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Abstract

The paper is devoted to stud.$\backslash ^{\gamma}$. tlle $\mathrm{t}\supset\sigma$
( $\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{I}\mathrm{i}7\mathrm{e}\mathrm{d}\mathrm{r}_{\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{t}}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1$ calcllllls $\mathrm{o}\mathrm{r}_{\mathrm{a}\mathrm{r}}\dagger$ ) $\mathrm{i}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{r}\mathrm{y}$ com-

plex order for tlle $T\Gamma$-ftlnction defined $\ddagger$ ) $1^{r}$ the Mfellin-Barnes integral

$H_{p,q}^{m_{\backslash }?}’( \sim.)=\frac{1}{2\pi i}\int_{\mathrm{L}^{\backslash }}\gamma \mathrm{r}_{p.q}m,n(s)Z-Sd_{S}$ ,

where the function $\backslash \gamma(_{p.\dot{q}}^{mn}(S)$ is a certain ratio or products of Gamma $\mathrm{f}_{\mathrm{t}\eta(}\cdot\{\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}$ with the
argument.$\mathrm{s}$ and tlle contollr $\sim(’$ is.specially $\mathrm{c}\mathrm{l}\mathrm{J}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{n}$ . The considered $\mathrm{g}\mathrm{e}^{\mathrm{y}}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}]_{\mathrm{t}7}(\mathrm{Y}(\mathfrak{j}$ fractional
integration and $\mathrm{d}|\mathrm{f}\mathrm{f}(^{\mathrm{Y}}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}1$ operators contain the Gauss llypergeometric filnction
as a kernel and $\mathrm{g}(^{\mathrm{Y}}\mathrm{n}\mathrm{e}’ \mathrm{r}\mathrm{a}\mathrm{l}\mathrm{I}7.\mathrm{e}$ clas.sical fractional integrals and $\mathrm{d}_{\mathrm{C}Y}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{f}\mathrm{i}_{\mathrm{V}}\mathrm{e}_{\sim}\mathrm{s}$ or Riemann-
Liouvile, $\Gamma_{x\mathrm{r}}\mathrm{d}\acute{\mathrm{c}^{\backslash }}1\mathrm{J}^{\mathrm{i}}’- \mathrm{K}(1)\mathrm{e}\mathrm{Y}\mathrm{r}$ type, etc. It is proved $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}$ the generalized fract ional integrals
and derivatives of $I\Gamma$-filnctions are also $FI$-functions but of greater order. In particular,
the obtained results define more $\mathrm{P}^{\mathrm{r}\{^{1}}\mathrm{c}\mathrm{i}.\wp$ ]

$v\backslash \gamma$ and generalize $\mathrm{k}\mathrm{n}\mathrm{o}\backslash \backslash ^{7}\eta$ results.

1. Introduction

This paper deals witll the $ff- \mathrm{f}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{C}\{\mathrm{i}o\mathrm{n}Ir_{p^{l.l}}n.’(q\approx)$. For integers $m,n,p,$ $q\mathrm{s}\iota \mathrm{l}\mathrm{c}\mathrm{l}\mathrm{l}$ that $0\leqq m\leqq q$ ,
$0\leqq n\leqq p$ , for $a_{i},$ $b_{j}\in \mathbb{C}$ with $\mathbb{C}$ of the fiekl of complex numbers and for $\alpha_{i},\beta_{j}\in \mathrm{R}_{+}=(0, \infty)$

$(i=1,2, \cdots,p;j=1,2, \cdots, q)$ the $II- \mathrm{f}1\mathrm{l}11\mathrm{c}\mathrm{t}$ ion $II_{p,q}^{m,n}(z)$ is defined via a $\backslash _{\mathit{1}}$ Iellin-Barnes type
integral in the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{i}\mathrm{l}$ way:

$H_{\mathrm{P}}^{m,\prime}.’(q\approx)\equiv I\tau^{m.n}p.q[\approx|(l^{y_{j}},\beta j)_{1q}(_{\mathit{0}0}i,i)_{\iota}.\cdot p]\equiv II_{p_{\backslash }q}^{m}$ ”$l[\tilde{4}|(\mathit{0}_{1},\alpha 1),\cdots,(\Gamma l_{p}(b_{1},\beta_{1}),\cdots,(l\prime_{q}’ \mathcal{B}_{q}\backslash )\mathit{0}_{p})]$

$=‘ \frac{1}{\underline{J}\pi i}\int_{\mathrm{C}}ff\{_{p,q}^{m}\backslash n[(_{\mathit{0}_{i}}o(b_{j}|_{\beta_{j})}i)_{1}1_{\backslash }q\backslash p|s]z^{-s_{ds}}$ , (1.1)
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where the contour $\mathcal{L}$ is specially chosen and

$\mathrm{J}\mathrm{t}_{p,q}^{m,n}(.9)\equiv \mathrm{J}\mathrm{f}_{\mathcal{P}}^{m.n}.q[(a_{i},\mathit{0}_{i}’)(b_{j},\beta_{j})_{1}1.pq|.9]=\frac{\prod_{j=1}^{m}\Gamma(b_{j}+\beta js)i=\prod_{1}\Gamma(1-an\alpha i-iS)}{pq}$

, (1.2)

$i=’ l+ \prod_{1}\Gamma(ai+\alpha_{i}S)\prod_{+j=m1}\Gamma(1-b_{j}-\beta_{j}S)$

in which an empty procluct, if it $\mathrm{o}\mathrm{c}\mathrm{c}.\iota \mathrm{l}\mathrm{r}l\mathrm{S}$, is taken to $1$) $\mathrm{e}$ one. Such a function was introduced
by S. Pincherle in 1888 and its thoory has $\mathrm{t}$ ) $\mathrm{e}(^{1}\Pi$ devploped by Mollin [10], Dixon and Ferrar
[2] (see [3, \S 1.19] in this connection). An illt $(^{\backslash }\mathrm{r}(^{\}}\mathrm{S}\mathrm{t}$ to the $H$-function arose again in 1961
when Fox [4] has investigated such a function as a symmetrica] Fouripr kernel. Therefore
this filnction is sometimps called as Fox’s $II$-function. The theory of this $\mathrm{f}\iota \mathrm{l}\mathrm{n}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ may be
found in [1], [9, Chaptor 1], [17, Chapter $9\rceil\sim$ and [11, 8.8.3].

Classical $\mathrm{R}\mathrm{i}\mathrm{e}t\mathfrak{n}\mathrm{a}\mathrm{n}\mathrm{n}- \mathrm{T},\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\backslash \prime \mathrm{i}\mathrm{l}$] $\mathrm{e}$ fractional c,alculus of real order [17, \S 2.2] $(\mathrm{S}\mathrm{G}(^{1}\text{ノ}(2.1)-(26)$

below) was in1(’$\mathrm{S}\dagger \mathrm{i}\mathrm{g}\mathrm{a}\mathrm{t}(^{1}(1$ in $[12]-[1^{\mathit{1}}l],$ $[18]$ find [11]. The right-sided $\mathrm{f}_{\Gamma \mathrm{a}\mathrm{c}\mathrm{t}}\mathrm{i}\mathrm{o}\mathrm{n}c\gamma$] integrals and
derivatives of the $II- \mathrm{f}\uparrow 1$ et $i$ on (1.1) were $\mathrm{s}\dagger 1\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{i}\mathrm{Q}\mathrm{d}$ in $[]2]-[14]$ and the $\mathrm{r}\Re_{\mathrm{x}}$ ults $\backslash \backslash 7\mathrm{e}\mathrm{r}\mathrm{e}$ presented
in [18, \S 2.7], wh$G$re the ease of left-si( $]_{(\mathrm{t}}11$ fractional differentiation of 1 tle $II- \mathrm{f}\mathrm{i}\mathrm{J}\mathrm{n}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ was also
considered. Tllp $1‘\urcorner f\mathrm{t}- \mathrm{s}\mathrm{i}\iota$] $\mathrm{c}$( $]$ fractional illt pgration of the If-function was given in [11, 2.25.2].
Such results for tho $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{r}$

)$\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}74e\mathrm{d}$ fractional calculus operators with the Causs hypergeom$‘\backslash ,\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}$

function as a kernel (see $(2.\overline{\prime})-(2.10)1$ ) $(^{\tau}1\mathrm{o}\mathrm{W}),$ $\mathrm{b}\langle^{\urcorner \mathrm{i}}1$ introduced by $\mathrm{t}1\mathrm{l}\{^{\backslash }$, first author [15], were
obtained in [16].

IIowever, some of the $\mathrm{r}\mathfrak{k}_{4}^{\backslash }\mathrm{q}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{t}_{\mathrm{S}}o1$ ) $\mathrm{t}\mathrm{a}\mathrm{i}_{11\epsilon}\kappa 1$ in $[12]-[14]$ (citcd in [18]) and [16] call be taken
to be more precisely. $\backslash 1$ Morpover, thesp results were given providecl lhat the parameters
$a_{i},$ $b_{j}\in \mathbb{C}$ and $\alpha_{i}>0,$ $\beta_{j}>0$ $(i=1,2, \cdots , p:j=1,2, \cdot\cdot\backslash , q)$ of the $II- \mathrm{r}\iota \mathrm{l}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ satisfy certain
conditions. Th $(^{\mathrm{Y}},\llcorner \mathrm{s}\mathrm{e}$ conditions were based on asymptotic behavior of $II_{p.q}^{m.n}(z)$ at zero and
infillity. In [5] wo extended such the known asymptotic results for the $JI$-filnction to more
wide class of parameters.

In [7], [8] we have applied the obtained asymptotic estimates in [5] to find the Riemann-
Liouville fractional intpgrals and $\mathfrak{c}1()\mathrm{r}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\alpha i$ of any complex orcler of the $II$-function. In
particular, we could $\mathfrak{m}\mathrm{f}\mathrm{i}\mathrm{k}\mathrm{e}$ more $\mathrm{p}\mathrm{r}\propto \mathrm{i}\mathrm{S}\mathrm{c}\mathrm{l}\mathrm{y}\mathrm{t}$ ] $\mathrm{l}\mathrm{e}$ known results from $[12]-[14],$ $[18]$ and [11].

The present paper is dpvoted to $\mathrm{o}\mathrm{l}$) $\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}$ such type results for the gpneralized fractional
integration and differentiation operators of any complex order wi th the Causs hypergeometric
function as a kernel. Ill particular, we give more precisely some of the results from [16] and
generalize the results $\mathrm{o}\mathrm{l}$) $\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{d}$ in [7], [8]. The paper is organized as follow. In Section 2 we
present classical and generalized fractional calcullls operators and some facts from the theory
of Gauss hypergeometric function. Sections 3 and 4 contain the result, from the theory of
the $II$-function. The existence of $II_{p.q}^{m.n}(z)$ atld its asymptotic $1$ ) $(^{\mathrm{Y}\}_{\mathrm{t}a\backslash \mathrm{i}0}}\prime \mathrm{r}$ at zero and infinity
is considered in Section 3 and certain raluction and differentiation propertioe in Section
4. SGctions 5 and 6 deal with generalized fractiollal differentiatioll of the $II$-function (1.1).
Sections 7 and 8 are devoted to $\mathrm{t}\}_{1\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{r}\mathrm{a}}\mathrm{e}\mathrm{n}$] $\mathrm{i}7_{\mathrm{J}}\propto 1$ fractional $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\Gamma \mathrm{e}\mathrm{l}\mathrm{l}\{\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{o}\mathrm{n}$ of the II-function.
Another type of fractional $\mathrm{i}\iota\tau \mathrm{t}\mathrm{e}\mathrm{g}\Gamma G\mathrm{d}\mathrm{i}\zeta \mathrm{r}\Theta\Gamma \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of the $H$-function is given in Section 9.
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2. Classical and Generalized Fractiollal Calculus Operators

For $\alpha\in \mathbb{C}$ , Re(a) $>0$ , the Riemann-I,iouville left- and right-sic.lcd fractional calculus
operators are defined as follow [17, \S 2.3 and \S 2.‘4]:

$(I_{0-\vdash}^{a}f)( \mathrm{a}\cdot)=\frac{1}{\Gamma(\mathit{0})}\int_{0}^{x}\frac{f(t)dt}{(x-l)^{\mathrm{I}-}a}$ $(x>0)$ , (2.1)

$(I_{-}^{\alpha}f)(x)= \frac{1}{\mathrm{I}^{\urcorner}(c))}\int_{x}^{\infty}\frac{f(t)dt}{(t-x)1-\alpha}$ $(x>0)$ , (2.2)

and

$(D_{0+}^{\alpha}f)(_{\mathit{2}} \cdot)=(\frac{d}{dx})^{\lceil{\rm Re}()}\mathrm{n}]\}1\cap(I_{0))}-a+\downarrow \mathrm{R}\lceil \mathrm{e}()1!+f(x$

$=( \frac{cl}{dx})^{\lceil}\mathrm{T}?’(0)_{\rfloor}\rceil\perp 1\frac{1}{\Gamma(1-\alpha-\dagger|]\iota_{\mathrm{e}}\backslash (\mathit{0})])}\int_{0}x\frac{f(t)}{(x-\mathrm{t})^{\alpha}-[{\rm Re}(\circ)]}d\beta$ $(\iota\cdot>0)$ , (2.3)

$(D_{-}^{\alpha}f)(X)=(- \frac{d}{dx}\mathrm{I}^{\lceil}\mathrm{R}\mathrm{e}’(\mathrm{Q})]+1\mathrm{J}(I_{-f))}-\alpha+_{0}\mathrm{r}\mathrm{R}’(0)1]($.

