transcendental
for any integer | > 2. ‘

EXAMPLE (cf. Wen and Wen [8]). We consider the substitution (o(a), o(b)) =
(ab,a), which is called Fibonacci substitution and has a fixed point

w = abaababaabaababaababa - - - .

Let f.(z) and fy(z) be the generating functions of w for a and for b, respectively.
Then the numbers f,(I™!) and f3(™') are transcendental for any integer [ > 2.

THEOREM 2. Let w be any nonperiodic ﬁxed point of a substitution o in two
letters which is of constant length and let f,(z) and fy(2) be the generating func-
tions of w for a and for b, respectively. Then the numbers f,(I71) and fo(I™!) are
transcendental for any integer [ > 2.

COROLLARY. The dyadic expansion of any real algebraic irrational is not a fized
point of any substitution over {0,1} which is of constant length. '

Therefore the problem which remains unsolved is to remove the condition
taptsa ®(1)@(0)®(—1) # 0 in Theorem 1, in the case of substitutions in two letters of
nonconstant length.
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2 Lemmas

Let T' = (t;;) be an n X n matrix with nonnegative integer entries. Then the maxi-
mum p of the absolute values of the eigenvalues of T is itself an eigenvalue (cf. Gant-
macher [2]). We suppose that the matrix T' and an algebraic point a = (ay, ..., a,),
where o; are nonzero algebraic numbers, have the following four properties:

(I) T is non-singular and none of its eigenvalues is a root of unity, so that in
particular p > 1.

(I) Every entry of the matrix T* is O(p*) as k tends to infinity.
(IIT) If we put T*ax = (agk), o, alF) | then
log |o{?] < —ep* (1<i<n)
for all sufficiently large k, where ¢ is a positive constant.

(IV) For any nonzero power series f(2z) in n variables with complex coefficients
which converges in some neighborhood of the origin, there are infinitely many
positive integers k such that f(T*a) # 0.

Let K be an algebraic number field and Ik the integer ring of K. We denote by
K[|z, .., 2n)] the ring of formal power series in variables 2, ..., z, with coefficients
in K. Suppose that f(z) € K[[z1,...,2,]] converges in an n-polydisc U around the
origin and satisfies the functional equation

S ai(2)f(=)
f(Tz) = = : 7
> bi(2)f(=)
1=0
where 1 < m < p and a;(2), b;(2) are polynomials in 2, ..., 2, with coeflicients in

Ix. We denote by A(z) the resultant of polynomials 37, a;(2)u* and 7 b;(2)u
in w. If one of them is a constant ¢(z) in u, we set A(z) = ¢(2). Then Mahler
proved the following:

" LEMMA 1 (Mahler [4], cf. Nishioka [6]). Assume that T and o have the prop-
erties (I)—(IV) and f(z) satisfying (7) is transcendental over the rational function
field K(z1,...,2,). If T*a € U and A(T*a) # 0 for any k > 0, then f(a) is
transcendental.

The following lemma will be used in the proof of Lemma 3 below.
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LEMMA 2 (Masser [5]). Let T be an n X n matriz with nonnegative integer entries
for which the property (1) holds. Let a be an n-dimensional vector whose components
ai,...,a, are nonzero algebraic numbers such that T*a — (0,...,0) as k tends
to infinity. Then the negation of the property (IV) is equivalent to the following:

There ezist integers iy, ... ,in, not all zero, and positive integers a,b such that

(o) (@) =1
forallk=a+1b(1=0,1,2,...).
In what follows, let 1 = (1,1) and z1 = (z,z).

LEMMA 3. Suppose that t,, +ty > 0, tastea®(1)@(0)2(—1) # 0, and teq + tas +#
tye + tos. Then the matriz T defined by (6) and [7'1, where | is an integer greater
than 1, have the properties (I)-(IV).

REMARK. If a substitution ¢ in two letters has a fixed point, then ¢,, +tw > 0.

