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Abstract

In this work some integral operators are studied and the authors de-
termine conditions for the univalence of these integral operators.

1 INTRODUCTION

Let A be the class of the functions f which are analytic in the unit disc
U= {ze€C;l|z] <1} and f(0) = f'(0) —1=0.

We denote by S the class of the function f € A which are univalent in
U )

Many authors studied the problem of integral operators which preserve
the class S. In this sence an important result is due to J. Pfaltzgraff [4].

THEOREM A [4]. If { is univalent in U, o a complex number and
ja] < §, then the function '

Ga(2) = / O] de (1)

is univalent in U.
THEOREM B[3]. If the function ¢ € S and « is a complex number,
|a] < £, then the function defined by

Gan(z) = / (¢ (u™)]" du (2)

is univalent in U for all positive integer n.

2 PRELIMINARY RESULTS

We will need the following theorems in this work.
THEOREM C [2].Let o be a complex number, Reax > 0 and
feA I



1— |ZI2Rca zf"(z)
Rea f'(z)
for all z € U, then for any complex number #,Ref > Rea the function

<1 (3)

. 3
Fp(z) = [ﬁ/ uﬂ"f’(u)du] (4)

is in the class S.
THEOREM D [1]. If the function g is regular in U and |g(2)] < 1
in U, then for all £ € U and z € U the following inequalities hold

9€) —o(n) | _ ‘ £
L — 5
1-g(2)g(&)| ~ |1 —%¢ )
and : 2
: 1-—
lg"(2)] < —1—_—'_‘2'%%'—, (6)
the equalities hold only in the case g(2) = eﬁ_"ﬁ; where |¢] = 1 and |u| < 1.
REMARK [1]. For z = 0, from inequality (5)
9(§) —9(0) | o
1—g(0)g(¢) €l ( :
and, hence | |
€] + 19(0) |
lg(&) < T+ 120Nl (8)
Considering g(0) = a and £ = z,
o) < PR (9)

forall z € U.

LEMMA SCHWARDZ [1]. If the function g is regularin U, g(0) =0

and |g(z)| € 1 for all z € U, then the following inequalities hold

lg(2)l < 12| (10)
for all z € U, and |g'(0)] < 1, the equalities (in inequality (10) for z 3 0)
hold only in the case g(z) = €z, where |¢| = 1.

3 MAIN RESULTS

THEOREM 1. Let o,y be complex numbers, Rea =a >0 and g € A.
If

9"(2)

9'(z)

1

- n

(11)

for all z € U and
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n+2a /n+2a\3
< 222 (2122 (12)
then for any complex number 8, Ref > e, the function
* 1 ’ Y -j-
Gamn()= {0 [ 8= [am)] " e (13)
o

is in the class S for all n € N™ — {1}.
PROOF. Let us consider the function

£(z) = f [o"(u™)]” du. (14)
The function
o)=L, (15)

where the constant |v| satisfies the inequality (12), is regular in U.
From (15) and (14) we obtain

_ 1— nzn—lgli(zn)
)= [ 7G) ] ' (16)
Using (16) and (11) we obtain
lp(2)l < 1 (17)

for all z € U. For z = 0 we have p(0) = 0.
From (16) and Schwarz-Lemma it results that

1 [ £=) ne1 o
| 7o) < =] < =] (18)
for all z € U, and hence
1—|z>*\ [z£"(2) 1—|z**\, in
(L) |22 < (AL o (19)

—3a
Let us consider Q:[0,1]— R, Q(z) = gl——lz",

a
z = |z|. We have

2 n 15
Q(z)sn+2a (n+2a) (20)
for all z € [0,1]. From (20), (19) and (12) we obtain
1- |z|2°) zf"(z)
( a f(z) <1 (21)

for all z € U. Then, from (21) and Theorem C it follows that the function
Gg,vy,n 1s In the class S.



THEOREM 2. Let a,v be complex numbers, Reaa = b > 0 and the

function g € A,
g(z)=z+agzz+... LI

g"(Z)
9'(z)
for all 2 € U and the constant |y| satisfies the condition

<1

1
vl < -
max l_l:lszZI l:H—?lazl
|"Sl b 142]ag||s|

then for any complex number §, Re § > b the function

| . 3
Gpoa(z) = {ﬂ / w7 [g’(u)]’du}

(-]
is in the class S.
Proof. Let us consider the function

f(z) _—_/ [¢'(w)] 7 du.
The function .

_ 1)
M= nrFGy

where the constant |v| satisfies the inequality (23), is regular in U.

From (26) and (25) we have

o X 9(2)
M= e
Using (27) and (22) we obtain
|a(z)] < 1,

for all z € U and |A(0)] = 2|a2].
The above Remark applied to the function h gives

1 17"(2) |z] + 2]az]
vl ] F(2) | = 1+ 2|aallz]
for all z € U.
From (29) we obtain
1—|z)?% | 2f"(= 1—|z|*® z| + 2]a
|z] f,()_<_l7l ll ‘ZII! laz|
b | F() b 11+ 2laallz]
for all z € U. Hence, we have
1—|2* | z£"(2) 1— 12 | |z| + 2|aa]
< ax -
| 7w | S PRE [T e

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)
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(30)

(31)
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From (31) and (23) we obtain

1—z** | 2£"(2)

b fi(z)

for all z € U. From Theorem C, it follows that the function Gg,y defined
by (24) is in the class S.

<1 (32)
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