$=(- \frac{d}{da}.\mathrm{I}^{[\mathrm{e}()]+1}\mathrm{R}0\frac{1}{\Gamma(1-O^{-}||{\rm Re}\backslash (_{0})])}\int_{x}^{\infty}\frac{f(t)}{(t-X)^{\alpha}-1\lfloor{\rm Re}(0)_{\mathrm{J}}1}dt$ $(x>0)$ , (2.4)

respectively, where the symbol $[\kappa]$ means the integral part of a real 1ltlmb$()\mathrm{r}\kappa$ , i.e. the largest
integer not excpcding $\kappa$ . In particular, for real ($1>0$ , the operators $O_{0+}^{\alpha}$ and $D_{-}^{\alpha}$ take more
simple forms

$(D_{0+}^{a}f)(_{\mathrm{J}} \cdot)=(\frac{d}{dx}\mathrm{I}^{[0_{\mathrm{J}^{+}}^{\rceil}}1(_{\mathrm{J}^{\cdot}}(I_{0+}^{1-}\{0\}f))$

$=( \frac{d}{dx}\mathrm{I}^{[a]+}1\frac{1}{\mathrm{I}^{\backslash }(1-\{a\})}\int 0\frac{f(t)}{(x-t)\mathrm{t}^{\alpha\}}}dtx$ $(x>0)$ , (2.5)

and

$(D_{-^{f)(_{\mathrm{J}}\cdot)=}}^{a}(- \frac{d}{dx})^{[\circ]1}+(_{J^{\cdot}}(f_{-}f\rceil-\{a1))$

$=(- \frac{d}{dx})^{\mathrm{r}\alpha}]+1\frac{1}{\Gamma(1-\{(\mathrm{J}\})}\int_{x}^{\infty}\frac{f(t)}{(t-x)^{\{\alpha}1}\mathrm{c}ft$ $(x>0)$ , (2.6)

respectively, whpre $\{t_{\mathrm{i}_{\text{ノ}}}\}$ stands for $\mathrm{t}\mathrm{h}G\mathrm{r}_{\mathrm{r}\mathrm{a}\mathrm{c}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1$ part of $\kappa$ , i.e. $\{\wedge \text{ノ}\}=\kappa-[/_{\mathrm{i}}\cdot.]$ .
$\Gamma\prec \mathrm{o}\mathrm{r}\alpha,$ $\beta,$ $\eta\in \mathbb{C}$ and $x>0$ the $\mathrm{g}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}7\mathrm{J}\mathrm{e}\mathrm{d}$ fractional calculus $\mathrm{o}\mathrm{p}^{\rho\Gamma \mathrm{a}\mathrm{t}}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{s}$ are $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{d}$ by

[15]

$(I_{0\dotplus}^{\alpha\beta,\eta}f)( \mathit{0}^{\cdot})=\frac{x^{-\alpha-\beta}}{\mathrm{I}^{\backslash }(0)}\int^{x}0’(_{X}-t)^{\alpha-}1\Gamma_{1}2(\alpha+\beta,$ $- \eta;\alpha;1-\frac{t}{J}.)f(t)\prime ft$ (2.7)

91



$({\rm Re}(a)>0)$ ;

$(I_{0\dotplus}^{\alpha\beta,\eta}f)( \mathrm{J}^{\cdot})=(\frac{d}{(l_{J}}.)^{n}(I_{0+}^{\alpha\dagger a,\iota}n,-n_{l}’-,f)(x)$
$({\rm Re}(\alpha)\leqq 0;7?=[\mathrm{R}\mathrm{c}(-\mathfrak{a})]\dashv- 1)$ ; (2.8)

$(I_{-}^{\circ,\beta}’ \eta f)(I^{\cdot})=\frac{1}{1^{\backslash }(0)}\int^{\infty}x(t-2^{\cdot})^{a-}\iota t^{-\alpha}-\beta\Gamma_{1}’2(\alpha+\beta,$
$- \eta;0_{\backslash }^{\cdot}1-\frac{x}{t}.)f(t)_{C}lt$ (2.9)

( $\mathrm{R}(^{\mathrm{Y}}(a)>0)$ ;

$(I_{-}^{\alpha,\beta,\eta}f)(_{\mathrm{J}} \cdot)=(-\frac{d}{d\mathrm{a}}.)^{n}(I_{-f}^{\alpha+\cdot l_{\mathrm{t}}q}’-,l.\eta)(x)$ ( ${\rm Re}(\alpha)\leqq 0;n=[\mathrm{R}(\urcorner(-\mathrm{n})]-\{-1$ ); (2.10)

and

$(D_{0\dotplus}^{\alpha\beta,\eta}f)(_{J}\cdot)\equiv(I_{()\mathrm{J}}^{-\alpha,-}\beta_{2}\alpha+\eta f)(x)$

$=( \frac{r.f}{(/?}.)^{n}(I_{0+}^{-\alpha}+n,-^{g_{-}+l^{-n}}n.\alpha’\int)(\mathrm{J}^{\cdot})$ ( $\mathrm{R}(^{\mathrm{Y}}((1)>0:7?=[\mathrm{T}\backslash (^{\backslash }(\mathrm{Q})]-\vdash 1)$ ; (2.11)

$(D_{-}^{\circ,\beta}’\eta f)(.?\cdot)\equiv(\tau_{-f}^{-\alpha,-a.\alpha+\eta})(_{I)}$
.

$=(- \frac{\mathrm{r}l}{d_{\mathrm{J}}}.)^{n}(I_{-}^{-\alpha+n,-\beta n.\alpha}-\lrcorner-\eta f)(x)$
$({\rm Re}(a)>0:n=[\mathrm{R}()(\alpha)]+1))$ . (2.12)

IIere $2F1(a, b;c,:Z)$ ( $(1,$ $b,$ $c.,$ $Z\in \mathbb{C})$ is $\mathrm{t}\mathrm{h}\mathrm{c}$) C.auss hypergeometrie funct ion dofined by the

series

$2\Gamma_{1}^{r}(\mathit{0}.l):$
$c.; \approx)=\sum_{=k0}^{\infty}\frac{((\iota)_{\lambda}..(b)_{k}}{(c.)_{k}}\approx^{k}\overline{k!}$ (2.13)

with

$(a)_{0}=1$ , $(a)_{k}=a(a \dashv- 1)\cdots(a-\dagger-k-1)=\frac{\Gamma(a+k)}{\Gamma(a)}$ $(k, \in \mathrm{N})$ , (2.14)

where $\Gamma(z)$ is the Camma function [3, Chapt$(^{)}\mathrm{r}\mathrm{T}$ ] and $\mathrm{N}$ denotes the set of positive integers.

The series in $(\underline{9}.13)$ is eonvergent for $|z|<1$ and for $|z|=1$ with $\mathrm{R}(^{\}}(c-a-b)>0$ , and

can be analytieally $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{l}\tau \mathrm{l}\mathrm{l}\cap C1$ into $\{\approx\in \mathbb{C} : |a\mathrm{r}\mathrm{g}(1-z)|<\pi\}(\mathrm{s}(^{\backslash }$ ($\backslash [3,$
$\mathrm{C}\mathrm{h}a$ pter II]).

Since

$2\Gamma^{4}1(0, b_{\backslash }.C;Z)=1$ (2.15)

for $\beta=-\alpha$ , the $\mathrm{g}\mathrm{e}\mathrm{n}\cap \mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{Z}(\mathrm{d}$ fractional calc.ulus operators (2.7), (2.9). $(\underline{9}.11)$ and (2.12)

coincide with the $\mathrm{R}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}-\mathrm{I}I\mathrm{i}\mathrm{o}\mathrm{u}\mathrm{v}\mathrm{i}\mathrm{l}\iota \mathrm{e}$ operators $(2.1)-(2.4)$ for RP(O) $>0$ :

$(I_{0\dotplus\int}^{\alpha-\alpha}’\eta)(x)=(I_{(1\mathrm{i}}^{\alpha}f)(x)$ , $(I_{-,f)}^{\mathrm{Q}}-\alpha,\eta(\mathrm{J}^{\cdot})=(r_{-}^{\alpha}f)(\mathit{3}^{\cdot})$ , (2.16)

$(D_{0}^{\alpha}\dotplus f-\alpha,\eta)(x)=(D_{0\downarrow}^{a}f)(\iota\cdot)$ , $(D_{-f}^{\alpha,-\alpha,\eta})(x)=(o_{-}^{a}f)(g:)$ . (2.17)
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According to thp relation $[3, 2.8(-4)]$

$2\Gamma^{r}1(a, f);a;z)=(1-z)^{-}b$ , (2.18)

when $\beta=0$ the $\mathrm{o}_{\mathrm{P}}(^{\mathrm{Y}}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\Gamma \mathrm{s}(2.7)$ and $(^{\underline{\eta}.c)}.\rangle$ coincide with the Er($]_{(}’\backslash 1\backslash ^{r}.\mathrm{i}$-Kober $\mathrm{r}_{\Gamma a}\mathrm{C}(\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1$ integrals
[17, \S 18.1]:

$(I_{0+}^{\alpha.0.\eta}f)(x)= \frac{x^{-\alpha-\eta}}{1^{\backslash }(a)}.\int_{()}^{x}(\mathrm{z}\cdot-t)\alpha-1\ell\eta f(f)\mathrm{c}l;\equiv(I_{.0}^{4},,f)(x)$ ( $\alpha,$ $\eta\in \mathbb{C},$ $\mathrm{I}\mathrm{t}(\backslash (\cap)>0)$ , (2.19)

$(I_{-f)(X)}^{\alpha.0.\eta}= \frac{x^{\eta}}{\Gamma(\alpha)}\int_{x}^{\infty}(t-x)\alpha-1,,\int(\ell)/ft\equiv(h_{\eta,\alpha}’-f)(_{X})\iota^{--a}$ $(\alpha,$ $\eta\in \mathbb{C},$ $\mathrm{R}(\mathrm{Y}(_{\mathit{0})}>0)$ . $(2.20)$

Therefore the $o\mathrm{p}\mathrm{f}^{\mathrm{Y}}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{l}\mathrm{s}(2.\overline{\prime}),$ $(2_{\backslash }.9)\mathrm{a}\iota 1^{(}\iota(2.11),$ $(2.12)$ are callecl ”
$\mathrm{g}\cap|1O\Gamma \mathrm{a}\rceil \mathrm{i}_{\mathrm{Z}(^{\backslash }\Lambda’}$

’ fractional
integrals and derivatives, $\mathrm{r}\mathrm{c}^{\mathrm{y}_{1}}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\backslash ’(\backslash 1\mathrm{y}$. $\backslash \wedge$ Morpover, thp oporators (2.11) $\mathrm{f}\ln(1(2.12)$ are inverse
to (2.7) and (2.0):

$D_{()+}^{a,\theta,\eta}=(I_{0\mathrm{f}}^{\mathrm{o}..\eta})"-1$ , $D_{-}^{\mathfrak{a},\beta,\eta}=(I_{-)^{-}}^{\alpha,\theta.\prime}’ 1$ (2.21)

$\Gamma \mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{C}\mathrm{a}\mathrm{l}C\iota 1\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{s}\mathrm{o}\mathrm{p}\cap\Gamma \mathrm{a}\mathrm{t}_{0}\mathrm{r}\mathrm{s}(\underline{9}.]),$ $(_{\sim}9..3),$ $(\underline{9}_{\mathrm{t}}^{r_{)}}.),$ $(2.7),$ $(2.8),$ $(2.11)$ and (2.2), (2.4), (2.6),
(2.9), (2.10), (2.12) are call $p(1\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{t}-\mathrm{S}\mathrm{i}\mathrm{c}\mathfrak{j}\cap$( $]$ and rigbt-sided, respectively $[1\overline{/}, 8^{\underline{)}}‘]$ .

