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1 Introduction and statement of results

Let $\triangle$ be the Laplacian on the compact Rielnann manifold $M$ . Then $\triangle$ has a
discrete $\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{u}$

$0=\lambda_{0}<\lambda_{1}\leq\lambda_{2}‘\leq$ . ..
$\mathrm{r}$

for which we introduce the zeta-functioll

$Z(s)= \sum_{n=1}^{\infty}\frac{1}{\lambda_{n}^{s}}$ , ${\rm Re}(s)=$ a $>\alpha$

( $0$-energy level excluded), absolutely convergent in a half-plane in view of the Weyl law.
It is shown that $Z(s)$ can be continued to the region including $0$ , and we can interpret
the (otherwise) divergent ‘determinant’

$\det’\triangle--\prod_{n=1}\lambda\infty 7$
’

as the zeta-regularized product (or the functional determinant)

$\det\triangle=e-z’(0)$

$\mathrm{w}11\mathrm{i}_{\mathrm{C}}\cdot 11$ is tlle $\mathrm{D}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{l}\mathrm{n}\mathrm{i}\mathrm{U}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{t}$ of $\mathrm{t}1_{1}\mathrm{e}\mathrm{L}\mathrm{a}_{1}$) $1\mathrm{a}(\mathrm{i}\mathrm{a}11$ ill $\mathrm{t}1_{1}\mathrm{e}$ title, $\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{l}\cdot e$ we note that since

$Z’( \cdot\backslash \cdot)=-\sum_{=l11}^{\infty}\frac{1()\mathrm{g}\lambda,1}{\lambda_{71}^{\mathrm{S}}}$ , $\sigma>c\downarrow$

$e^{-z’(\mathrm{u}})$ is $\mathrm{f}_{011}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ ecl to $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}_{1)1}\cdot((111(\mathrm{t}$ tlet’ $\triangle$ of $1^{)\mathrm{O}}@\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ eigellvallles.
$\mathrm{F}_{01}\cdot \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}1^{)\mathrm{a}}$

. $\mathrm{C}\mathrm{t}$ Rielllallll $\mathrm{S}\mathrm{U}\mathrm{l}\cdot \mathrm{f}\cdot \mathrm{a}$ces $\mathrm{W}\mathrm{i}\mathrm{t},1_{1\mathrm{c}\cdot 0\mathfrak{U}5\mathrm{t}\mathrm{f}\cdot \mathrm{a}}.’ \mathrm{a}\mathfrak{U}\mathrm{C}111^{\cdot}\mathrm{v}\{,111^{\cdot}\mathrm{e}$ the $\mathrm{c}1e\mathrm{t}\mathrm{e}\Gamma \mathrm{n}\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{s}$ of the $\mathrm{L}\mathrm{a}_{1^{)}}1\mathrm{a}-$

cian $11\dot{\epsilon}\iota \mathrm{v}\mathrm{e}1^{\cdot}\mathrm{e}(\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{y}$ been studied extensively by D’Hoker-Phoug [6], [7], $\mathrm{S}\mathrm{a}\mathrm{l}\cdot \mathrm{n}\mathrm{a}\mathrm{k}[13]$ , Voros
[17]( $\mathrm{f}_{0}\mathrm{r}11\mathrm{O}\mathrm{I}1^{-}\mathrm{C}\mathrm{O}\ln_{1)}\mathrm{a}\mathrm{c}\mathrm{t}$ case, see, e.g. $\mathrm{E}\mathrm{f}\mathrm{i}\cdot \mathrm{a}\mathrm{f},$ $[8]$ ), in view of tlleil$\cdot$

$1^{\cdot}\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{v}\mathrm{a}\mathrm{n}\mathrm{C}\mathrm{e}$ to $\mathrm{s}\iota 11$) $\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{g}$

$\mathrm{t}1_{1}\mathrm{e}\mathrm{o}1^{\cdot}\mathrm{y}$ . $\mathrm{T}1_{1}\mathrm{e}$ lllain $\mathrm{f}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{U}\mathrm{l}\cdot \mathrm{e}$ is the $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}$ ) $1\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathfrak{U}$ of $\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{e}1^{\cdot}1\mathrm{n}\mathrm{i}_{\mathrm{U}}\mathrm{a}11\mathrm{t}\mathrm{s}$ in $\mathrm{t}\mathrm{e}\mathrm{l}\cdot 11\mathrm{l}\mathrm{s}$ of vallles of tlle
Selbarg zeta-function, where $111\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}_{\mathrm{P}}1\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}$ functious play $\mathrm{i}_{\mathrm{l}\mathrm{n}\mathrm{p}_{0}\mathrm{r}}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ roles.

For $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{l}$) $\mathrm{a}\mathrm{C}\mathrm{t}$ Riemann manifolds of higher $\mathrm{d}\mathrm{i}_{\ln}\mathrm{e}\mathrm{n}\mathrm{S}\mathrm{i}_{0}\mathrm{n}\mathrm{s}$, such as the unit n-sphere

$S^{J\prime-}1=\{(_{X_{1,?\prime}}.\cdot\cdots, x)\in \mathrm{R}^{7\mathfrak{l}}|x_{1^{+}}^{\mathit{2}}\cdots+x^{\mathit{2}}7|=1\}$
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$\mathrm{t}1_{1}\mathrm{e}1^{\cdot}\mathrm{e}\mathrm{g}111\mathrm{a}1^{\cdot}\mathrm{i}^{\Gamma}A\mathrm{e}$(1 $\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}1^{\cdot}111\mathrm{i}_{1}1\mathrm{a}11\mathrm{t}\mathrm{s}$ have been also studied, $11\mathrm{o}\mathrm{t}_{}\mathrm{a}\mathrm{I}$ )$1\mathrm{y}$ by $\mathrm{W}e\mathrm{i}\mathrm{S}1$) $\mathrm{e}1^{\cdot}\mathrm{g}\mathrm{e}^{\mathrm{Y}}1^{\cdot}[18],$ $[19]$ ,

Vardi [15] and Choi [1], [2].
$\mathrm{T}1_{1\mathrm{e}\mathrm{y}_{\mathrm{C}\mathrm{o}111}1})\mathrm{U}\mathrm{t}\mathrm{e}\mathrm{d}$ the $\mathrm{d}e\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{l}\mathrm{U}\mathrm{i}\mathfrak{U}\mathrm{a}\mathrm{n}\mathrm{t}$ of the $\mathrm{L}\mathrm{a}_{1^{)}},1\mathrm{a}\mathrm{c}\mathrm{i}\mathrm{a}11$ of the unit $n- \mathrm{s}\mathrm{p}1_{1}\mathrm{e}\iota\cdot \mathrm{e}S^{\gamma\prime-}1$ with stan-

dard metric in terms of the values of the derivative of the Hurwitz (Riemann) zeta-function
at $0$ . The unit 2-sphere case which was computed in all above papers have interest again
due to its relationship to superstring theory (see Vardi [15], Osgood, Phillips, Sarnak [11],
Weisberger [18], [19] $)$ .