Proof of Lemma 3. We denote

_ taa tab . D q>
T= (tba tbb) o <7“ s
for abbreviation. The eigenvalues of T' are
A=(p+s+vD)/2, r=(p+s—VD)/2,

where D = (p—s)?+4¢r > 0. Hence the property (II) is satisfied, since p+s > 0 and

so A > |A|, and the property (I) is also satisfied, since the characteristic polynomial
of the matrix T is ®(X) and so A, A # 0,£1.

Letting
™(1)=() ®=0 ®

T = (7%, [7%)
by (4) and that zx,yx > 0 for any k > 0. We can write
or = AR+ 6Ny = mAF + ), (9)

~ where &1, &3,m1,m2 € Q(VD), and &, > 0 since A > |A|. We assert that £1,m > 0,
which implies that the property (III) is satisfied. Since

(wk+1> _T (fck) _ (pxk + qyk>
Yk+1 Yk Tk + SYk

we see that
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with (9), we have

EANF + EINF = (p€y + qm)A* + (p€s + am) ¥,

MANF + mANF = (réy + sm)AF + (réy + smp) A
for any k > 0. Hence, by the assumption that ¢,r > 0, we see that & = (p& +
gn)/A > 0if g, > 0, and that n; = (ré; + sn1)/A > 0 if & > 0. Therefore, noting
that &; and 7; are not both zero, we can conclude that &,m > 0.

Finally, using Lemma 2, we prove that the property (IV) is satisfied. Assume
that there exist integers ¢, u, not both zero, and positive integers m,n such that

(7= ) (I~ = [-(eetuye) —
forallk€e A:={m+in|l€ Ny} Then wi :=txy+uyr =0 (k € A). Since we
can write wr = GiAF + (oAF, where (1, (; € Q(VD),
G =—-GM/AF (ke A).

Then the right-hand side converges to 0 as k € A tends to infinity, but the left-hand
side is a constant. Therefore {; = 0 and so {;, = 0. Hence w;, = 0 for all £ > 0. By
the equations wo = t+u = 0 and wy = t(p+¢q)+u(r+s) =0, we have p+ ¢ =r+s,
which contradicts the assumption in the lemma. Therefore the property (IV) is
satisfied, and the proof of the lemma is completed.

LEMMA 4. Let w be any fized point of a substitution o in two letters. If
taprtra@(1)®(0)®(—1) # 0, then w is nonperiodic.

Proof. We may assume that a is a prefix of w without loss of generality. Suppose
that w is periodic. Let A, A (|A] > |A|) be the eigenvalues of T'. By the same reason as
in the proof of Lemma 3, we see that A > |)|. Define the frequency of « € A = {a, b}
occurring in w = Loy Tp -+ DY

da - T}I_{QO(I%M e xnlcx/n)7
so that d, + dy = 1. Then '
' ‘ (dg,dy)T = A(d,, dy), (10)
since toptse # 0 and A > |A| (cf. Queffélec [7]). By (10) and t,, + e = A + A, we

have .
(%)= () a

We can verify by induction that

o (@l @Y
™= (@ o) 20 (12)
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where 0"(a) (a € A) denotes the n-fold iteration of o. Then by (11) and (12),
(4)=r (%)= (5 (%)
—d, —d, lo™(®)la  |o™(B)ls —d,

Atdy = [0™(a)]ady — 0" (a)lsda (n 2 0), (13)

and so

where dj, # 0 by (10) and ¢, # 0. Since w is periodic, we can write w = luu - - - with
l,u € A*; thereby |
|u|ody — |ulsds = 0. - - (14)

Noting that o™(a) is a prefix of w for any n > 0, we can write
o*(a)=lu---ur, (n>0),

where k(n) is an integer depending on n and r, is a word over A whose length is
less than that of u. Therefore

l0™(@)]a = llla + E(n)[tela + [ralea  (n20) (15)
for a € A. By (13), (14), and (15), we have
Atdy = (t]a + [rala)dy — (Il + [rnls)da (n 2 0),

where the right-hand side is bounded since the length of r, is less than that of .
Hence |A] < 1. By (11) and (14), A is a rational number. Since A is an algebraic
integer, it is a rational integer. Hence A is 1,0, or —1, and the proof of the lemma
is completed.