$1\mathrm{V}$, give some ot her properties of $2\Gamma 1(a, b:C_{!}Z)[3, 2.8(46), 2.9(2), \underline{9}.10(14)]$ which will be
used in the following calculations:

$2F1(a, l,:c;1)= \frac{\Gamma(c)\mathrm{r}(c}{1^{\tau}(c-}$ $(c\neq- 0, -1, -2, \cdots ; \eta_{(}\backslash (c-a-b)>0)$ ; (2.22)

$2F1((l, l,:C;Z)=(1-\approx)^{C-}a-b2\Gamma_{1}(c, -a, C-b;c;\approx)$ ; (2.23)

$2F1$ ($a,b$ ; a $-|$ $b;z$ ) $= \frac{\Gamma(a+b)}{1^{\tau}(_{\mathit{0}})\Gamma(l))}\sum_{k-0}\frac{(\mathit{0})_{k}(l)_{k}}{(k!)^{2}}\infty,[2\iota’’(1+k)-^{\psi(}a\vdash k)-\}\mathrm{t}^{/}’$( $b\cdot$ t- $k$ )

$-\log(1-\approx)](1-\approx)^{k}$ $(|\arg(Z)|<\pi;a, b\prime \mathrm{o}, -1, -\underline{9}, \cdots),$ $(2.24)$

$\backslash \backslash ^{r}\mathrm{h}\mathrm{c}\mathrm{r}\mathrm{e}\psi(z)=\Gamma’(z)/\Gamma(z)$ is the Psi funetion $\lceil 3,1.\overline{/}$].
Formulas (2.22) - (2.21) mean the following asymptotic $1_{)\Theta}\mathrm{h}\mathrm{a}\backslash r$ior of $2\Gamma^{\tau}1(a, b_{\backslash }C;Z)$ at the

point $z=1$ .

Lemma 1. For a, $b.c$. $\in \mathbb{C}$ wit $f?\mathrm{R}()(C.)>0\partial nd\approx\in \mathbb{C},$ $tl1c\Gamma(^{1}\text{ノ}\mathit{1}1$ old ( he $f()ll\mathfrak{c}$)$11ri\mathrm{n}g$ asymptotic
rela tion$‘ \mathrm{s}n$ear $z=1$ :

$2F_{1}(a, b;c;\approx)=O(1)$ $(zarrow 1-)$ (2.25)

for $\mathrm{R}p_{\vee}(c-a-b)>0$ ;

$2r1(a, b;c;z)=O((1-z)^{c-a-}b)$ $(zarrow 1-)$ (2.26)

for $\mathrm{n}_{\mathrm{C}}\backslash (c-a-b)<0$; and

$2\Gamma 1(a,b:c,;z)=O(\log(1-z))$ $(\approxarrow 1-)$ (2.27)
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for $c-a-b=0,$ $a,$ $b\neq 0,$ $-1,$ $-2,$ $\cdots$ and $|\arg(\approx)|<\pi$ .

3. Existence and Asymptotic Behavior of the H-ffinction

We shall consider tho $II$-function (1.1) prol$\prime \mathrm{i}(1\cap \mathrm{c}$] that the polps

$l_{jl},= \frac{-b_{j}-l}{\beta_{j}}$ $(j=1, \cdots,m;l\in \mathrm{N}_{0})$ (3.1)

of the Gamma functions $\Gamma(b_{j}+\beta_{j}s)$ and that

$a_{ik}= \frac{1-a_{i}+k}{\alpha_{i}}$ $(i=], \cdots , n;k\in \mathbb{N}_{0})$ (3.2)

of $\Gamma(1-a_{i}-\alpha_{i}.\mathrm{s})$ do not coincide:

$o_{i}’(b_{j}+l)\neq\beta_{j}(a_{i^{-k1)}}-$ $(i=1, \cdots , n;j=1, \cdots.m_{\backslash }\mathrm{x}_{!}.l\in \mathrm{N}_{0})$ , (3.3)

$\backslash 1^{r}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{G}\mathbb{N}_{0}=\mathrm{N}\cup\{0\}$ . $\mathcal{L}$ in (1.1) is the infinite contour splitting polos $|$)$jl$ in (3.1) to the left
and poles $a_{ik}$ in (3.2) to $\mathrm{t}\mathrm{l}1\xi$) right of $L$ and has onp of the following forms:

(i) $L=L_{-\infty}$ is a $1(\backslash \mathrm{f}\mathrm{t}$ loop situated ill a horizontal strip start ing at the $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}-\infty+i\varphi_{1}$

and terminating at the point $-\infty+i\varphi_{2}$ with $-\infty<\varphi_{1}<\varphi_{2}<-|\infty$;
(ii),C $=,\mathrm{C}_{\perp\infty}$ is a right loop $\mathrm{s}\mathrm{i}\mathrm{t}\iota \mathrm{l}\mathrm{a}\mathrm{f}(\mathrm{Y}\mathrm{l}$ in a $\mathrm{h}\mathrm{o}\mathrm{r}\mathrm{i}_{7()\mathrm{l}1},\mathrm{t}\mathrm{a}1$ strip starting at tho $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}+\infty-\vdash i\varphi_{1}$

and terminating at the $\mathrm{p}\mathrm{o}\mathrm{i}\ddagger 1\mathrm{t}-\vdash\infty-\vdash i\varphi_{2}’$ with $-\infty<\varphi_{1}<\varphi_{2}<-\dagger\infty$ .
(iii) $\mathcal{L}=L_{i\gamma\infty}$ is a contour starting at $\mathrm{t}\mathrm{h}\cap \mathrm{p}\mathrm{o}\mathrm{i}\iota 1\mathrm{t}\gamma-i\infty$ and tprminat illg at the point

$\gamma+i\infty$ with $\gamma\in \mathbb{R}=(-\infty, +\infty)$ .
The properties of the $II$-function $TI_{\rho.q}^{m.n}(\approx)$ deppnd on the $\mathrm{n}\iota \mathrm{l}\mathrm{m}\dagger$ ) $(^{\tau}\mathrm{r}_{\backslash }\mathrm{S}a^{*},$ $\triangle,$

$\delta$ and $\mu$ which
are expressed via $p,$ $q,$ $a_{i},$ $o_{i}’(i=1,2, \cdots, p)$ and $b_{j},$ $\beta_{j}(j=1,9-, \cdot. . , q)1_{)}\mathrm{y}$ the following
relations:

$a^{*}= \sum_{1i=}^{n}\alpha_{i}-i=’ l1\sum_{+}^{\mathcal{P}}\alpha i+\sum_{j1}^{m}\beta_{j}--j=m+\sum_{1}\beta_{j}q$, (3.4)

$\Delta=\sum_{1j=}^{q}\beta_{j}-\sum_{-}^{p}\alpha i-1i$ , (3.5)

$\delta=\prod_{1i=}^{p}a^{-\alpha_{*\prod^{q}\beta^{\beta}}}ij^{-}1jj$ , (3.6)

$\mu=\sum_{j=1}^{q}b_{j}-\sum^{\mathrm{P}}a_{i}+i^{-1}-\frac{p-q}{2}$. (3.7)

IIere an empty sum in $(3.\cdot 4),$ $(3.5),$ $(’.;.7)$ and an pmpty product in (3.6), ir they occur, are
taken to be zero and one, respectively.

The existence of tho $lI$-function is given by th $(^{\urcorner}$ following result [6].
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Theorem A. $I_{J}\mathrm{t}^{\mathrm{Y}}.\mathrm{t}\Omega^{*},$ $\Delta,$ $\delta \mathrm{a}nd/\iota$ $be\circ\sigma \mathrm{i}\iota^{r}en$ bryr $(3.4)-(3.7)$ . $Tl?en$ the $fI$-fiunction $H_{p.q}^{m,n}(\approx)$

defincd by (1.1) and (1.2) $m$akes sense $\mathrm{i}\iota \mathit{1}$ the following cases:

$L=L_{-\alpha}\backslash$
’

$\Delta>0$ , $z\neq 0$ ; (3.8)

$L=\mathcal{L}_{-\infty}$ , $\Delta=0$ , $0<|\approx|<\delta$ ; (3.9)

$\mathcal{L}=\mathcal{L}_{-\infty}$ , $\triangle=0$ , $\mathrm{n}\zeta)(l^{\iota})<-1$ , $|z|=\delta$ ; (3.10)

$L=\mathcal{L}_{\perp\infty}.$

’
$\Delta<0$ , $z\neq 0$ ; (3.11)

$\mathcal{L}=,\mathrm{C}_{+\infty)}$ , $\Delta=0$ , $|\approx|>\delta$ ; (3.12)

$L=\mathcal{L}_{+\infty}$ , $\Delta=0$ , Il $(^{\mathrm{Y}}(l\iota)<-1,$ $|z|=\delta$ ; (3.13)

$L=\mathcal{L}_{\dot{\mathrm{g}}}\gamma\infty$

’
$a^{*}>0$ , $| \arg z|<\frac{a^{*}\pi}{\underline{9}}$ , $z\neq 0$ ; (3.14)

$\mathcal{L}=\mathcal{L}_{i\gamma}\infty$

’
$a^{*}=0$ , $\triangle\gamma$ } $\mathrm{I}\{‘ \mathrm{Y}(l/)<-1$ , $\arg z=0$ , $\approx\neq 0$ . (3.15)

Remark 1. The $\mathrm{r}\cap \mathrm{s}\iota 1\mathrm{l}\mathrm{t}\mathrm{s}$ of Theorem A in th $‘ \mathrm{Y}$ cases (3.10), (3.13) and (3.15) are more
precisely than $\mathrm{t}\iota\iota\circ_{1}\mathrm{s}‘ \mathrm{Y}$ in $[11, \mathrm{S}.8.3.1]$ .

The next $\mathrm{s}\mathrm{t}" \mathrm{t}\cap \mathrm{m}$ ont $1$ ) $\mathrm{c}^{1}\mathrm{i}n\mathrm{g}$ followod from the results in [5] $\mathrm{c}\}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{a}c\mathrm{f}‘ \mathrm{Y}\mathrm{r}\mathrm{i}_{7}.\mathrm{e}\mathrm{S}$ the asymptotic
behavior of the $TI$-filnct ion at zero and infinity.

Theorem B. $I_{\text{ノ}(^{1}}t_{\mathit{0}}*\partial nd\Delta$ be given $f$) $\backslash ’(3.1)$ and (3.5) and $l\mathrm{e}\supset t_{\text{ノ}}$ conditions in (3.3) be
sa $\mathrm{t}$isfied.

(i) If $\triangle\geqq 0$ or $\triangle<0,$ $a^{*}>0,$ $t\mathfrak{l}?\mathrm{e}n$ the $f\Gamma$-fimcfion has either of thle asvmptotic estimates
at zero

$II_{p.q}^{m.n}(\approx)=^{o}(\approx^{\rho^{*}})$ $(|z|arrow 0)$ (3.16)

$or$

$I\tau_{p,q}^{m,n}(_{Z)=\mathit{0}}(z^{\rho^{*}}[\log(\mathcal{Z})]^{\backslash }.’)*$ $(|\approx|arrow 0)$ , (3.17)

$1’i\mathrm{t}h$ the additional condition $|\arg(\approx)|<a^{*}\pi/2$ t$’l]en $\triangle<0,$ $a^{*}>0$ . Here

$\rho^{*}=\min_{j1\leqq\leqq m}[\frac{\mathrm{n}_{\mathrm{f}}\backslash (b_{j})}{\beta_{j}}]$ , (3.18)

a }$?dN^{*}is$ the $\mathit{0}$rder ofon $e$ of the point $b_{jl}$ il? (3.1) to $n^{v}\mathrm{J}_{1}\mathrm{i}ch$ some of $h\rho rp_{\mathit{0}}\mathfrak{l}\rho_{\wedge}\mathrm{s}of\Gamma(b_{j}+\beta j\mathit{8})(j=$

$1,$ $\cdots,$ $m)$ coincide.
(ii) If $\Delta\leqq 0$ or $\triangle>0,$ $a^{*}>0$ , then thle $II$-function has either of the asymptotic

estimates at in $\Gamma_{ll?}\mathrm{i}t_{\mathrm{J}}\gamma$

$Ir_{p,q}^{m.n}(z)=O(\approx^{\rho})$ $(|z|arrow\infty)$ (3.19)
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or

$fI_{p,q}^{m,n}(z)=o(\approx^{\underline{O}}[\log(\approx)]^{N})$ $(|z|arrow\infty)$ , (3.20)

svith the additional condit ion $|\arg(Z)|<a^{*/\underline{9}}\pi,\backslash \dagger’]_{|\mathrm{e}|?}\Delta>0,$ $a^{*}>0$ . IIere

$\rho=\max_{1\leqq i\leqq n}.[\frac{\mathrm{R}\cap((ti)-1}{\alpha_{i}}]$ , (3.21)

and $N$ is the order of $ot\mathit{1}C$ of the point $o_{ik}$ il? (3.2) in $n^{r}hich$ some $otftc$)$rp\mathrm{o}|c‘ g$ of $\Gamma(1-a_{i}-$

$\alpha_{i}s)(i=1, \cdots, n)co$incide.