$()_{11\mathrm{r}}1^{)111}.1^{)\mathrm{o}\mathrm{s}\mathrm{e}}$ is to give a closed $\mathrm{f}_{011\mathrm{U}}\mathrm{e}\mathrm{v}\mathrm{a}\mathrm{l}\mathrm{l}\iota \mathrm{a}\mathrm{f},\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$of (let $\triangle_{l},$ $\mathrm{f}_{01}\cdot$ ffiiy ’/, and give a $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{l}\cdot \mathrm{e}\mathrm{c}\cdot \mathrm{t}\mathrm{e}\mathrm{d}$

version of $\mathrm{V}\mathrm{a}\mathrm{l}\cdot \mathrm{c}\mathrm{l}\mathrm{i}’ \mathrm{s}\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\ln 1.1$ allcl 1.2 [15], $\mathrm{t}\mathrm{h}\iota 1:,,$ ( $(1111^{)}\mathrm{i}\mathrm{l}\mathrm{i}_{1}_{\lambda\dot{1}1}\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{S}’ \mathrm{t}\mathrm{i}\mathrm{l}_{\iota}‘,,1)e(\mathrm{i}\mathrm{a}1$ ca.ses to

1ligh $(\tau 1^{\cdot}(1\mathrm{i}_{111}\mathrm{e}\mathrm{U}\mathrm{l}\mathrm{s}’ \mathrm{i}\mathrm{o}11$.
$\mathrm{W}^{\gamma_{(^{\mathrm{Y}}}}11\mathrm{t}\mathrm{t}\mathrm{t}^{\backslash }$ that $\mathit{0}11^{\cdot}‘\backslash 1(^{i}111\mathrm{e}11\mathrm{t}\dot{C}11^{\cdot}.\mathrm{Y}\ln(^{\backslash \mathrm{t}1_{1\langle)(1}}\mathrm{d}1^{)}1^{)}1\mathrm{i}\langle\backslash \downarrow \mathrm{s}$ to $\mathrm{a}11.\}^{r}(1\mathrm{i}_{1}11(^{)}11.\mathrm{b}\mathrm{i}_{0}11, \mathrm{w}1_{1}\mathrm{i}\mathrm{l}\mathrm{e}\mathrm{W}\mathrm{e}\mathrm{i}l’[\mathfrak{l}\mathrm{i})(^{\backslash }1^{\cdot}\mathrm{g}\epsilon^{\backslash }1^{\cdot}’ \mathrm{s}$

$111^{1\dagger 11}‘\{)\mathrm{t}1‘ \mathrm{b}(^{\tau}(\backslash 111‘ \mathrm{s}\{()|)\mathrm{e}1^{\cdot}\mathrm{e}|\mathrm{s}\uparrow \mathrm{l}\mathrm{i}(.\mathrm{f}(.\mathrm{e}\mathrm{l}\mathrm{t}()\mathrm{t}11(^{\backslash }2- \mathrm{t}\mathrm{l}\mathrm{i}_{11}1(^{\backslash }11\mathfrak{l}\mathrm{s}\mathrm{i}()11\dot{c}\iota 1(_{\dot{\zeta}}.1^{\mathrm{c}_{)}}‘\{^{1},$
$\mathrm{a}11(1\mathrm{C}1_{1()}\mathrm{i}’ \mathfrak{c}\mathrm{C}_{)}111(^{\iota\uparrow 1_{1}}\mathrm{t})(1(,,\mathrm{t}^{\backslash }\mathrm{e}111;,,$ $\uparrow()()$

$(()1111)1\mathrm{i}(\dot{c}1\uparrow(.\mathrm{t}1$ to $11\mathrm{l}\mathrm{O}\mathfrak{c}\mathrm{l}\mathrm{i}\mathrm{f}.\mathrm{Y}$ it to $1_{1}\mathrm{i}\mathrm{g}1_{1(^{\backslash }1}\cdot(_{1}(^{1}\backslash ’(^{\backslash }113-)(1\mathrm{i}_{111\mathrm{t}}\backslash 11‘ \mathrm{b}\mathrm{i}()11$ .

NVe $1\mathrm{l}\mathrm{t}$ ) $\mathrm{w}$ set out $\mathrm{t}\mathrm{o}:,\mathrm{t}_{\mathrm{d}}$. $\mathrm{t}\in\backslash 0\iota 1\mathrm{r}\mathrm{t}11(\backslash 01$ ( $111,\mathrm{s}$ . We $1’ \mathrm{t}^{\tau}\mathrm{t}$ all $\mathrm{f}\cdot 1^{\cdot}\mathrm{O}111[16]\mathrm{t}1_{1\subset}\iota\uparrow$ the $\mathrm{e}^{1}\mathrm{i}\mathrm{g}$) $\mathrm{t}^{\mathrm{l}}\mathrm{n}\backslash \gamma\dot{\zeta}\mathrm{t}111\mathrm{e}.\epsilon$ , of the
$‘ \mathrm{s}\mathrm{t}\dot{C}111(\mathrm{l}.\mathrm{a}1^{\cdot}(1\mathrm{L}_{\dot{c}}\iota 1^{1_{\dot{\epsilon}\iota}\cdot \mathrm{i}\dot{\epsilon}\mathrm{t}11})$( $()11$ the $11-:_{1},$) $1_{1}\in \mathrm{Y}1(\mathrm{Y}\mathrm{a}1(^{1}\mathrm{x}\cdot(\lambda\cdot+/[]-1)$ with $111\mathrm{t}\mathrm{l}1\dagger \mathrm{i}_{1)}1\mathrm{i}(\mathrm{i}\mathrm{t}\mathrm{y}$

$-$ $(\lambda\cdot=0,1,2, \cdots)$ .

We $\mathrm{f}\mathrm{o}\mathrm{l}\cdot \mathrm{m}$ tlle zeta-function

$Z(s)=Z_{n}(_{S)}=. \sum_{k=1}^{\infty}\frac{(\begin{array}{l}k+nn\end{array})-(\begin{array}{l}k+n-2n\end{array})}{(k(k+n-1))^{S}}$

(zero mode excluded), which is absolutely convergent for ${\rm Res}:= \sigma>\frac{n}{2}$ , and we shall
prove in Lemma 3 that it can be continued to a half-plane including the origin. Thus we
can define the (regularized) determinant $\det\triangle_{n}$ of the Laplacian of the $\mathrm{n}$-sphere by

$\det\triangle_{\mathit{7}}’=e^{-Z’(0)}$ .

We $l\mathrm{C}^{\backslash },11\mathrm{a}\mathrm{l}11$) $1^{\cdot}(\mathrm{v}\mathrm{e}$ the following $\mathrm{e}\cdot 1_{0}\mathrm{S}^{\backslash }‘ \mathrm{e}\mathrm{l}\mathrm{f}_{01\mathfrak{U}1\mathrm{f}\mathrm{o}}1^{\cdot}$ clet $\triangle_{)},$ .

Theorem 1. We have for $\mathrm{a}\mathrm{l}\cdot 1$ ) $\mathrm{i}|,1^{\cdot}\mathrm{a}\mathrm{l}\cdot.\mathrm{v}\mathrm{C}\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}|‘,,\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ ”,

clet $\triangle_{1},=(^{)}\mathrm{x}_{1^{)}(\sum^{11-1},,,)}t/=\cup T,)lH’-1,’/(|)0$ ,

$\mathrm{w}1_{1\mathrm{t}^{\mathrm{Y}}}1^{\cdot}(\backslash H/\mathrm{a}||-1,(l11(1\tau,\cdot\Re.\in||tl\backslash$
$\mathrm{a}\mathrm{g}$ givell ill $\mathrm{L}\epsilon^{\backslash }111111\mathrm{a}2,$ $\mathrm{a}11(1\mathrm{L}(^{\backslash }111111\mathrm{a}\mathrm{o}, 1^{\cdot}(_{\mathrm{t}}^{\backslash }\zeta)1^{)}\mathrm{e}(.\mathrm{f}|\mathrm{i}_{\mathrm{V}\in^{1}}1\mathrm{y}$:

$.H_{n-1,d}’(\mathrm{o})$
$=$ $2 \zeta’(-d)+\sum_{0l=}’/-1(1-n)d-l\zeta’(-l)$

$+$ $(-1)^{d} \sum_{=l2}^{71}(n-l--11)d\log l$

$\frac{2}{d+1}(-\frac{n-1}{2})^{d+}1\sum l=12d\int lj\sum_{2xj}^{l}\frac{1}{j’}=1$
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aud

$T_{n,d}= \frac{1}{n!}\sum_{1r=d+}^{1}s(n, r)7(n^{r-d}-(n-2)^{r-}d)$ ,

with $s(n, r)$denoting- the Stirling number of the fi.rst kin.$\mathrm{d}$ defined by the Newton expansion

$(x)_{n}=r= \sum_{0}^{n}s(n, r)_{X}r$ .

Corollary. We have

(i) $\det\triangle_{1}$ $=$
$4\pi^{2}$

(ii) $\det\triangle_{2}$ $=$
$A^{4}e^{\frac{1}{6}}$

(iii) $\det\triangle_{3}$

.

$=$ $\pi\exp(\frac{\zeta(3)}{\pi^{2}})$

(iv) d.e.t $\triangle_{4}.$

.