3 Proof of Theorems

Proof of Theorem 1. First we consider the case where the substitution o is of
nonconstant length, i.e., t,5 + tap # tpa + tws. As mentioned in Section 1, we can

;o(ns)truc;ga(z)agb(z) € Ql[z]] = Q[z1, z2]] satisfying gu(z,2) = fu(2), go(z,2) =
5(2), an o .
(55) =M@ (5irs)) (16)

M@):(ij ggg) p(2),4(2),(2), 5(2) € Z]z1, 7).

where
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Letting h(z) = g,(2)/gs(2), we get

L PRA(T2) +a(z)
h(z) = r(2)h(Tz) + s(2)

by (16), so that
h(TZ) — —S(Z)h(z) + q(z))
r(2)h(z) — p(z)
which is a functional equation of the form (7).

We shall apply Lemma 1. The properties (I)-(IV) are satisfied by Lemma 3.
We.have to check the remaining conditions in Lemma 1. We firstly verify that
the function h(z) is transcendental over the field C(zq,22). For this, we show that
gv(2,2) = f3(2) is transcendental over the field C(z). Noting that the coefficients
of the power series fy(z) are 0 and 1, we see by the theorem of Carlson. [1] that
if f3(2) is algebraic over C(z), then fy(z) € C(z); thereby the sequence of its
coefficients is a linear recurrence, so that it is periodic, which contradicts Lemma 4.
Therefore gy(z,z) is transcendental over C(z). Since g,(z,2) + g(z,2) = 1/(1 —
z) and so h(z,z) + 1 = 1/((1 — 2)gs(2,2)), h(z,2) is transcendental over C(z).
Hence h(z) is transcendental over C(zy, z2). Secondly we verify that h(z) converges
at all the T%='1 (k > 0). We have T*[~'1 = (I7%,["%), where z) and yj are
defined by (8). Since zx,yx > 0, go(2) and gy(z) converge at T*/~11 for any k > 0.
Hence h(z) converges at all the TF[~'1 (k > 0), since gy(T*~'1) > 0. Finally we
assert that the resultant A(2) of polynomials —s(z)u + ¢(z) and r(z)u — p(2z) in
u satisfies A(T*I7'1) # 0 for any k > 0. Noting that A(z) divides detM(z) =
p(2)s(z) — q(z)r(2) and letting M (2) = M(z)M (Tz)--- M(T"'2), we see that
if TI72E A(T*I711) = 0, then detM™(I711) = [[pZg detM(T*I~'1) = 0. Hence it
suffices to prove that detM () (I='1) # 0 for any n > 1. To the contrary we assume
that detM () ([~'1) = 0 for some n. Since the entries of M (")(2) are elements of
Z |21, z), those of M (I=11) are rational numbers. Hence there exist integers ¢ and
u, not both zero, such that (¢,u)M™(I=11) = (0,0). Noting that

ga(Z)) — M) (2 <9a(T"z)>

(o a2 )

we have tg,(I7'1) + ugy({7'1) = 0, so that th([7'1) + v = 0. Hence ¢t # 0 and
so h(I7'1) = —u/t. Since h(z,2) +1 = 1/((1 — 2)gs(2,2)), gs(I"'1) is a rational
number. Therefore the l-adic decimal expansion of gb(l“ll), which is given by

g(I711) = f(I7Y) = 3 xu(w; )I7F,

k>0

is periodic, which contradicts Lemma 4, and the assertion is proved. Therefore it
follows from Lemma 1 that h(I7!1) is transcendental. Hence fo(I7!) = g,(I7'1) =
(=D (A1) + 1)) and fo(I71) =1/l — 1) — fy(I"") are transcendental.
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Next we consider the case where the substitution ¢ is of constant length, i.e.,
taa + tab = tha + ey = d > 2. As mentioned in Section 1, f,(z), f3(2) satisfy

() = ma (52).

M@ = (P 4E), paa(a)r()s(e) € 2l

In this case, a matrix ' = (d) and a point [~! obviously have the properties (I)-(IV)
and the rest of the proof is similar to that of the preceding case.

where

We omit the proof of Theorem 2, since it is the same as the latter case in the
proof of Theorem 1.
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