4. $\mathrm{R}e$duction alld Differentiation Properties of the H-Flmction

In this and $\eta\xi^{\mathrm{Y}}\mathrm{x}\mathrm{t}\mathrm{s}c\mathrm{C}1$ ions we $\mathrm{s}\iota\iota \mathrm{p}\mathrm{p}\mathrm{o}\mathrm{S}\cap$ ttlat $\mathrm{t}\dagger\iota^{\rho}$ conditions for th $‘\urcorner$ oxistence of the $H-$

function given in Theoroln A are satisfod.
The following two $\mathrm{I},\mathrm{C}\mathrm{m}\mathrm{m}\mathrm{a}\mathrm{S}\backslash \backslash ^{r}\mathrm{t}\mathrm{l}\mathrm{i}\mathrm{c}\backslash \mathrm{h}\mathrm{c}\mathrm{t}\prime 8\mathrm{r}\mathrm{a}\{\tau \mathrm{t}(^{\iota}\mathrm{r}\mathrm{i}\mathrm{Z}\mathrm{c}^{\mathrm{Y}}\mathrm{s}‘ \mathrm{V}’$mmetric $\mathrm{a}\iota \mathrm{t}(]_{\Gamma}\alpha\{\mathrm{t}\mathrm{l}\mathrm{c}\mathrm{t}$ ion $\mathrm{p}\mathrm{r}o$perties of the

II-function follow from $\mathrm{t}\mathrm{t}1(^{\mathrm{Y}}$

, definit ion of $\mathrm{t}1_{1^{\urcorner}}‘ I\Gamma-(\iota\iota 11\subset’ \mathrm{t}$ ion in $(1.1)-(1.9-)$ .

Lemma 2. The H-fi} $\mathrm{n}$ ction (1.1) is comlr $n\mathrm{f}\partial ti1\prime \mathrm{r}$ } il? th $\mathrm{e}‘ \mathrm{s}et$ of $\mathrm{P}^{\partial \mathrm{i}r\mathrm{s}}.(0_{1}, a_{1}),$

$\cdots,$
$(a_{n}, \alpha_{n})$ ,

$i\iota \mathrm{l}(a_{k\mathrm{z}+1,n}\alpha+1),$
$\cdots,$

$(a_{\mathrm{P}}, \alpha_{\mathrm{P}})$ ; in $(b_{1}, \beta_{1}),$ $\cdots$ , $(ly_{m}, \beta,,,)$ and in $(b_{nl+1}, \beta m+\iota),$ $\cdots,$
$(lJ_{q}, \beta q)$ .

Lemma 3. If one of $(a_{i}, \alpha_{i})(i=1, \cdots, n)$ is $\theta \mathrm{q}\mathrm{t}\mathrm{l}\mathrm{a}\mathrm{l}$ to on$e$ of $(l_{j}),$ $\beta_{j})(.\mathfrak{j}=m+1, \cdots, q)$

(or one of $(a_{i}, (1_{i})(i=n+1, \cdots, p)$ is $\eta ll\mathrm{a}l$ to one of $(b_{j}, \beta_{j})(j=1, \cdots, m))$ , then th $\mathrm{e}$

II-filnction red1 $\iota c\epsilon s$ to $tf$] $p$. $lo1\mathrm{t}’\mathrm{p}r$ order one, $tl_{\mathfrak{l}\partial}t$ is, $p.q$ and $n$ (or $m$ ) dpcrease $b_{\nu}\mathrm{t}^{\Gamma}$ unity. $T$wo
sllch results have tlle forms

$f\Gamma_{\mathrm{P}\cdot q}^{m.n}[z|(l)j’\beta_{j})1.q-\mathrm{l},$$(\mathit{0}1, \mathrm{o}(a_{i},\alpha i)_{1}\backslash \mathrm{P}1)]=II_{p,q-1}m,n-1^{-}1[z|(o_{i}(l_{j})|_{\beta}^{\alpha_{i}}j))_{\iota}2_{\mathrm{P}}.\cdot q-1]$ (4.1)

provicfed that $n\geqq 1$ and $q>m,$ $\partial 1?d$

$fI_{p,q}^{m,n}[z|(b_{j},\beta j)_{1.q}(ai,\mathrm{Q}’)i1,p-\mathrm{l},$ $(l_{\mathit{1}\beta)}1,1]=II_{\mathrm{P}^{-}q}^{m-}1,-11,n[z|(a_{ii},O)_{\iota_{p1}}(b_{j},\beta j)2.\cdot q-]$ (4.2)

provided that $m\geqq 1$ and $p>n$ .

The next $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{G}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\{\mathrm{i}\mathrm{o}\mathrm{n}$ formulae follow from the defillition of the $fT- \mathrm{r}_{1}\iota\eta \mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{g}\mathrm{i}\nwarrow^{\gamma}\mathrm{e}\mathrm{n}$ in
$(1.1)-(1.2)$ and from the functional $\eta\iota \mathrm{l}\mathrm{a}\mathrm{f}\mathrm{i}\mathrm{o}\mathrm{n}$ for $\mathrm{t}1\iota(^{\urcorner}\mathrm{C}_{\mathrm{z}}\mathrm{a}\mathrm{m}\mathrm{m}\mathrm{a}$ function [.3, \S 1.2(6)]

$\Gamma(z)\Gamma(1-z)=\frac{\pi}{\mathrm{s}_{\iota}\mathrm{i}_{\mathrm{l}1}(\pi z)}$ . (4.3)
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Lemma 4. $Tl?\rho.re$. $f$ }$old$ the $follo\backslash \mathrm{I}fi$ }$?^{\sigma}\wedge difrpr\mathrm{e}nt\dot{\mathfrak{l}}a$ tion formllfar for $\omega_{J}.c,$
$\in \mathbb{C},$ $\sigma>0$

$( \frac{d}{cl\approx})^{k}\{$ $\sim\sim^{4I\Gamma_{\mathrm{P}}}.m.’ nq[cz^{\sigma}|(o_{i}(bj|_{\beta)}^{\mathrm{o}_{i}}j\rangle 1.\cdot\rho 1q]\}$

$=z^{\omega-k}FI_{p1}m.n++.q+\iota 1[c\simeq^{\sigma}|(-,.\omega,\sigma)(l_{1}, \beta_{j})_{1,q}’(,a_{i}(k’-a_{i})_{1.p}\omega,$$\sigma)]$ , (4.4)

$( \frac{\mathrm{r}f}{\mathrm{r}J\approx})^{k}\{\sim.\sim\{v_{I}r_{p}m.\cdot nq[c\approx^{\sigma}|(l_{J_{j}}.\beta_{j})(o_{i.i}(\mathrm{l})_{1}1.’ qp]\}$

$=(-1)^{k\omega-k}ZI\Gamma^{n}p\downarrow 1?4.\iota_{n,ql1}.[c,\approx^{\sigma}|(k-\omega,\sigma(a_{i}, \alpha i)_{1}.p)’,(-\omega(l_{j}).’\beta_{j})_{\iota}\sigma).q]$ . (4.5)

5. Left-Sided Generalized Fractional Integration of tlle $H$-Ftlllction
$\mathrm{I}\mathrm{l}1$ the following sections $\backslash \backslash ^{r}\mathrm{e}\mathrm{t}\mathrm{r}(\mathrm{Y}\mathrm{a}\mathrm{f}$ tho $f\Gamma-\mathrm{r}_{1\mathrm{l}}11\mathrm{c}(\mathrm{i}\circ \mathrm{n}(1.1)$ - (1.2) $\backslash \backslash ’ \mathrm{i}\mathrm{t}\iota 1\mathcal{L}=\epsilon_{i\infty}\gamma$ and under

the assumptions $a^{*}>0$ or $a^{*}=0,$ $\triangle\gamma’-|\mathrm{R}\mathrm{r}^{\tau(/}l$ ) $<-1$ for $a^{*},$ $\triangle,$ $/\iota\iota$ ) $c\backslash \dot{|}\mathrm{n}\mathrm{g}$ given by (.3.4), (3.5),
$(3.\overline{/})$ .

I $\lceil \mathrm{e}\mathrm{r}\mathrm{e}$ we consider the $1‘\urcorner[\mathrm{t}$-sided $\mathrm{g}^{\mathrm{Y}}‘ \mathrm{n}\mathrm{P}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}7_{r}\rho\subset 1$ fraclional integration $I_{0+}^{\alpha.g_{\eta}}$ defined by (2.7).

Tlneorem 1. Let $\alpha,\beta,\eta\in \mathbb{C}$ wit }} $\mathrm{R}\cap(\mathfrak{a})>0,$ ${\rm Re}(\beta)\neq \mathrm{R}()(\eta)$ . Let the constants
$o_{i},$ $b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>0(i=1, \cdots,p;j=1, \cdots\backslash q/)$ and $\omega\in \mathbb{C},$ $\sigma>0_{\mathrm{S}a}.ti‘ \mathrm{S}(\mathrm{J}r$

$\sigma \mathrm{m}\mathrm{i}1\leqq j\leqq 11m[\frac{\mathrm{R}e(b_{j})}{\beta_{j}}]$ -\dagger ${\rm Re}(_{L}\backslash \cdot)+\mathrm{m}\mathrm{i}_{11}[0, {\rm Re}(\eta-\beta)]\vdash 1>0$ , (5.1)

$\sigma\gamma<{\rm Re}(\omega)$ \dagger mill $[0, \mathrm{R}G(\eta-\beta)]+1$ . (5.2)

Thcn th$\mathrm{e}$ generalized $fra$ ction$al$ intogral $\tau_{0^{\beta.\eta}}^{\alpha}+$
’ ofthe $II$-function (1.1) $\epsilon\cdot \mathrm{x}\mathrm{i}_{\llcorner}\mathrm{S}t‘ \mathrm{S}$ and $thc$ foll$\mathit{0}\iota \mathrm{i}\gamma ing$

rela $t$, ion holds:

$(\tau_{0}^{\mathrm{Q}}\dotplus t^{\omega}\beta.\eta I\Gamma_{p.q}m.n[\ell^{\sigma}|(b_{j}(a_{i},’\alpha i)_{1_{\mathrm{P}}}\beta_{j})_{1’ q}.])(x)$

$=x^{\omega-\theta+2}I\tau_{\rho}^{m.n}+2,q+2[x^{\sigma}|(-,’\ "\sigma(l_{j},\beta j)1.q’(-\omega\dashv),(-\omega\dagger-\beta-\eta,\sigma-\beta, \sigma),(),(a_{i}, \alpha i)1.\rho\sigma-\omega-\alpha-\eta,)]$ . (5.3)

Proof. By (2.7) we have

$(I_{0}^{\alpha}\dotplus^{\beta,\eta}t\omega_{I}r^{m.n}qp_{\backslash }[t^{\sigma}|(ai,\alpha(b_{j},\beta j)1.qi)1,p])(\mathrm{J}^{\cdot})$

$= \frac{x^{-a-\beta}}{\Gamma(\mathit{0})}\int_{0}^{x}(x-t)^{\alpha}-1t^{\omega_{2}}\Gamma 1(\alpha+\beta,$ $- \eta:0:1-\frac{t}{x})IIp..q?l.n[p^{\sigma}|(_{\mathit{0}_{i}}’(b_{j}|_{\beta}^{\mathrm{o}_{i})}j)_{1.q}7.p]dt$ . $(5.4)$
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According to (2.25), (2.26), (3.16) and $(.3.1\overline{/})$ , the integrand in (.5.4) for any $x>0$ has the
asymptotic estimate at $7.\cap \mathrm{r}\mathrm{o}$

$(_{\mathcal{I}}-t)^{0-1\omega}\ell 2F1(a.-\dagger\beta,$ $- \eta;0;1-\frac{t}{x})IIP,qm,n[t^{\sigma}|(b_{j}.\theta_{j})_{\iota_{q}}(_{\mathit{0}_{i},0_{i}})1_{P}\backslash \cdot]$

$=O(t^{\omega+\sigma\rho^{\star}\mathrm{e}}+\mathfrak{m}\mathrm{i}\mathrm{n}_{\mathrm{t}^{0.\mathrm{R}\cdot(-}}\eta\beta)1\mathrm{J}\lceil|)$ $(tarrow\dashv- 0)$

or

$=O(t^{\omega+.\mathrm{e}}\sigma\rho^{*}\downarrow \mathrm{m}\mathrm{i}\mathrm{l}\iota 0\lceil \mathrm{R}\backslash (?t-\theta)1[\log(i)]N^{*})$ $(tarrow- \mathrm{I}0)$ .