$= \frac{1}{3}e^{-\frac{2}{3}\zeta^{l}()\frac{83}{144}}-3A\frac{13}{3}e$ ,

and similarly for higher dimensions.
From Theorem 1 we immediately deduce
Theorem 2. For arbitra.ry dimension $n,$ $(\mathrm{i})$ there are computable rational.numbers

$\alpha_{n},$
$\beta_{7},,$

$\gamma_{r1’ 7\mathrm{t}}\tau,1,$
$\cdots$ , $\mathcal{T}_{7\mathrm{t}},n-1$ with $\tau_{71n-1},---\frac{4}{(r\iota-1)!},$ $\alpha n\neq 0$ , such that

$\det\triangle_{7},$ $=\alpha_{71}^{\beta_{h}\gamma_{n}}en71\square e-r);-\iota=10\tau.\mathrm{t},m\zeta’(r$
’

(ii) there are computable rational numbers $A_{n},$ $B_{n},$ $c_{n},$ $Q_{7}1,1,$ $\cdots$ , $Q_{n,n}$ with $Q_{n,n}= \frac{2^{n+1}}{2^{n}-1},$ $A_{n}\neq$

$0$ , such that.

$\det\triangle_{71}=A_{n}^{B_{n}}ec_{n}\prod_{m=1}\Gamma_{m}(\frac{1}{2})Qn,m\mathit{7}|$ ,

where $\Gamma_{r},(x)$ denotes the multiple gamma function (cf. Choi [1], Vardi [15]).
We intentionally used the same notation as in Vardi $[15].$ ’ but they may have slightly

different values. .

2 Proofs

Lemma 1. For $\lambda=0,1,2,$ $\cdots,$ ($y>0$ and $|z|<\mathrm{c}x$ we have

$7t| \sum_{\mathit{2}=}^{\infty}\frac{z^{rr\mathrm{I}}}{7||+\lambda}((\prime n, (\lambda:)$ $=$ $\sum_{k=0}^{\lambda}(’(-\lambda\cdot, (\}-z)Z^{-k\lambda}-\zeta’(-\lambda, \alpha)z^{-}$

$- \sum_{7||=0}^{\lambda-1}\frac{\tilde{4}^{-7i1}}{\lambda-71l}((-’\}l, (y)$

$-,(l\mathit{1}\overline{\lambda+1}\sim,(\lambda+1)-\iota \mathit{1})((\nu)+\gamma)$ ,
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$\backslash \backslash ^{\tau}1_{111}\backslash \cdot(\backslash l’=\frac{1’}{1}(1(^{i}11()\int(_{\downarrow}\backslash \mathrm{b}\mathrm{t}11\langle^{\backslash \mathrm{E}1}11(^{\backslash }1^{\cdot}\{1\mathrm{i}\ltimes)i1111111j1\mathrm{f}\cdot\iota \mathrm{t}\mathrm{l}\mathrm{l}\mathrm{t}.\mathrm{f}\mathrm{i}()11$.

$\mathrm{L}\mathrm{e}\mathrm{l}\iota 111\mathrm{l}\mathrm{a}2.11^{\tau}\langle^{\backslash }1_{1\dot{C}}11^{r}(\backslash \uparrow 11\mathrm{t}1\langle 1\langle^{\backslash }\mathrm{t}()1111^{)}()‘ \mathrm{s}\mathrm{i}\mathrm{r}_{1}()11$

$Z(s).\cdot=z_{n}.$
.

$(_{S.)}.$ $=$
$\sum_{k=1}^{\infty}\frac{(\begin{array}{l}k+tln\end{array})-(\begin{array}{l}k+\prime\prime-.2n\end{array})}{(k(k+n-1))s}$

$=$ $\sum_{d=0}^{n-1}\tau {}_{d}H_{n}-1,d,(n,)s$ ,

where

(1). $T_{n,d}= \frac{1}{n!}\sum_{r=d+1}^{n}s(n, r)(n^{r-d}-(n-2)^{r-}d)$ ,

$,\backslash (tl, T)$ delloting Stirling llulnbe.rs of the first $\mathrm{k}\mathrm{i}_{11}\mathrm{d}$ and

(2) $H_{d}(, \sigma)=H_{7},,d(.9^{\cdot})=\sum_{k\cdot=1}^{\infty}\frac{h^{d}}{(\lambda\cdot(\mathrm{x}+l1))^{S}},\cdot$ .

Lemma 3. The $\mathrm{e}\mathrm{x}_{1^{)1}11}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{o}$

$H_{d}(’\backslash \cdot)$ $=$ $H_{71(},l(.\backslash \cdot)$

(3) $=$ $\sum_{l=0}^{d}(-\frac{7l}{2})^{d-l}$

$\cross.\sum_{7=0}^{\infty}\frac{1}{7!}.()/|\overline{4}27^{\cdot}\frac{\Gamma(.\backslash +1)}{\Gamma(.\backslash )}..\cdot((2.\mathrm{b}$
. $+2r-l, 1+ \frac{n}{2})$ .

provides us with an analytic colltiUuation of $H_{d}(.5)$ to $\mathrm{t}1_{1}\mathrm{e}1_{1}\mathrm{a}\mathrm{l}\mathrm{f}-\mathrm{P}^{\mathrm{l}\mathrm{a}1}1\mathrm{e}$ a $>-1$ (at least)
with a possible simple pole at $s= \frac{1}{2}$ , when splitted into three parts:

$H_{d}(s)$ $=$
$( \sum_{\chi_{l}^{0}}^{d}\iota_{2}=(-\frac{n}{2})^{d-}l\frac{1}{(\frac{l+1}{2})!}(\frac{n^{2}}{4})^{\frac{l+1}{2})}\zeta(2s+1,1+\frac{n}{2})$

$+$ $\sum_{l=0}^{d}(-\frac{n}{2})d-\iota$

(4) $\cross\frac{1}{r!}r>\frac{\sum_{d+1}}{2}+1(\frac{n^{2}}{4})^{7}.\frac{\Gamma(s+r)}{\Gamma(s)}\zeta(2s+2r-l, 1+\frac{n}{2})$

$+$ $\sum_{l=0}^{d}(-\frac{7l}{2})^{d-l}$

$\cross$

$,. \leq,\frac{\sum_{d+1}}{-l\neq\underline{)}}+1-J^{\cdot}1\frac{1}{/!}.(\frac{/t^{\mathit{2}}}{4}‘)’.\frac{\Gamma(\cdot\backslash \cdot+\prime\cdot)}{\Gamma(.\backslash )}.((2,\backslash \cdot+2/\cdot-l, 1+\frac{\prime l}{2})$

,

$\mathrm{w}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ the $\mathrm{f}\mathrm{i}_{1}\cdot \mathrm{s}\mathrm{t}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{n}\mathrm{u}$ gives the $\mathrm{P}^{\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{C}}\mathrm{i}1^{)}\mathrm{a}1_{1}$) $\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{W}1_{1}\mathrm{i}\mathrm{C}\mathrm{h}$ does not appear wlleu $d=0$ .
Proof. First use the binomial $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\ln$ to $\mathrm{e}\mathrm{x}_{1^{)\mathrm{a}11}}\mathrm{d}k^{d}=(\mathrm{A}\cdot+\frac{7l}{2}-\frac{7\mathrm{I}}{2})^{d}$ to get

(5) $H_{d}(s)= \sum_{l=0}d(-\frac{n}{2})^{d}-lGl(s)$ ,
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where

(6) $G_{l}(s)= \sum_{k=1}^{\infty}\frac{(\lambda\cdot+\frac{1}{2})l}{((k+\frac{||}{2})2-\frac{1^{2}}{4})s},,\cdot$

Factoring the power of $k+ \frac{n}{2}$ out and applying the binomial theorem again to the
remaining factor $(1-( \frac{n}{2k+n})^{2})^{-s}$ , we deduce that

(7) $G_{l}(s)=k \sum\infty=1(k+\frac{n}{2})-2S+l\sum_{0\mathrm{z}\cdot=}^{\infty}\frac{\Gamma(.9+r)}{r\cdot!\Gamma(s)}(\frac{n}{2k+n})2r$.

$\mathrm{C}\mathrm{h}\mathrm{a}11\mathrm{g}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ the order of summation, $\mathrm{p}\mathrm{e}\mathrm{l}\cdot \mathrm{l}\mathrm{n}\mathrm{i}\mathrm{S}\mathrm{S}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ by absolute convergence for $\sigma>\frac{l+1}{2}$ , we
obtain the desired folm of $C\tau l(.9)$ .

Once (3) is established, it is enough to show that the infinite series in the second term
of (4) is absolutely convergent for $\sigma>-1$ . This is the case because $\zeta(2s+2r-l, 1+\frac{\prime\prime}{2})\ll$

$(1+ \frac{71}{2})^{-2r}$ and so
$7^{\cdot}> \frac{\sum_{d+1}}{2}+1\ll\sum_{7}$.

$\{(\frac{n}{n+2})^{2}\}7<\infty \mathrm{u}11\mathrm{i}\mathrm{f}_{0}\Gamma \mathrm{n})1\mathrm{y}$ in $\sigma>-1$ .

(7) can be proved by quite elelnentary means, similar to the spirit of proof of analytic
continuation of $Z(s)$ by Egami.

Lemma 4 (cf. Proposition 3.1 of Vardi [15]).

$H_{d}’(0)=..H_{71}./,.(d\mathrm{o})$ $=$
$\sum_{k\cdot=1}^{n}(k-n)^{d}\log k-\frac{1}{2^{d}}\frac{(-n)^{d+1}}{d+1}\sum_{\iota=,2\chi l1}^{d}j\sum_{)2^{--}j}\frac{1}{j}1l$

,

$+ \zeta’(-d)+(-n)^{d}\sum_{\Gamma=0}^{d}\frac{\zeta’(-r)}{(-n)^{7}}$. $\cdot$

We split the proof of Lemma 4 into a few sublemmas. Lemma 5 gives a lnore detailed
$\mathrm{d}\mathrm{e}\mathrm{c}\mathrm{o}\ln_{1^{)0}}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of $H_{d}(.9)$ than that in Lemma 3, and as its corollary gives a handy formula
for $H_{d}’(s)$ . $\mathrm{T}1_{1\mathrm{e}\mathrm{U}}$ ill Lemnla 6 we obtaill by $\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{t}_{1^{)}}1^{\cdot}\mathrm{O}(\mathrm{e}:,\tau \mathrm{s}$ a closed form evaluation of $H_{\subset l}’(0)$ ,
anel ill Lelllllla 7 we collect $\mathrm{a}\mathrm{l}\iota \mathrm{x}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{l}\cdot.\mathrm{y}$ forllllllas $\mathrm{t}_{0}11\mathrm{a}\mathrm{f}$ ellaI)le us to $\mathrm{s}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}$ ) $\mathrm{l}\mathrm{i}\mathrm{f}.\mathrm{y}\mathrm{t}_{l}\mathrm{h}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{l}\cdot 11111\mathrm{l}\mathrm{a}$ in
Lelllllla C.

Lemma 5. For $\sigma>-1$ , we $1_{1}\mathrm{a}$ve

(i) $H_{d}(.\backslash \cdot)$ $=$ $\sum_{l=0}^{cl}(-)\mathrm{r}/_{-}l\overline{2}/|(((2_{9},-l, 1+\frac{/\mathrm{I}}{2})$

$+ \sum_{r=1}^{\infty}\frac{(\frac{1\prime}{2})^{7}}{r!}.\frac{\Gamma(.\backslash \cdot+\prime\cdot)}{\Gamma(s)}\zeta(2S-l+7^{\cdot}, 1+\frac{7l}{2}))$

$+$ $\sum_{l=0}^{d}\sum_{m=1}^{\infty}(-\frac{n}{2})d-l+m\frac{\Gamma(s+m)}{m!\Gamma(_{S)}}\zeta(2S-l+m, 1+\frac{n}{2})$

$+$ $\sum_{l=0}^{d}\sum_{m=1}^{\infty}(-\frac{n}{2})d-l+m\frac{\Gamma(s+m)}{m!\Gamma(s)}$

$\cross\sum_{r=1}^{\infty}.\frac{(\frac{71}{2})^{r}}{!},.\cdot\frac{\Gamma(s+r)}{\Gamma(.\backslash )}.\zeta(2\mathit{8}-l+;\cdot+rn, 1+\frac{n}{2})$ .
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(ii) $H_{(l}’(.\backslash \cdot)$ $=$ $\sum_{l=0}^{d}(-\frac{71}{2})‘-/(2(/(/2.\backslash -f, 1+\frac{7l}{2})$

$+ \sum_{r=1}^{\infty}\frac{(-\frac{71}{2})^{r}}{r!}\frac{\Gamma(.\mathrm{s}+\Gamma)}{\Gamma(s)}((\psi(s+’\cdot)-\psi(_{6}’))(^{\llcorner}(2s-l+7^{\cdot}, 1+\frac{n}{2})$

$+2 \zeta’(2s-l+r, 1+\frac{n}{2})))$
.

$+$ $\sum_{l=0}^{d}(-\frac{r\iota}{2})^{d-l}$

$\cross\sum_{\uparrow\cdot=1}^{\infty}\frac{(-\frac{\prime 1}{\mathit{2}})^{7}}{\prime!}.‘..\frac{\Gamma(g+7)}{\Gamma(\backslash \cdot)},.\cdot((\{[)(.$
.

$+/ \cdot)-\psi(.\backslash \cdot))((2,\backslash \cdot-l+’., 1+\frac{r}{2}|)$

$+2(’(2. \backslash \cdot-l-\vdash’\cdot, 1+\frac{/l}{2}))$

$+$ $\sum_{l=0}^{d}(-\frac{/1}{2})^{l-l}‘\sum_{=\gamma n1}\infty\frac{(-\frac{l1}{2})^{\prime 1}1}{7n!}.\frac{\Gamma(\cdot\backslash +//1)}{\Gamma(s)}.(\{[)(9+’\}l)-\psi(s))$

$\cross..\sum_{7=1}^{\infty}\frac{(\frac{\gamma 1}{2})^{7}}{r!}.\frac{\Gamma(.\mathrm{s}+r)}{\Gamma(s)}\zeta(2_{S}-l+r+\gamma n, 1+\frac{n}{2})$

$+$ $\sum_{l=0}^{d}(-\frac{n}{2})^{dl}-\sum^{\infty}\frac{(-\frac{n}{2})^{7n}}{m!}m=1\frac{\Gamma(s+m)}{\Gamma(s)}$

$\cross\sum_{=r1}^{\infty}\frac{(\frac{n}{2})^{r}}{r!}\frac{\Gamma(s+r)}{\Gamma(s)}((\psi(_{S}+r)-\psi(_{S}))$

$\cross\zeta(2s-l+r+7n, 1+\frac{n}{2})+2\zeta^{J}(2s-l+r+m, 1+\frac{n}{2}))$ .