Iiere $\underline{o}^{*}$ is given by (.3.18) and $N^{*}$ is $\mathrm{i}111^{-}1\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{f}e(1$ in Theorem $\mathrm{f}3(\mathrm{i})$ . Th $e\Gamma^{\urcorner}‘ \mathrm{f}0\mathrm{r}\mathrm{e}$ thc condition
(5.1) ensures the existpn $e\mathrm{e}$ of the intpgral (5.4).

Applying (1.2), $\mathfrak{m}\mathrm{a}\mathrm{k}\mathrm{i}\mathrm{t}$ the changp $o\mathrm{f}\backslash ^{r}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}1$) $]_{(}\mathrm{Y}t=X\mathcal{T},$ $\mathrm{C}_{J\mathrm{h}\mathrm{a}\mathrm{n}}\mathrm{g}\mathrm{i}\iota\urcorner \mathrm{g}\mathrm{t}\mathrm{h}\prime \mathrm{Y}\cap \mathrm{r}\mathrm{d}\cap \mathrm{r}$ of integration
and taking into $\mathrm{a}e\mathrm{c}\mathrm{o}\mathrm{l}1\mathrm{l}\urcorner\dagger$ ttle formllla [11, \S 2.21.1.11]

$\int_{0}^{x}t^{\alpha}-1(x-t)^{C}-12\Gamma^{d}1(a,$ $b:c;1- \frac{t}{x})(lt=\frac{\Gamma(c)\Gamma(_{\mathit{0})(\mathit{0}}\mathrm{r}\alpha-\dagger^{-}C,--f)}{1^{\tau}(\alpha+c-a)\mathrm{I}\urcorner(\mathit{0}-|- c-t))},x\mathrm{Q}+c_{-1}$ (5.5)

( $a,$ $b,$ $\mathrm{r},$
$\alpha\in \mathbb{C}$ , Rc(o) $>0,$ $\mathrm{R}(\backslash ,(c.)>0,$ ${\rm Re}(\alpha+c, -a-b)>0)$ ,

we obtain

$(I_{0+}^{\alpha\beta,\eta}t\omega ff^{m,n}p,q[t^{\sigma}|(b_{j},\beta(_{\mathit{0}0}i,i)_{1.p}j)_{1,q}])(z\cdot)$

$= \frac{x^{-\alpha-\beta}}{\Gamma((1)}\int_{0}^{x}(X-t)^{O-}1\iota^{\omega}2F_{1}(\alpha+\beta,$ $- \eta;\alpha;1-\frac{t}{x})II_{p,q}m,n[t^{\sigma}|(b_{j}.\beta_{j})_{1q}(a_{i},\mathrm{Q}’i)_{\iota}.\cdot \mathrm{p}]dt$

$= \frac{x^{-\alpha-\beta}}{2\pi i\Gamma(\alpha)}\int_{\epsilon^{f\{_{p.q}^{m}}}.n[(b_{j},\beta_{j})1(a_{i},\alpha i)1.’ pq|s]d.9\int_{0}xt(_{I}-)^{\alpha}-1t^{\omega-\sigma s}2^{\ulcorner}1(\alpha+\beta,$ $- \eta:a’;1-\frac{t}{x})dt$

$= \frac{x^{\omega-\beta}}{2\pi i}\int_{\mathrm{C}}\mathrm{J}\mathrm{f}_{\mathrm{P},q}^{m}’ n[(b_{j},\beta(a_{i,i}\alpha j))_{1,p}1,q|s].\frac{\Gamma(1+\omega-\mathrm{s}\sigma)\Gamma(1+\omega-\beta\vdash\eta-\sigma \mathrm{s})}{\Gamma(1\dashv-\omega-\beta-S\sigma)\Gamma(1+\omega||-\alpha+\eta-\sigma S)}.x^{-\sigma s_{d}}S.(5.6)$

KVe note that since $L=L_{i\gamma\infty},$ ${\rm Re}(s)=\gamma$ and therefore the condit ion (5.2) ensures the
existence of the Mellin-Barnes integral $\mathrm{a}1$) $0\backslash r\mathrm{e}.$ IIenco in view of (1.2)

$(I_{0\dotplus}^{\alpha\beta,\omega}\eta\iota II^{m.n}p.q[t^{\sigma}|(b_{j},\beta(\mathit{0}_{i},\alpha i)_{1.p}j)_{1},q])(J^{\cdot})$

$=x^{\omega-\beta n}lI_{p+,+}^{m_{2}}\backslash +2q2[\mathrm{a}^{\sigma}.|(b_{j},\beta j)\iota_{q}.,(-\omega(-\omega,\sigma),(-\omega-\vdash+\beta, \sigma)\beta-\eta,,\sigma)(-,\omega-\alpha(ai, \alpha i)_{1,p}-\eta, \sigma)]$ . (5.7)

and in accordance with (1.1) we $\mathrm{o}\mathrm{t}_{)}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}(_{\iota 5}.3)$ wllieh complctes thp proof ($1$[ Theorem 1.
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Corollary 1.1. $I,et\alpha\in \mathbb{C}$ with $\mathrm{R}\cap(\alpha)>0$ , and let the constan $f.g\gamma\iota i,$ $b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>$

$0$ $(i=1, \cdots ,p;j=1, \cdot*\cdot , q)$ and $\omega\in \mathbb{C},$ $\sigma>0$ sat isfy

$\sigma_{1\leqq}\min_{j\leqq m}[\frac{\mathrm{R}(^{\mathrm{Y}(’)}l_{j}}{\beta_{j}}]+{\rm Re}(_{\alpha J}’)+1>0$ , (5.8)

$\sigma\gamma^{\prime<\mathrm{I}\iota}\epsilon^{\mathrm{Y}(_{\ }}$”) $-\dagger-1$ . (5.9)

$Tl\mathrm{l}en$ the Riemann-Liollville fractional integral $I_{0+}^{\alpha}$ of the H-fuunction (1.1) exists and the
$fo\mathrm{J}l_{o\mathrm{I}’i\sigma}n_{\mathrm{o}}$ relation $ho\mathrm{J}ds$ :

$(I_{0+}^{a}\psi H^{m,n}\mathrm{P},q[t^{\sigma}|(b_{j},\beta_{j}(a_{i},\mathit{0}’)_{1}i)1.’ q\mathrm{P}])(\mathrm{a}\cdot)=x^{\omega+}I\alpha I_{p}m\backslash n++1,q+11[t^{\sigma}|(b_{j}, \beta_{j})(-\omega,\sigma)1’.q(,ai, \alpha i)(-\omega-\alpha 1,P, \sigma)]\cdot(5.10)$

Corollary 1.2. $I,p\mathrm{t}\alpha,$ $\eta\in \mathbb{C}\mathrm{t}\mathrm{t}’ itl_{\mathit{1}}\mathrm{R}(^{)(}\mathit{0})>0$ , and let the constants $a_{i},$ $b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>$

$0$ $(i=1, \cdots ,p;j=1, \cdots , q)$ and $\omega\in \mathbb{C},$ $\sigma>0$ satisfy

$\sigma\min_{j\iota\leqq\leqq nl}[\frac{{\rm Re}(b_{j})}{\beta_{j}}]|\mathrm{R}(^{\mathrm{Y}}(\omega)+\mathrm{m}\mathrm{i}_{11}[0, {\rm Re}(\eta)]-\vdash 1>0$ , (5.11)

$\sigma\gamma<\mathrm{I}\mathrm{l}\mathrm{e}(\omega)+\mathrm{m}\mathrm{i}\mathrm{l}\mathrm{l}\lceil \mathrm{o},$ ${\rm Re}(\eta)]+1$ . (5.12)

Then tlle Erd\v{c}l.$\mathrm{t}^{f}.i$-Kober $f_{\Gamma aC\mathrm{f}}\mathrm{i}onaljI?t$pgra $\mathrm{J}I_{l^{\mathfrak{a}}}^{+},$

, of $t\mathrm{J}lpII$-function (1.1) $\mathrm{e}\mathrm{x}$ists and the follow-
$il?_{\mathrm{o}}^{\sigma}\Gamma \mathrm{c})\mathrm{J}at$,ion holds:

$(I_{t^{a}p,q}^{+},.t^{\omega_{H^{m}’}}n[\ell^{\sigma}|(a_{i},\alpha i)(l)j\backslash \beta_{j})_{1,q}1.p])(x)=T^{\omega}fI_{\mathrm{P}\cdot q}^{m,n}+1^{+}\neq 11[x^{\sigma}|(b_{j}, \beta_{\dot{j}})(-\omega-\eta,\sigma),(1.q’(-\omega-,\alpha-\eta, \sigma ai\alpha_{i})_{1.p})]\cdot(5.13)$

Remark 2. In $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}(\mathrm{Y}\mathrm{a}$se $a^{*}>0,$ $\Delta\geqq 0$ tho relat ion (5.3) was indicalod ill [16, (4.2)], but
in the assumptions of $\dagger \mathrm{h}C$) $\mathrm{r}\mathrm{C}\{\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{t}$ the condition (5.2) of Theorem 1 $\mathrm{s}\mathrm{h}\mathrm{o}\iota \mathrm{l}]_{\mathrm{t}}$ ] be added.

Remark 3. Corollary 1.1 coincid $\mathrm{e}_{\mathrm{L}}\mathrm{s}$ with $\mathrm{T}\mathrm{h}\mathrm{C}\mathrm{O}\Gamma’$) $\mathrm{m}1$ in [7]. For rpal $\alpha>0$ and $a^{*}>0$

the relation (5.10) was indicated in [11, 2.25.2.2], but the condilions of its validity have to
be also $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{C}\mathrm{t}\alpha 1$ according to (5.8) and (5.9).

6. Rigllt-Sided Generalized Fractional Int$e$gration of the $H$-Ftlnction

In this section we consider the right-sided gpneralized fractional intpgr$a$ tion $I_{-}^{a.\beta,\eta}$ defined
by (2.9).
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Theorem 2. Let a, $\beta,$ $\eta\in \mathbb{C}$ with Re(o) $>0,$ $\mathrm{R}e(\beta)\neq \mathrm{R}^{\mathrm{Y}}‘(\eta)$ . $T_{J}ett$]$\mathit{1}C$ consta$nts$

$a_{i},$ $b_{j}\in \mathbb{C},$ $\alpha i,\beta j>0(i=1, \cdots,p\backslash \cdot j=], ’\cdot\cdot, q)al7d\omega\in \mathbb{C},$ $\sigma>0$ sa $t\mathrm{i}‘\backslash \cdot f_{\nu}|7$

$\sigma \mathfrak{m}_{i}\mathrm{a}1\leqq\leqq \mathrm{x}n[\frac{{\rm Re}(\mathit{0}_{i})-1}{\alpha_{i}}]\{- \mathrm{R}(^{\mathrm{Y}}(x^{1)}<\min[{\rm Re}(\beta),$ $\mathrm{f}\{e(\iota/)\rceil$ , (6.1)

$\sigma\gamma>\mathrm{n}C^{1}(_{v^{1}}.)-\mathrm{m}\mathrm{i}[]\lceil \mathrm{R}(\mathrm{Y}(\beta), {\rm Re}(\eta)]$ . (6.2)

Then tlle generalized $r_{\Gamma aC}tion\mathrm{a}\mathit{1}int\rho_{l}\sigma r\supset a\mathfrak{l}I^{\alpha.\beta,\eta}-$ of $t$ he $II$-function (1.1) $\mathrm{c}^{1}\mathrm{x}$ists and $tl?\mathrm{e}fo\mathit{1}lo\mathrm{I}\dagger^{r}in\mathrm{g}$

relation llolds:

$(I_{-}^{\alpha,\beta,\eta_{\beta}m}\omega II_{p}.q.n[t^{\sigma}|(b_{j}(a_{i,i},\alpha)_{\iota}\beta_{j})_{1.q}’ p])(\mathrm{z}\cdot)$

$=x^{\omega-\beta}I\Gamma^{m2}\rho+2q+2\perp.’ n[\alpha^{\sigma}|(-\omega+(aj, \alpha i)1,p\beta,’\sigma),(-\omega+\eta,\sigma(-\omega, \sigma), (-\omega)+,\alpha_{l,\beta_{j}}()j\{-\beta\dagger\eta)_{1}.q’)\sigma]$ . (6.3)

Proof. By $(2^{(}.\backslash ))$ we have

$(I_{-}^{\alpha,\beta,\eta\omega_{H^{m_{\backslash }n}}}tp.q[t^{\sigma}|(\iota_{J_{j}},\beta(_{\mathit{0}_{i}},\alpha_{i})_{1}j)1,’ qP])(x)$

$= \frac{1}{\Gamma(\alpha)}\int_{x}^{\infty}(t-x)^{\alpha-1}\ell^{\omega}-\alpha-\beta F21(\alpha+\beta,$ $- \eta:\alpha;1-\frac{x}{t})II\mathrm{P}\cdot qm,n[\mathit{1}^{\sigma}|(l_{j}((li.’\alpha i)_{1_{\mathrm{P}}})\beta_{j})_{1’},q]dt_{J}.(6.4)$

Due to (2.25), (2.26), (3.19) and (3.20), the illf $(^{\mathrm{Y}}\mathrm{g}\mathrm{r}\mathrm{a}1\tau \mathrm{d}$ in (6.4) for any $x>0$ has the asymp-
totic at infinity

$(t-\tau)^{\alpha}-1\omega t-\alpha-\beta\Gamma^{J}21(\alpha+\beta,$ $- \eta;\mathit{0}’;1-\frac{x}{t})H^{m}p,q’ n[t^{\sigma}|(l)(a_{i}aj|_{\beta}ji))_{\iota}\iota\backslash .\mathrm{P}q]$

$=O(t^{\omega-}\mathrm{n}\mathrm{l}\mathrm{i}11[\mathrm{R}\mathrm{o}(_{\backslash }9).\mathrm{R}P(")]-1\dashv\sigma\rho)$ $(tarrow+\infty)$

or

$=O(t^{\omega-\min{\rm Re}(}).w\eta)]-1\perp\sigma\rho \mathrm{f}^{\log}(t)]^{N}\mathit{9})$ $(tarrow+\infty)$ .