Proof. To $1$) $\Gamma \mathrm{o}\mathrm{v}\mathrm{e}(\mathrm{i})$ we proceed as in the proof of Lemma 3. After factoring out the
factor $(k+ \frac{\mathit{7}1}{2})^{l-2}s$ , we decompose the remaining factor $(1-( \frac{l\mathrm{I}}{2}\frac{1}{k\cdot+\frac{n}{2}})^{2})^{-s}$ as $(1- \frac{71}{2}\frac{1}{k+\frac{n}{2}})^{-s}(1-$

$(- \frac{n}{2})\frac{1}{k\cdot+\frac{n}{2}})-s$ and apply the binomial theorem to $\mathrm{e}\mathrm{a}\mathrm{c}1_{1}$ factor to obtain

(8) $c_{\tau_{l}}(. \mathrm{s})=\sum_{r=0}^{\infty}\frac{\Gamma(s+r)}{\gamma\cdot!\Gamma(\prime \mathrm{s})}(\frac{?l}{2})r\frac{1}{(k+\frac{l1}{2})^{7}}.7\prime \mathrm{I}\sum_{0=}^{\infty}\frac{\Gamma(.\backslash +||?)}{\uparrow||!\Gamma(.(i)}.(-\frac{?\mathfrak{l}_{\text{ノ}}{2}})^{r\prime}|\frac{1}{(k+\frac{71}{2})^{7}\gamma 1}$

in place of (7). Substituting this in (3) and changing $\mathrm{t}1_{1}\mathrm{e}$ order of summation, we deduce
$\mathrm{t}1_{1}\mathrm{a}\mathrm{f}$,

(9) $H_{C/}(.\cdot\backslash )$

$=$ $\sum_{l=\mathrm{u}}^{(\mathit{1}}\sum_{0}^{\infty}(-\frac{7l}{2})\iota l-l+’$
” ,$\frac{\Gamma(.;+\prime.\prime\prime)}{1t!\Gamma(.\backslash )}$

$\cross.\sum_{1=0}^{\infty}..\frac{(\frac{\prime 1}{\underline{)}})^{l}}{/!}.\frac{\Gamma(.\backslash +/\cdot)}{\Gamma(\cdot\backslash \cdot)}.\mathrm{t}(2.\backslash \cdot-l+’\cdot+/\prime 1, 1+\frac{/}{2})|$ ,

the $1^{)1\mathrm{O}\mathrm{t}}\cdot \mathrm{e}|\mathrm{S}\mathrm{s}\iota$) $\mathrm{e}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{e}\mathrm{g}\mathrm{i}\mathrm{t},\mathrm{i}_{111}\mathrm{a}\mathrm{t}\mathrm{e}|$ ) $.\mathrm{Y}$ absolut $\mathrm{e}^{1}(\mathrm{O}11\mathrm{V}\mathrm{e}1^{\cdot}\mathrm{g}\mathrm{e}11\mathrm{t}\cdot\in^{\mathrm{Y}},$ .
Tlle $\mathrm{f},\mathrm{e}\mathrm{l}\cdot 111\mathrm{W}\mathrm{i}\mathrm{t}\mathrm{h}//=0$ on the RHS of (9) gives tlle $\mathrm{f}\mathrm{i}\mathrm{l}\cdot \mathrm{S}\mathrm{t}$ terlll of (i) aft,er extracting the

$\mathrm{t}\mathrm{e}\Gamma 111$ with , $=0$ , while tlle $1^{\cdot}e1 \mathrm{n}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{i}_{1\mathrm{l}}\mathrm{g}\mathrm{S}\iota 1\ln\sum\infty$ gives the $\mathrm{s}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{d}$ alld third terlns of (i)
$7’ 1=1$.

when $1^{\cdot}\mathrm{e}\mathrm{w}\mathrm{l}\cdot \mathrm{i}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ it as the sum with $r=0$ and one $\mathrm{w}\mathrm{i}\mathrm{t}1_{1}r\geq 1$ .
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$\mathrm{T}11\mathrm{t}^{\backslash }\mathrm{f}\mathrm{t})1^{\cdot}111111_{\subset \mathrm{t}}(\mathrm{i}\mathrm{i})\mathrm{f}_{1)}11_{\mathrm{t})}\lambda\grave,\mathrm{b}(1\mathrm{i}_{1\langle^{\backslash }\mathrm{t}}\cdot \mathrm{t}1\}^{\tau}\mathrm{f}\cdot 1^{\cdot}\mathrm{t})111(\mathrm{i})1)\}’\dot{\mathfrak{c}}11)1^{)}1.,\backslash \cdot \mathrm{i}_{1\mathrm{l}}\mathrm{g}\mathrm{L}\mathrm{t})\mathrm{i}|_{)1}1\mathrm{i}/_{I}.\mathrm{b}1^{\cdot}111\langle^{\backslash }\subset 111(1111)\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{t}1_{1(^{1}}$

$\mathrm{i}(1(.1\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{f}\mathrm{y}$

$( \frac{\Gamma(s+71?,)}{\Gamma(s)}.)’=\frac{\Gamma(.;+\prime 1l)}{\Gamma(s)}(\psi(_{S}+m)-\psi(_{S}))$ ,

thereby completing the proof.
Lemma 6. It holds that

$H_{d}’(\mathrm{o})$ $=$ $\sum^{+}+\sum^{-}$

$+$ $\sum_{l=0}^{d}(-\frac{n}{2})^{dl_{\frac{1}{2}}}-(\frac{n}{2})l+1\sum m=1l\frac{(-1)^{rn}}{m(l+1-m)}$ ,

where

$\sum^{+}$

.

$=$ $\sum_{l=0}^{d}(-\frac{7l}{2})^{d-l}(2\zeta’(-l, 1+\frac{7l}{2})$

$+,. \sum_{1l,\neq l+1=}^{\infty}\frac{(\frac{7\mathrm{I}}{2}.)^{r}}{7}\zeta(r\cdot-l, 1+\frac{tt}{2})+\cdot\frac{(\frac{71}{\mathit{2}})^{l+1}}{l+1}\frac{1}{2}\sum_{1j=}\frac{1}{j})l$ ,

and

$\sum^{-}$ $=$
$\sum_{l=0}^{d}(-\frac{n}{2})^{dl}-(\sum_{m\neq+}m=1\infty\iota 1\frac{(-\frac{71}{2})^{m}}{\uparrow n}\zeta(_{7\mathrm{t}l}-l, 1+\frac{n}{2})$

$+ \frac{(-\frac{7\mathrm{I}}{2})^{l+1}}{l+1}\frac{1}{2}\sum_{1j=}^{l}\frac{1}{j})$

with $\gamma(\alpha)=-\psi(\alpha)$ denoting the first generalized Euler constant for the Hurwitz zeta-
function.

Proof. This can be proved in principle by substituting (then most terms vanish because
of the zero of $\Gamma(s)^{-1}$ at $s–\mathrm{O}$ ) the value $s=0$ in Lemma 5 (ii), but in some terms involving
$\zeta(2s+1,1+\frac{n}{2})$ , we cannot substitute the value and we are to take limit as $sarrow \mathrm{O}$ . Using
the expansions near $s=0$

$\zeta(.\backslash \cdot+1, (\nu)$ $=$

,

$\underline{1}\backslash ’+\gamma((\chi)+O(.\mathrm{b}.)$ ,

$\zeta’(.\backslash \cdot+1^{\cdot}, (1’)$
$=$ $-. \cdot\frac{1}{\backslash ^{2}}‘+O(1)$ ,

$\Gamma(\cdot\backslash )^{-1}$ $=$ $.\backslash \cdot+O(.\backslash ‘)\underline{)}$ ,

we see $\mathrm{t}1_{1}\mathrm{a}\mathrm{f}$

$\frac{1}{\Gamma(s)}((\psi(s+l)-\psi(S))\zeta(2s+1,1+\frac{\eta}{2})+2\zeta’(2s+1,1+\frac{n}{2}))$

$=$ $(_{S+}o(s)2)(( \frac{1}{s+l}+\cdots+\frac{1}{s+1})(\frac{1}{2s}+\gamma(1+\frac{n}{2})+O(S))$
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$+2(- \frac{1}{46^{2}}+O(1)))$
..

$=$ $\frac{1}{2}(\frac{1}{s+l}+\cdots+\frac{1}{s+1})+O(\prime i5)$

$arrow$ $\frac{1}{2}\sum_{j=1}^{l}\frac{1}{j}$ , $sarrow 0$ .

Denoting the 4 telms on the RHS of (ii) by $S_{1}-S_{4}$ , we see that in $S_{1},$ $S_{2}$ , and $S_{4}$ the
above process applies to the terms with $r=l+1$ , while other terms in $S_{1}$ and $S_{2}$ are of
the $\mathrm{f}_{0\Gamma 11}1$

$\frac{(\frac{l1}{\mathit{2}}.)^{r}}{\uparrow}.\zeta(r\cdot-l, 1+\frac{/l}{2})$, $(- \frac{71}{\underline 2})^{\Gamma}7^{\cdot}((7^{\cdot}-l, 1+\frac{\prime\prime}{2})$ ,

in view of
$1 \mathrm{i}_{111}.\cdot.\sqrt’(.\backslash \cdot+’\cdot)-l\underline{\Gamma(_{\mathrm{b}}+’ \mathrm{I}}_{(}\int)(.\backslash i))=(’\cdot-1)!$

.
$\rightarrow 0 $\Gamma(.\backslash \cdot)$

All(1 $S_{4}\mathrm{v}_{\dot{C}}\iota 11\mathrm{i}_{\mathrm{S}}11\epsilon\backslash \mathrm{s}$ since $\mathrm{t}1_{1^{\backslash }}‘$ illnel$\cdot$

$\mathrm{i}_{1}1\mathrm{f}\mathrm{i}11\mathrm{i}\mathrm{f}\epsilon\backslash .\zeta$)’ $‘^{\backslash }1^{\cdot}\mathrm{i}\mathrm{e}\mathrm{S}1_{1}.\mathrm{d}.\mathrm{s}$ a $(1_{()}\mathrm{f}\mathrm{i}11\mathrm{i}\mathrm{t}\mathrm{f})$ vallle as.s $arrow 0_{\mathrm{a}11(}1\mathrm{t}_{l}\mathrm{h}\mathrm{e}.1^{\cdot}\mathrm{e}$ is
a factor $\Gamma(s)^{-1}$ , which is zero for $s=0$ .

Regarding $S_{3}$ , we note that the non-zero contributions come only from t.hose terms
with $r=l+1-7n$ , where $7n\leq l$ . Take the limit as $sarrow \mathrm{O}$ of the $\mathrm{s}\mathrm{u}\ln$

$\sum_{7n=1}^{l}\frac{(-\frac{71}{2})^{m}}{7n!}\frac{\Gamma(s+m)}{\Gamma(s)}(\psi(S+\prime n)-\psi(_{S}))$

$\cross$ $\frac{(\frac{71}{2})^{l1-r}+n}{(l+1-7n)!}\frac{\mathrm{r}(_{S+l+}1-7n)}{\Gamma(s)}\zeta(2_{S}+1,1+\frac{n}{2})$ ,

using (ii) alld $\frac{1}{\Gamma(\backslash )}.\cdot\zeta(2s+1,1+\frac{\eta}{2})arrow\frac{1}{2}\mathrm{a}\mathrm{s}.5’arrow 0$. Then we see $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ this is

$\frac{1}{2}\sum_{1\prime\prime=1}\frac{(-\frac{71}{\mathit{2}})^{71\mathrm{I}}}{t}l7^{\cdot}’\frac{(\frac{7\mathrm{I}}{2})^{l+171}-}{(l+1-?||)},$,

so $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ this gives tlle $\mathrm{t}\mathrm{h}\mathrm{i}_{1(}1\mathrm{f}\mathrm{e}\mathrm{l}\cdot 111\mathrm{f}_{01}\cdot H_{C/()}/0$. This ($.(1111)1$ ( $\mathrm{t}$ es the $1$ ) $1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}$.
Lemma 7. We $1_{1_{\dot{C}}\iota}\mathrm{v}\mathrm{e}$ tlle evaluatioll

(i) $\sum_{l=0}^{(l}(-\frac{/\mathfrak{l}}{2})^{t\iota}-l’|\sum_{\prime=0}^{l}\mathrm{t}’(-/\prime l)(\overline{2^{/}}’)l-7l)=(’(-’\int)$

(ii) $\sum_{l=0}^{d}(-\frac{\prime\prime}{2})^{\prime ll}-,\sum_{=l10}^{l}\mathrm{t}’‘(-l’ l, 1+\prime 1)(-\frac{l}{2})l-7\prime 1$
’

$=$ $\sum_{7l1=}c/0(-\prime t)d-l’ l(/(-/\prime l, 1+/l)$

(iii) $- \frac{1}{2}\sum_{l=0}^{(l}(-\frac{J\mathrm{I}}{2})^{d-l}\frac{1}{l+1}(()^{l+}\overline{2}/|1+(-\frac{rl}{2})^{l1}+)\sum_{j=1}^{l}\frac{1}{j}$

$=$ $\frac{1}{2}(-\frac{7}{2})^{l+1}|‘\sum_{l=1}\frac{1}{l+1}d((-1)^{l}-1)\sum_{j=1}^{l}\frac{1}{j}$
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$(\mathrm{i}\mathrm{v}.)$
$- \frac{1}{2}(-.\frac{/l}{\mathit{2}})^{d+1}\sum l=‘/1(-1)^{l}\sum_{7n=1}^{l}\frac{(-1)\tau l1}{/||(1+l-/|l)}$

$=$ $\frac{1}{2}(-_{\overline{2}})^{d1}+\sum_{l=.1}^{(}\frac{1}{l+1}/|/((-1)^{l}-1)\sum^{l}\frac{(-1)^{j+1}}{j}j=1$

Proof of Lemma 4. Substituting from Lemma 1, we see that

$\sum^{+}+\sum^{-}$ $=$ $\sum_{l=0}^{d}(-\frac{n}{2})d-l(-\frac{1}{2}\frac{(\frac{r1}{2})^{l+1}+(-\frac{n}{2})^{l}+1}{l+1}j1\sum_{=}^{l}\frac{1}{j})$

$+ \sum_{l=0}^{d}(-\frac{n}{2})^{dl}-7r1\sum_{0=}l\zeta’(-Jn)(\frac{n}{2})^{l}-\tau n$

$+ \sum_{l=v}d(-\frac{7?}{2})^{d}-l_{\sum_{|7|=0}}l\zeta’(-\prime\prime l, 1+n)(\frac{n}{2})^{l}-7Y\}$ .

$\mathrm{U}\mathrm{s}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ Lelnnla 7, we get

$\sum^{+}+\sum^{-}$

.

$=(’(-d)+ \sum_{r71}d=0(-7l)^{d-7r}1\zeta/(-/’ l, 1+n)$

$+ \frac{1}{2}(-\frac{n}{2})^{d+1}\sum\frac{1}{l+1}l=1d((-1)l-1)j=1\sum l\frac{1}{j’}$

the $1\mathrm{a}s\mathrm{t}$ term of which together with the last sum on the RHS of the formula in Lemma
6 gives the second term on the RHS of the formula ill Lemma 4. Hence

$H_{d}’(0)$ $=$ $\zeta’(-d)+\sum^{d}7n=0(-n)^{d7}-n\zeta’(-m, 1+n)$

$- \frac{2}{d+1}(-\frac{7l}{2})d+1\sum l=j=\sum^{l}\frac{1}{j}2dx^{1}\iota 2xj1^{\cdot}$

$.\mathrm{E}_{\mathrm{X}1^{)1\mathrm{e}\mathrm{S}}}\cdot$

“” $\mathrm{i}1\check{(}’(-" 1,1+\prime t)=\zeta’(-/\prime l)+.\sum_{1=\mathit{2}}^{\iota}.’\cdot \mathrm{l}\prime t)\mathrm{l}\mathrm{o}\mathrm{g}’(\mathrm{t})1111)\mathrm{e}\mathrm{f}\mathrm{e}\mathrm{s}$tlle $1$)$1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}\backslash .\cdot\cdot$.

Proof of Theorem 2. (i) is a $1^{\cdot}\mathrm{e}|\mathrm{b}\mathrm{t}\mathrm{a}\uparrow_{\mathrm{t}^{\backslash }}-111\mathrm{e}11\mathrm{t}$ of $\mathrm{T}11(^{1}\mathrm{O}1^{\cdot}(\backslash 1111\dot{c}\mathrm{t}11\mathrm{c}1$ is a $\mathrm{t}\cdot 01^{\cdot}1^{\cdot}\mathrm{e}\mathrm{c}\cdot \mathrm{f},\in^{\mathrm{Y}}(1\mathrm{f}\mathrm{o}1^{\cdot}111$ of
$\mathrm{T}1_{1(}\backslash ()1^{\cdot}\mathrm{t}11111.4$ of $\mathrm{V}\mathrm{a}\mathrm{l}\cdot \mathrm{c}\mathrm{l}\mathrm{i}[1_{\iota \mathrm{J}}\ulcorner],$ wllilt (ii) follows $\mathrm{f}\mathrm{i}\cdot 0111(\mathrm{i})\mathrm{a}11(1\mathrm{T}11(\iota 01^{\cdot}\mathrm{e}\backslash 1111.1$ of $1^{\gamma_{\dot{C}}}\mathrm{t}1^{\cdot}(1\mathrm{i}[1_{\backslash \mathrm{J}}^{r}],\dot{\epsilon}\mathrm{U}\mathrm{l}\mathrm{C}1$

is a ( $\mathrm{O}1^{\cdot}1^{\cdot}\mathrm{e}^{\backslash }(\mathrm{f}_{}(1(1\mathrm{f}(1^{\cdot}\ln$ of $\mathrm{T}1_{1(^{\mathrm{Y}}\mathrm{o}1(^{\tau}1}111.3$ of $\backslash ^{r_{\dot{C}1}}\prime 1^{\cdot}(1\mathrm{i}[1_{\mathrm{t}}^{\ulcorner}\mathrm{J}]$ .