Here $\underline{\mathit{0}}$ is given by (.3.21) and $N$ is indicatffi ill TIlp.orem B(ii). $\mathrm{T}\}_{1^{\mathrm{Y}}\Gamma}‘ \mathrm{e}\mathrm{f}_{0\Gamma}\mathrm{e}\mathrm{t}\dagger 1\rho$ condition (6.1)
ensllres the existencp or $\{\}\mathrm{l}\mathrm{e}$ intpgral (6. I). Applying (1.2), $\mathfrak{m}\mathrm{a}\mathrm{k}\mathrm{i}\mathrm{t}\mathrm{f}\mathrm{t}\mathrm{l}\ell)$ changc $t=1/\tau$ and
using (5.5), we olltain

$(I_{-}^{\alpha,\beta.\eta}t \omega H_{\mathrm{P}}^{m,n},q[l^{\sigma}|(b_{j},\beta(a_{i},\alpha i)_{1,p}j)1,q])(\frac{1}{T})$

$= \frac{1}{\Gamma(\alpha)}\int_{1fx}^{\infty}(t-\frac{1}{x})^{\alpha}-1-t^{\omega}a-\beta\Gamma 21(\alpha-\vdash\beta,$ $- \eta;\alpha;1-\frac{1}{tx})\Gamma\Gamma_{p.q}^{m.n}[l^{\sigma}|(b_{j},\beta_{j})(a_{i,i}\mathrm{o}\cdot)1,’ q1_{\mathrm{P}}]dt$
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$= \frac{x^{1-\alpha}}{2\pi i\Gamma(0)}.[_{\mathcal{L}}\mathcal{H}_{p.q}^{m..\iota}[(a_{i},,\alpha i)_{1}(l)j\beta_{j})_{1.q}.\mathrm{P}|.9]\tau^{\sigma s}ds$

$\int_{0}^{x}(\mathrm{i}l\cdot-\mathcal{T})\alpha-1-\omega 1^{\mathrm{L}}\sigma S\Gamma^{i}\tau^{\beta-}21(a\{-\beta,$ $- \eta;\alpha;1-\frac{\tau}{x})Cl_{\mathcal{T}}$

$= \frac{x^{-\omega+\beta}}{2\pi i}\int_{\mathfrak{L}}\mathrm{J}\mathrm{t}_{p,q}m.n[(_{\mathit{0}_{i}},\alpha_{i})_{1}(b_{j}, \beta_{j})_{1_{\backslash }}.\mathcal{P}q|s]\frac{\Gamma(-(\iota^{1}-\mathrm{I}-\beta+\sigma S)\Gamma(-\omega\}\eta\dashv\sigma.\mathrm{q})}{1^{\backslash }(-\omega\}\sigma.9)\Gamma(-\omega+\alpha\dashv-/j- \mathrm{I}-\eta+-\sigma.9)}x^{\sigma s}ds$ . (6.5)

Since $\mathcal{L}=\epsilon_{i}\mathrm{I}\gamma\infty’ \mathrm{t}\mathrm{o}(\mathit{8})=\gamma$ and $\mathrm{t}1_{1(^{\mathrm{Y}}\Gamma^{(}}$) $\mathrm{f}_{0}\mathrm{r}\rho$ the $\mathrm{c}\mathrm{o}\mathrm{n}(1$ it $\mathrm{i}$ on (6.2) $\mathrm{g}\iota\iota \mathrm{a}\mathrm{r}\mathrm{a}\dagger\gamma \mathrm{f}\mathrm{G}A_{A}\mathrm{r}\mathrm{s}\mathrm{t}\mathrm{h}\rho$existence of the
Mellin-Barnes integral $\mathrm{a}\mathrm{l}$) $\mathrm{o}\mathrm{v}\mathrm{e}$ . Replacing ill (6.5) $x$ by $1/x$ , we obtain (6.3).

Corollary 2.1. $I_{J}r^{\mathrm{Y}}t\alpha\in \mathbb{C}$ with $\Gamma\}_{\cap}(\alpha)>0$ , and let the constants $a_{i},$ $b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>$

$0(i=1, \cdots,p;j=1, \cdots, q)$ and $\omega\in \mathbb{C},$ $\sigma>0_{S\partial}(i\iota \mathrm{s}f_{1^{\gamma}}\mathrm{V}$

$\sigma\max_{1\leqq i\leqq n}[\frac{\mathrm{n}(\backslash (a_{i})-1}{\alpha_{i}}]-\}\mathrm{I}\mathrm{t}(\backslash (\omega)+\mathrm{R}\mathrm{c}(a)<0$, (6.6)

$\sigma\gamma>\mathrm{T}\mathrm{t}(^{\tau()}\omega|\mathrm{R}(^{\backslash (\circ})$ . (6.7)

Tllen the Riem $\partial n\mathrm{n}-I_{\text{ノ}}io$ } $l1r\mathrm{i}ll\mathrm{e}$ fractional $\dot{I}l?t\rho_{\circ}\sigma r^{C}c$) $l\Gamma_{-}^{\alpha}$ of the $II$-fimction (1.1) $\mathrm{e}$xists and the
following rela tion $l_{7}$olds:

$(I_{-^{tII_{\mathrm{P}}^{m_{\backslash }}}}^{\alpha\omega},qn[t^{\sigma}|(a_{i}\alpha_{i}(b_{j}|_{\beta_{j}})_{1,q})_{1}\backslash \mathrm{P}])(x)=X^{\omega}+\alpha_{II_{p\perp 1,q}^{m}’}11,\iota \mathrm{J}1[x^{\sigma}|(ai, \alpha i)(-\omega-\alpha 1.p,’\sigma),((-\omega_{l’ j}\sigma,))\beta_{j})1,q]\cdot(6.8)$

Corollary 2.2. $I_{J}ct\alpha,$ $\eta\in \mathbb{C}\iota\iota^{r}itll\mathrm{R}(.\mathrm{Y}.(0)>0$ , and $lct$ the constants $o_{i},$ $l_{j,\sim},\in \mathbb{C},$
$\alpha_{i},$ $\beta_{j}>$

$0$ $(i=1, \cdot\cdot’,p;j=1, \cdots , q)$ and $\omega\in \mathbb{C},$ $\sigma>0$ sa $t\mathrm{i}‘ \mathrm{s}f_{\mathrm{J}}f$

$\sigma\max_{1\leqq i\leqq n}[\frac{\mathrm{R}\cap(\prime \mathfrak{l}_{j})-1}{\alpha_{i}}]$ I $\mathrm{R}\mathrm{c}(_{\alpha)}’)<\mathrm{R}e(\uparrow l)$ , (6.9)

$\sigma\gamma>{\rm Re}(\omega)-\mathrm{T}1(^{\backslash }(\eta)$ . (6.10)

Then the $\Gamma_{\lrcorner}^{\prec}\Gamma d\acute{e}\mathit{1}yi$ -Kober fractional integral $K_{\eta.\alpha}^{-}$ of the $H- \mathrm{f}m?Cl\mathrm{i}ol1(1.1)$ exists and the fol-
lowing rela $\mathrm{i}$ ion holds:

$(K_{|_{\backslash }a}^{-},t^{\omega}H^{m,n}p.q[l^{\sigma}|(a_{i\backslash }\alpha_{i}(b_{j\backslash }\beta_{j})_{1.q})_{1_{\mathrm{P}}},])(x)=2^{\omega}.\tau I_{\mathrm{P}}m+’ \mathrm{t}.q+n\downarrow\iota\iota[\mathrm{J}^{\cdot}\sigma|(a_{i}, \alpha_{i})1(-\omega+\eta.’\sigma),(\iota_{j}\backslash \rho(-\omega,\{,\eta+,\alpha, \sigma\beta_{j})_{1}q)].(6.11)$

Remark 4. In the case $a^{*}>0,$ $\Delta\geqq 0$ the relat ion of the form (6.3) $\mathrm{v}^{r}\mathrm{a}_{\wedge}\mathrm{s}$ indicated in [16,
(4.3) $]$ . But it illcludps a mistake and shollld be replaccd by (6..3) with th($\backslash$ conditions (6.1)

and (6.2).
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Remark 5. $\mathrm{C}o$rollary 2.1 coincides with $\mathrm{T}\mathrm{h}\mathfrak{k}^{1}\mathrm{o}\mathrm{r}\mathrm{e}^{\backslash }\mathfrak{m}2$ in [7]. For $\mathrm{r}\mathrm{e}$al $\alpha>0$ and $a^{*}>0$

the relation (6.8) was in‘lieated in [18, (2.5)], $\mathrm{t})\mathrm{t}\mathrm{l}\mathrm{t}$ the conditions of its $1^{r}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{l}\mathrm{i}\mathrm{t}.\mathrm{v}\mathrm{h}\mathrm{a}\backslash ^{r}\mathrm{e}$ to be
also corrected in $aee$orda $\mathrm{n}e\mathrm{e}$ with (6.6) and $(6.\overline{/})$ .

7. Left-Sided Generalized Fractiollal Differentiation of the II-Rlnction

Now we treat the $1\subset\backslash \mathrm{r}|$ -si $(1\alpha 1$ generaliz\alpha $ $\mathrm{f}_{\mathrm{T}\mathrm{a}\mathrm{c}1}\mathrm{i}$onal $\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{i}\backslash \gamma \mathrm{a}\mathrm{t}\mathrm{i}\backslash \mathit{7}\mathrm{e}f)_{(\}+}^{\alpha_{\backslash }}\mathrm{g}\mathit{9}\eta \mathrm{i}\backslash ’‘ \mathrm{Y}\mathrm{t}\rceil$ by (2.11).