3 Remarks

Remark 1. $\mathrm{T}1_{1}\mathrm{e}$ unit circle $S^{0}$ . The $\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{c}\backslash 1^{\cdot}111\mathrm{i}_{11}\dot{C}\iota \mathrm{n}\mathrm{f}$ clet $\triangle_{1}$ of $S^{0}\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{a}\mathrm{l}\cdot \mathrm{d}$

$\mathrm{L}\mathrm{a}_{1^{)}}1:\downarrow \mathrm{C}\mathrm{i}\mathrm{a}11\triangle_{1}=‘\frac{i^{2}}{dx^{2}}$ is
$\det\triangle_{1}=(2\pi)^{\mathit{2}}$ .

Remark 2. The ullit disc $S^{1}$ . Vardi’s $\mathrm{f}\mathrm{o}\mathrm{l}\cdot \mathrm{n}\mathrm{l}\mathrm{u}\mathrm{l}\mathrm{a}$ for $F_{2}’(0)$ in Proposition 4.4 is correct.
As a lllaf,tel$\cdot$ of $\mathrm{f}\mathrm{a}\mathrm{c}\cdot \mathrm{t}$ , the $1$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$ of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln 1.4$ (p.505) gives the incorrect value of $F_{2}’(0)$ :

$F_{\mathit{2}}’.(0)=4(’(-1)+ \zeta/(\mathrm{o})-\frac{1}{2}$ ,
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but, in $\mathrm{t}1_{1e\mathrm{S}\mathrm{t}}\mathrm{a}\mathrm{t}\mathrm{e}111\mathrm{e}11\mathrm{t}$ of $\mathrm{P}1^{\cdot}\mathrm{o}_{\mathrm{P}^{\mathrm{O}}}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}4.4,$ tlle $\mathrm{a}\iota 1\mathrm{t}1_{101}\cdot$ olnitted $\zeta’(0)$ by ulistake to give a
correct value. Accordingly, the formulas $\mathrm{c}\cdot \mathrm{o}\mathrm{n}\uparrow,\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{l}F_{2}’(0)$ would have been as follows.
The $\sec o\mathrm{n}\mathrm{d}$ formula in Proposif,ion 4.5 would read

(10) $e^{\zeta’(\rangle}-1(= \det\triangle 2)-\frac{1}{4}e\frac{1}{8}$ ,

the forI.nula for $\Gamma_{2}(\frac{1}{2})$ in $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln 1.1$ would read

(11) $\Gamma_{2}(\frac{\mathrm{i}}{2})=(\det\triangle 2)^{\frac{3}{8}}(\det\triangle 1)^{\frac{1}{8}}2^{arrow\frac{11}{16}}e^{-}\frac{1}{16}\pi^{-}\frac{3}{16}$

allcl t,hat, in $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{m}1.2$ wotlld $1^{\cdot}\mathrm{e}\ovalbox{\tt\small REJECT} 1$

(12) (let $\triangle 2=\Gamma_{\underline{)}(\frac{1}{2})^{\frac{8}{3}}2^{\underline{1}}}.-,$
$( \frac{\mathrm{f}^{>}}{\pi})^{\frac{1}{11)}}$ .

$\mathrm{T}1_{1(}1\mathrm{f}\mathrm{C})1^{\cdot}11111\dot{\zeta}\mathrm{L}‘,$
, for ( $1\in\backslash \mathrm{f}\triangle 2\mathrm{a}:\grave’ \mathrm{g}\mathrm{i}\mathrm{V}\mathrm{t}^{1}11\mathrm{i}_{1}1\backslash ^{\gamma_{\dot{c}\iota 1(}}\cdot 1\mathrm{i}(\in 1\mathrm{X}((^{\backslash }1)\mathrm{t}\mathrm{f}\mathrm{o}1^{\cdot}\mathrm{t}11\in$ one ill Theo$1^{\cdot}\in 1\ln 1.2$ in which

tlle $\mathrm{f}\mathrm{a}\cdot t,\mathrm{o}\mathrm{r}\pi^{-\simeq}3$

)

is nlissillg) $\mathrm{a}1^{\cdot}e$ in $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{f}\mathrm{o}\mathrm{l}\cdot \mathrm{n}\mathrm{l}\mathrm{i}t,\mathrm{y}$ with $\mathrm{t}1_{1\mathrm{e}}\mathrm{f}\mathrm{o}\mathrm{l}\cdot \mathrm{n}\mathrm{l}\mathrm{l}\iota 1\mathrm{f}\mathrm{f}\mathrm{i}$ of $\mathrm{W}\mathrm{e}\mathrm{i}\mathrm{S}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{l}\cdot[18],$ $[19]$ and
of Clloi [1], [2] and Quin.e and Choi [12]. The error in Vardi arises from the erroneous
argument in Proposition 3.1 which lacks the evaluation of the infinite series $B(\mathrm{O})$ , which
looks rather difficult. In the statement of Proposition 3.1 this term $B(\mathrm{O})$ is missing, but
the value given there is very close to the correct one.

Choi’s argument in the case $n=2[1]$ follows exactly Voros’ and gives the correct value
of $\det\triangle_{2}$ . His statement on p.166 [1] is rather misleading because he says there that his
value coincides with that of Vardi. However, Choi’s correct value does not coincide with
(10), but rather with the value given in Theorem 1 (Corollary $(\mathrm{i}\mathrm{i})$ ).

Remark 3. The unit sphere.
The only correct existing fornlula is Choi’s main theorem [1], [2] and Quine and Choi

[12]. Clloi’s lllethod uses the shifted generating Dirichlet series $1$) $\mathrm{r}\mathrm{o}\mathrm{c}\mathrm{e}\mathrm{S}\mathrm{s}$ of Voros’, which
requires a considerable amount of $\mathrm{c}\mathrm{a}\dot{1}_{\mathrm{C}}\iota 11\mathrm{a}\mathrm{t},\mathrm{i}\mathrm{o}11$with $\mathrm{s}\mathrm{o}_{1^{)}}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}_{\mathrm{C}}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}\mathrm{n}\mathrm{l}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}_{1^{)}}1\mathrm{e}$ gallllna $\mathrm{f}\mathrm{u}11\mathrm{c}\mathrm{t}\mathrm{i}_{\Theta}\mathrm{n}$ ,

and it looks rather $\mathrm{h}_{\mathrm{o}\mathrm{I}^{)\mathrm{e}}}1\mathrm{e}\mathrm{S}\mathrm{S}$ to go on furtller to higher dimensions with Voros’ method.
Actually, $\uparrow 1_{1\mathrm{e}_{1}}$) $1^{\cdot}(\mathrm{o}\mathrm{f}\mathrm{o}\mathrm{t}\cdot(\iota 11)\mathrm{i}\mathrm{e}\mathrm{S}\mathrm{f}1_{1\mathrm{e}1}11\mathrm{a}\mathrm{i}_{1}11)\mathrm{t})(\mathrm{l}\mathrm{y}$ of $\mathrm{C}1_{1()}\mathrm{i}^{\zeta}’\iota;\uparrow 1_{1\mathrm{e}\mathrm{S}}\mathrm{i}\mathrm{S}$.