Theor$e\mathrm{m}3$ . $I_{J}Gt\alpha,$ $\beta,$ $\eta\in \mathbb{C}\iota\iota’ itl1$ Re(o) $>0,$ $l1\mathrm{e}(\alpha+\beta+\eta)\neq 0$ . $I_{\mathit{1}}et$ the constants
$a_{i},$ $b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>0$ $(;, =1, \cdots,p;j=1, \cdots, q)$ and $\omega\in \mathbb{C},$ $\sigma>0sati.\mathrm{s}r.\backslash r$

a $1 \leqq j\leqq \mathrm{m}\mathrm{i}\mathrm{n}m[\frac{\mathrm{T}\backslash (^{\backslash }(bj)}{\beta_{j}}]|\mathrm{T}\mathrm{t}‘\urcorner(_{\ovalbox{\tt\small REJECT}}’)\}-\mathrm{m}\mathrm{i}_{1}1\lceil\cap,$
${\rm Re}^{\mathrm{Y}(\alpha}+\beta+\eta)\rceil-\vdash 1>0$, (7.1)

$\sigma\gamma<\mathrm{R}e(\omega)\vdash\iota \mathrm{n}\mathrm{i}_{\mathfrak{l}1}[0, \mathrm{R}\mathrm{t}^{\prime(\mathit{0}})+\beta+\eta)]+1$. (7.2)

Then $tl?\mathrm{e}genC^{\mathrm{Y}}\Gamma r\tau li7m$ fractional derivative $f)_{\mathrm{t})+}^{a.\theta}\cdot\eta$ of $\ell l1\mathrm{e}II$-function (1.1) exists and tlle
following rela tion $\mathit{1}_{1\mathrm{O}}\mathrm{J}(ls$ :

$(D_{0+}^{\alpha.\beta,\eta}t\omega II\mathrm{P}\backslash m,nq[\ell^{\sigma}|(b_{j},\beta j)(\mathit{0}_{i},\alpha_{l})_{\iota}\mathrm{l}..q\rho])(J^{\cdot})$

$=x^{\omega+\beta}Jr_{p\downarrow_{2.+}}n?.n+2q2[\mathrm{J}^{\cdot}\sigma|(l_{j},,\beta(-\omega,\sigma)j)_{1.q}’(,-\omega-(-\backslash ’|\ -\beta\eta-,\alpha-\beta, \sigma)\sigma),$$(-\omega-, \eta,\sigma)(ai\cdot 0i)_{\iota_{p}}.]$ . (7.3)

Proof. Let $n=[{\rm Re}(\alpha)]+1$ . From (2.11) $\mathrm{v}^{r}\mathrm{e}$ have

$(D_{0\vdash}^{a_{\backslash }\theta.\eta}t\omega_{I}I^{m.n}p.q[t^{\sigma}|(_{\mathit{0}O’}i,i)(b_{j}, \beta j)_{1}1,\cdot\rho q])(\mathrm{J}^{\cdot})$

$=( \frac{\mathrm{r}l}{(l_{J}}.)^{n}(I^{-\alpha+n,-\beta}-n,\alpha+\eta-nt0+\nu\cdot qn\omega rIm.[t^{\sigma}|(b_{j},\beta_{j})_{1q}(a_{i},Oi)_{1}.\cdot\rho])(\mathit{3}^{\cdot})$ , (7.4)

which exists $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ to Theorem 1 with $\alpha,$
$\beta$ and $\eta$ being replapecl $1$)$\mathrm{y}-\alpha+n,$ $-\beta-n$ and

$\alpha+\eta-n$ , respectivply. Then we find

$(D_{0}^{\circ}\dotplus^{\beta,\eta}t\omega fI^{m}P,q.n[t^{\sigma}|(b_{j},\beta(a_{i},\alpha_{i})j)_{1.q}1.p])(\mathrm{J}^{\cdot})$

$=( \frac{d}{d_{\mathrm{J}}}.)^{n_{X^{\omega}\tau I_{p}\dotplus}}\dagger\rho+nm2n.+2q+2[x^{\sigma}|(-\omega(b_{j},\beta_{j}’\sigma))\iota’,q’((-\omega-\alpha-\omega-\beta--\beta-\eta,\sigma n, \sigma),()_{\backslash }-\omega-,\eta,\sigma)(ai\mathrm{O}\prime i)_{1},p]$ . (7.5)
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Taking into account the diffprentiation formula (i.4) we have

$(D_{0}^{\alpha\beta.\eta}\dotplus l\omega_{I}I_{p.q}n?.f’[t^{\sigma}|(oi,ai)_{1_{P}}(b_{j},\beta_{j})1^{\cdot}.q])(x)$

$=x^{\omega+\beta}H_{pq}^{m.n}+\iota 3.+3+3[,.\sigma|(b_{j},\beta_{j}(-\omega-)_{\iota}\beta.-n\backslash \sigma),(q’(-\omega-\beta-n,\sigma),(-\omega-\eta, \sigma),(-\omega, \sigma),(-\omega-\alpha-\beta--\omega.-\eta’\sigma),(\beta,\sigma \mathit{0}_{i}, )\alpha i)_{1.p}],$ $(7.6)$

and Lomma 2 $\mathrm{a}1\urcorner\{1$ thp $\mathrm{r}\alpha \mathrm{r}_{1\mathrm{l}\mathrm{c}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ rolation $(l.1)$ imply (7.3), $\backslash \backslash ’ 1\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{h}\mathrm{c}o\mathrm{m}\mathrm{p}^{\rceil_{t^{\tau}}}\mathrm{f}\mathrm{e}\mathrm{S}$ the proof of
theorem.

Corollary 3.1. Let $\alpha\in \mathbb{C}$ with $\mathrm{R}‘\tau(\mathrm{Q})>0$ . and let the constants $\mathit{0}_{j}.b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>$

$0$ $(i=1, \cdots,p;j=1, \cdots , q)$ and $\omega\in \mathbb{C},$ $\sigma>0$ sa tisfy the conditions in (5.8) and (5.9).
Then the $Riemr\gamma m?- r,\mathrm{i}ol11^{\gamma}il\mathfrak{l}e$, fractional $(f\mathrm{C}^{1}\gamma i\iota\prime ati\iota^{r}Go_{(}^{\alpha})+^{of}$ the $fI- f\iota$mcf ion (1.1) exists and the

$fo\mathrm{J}lon\prime \mathrm{j}_{l?}\sigma\circ$ relation holds:

$(D_{0+}^{\alpha}t^{\omega}H_{p,q}^{m}\backslash n[t^{\sigma}|(l_{j})(_{\mathit{0}_{i}},’\alpha_{i})\beta_{j})_{1,q}\mathrm{J},\mathrm{p}])(x)--T^{\omega-}IaI\mathrm{P}+1^{+}q+m.n.11[x^{\sigma}|(b_{j}, \beta_{j})\iota_{q},,((-\omega,\sigma),(\mathit{0}_{i}, 0_{i})_{1.p}-\omega+\alpha,$ $\sigma)]$ . $(7.7)$

Remark 6. For real $\alpha>0\mathrm{a}\mathrm{n}(1a^{*}>0$ the relation (7.3) was $\mathrm{g}\mathrm{i}\backslash ^{r}\mathrm{P}\mathrm{n}$ in [18, (2.7.13)], but
the conditions of its $\backslash ’ \mathrm{a}\mathrm{l}\mathrm{i}(\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ have to be correctecl in aecordance with (7.1) and (7.2).

Remark 7. Corollary 3.1 coincides wittl Thoorem 3 in [7].

8. Right-Sided Generalized Fractional Differentiation of the Pf-ffinction

IIpre we deal $\backslash 1^{\gamma}\mathrm{i}\mathrm{t}\mathrm{h}$ thp $\mathrm{r}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}-\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{l}\alpha${ generalizecl frartional $\mathrm{d}cr\mathrm{i}\backslash \gamma \mathrm{R}\mathrm{t}\mathrm{i}\backslash r\mathrm{e}D_{-}^{\alpha,\theta.\eta}$ given by (2.12).

Theorem 4. Let $\alpha,$
$\beta,$ $\eta\in \mathbb{C}$ with Re(a) $>0.’ \mathrm{T}\}_{\mathrm{C}}(\alpha+\beta.+\eta)+[\mathrm{R}p(\mathfrak{a})]\vdash 1\neq 0$ . $Lc\mathrm{t}$ th $\mathrm{e}$

constants $a_{i},$ $b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>0$ $(i=1, \cdots,\mathrm{P};j=1, \cdots , q)$ and $\omega\in \mathrm{C},\sigma>0$ satisfy

$\sigma \mathfrak{m}\mathrm{a}\mathrm{I}\leqq i\leqq \mathrm{x}fl[\frac{[\mathrm{t}\mathrm{e}(a_{i})-1}{\alpha_{i}}]+{\rm Re}(\omega)+\max[\mathrm{R}o(\beta)+[{\rm Re}(a)]+1, -\mathrm{R}\mathrm{c}(\alpha-\{\eta)]<0$, (8.1)

$\sigma\gamma>\mathrm{R}(^{)}(\prime w)+\mathrm{m}\xi)\mathrm{x}[\mathrm{R}o_{\text{ノ}}(\theta)+[\mathrm{T}\mathrm{t}\mathrm{C}^{\backslash }(a)]+1, -\mathrm{n}p(\alpha+\eta)]$. (8.2)

$Tl\mathit{1}$en the generalized fractional derivative $O_{-}^{\alpha\beta.\eta}$ of the $H$-function (1.1) exists and the
$follo\mathrm{W}\mathit{7}ing$ rela tion holdls:

$(D_{-}^{\alpha,\beta,\eta}t^{\omega}fI^{m.n}q\mathrm{P}\cdot[t^{\sigma}|(a_{i},\alpha i)(b_{j}, \beta j)_{1.q}1,p])(x)$

$=(-1)^{{\rm Re}}(0)]+1\omega+xH^{m+.n}\beta p+2q+2,2[x^{\sigma}|(-\omega-\beta,\sigma(a_{i}, \alpha i)_{1_{\backslash }\rho},(-),(-\omega+\alpha+\omega, \sigma), (-\omega-\eta.\sigma).(\beta+-\eta,\sigma)b_{j}, \beta j)_{1,q}]\cdot(8.3)$
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Proof. Let $n=[\mathrm{R}^{\mathrm{Y}}‘(\mathfrak{a})]+1$ . Owing lo (2.12) we have

$(D_{-}\alpha.\theta,\eta\iota\omega I\Gamma\rho_{\backslash }m.nq[t^{\sigma}|(b_{j},\beta j)(_{\Gamma \mathrm{t}\alpha}i,i)1.q1.\rho])(J^{\cdot})$

$=(- \frac{d}{d:l}.)^{n}(I^{-a+\beta}--n,-n.G+\eta p\omega I\tau_{p.q}m,n[t^{\sigma}|(a_{i},\alpha_{i})_{1}(b_{j},\beta j)\iota..qp])(\mathrm{J}^{\cdot})$ , (8.4)

which exists according to Theorem 2 wilh ($\},$ $\beta$ and $\eta$ being roplarod $\mathrm{b}.\mathrm{v}-\text{ノ}\alpha+n,$ $-\beta-n$ and
$\alpha+\eta$ , respectivply. Then applying the $\mathrm{d}\mathrm{i}\mathrm{r}\mathrm{r}\cap \mathrm{r}(^{)}\mathrm{n}\mathrm{f}\mathrm{i}\dot{\mathfrak{c}}\mathrm{l}\mathrm{t}\mathrm{i}o11$ formula (4.5). similarly to (7.5), (7.6),
we find in view of the reduction formula (1.2) that

$(D_{-}^{\alpha,\beta}’\eta t\omega Hm,np,q[t^{\sigma}|(b_{j},\theta_{j}(a_{i},0_{i}))_{1q}1_{\mathrm{P}}\backslash \cdot])(z:)$

$=(- \frac{d}{dx})^{n_{XI;_{p+}^{m-}}}\omega+\beta+n\iota 2.q+2.n_{2}[x^{\sigma}|(-\omega-\beta-n\sigma(_{\mathit{0}_{i},0_{i}})_{1}.p\cdot(-\omega,\sigma),(-\backslash ),(-\omega+\alpha+\eta,\sigma)\omega-\beta\dashv-\eta,\sigma.)J(l,.\cdot.\beta j)_{\mathrm{l}}7\cdot q]$

$=(-1)^{n}X^{\omega+\beta}IIp+3^{\backslash }.q..+\backslash 3m+3_{l}[x^{\sigma}|(-\omega-\beta,’\sigma)(_{\Omega_{i},O}\prime i)_{\mathrm{l}}.p(-,\omega(-,\omega-\sigma),(-\beta-n, \sigma)\omega-\beta+, \eta, \sigma),((-\omega\dashv-\alpha--\omega\vdash\eta-,\beta\sigma)-,$$n,\sigma)(bj’\beta_{j})_{1,q}]$ ,

which implies the formula (8.3).

Corollary 4.1. $I_{\mathit{4}C^{1}}t_{\mathit{0}}\cdot\in \mathbb{C}$ wit $fi\mathrm{R}\cap(0)>0$ . and let the $c\mathrm{o}$nstants $a_{i},$ $b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>$

$0(i=1, \cdots,p;j=1, \cdots, q)$ and $\omega\in \mathbb{C},$ $\sigma>0$ sa $ti.\backslash \Gamma y\gamma$

a $1 \leqq i\leqq\max,\mathrm{z}[\frac{{\rm Re}(c\mathrm{l}i)-1}{\alpha_{i}}\}$ \dagger $\mathrm{T}\mathrm{l}\mathrm{e}(\backslash v)’-\{{\rm Re}(a)\}+1<0$ , (8.5)

$\sigma\gamma-\vdash \mathrm{R}()(\omega)-\{\mathrm{R}(\tau(\mathit{0})\}-\vdash 1>0$ . (8.6)

Then th$\mathrm{e}$ Rie.mann-Liolllrille fraction$\mathrm{a}l$ derivative $D_{-}^{a}$ of the $II$-fimct ion (1.1) exists and there
hofds the rela tion:

$(D_{-}^{\alpha\omega}tII_{p.q}^{m}’ n[t^{\sigma}|(b_{j},\beta_{j})(a_{i},\alpha i)_{1,\rho}\iota.q])(x)$ (8.7)

$=(-1)^{\Psi(\alpha)]}+1l^{\omega}.-I\alpha r_{pq\dashv 1}m+\# 11_{\backslash }\backslash n[x^{\sigma}|(a_{i}, \alpha_{i}(-\omega+)_{1}\alpha’,\sigma)p’(-,\omega(b’ \mathit{0}j\cdot j)_{\iota}\sigma).q]$ . (8.8)

Remark 8. The relation of the form (8.7) with real $\alpha>0$ and $a^{*}>0$ was proved in
[13, formula $(1A\mathrm{a})$ ]($\mathrm{s}\epsilon \mathrm{K}_{z}\backslash$ also [12], [14, (2.2)] and [18, (2.7.9)]). $\mathrm{T};_{11}\mathrm{t}$ surh a formula contains
mistakes and $\mathrm{s}\mathrm{t}\iota 0\iota\iota 1\subset 1$ be replaced by (8.7) wilh the condition (8.5) $\mathrm{a}\uparrow\rceil(1(8.6)$ .
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Remark 9. lVhpl] $\alpha=k\in \mathrm{N}$, th $‘$) rplalions (7.7) and $(8.\overline{/})$ coineide with (4.4) and
(4.5), respectively.

9. Generalized Fractional Illtegr*Diff\epsilon l,relltiation of the $ff- \mathrm{F}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$

$l\mathrm{T}\cap \mathrm{r}\mathrm{e}$ we $\mathrm{i}\mathrm{n}\backslash r\prime \mathrm{Y}\mathrm{S}\mathrm{t}\mathrm{i}\mathrm{g}\mathrm{a}\mathrm{t}\sigma$ tlle $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{i}7\lrcorner\cap$($-1$ frantional $\mathrm{i}\mathrm{t}\tau \mathrm{t}\xi$)$\mathrm{g}\mathrm{r}\mathrm{o}^{-}\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{Q}f$ ($\}1\gamma\uparrow \mathrm{i}\dot{r}1$ { ion $0_{\mathrm{P}^{(^{\}}}\mathrm{o}}\Gamma \mathrm{f}\mathrm{t}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{L}\mathrm{S}I^{\alpha\beta}\dotplus\eta$ and
$I_{-}^{\alpha,\beta.\eta}$ given by (2.8) $\mathrm{a}\mathrm{n}\subset-](2.10)$ . Tllp following statements are provd similarly to Theorems
3 and 4 by using $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ relat ions (2.8) and (2.10), Theorems 1 and 2, and tho properties of the
$H$-function in Sections 3 and 4.

Tlleorem 5. Let $\alpha,\beta,$ $\eta\in \mathbb{C}$ with $\mathrm{R}(^{\mathrm{Y}}(0)\leqq 0, {\rm Re}(\beta)\neq- \mathrm{R}()(\eta).$ If.t the constants
$a_{i},$ $b_{j}\in \mathbb{C},$ $\alpha_{i},$ $\beta_{j}>0(i=1, \cdots,p;j=1, \cdots,q)$ and $\omega\in \mathbb{C},$ $\sigma>0Sati‘\backslash r_{\mathrm{J}}\gamma$

$\sigma \mathrm{m}_{l}\mathrm{i}\mathrm{I}11\leqq\leqq m[\frac{\mathrm{f}\mathfrak{i}\mathrm{e}(b_{j})}{\beta_{j}}]+\mathrm{R}(^{\backslash }(\omega)-\{\mathrm{m}\mathrm{i}_{11}[0,$ ${\rm Re}(\eta-\beta)\rceil 41>0$ , (9.1)

$\sigma\gamma<\mathrm{I}\mathrm{t}o(_{\ }\cdot)$ \dagger mill $[0.\mathrm{T}\mathrm{t}(\mathrm{t}(\eta-\beta)]+1$ . (9.2)

Tllen th$\mathrm{e}_{\subset}\sigma,Cl?\mathrm{e}ral$ ized $r_{\Gamma acton}\dot{\mathrm{I}}\mathrm{a}l$ integro-different iat ion $I_{0}^{\alpha}\dotplus^{\beta,\eta}$ of $tl$ ) $crr_{-}r_{l\mathrm{I}l?C}tion(1.1)$ exists
$a$ 11 $d$ there $\mathit{1}?oldSt,l\mathit{1}\mathrm{e}r\mathrm{e}l\dot{C}$ } $ti_{\mathit{0}}n$

$(I_{0}^{\theta}\dotplus^{\beta}’\eta t\omega II_{p\backslash q}^{m}.n[t^{\sigma}|(a_{i},\alpha(b_{j},\beta ji)_{1_{\backslash }})_{1.q}\rho])(a\cdot)$

$=x^{\omega-\theta}Ir\rho+m.n+22,q+2[\mathrm{a}^{\sigma}.|(-\omega,\sigma)(l)j, \beta i)\iota_{q}’.(,-\omega-\eta+\beta,\sigma)(-\omega+\beta, \sigma),(-, \omega-\alpha-\eta \text{ノ}\sigma)(_{\mathit{0}}i\cdot\alpha i)_{1p}\backslash .]$ . (9.3)

$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathfrak{m}6$. Iノ et $\alpha,$
$\beta,$ $\eta\in \mathbb{C}w\mathrm{i}t\text{ノ}h\mathrm{f}\iota p(\alpha)\leqq 0,$ $\mathrm{R}(),(\beta)-\vdash[\mathrm{R}()(\mathit{0})]-1-\neq- \mathrm{R}o(\eta)$ . Let th $\mathrm{e}$

constants $a_{i},$ $b_{j}\in \mathbb{C},$ $\alpha_{i\text{ノ}}.\beta_{j}>0$ $(i=1, \cdots , p:j=1, \cdots , q)$ a$l?d\omega\in \mathbb{C},$ $\sigma>0$ satisfy

$\sigma_{1}\mathfrak{m}_{i}\mathrm{a}\leqq\leqq^{\mathrm{x}_{?}},[\frac{\mathrm{I}\mathrm{t}e(a_{i})-1}{\alpha_{i}}]$
$\}-{\rm Re}(\mathrm{v})<\mathrm{m}\mathrm{i}\mathrm{t}1|\mathrm{T}\mathrm{f}\mathfrak{i}K^{\backslash }(\beta)-[\mathrm{R}(\mathrm{Y}(-0)|-1, \mathrm{I}\mathrm{t}()(\eta)]$ , (9.4)

$\sigma\gamma>{\rm Re}(\omega)-\mathrm{m}\mathrm{i}_{1}1[\mathrm{R}\mathrm{c}(\beta)-[\mathrm{R}C1(-\alpha)]-1, \mathrm{I}\mathfrak{i}\mathrm{C}(r/)]$. (9.5)

Then the $g\mathrm{e}nera\mathrm{J}i7\epsilon\triangleleft$ fractional int$‘\supset,"\sigma ro^{-}di[rer\mathrm{p}nt$ iat ion $I_{-}^{\alpha,\beta,\eta}$ of $tl$ } $e\Gamma T$-fmct ion (1.1) exists
and $tl?e\mathrm{r}\mathrm{e}\mathit{1}?\mathit{0}$] $\mathrm{c}f_{\iota}\mathrm{s}1$ he rela ( ion

$(I_{-\ell}^{\alpha,\beta,\eta}\omega_{If_{p}^{m_{\backslash }}q}.n[t^{\sigma}|(a_{i},\mathfrak{a}’)(b_{j\backslash }\beta_{j}i)_{1.q}1,\mathrm{P}])(x)$

$=x^{\omega-\beta}Ir^{m}p+2.q+2+2,n[\mathrm{a}^{\sigma}..|(-\omega\dashv(\mathit{0}_{i}, \alpha_{i})\mathrm{l}\beta.p,’\sigma)(-,\omega, \sigma)(-\omega’+\eta, \sigma)_{\backslash }(-\omega-\vdash(1\dashv-\beta+\eta, \sigma)(b_{j},\beta j)1,q]$ . (9.6)
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$\mathrm{R}e$mark 10. The rplat ion (9.3) with $a^{*}>0,$ $\Delta\geqq 0\backslash \backslash r\mathrm{a}\mathrm{s}$ indicatd in [16, (4.2)], but
conditions of its validity have to be corrected in acc $\mathit{0}$rdance with (.0.1) anrl $(^{C}\backslash )^{\underline{\mathrm{Q}}}.)$ .

$\mathrm{R}e$mark 11. The relations $(^{\mathrm{t})}\backslash \cdot.3)\mathrm{a}\mathrm{t}1^{(}1(9.6)$ for the fractional $\mathrm{i}_{11}\mathrm{f}\mathrm{c}\mathrm{Y}\mathrm{g}_{\Gamma \mathrm{r}}$( $]\mathrm{i}\mathrm{r}\mathrm{r}_{C^{)}}\mathrm{r}\epsilon^{\mathrm{l}}\mathrm{n}\{\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ op-
erat $o\mathrm{r}\mathrm{s}I_{0}^{\alpha\beta}\dotplus’\eta$ and $I_{-(1}^{\alpha,\beta,\eta},\cap\prime \mathrm{i}\mathrm{l}\rceil \mathrm{C}\mathrm{d}$ in (2.8) and (2.10) for $\alpha\in \mathbb{C},$ ${\rm Re}(\mathit{0})\leqq 0$ coincide with that
(5.3) and (6.3) for the fractional intogration operators $I_{0}^{\alpha\beta,\eta}\dotplus$ anrl $l_{-}^{\mathrm{Q}}\mathit{5}\eta,$

$\langle$

$]_{(^{\mathrm{Y}}}\ulcorner_{\mathrm{l}}\iota 1\mathrm{e}\subset 1$ in $(2.\overline{/})$ and
(2.9) for $\alpha\in \mathbb{C},$ $\mathrm{n}_{C^{\backslash }}(a)>0$ . Though $\mathrm{t}\mathrm{l}\iota\cap \mathrm{c}\mathrm{o}\mathrm{n}\langle[\mathrm{i}$ { ions for validity or $(_{\backslash }’’)..3)$ and (.0..3) in Theo-
rems 1 and 5 havo the samo form, that $\cap \mathrm{f}(6..3)$ and $(^{\mathrm{t}).6}\backslash )_{\mathrm{P}}\Gamma \mathrm{e}\mathrm{s}\mathrm{p}\mathrm{n}\mathrm{t}\alpha${ in Thoorems 2 and 4 are
slightly different.

In conclusion we note that, as it was mentioned in Remarks 2, 4 and 10, the relations
(5.3), (6.3) and (9.3) for generalized calculus operator $I_{0}^{\alpha}\dotplus^{\beta}’\eta$ were alrearly $\mathrm{k}\mathrm{n}\mathrm{o}\backslash \mathrm{v}\mathrm{I}$] in the case
$a^{*}>0,$ $\triangle\geqq 0$ . $\Gamma_{11\Gamma}\mathrm{f}\mathrm{h}\cap \mathrm{r},$ $\mathrm{B}^{\mathrm{Y}}‘ \mathrm{m}\mathrm{a}\mathrm{r}\mathrm{k}\mathrm{s}3.5,6$ and 8 $\mathrm{i}11(^{-}1\mathrm{i}_{\mathrm{C}}\mathrm{a}\mathrm{t}\mathrm{e}$ that the $\mathrm{r}^{\urcorner}‘ 1\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{t}1}\mathrm{s}(5.10)$ and (6.8)
for the Riemann-Liouville fractional illtt’grals $I_{(\}}^{\alpha_{\mathrm{i}}},$

$I_{-}^{a}$ and (7.3) and (8.7) for the fractional
derivative $D_{0+}^{\alpha}$ in the $\mathrm{C}\mathrm{r}\gamma\{\wp$ real $\alpha>0$ and $a^{*}>0$ were $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{i}_{\mathrm{S}}\mathrm{h}(\triangleleft$ . $\mathrm{I}\mathrm{I}o\backslash \mathrm{v}(^{\mathrm{Y}}1^{\gamma}\cap \mathrm{r}$ , the U-function’s
asymptotic estimates (3.16), $(.3.1\overline{/})$ at 7. $‘\Gamma \mathrm{O}$ and (3.19), (3.20) at infinity allow us to prove
such results under $\mathrm{m}\mathrm{o}\Gamma^{\urcorner}‘$ gonpral assumpt ions $a^{*}>0$ and $a^{*}=0_{\mathit{1}}.\triangle\gamma-$}$-\mathrm{R}(^{\lambda}(/\iota)<-1$ .
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