$\iota_{\dot{\epsilon}\mathrm{t}1\mathrm{t}}/\cdot 1\vee \mathrm{i}’ \mathrm{S}\mathrm{s}’ \mathrm{t}^{\mathrm{Y}}11\langle^{\mathrm{Y}}1^{\cdot}\mathrm{a}\mathrm{l}\mathrm{t}\cdot 1\mathrm{o}\mathrm{S}(^{\Delta}(1\mathrm{f}\mathrm{o}\mathrm{l}\cdot 111\iota 1\mathrm{l}\mathrm{a}\mathrm{i}_{1}1\mathrm{T}11^{\tau}‘ \mathrm{t}1^{\backslash }‘ 111\mathrm{S}1.1\dot{C}\iota 11(11.2\dot{c}\mathfrak{i}1^{\cdot}()1’ 1^{\cdot}\mathrm{o}\mathrm{n}\mathrm{g}$. $\mathrm{C}^{1}\mathrm{h}\mathrm{o}\mathrm{i}’ \mathrm{S}1^{\cdot}\langle^{\tau}111\mathrm{a}1^{\cdot}\mathrm{k}$ in
[1] $\backslash \backslash \dot{\{}\iota‘ \mathrm{h}\dot{\zeta}\iota_{\mathrm{b}^{)}\subset}1\mathrm{i}_{11}1^{\cdot}\mathrm{a}\mathrm{t}1_{1}\mathrm{t}^{\backslash }1^{\cdot}111\mathrm{i}_{\mathrm{S}}1\mathrm{f}_{\dot{C}}\mathrm{Y}\iota(1\mathrm{i}1$in $\dagger 1_{1\subset \mathrm{t}\mathrm{t}}11\mathrm{t}^{\backslash }(\dot{c}\mathrm{t}1(111_{\dot{\epsilon}\mathrm{t}\mathrm{t}}\mathrm{t}^{\backslash }|\mathrm{b}\mathrm{t}11(^{\mathrm{Y}}1\iota;_{\dot{\zeta}}\mathrm{t}\mathrm{l}11(^{\backslash }$ value ( $\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{l}\iota\prime 1\mathrm{l}\mathrm{O}\backslash \mathrm{V}\mathrm{l}\mathrm{l}$ ill $|_{\mathrm{c}}11\mathrm{e}$

$1\mathrm{i}\dagger(^{1}1^{\cdot}\dot{\zeta}\iota\dagger 111^{\cdot}\mathrm{t}’)$ ill two ways $1\iota \mathrm{s}\mathrm{i}1]_{)}\mathrm{t}$ ) $\mathrm{t}1_{1}1\mathrm{l}\mathrm{i}‘ \mathrm{s}$ results $\dot{c}\mathrm{t}11(1\lambda_{\dot{\mathrm{t}}\mathrm{i}1(}^{r}1\mathrm{i}’.\mathrm{b}1^{\cdot}\langle)\mathrm{b}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{f},\mathrm{b},$ $\mathrm{a}11(1\mathrm{t}\cdot(11(1\iota 1(1(_{\mathfrak{l}}^{\backslash \mathrm{t}}‘,11_{\dot{C}}\iota\dagger$ they
give ( $1\mathrm{i}\mathrm{f}\mathrm{f}(^{\mathrm{Y}}1^{\cdot}$( $.11\mathrm{t}\iota^{\tau}\dot{\zeta}\iota 1_{1}1(^{\backslash }H‘,.$ Tllih leaves a $1)(_{\downarrow}\wedge‘ \mathrm{s}\mathrm{i}1)\mathrm{i}\mathrm{l}\mathrm{i}t.\mathrm{Y}\mathrm{t}1_{1}\mathrm{a}\mathrm{f}\mathrm{I}$ ) $(\mathrm{f}1_{1}111\mathrm{i}_{\mathrm{b}^{)}}11\mathrm{f}1)(^{i}\mathrm{w}\mathrm{l}\cdot(\mathrm{n}\mathrm{g}, |)\iota 1\mathrm{t}$ this defect
was $1^{\cdot}\in_{\mathrm{L}}\backslash \mathrm{t},,(.\iota 1^{i}‘(1$ ill [9], $\mathrm{a}\mathfrak{U}(1\mathrm{C}\mathrm{h}()\mathrm{i})\mathrm{s}1^{\cdot}(1\mathrm{S}\iota 11\uparrow \mathrm{f}()1^{\cdot}(1(^{\rangle}\mathrm{t}\triangle.$’ is $(.()1^{\cdot}1^{\cdot}(^{1}(.\mathrm{t}\dot{C}\iota 11(1\mathrm{C}^{\cdot}()\mathrm{i}11\mathrm{c}\cdot \mathrm{i}(1\epsilon^{\backslash }\mathrm{s}\mathrm{W}\mathrm{i}\mathrm{t}1_{1}()111^{\cdot}\mathrm{S}$ .

$\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{e}\cdot\in\tau(\iota 11^{\cdot}$ closed $\mathrm{f}\mathrm{o}\mathrm{l}\cdot 111\iota 1\mathrm{l}\mathrm{a}(\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l})$ gives $\mathrm{c}\cdot 01^{\cdot}1^{\cdot}(^{\backslash }$ ( $\mathrm{t}$ values for $|$ ) $\mathrm{o}\mathrm{t}11$ clet, $\triangle_{2}‘ \mathrm{a}11(1(1_{\mathrm{C}^{1}\mathrm{t}}\triangle\backslash \cdot,$ , it
is of collsiderable trust.

Remark 4. Highel$\cdot$

$(1\mathrm{i}_{111e}11\mathrm{S}\mathrm{i}_{01}1\mathrm{s}$ .
Aft,er $1$) $1^{\cdot}\mathrm{t}$

) $\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{l}$ our $1^{\cdot}\mathrm{e}\mathrm{s}\iota 1\mathrm{l}\mathrm{t}\mathrm{s}$ at $\mathrm{t}\mathrm{h}\mathrm{c}\mathrm{J}\mathrm{a}_{1^{)\mathrm{a}1}\mathrm{y}}1-\mathrm{I}\backslash \mathrm{O}1\mathrm{e}\mathrm{a}\mathrm{N}\vee.\tau \mathrm{l}\mathrm{n}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}$
. Conferenc$e$ , Dec. 24-

27,1997 held at Saga Ulliversity, we $\mathrm{w}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ comnlunicated the paper of Quine and Choi [12],
which gives closed formula for $\det\triangle_{n}$ for any $n$ . Their method avoids the computation
of $\mathrm{t}1_{1}\mathrm{e}$ infinite series involving the Hurwitz zeta-function (Lemlna 1) by an ingenious trick
of introducting a regularization lenlma (Lemma 1), in which cancellation of terms in our
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$\mathrm{L}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{R}6$ is effect,ed $|$ )$\}^{\mathrm{r}}\mathrm{S}11\mathrm{o}\mathrm{W}\mathrm{i}_{1}G’(0)=0,$ $\mathrm{a}11(1\mathrm{t}1_{1}\mathrm{e}1)1^{\cdot}\mathrm{o}o\mathrm{f}$ is $\mathrm{s}\iota 11$ ) $\dagger \mathrm{l}\mathrm{e}\mathrm{r}t$ llall olns. We $|$ ) $\mathrm{e}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{v}\mathrm{e}$,

however, our method has its own right, clarifying how those cancel one another.
Acknowledgement. $\mathrm{T}1_{1(^{i}}$ jtlltll $\langle$ $)$ l $\cdot$ $\backslash \backslash ()1\iota 1(1\mathrm{l}\mathrm{i}\mathrm{k}(\backslash$ to $(^{\mathrm{Y}}\mathrm{x}_{1^{)1}}\cdot(^{i},\mathrm{b}$ “

$\neg 1\mathrm{l}\mathrm{i}\mathrm{b}(1\mathrm{t}’\{1^{)(}’$st $\mathrm{g}\mathrm{l}\cdot\dot{c}\mathrm{t}\mathrm{t}\mathrm{i}\dagger 11\{1(\uparrow()\mathrm{I}^{)}1^{\cdot}\mathrm{t})\mathrm{f}$.
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