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Berkovich space AFf

TERELE MESEM  (Shigeki MATSUDA)

1 Introduction

ZDHEL T, MEESIITE rigid space (2 DV T4HH Y %T‘/‘ﬁ*nﬁ%‘: INTW3,
Rigid space I3FFFICHARERMTIEH S0, bR /ﬁ/vfxﬁ%%ﬁ: iz v o R
RBDH D, FIZITEERMIETEETH DD, SR o?t.ﬁ@*fﬂ%fﬁ”&‘/ wR—F: k¢
EDTEREEFZR,

oiE <F D & Berkovich space (AT TIZBAUC analytic space & FESZ Li2T3)
& i rigid space DJEZEMIT generic point R/XANRHM o T h R D—2350 0 24
BoTebDEEAD, EDOFRER. EZRIZFATNZIMREREIZ AR Y | smooth & W5 R
EDTTIIEFRPICFMETE A5 (EE 7.1 1), BRLLTERRLDO X% A
W EARBEOERNFREIZR Y, EEARIR - TBITER L WS SEL B &,
E 72, smooth THIUTEBHBNEFET S,

72721 . TIiZ analytic space D h R Y —RETOBRRMICEI LD THBMNEWNH
&L EEE S Ty, FlzE

) PP\ {AREOR } ITHEEFETH D, Annulus b Rk,
(ii) F#RIZ . good reduction ZF OB L T/~ HERETH S,
(iil) 7R AT > T fEATEERE DS 5 F < fB) < DI totally degenerate reduction D EHIES
NALHCRZB,

EWVSTZRERSH D,

2 Berkovich spectrum

& % B % Berkovich IZ & % analytic space DAL rigid space DHERIZELTH
Y. ZAEET UL maximal spectrum Spm(A) % Berkovich spectrum M(A) TH
D #2 FUd analytic space 3K D EFARNWI bRV, £Z TEFIE Berkovich
spectrum (DWW TiBAT 5,

2.1 Terminology

%?)JK*%B"J@T‘E%%?EELTB<O AZBNTERHORLTDHEE, B |4
R> 7% seminorm ’C*ﬁ)ék i) 10| = 0. (i) E’x@ fog € ATRL |[f—g| < |fl+]gl-
(iii) fEED fige Al lfgl < Ifllgls (iv) 1] =1 D4R Mmsnd I &L
T5, BIZ |f|=0 &iﬁé@z’ﬁf =0 0)&% Kﬁ%ﬂéi}%/\ﬁ) B®D norm TH 5,
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(i) 25 |f —g] < max{|f], |g]} TEE#Z b % & XL non-Archimedean & FHIN D,
(72, |fgl = |fllg] 2T HE. €D seminorm I multiplicative THDH L E I,
multiplicative 72 norm % (height 1 ®) valuation &5, Z DFEHETIX valuation &
EXEIDOLIRLDOLNEZR,

Banach B & 1%, BITTEHOB A L 2O LD /LA | || DM (A, ] |) T. AR
| | TEEA PR —IZHL TEBETHLHLDEZE S, Banach 88 (4, ||) P LD
seminorm | | % bounded TH 2 &%, 5 C >0 BEFEEL T, |f| < C|f]]| B&T
D feATRHLTHRILTHIETH D, seminorm | | 2% multiplicative THHIUL. Z
D CIEHELMNT 1ICENLD, —&KIZ, £TO (BATEFDO) BRIk, trivial 72 norm
(22T Banach lR& R2¥ 5,

LUTFTIIBED DI, non-Archimedean field £ & 21¥. non-Archimedean 72 val-
uation ZFFOFEMREEL KT Z LIZT5H, 72720, 4T L% non-trivial 72 valuation
EIRRL RN,

2.2 Spectrum

EE 2.1. A ZF[#72 Banach |B& 5 & &, £® Berkovich spectrum M(A) &%
bounded multiplicative seminorm £FEDRTESIZ, | |~ |f| PETD fe ATxt
LOERICRDEIBRBRBIIRDEIR IR Y =2 ANTZHDTH D,

5] 2.2. Banach I8 A = K M T& 53548 . bounded multiplicative 72 seminorm %
BASMIITA D norm (=T AHLRNDOT, M) IZ—81h6 R B ZE/MICRD,

LI M(K)

Bl 2.3. A=7 % BEDIKERE | |oo A>T Banach & R 5, (boA & MR-
TWAZEIZHEE, ) ZDEE, MZ) BZROELIREENLR D,

()] oo =1 [oe: (0 << D).
(1) | lpe, (0<e<1). T2 | |pe & |plp:=¢ &7 piE/ NV,
(iii) Z/pZ L@ trivial norm 22HFEHEE NS seminorm | [,. | [po = |p EFBZT
THUT (i) KEERD L RRED,

(iv) trivial norm | |o.

BURY DL, RDEITR2D,



| |oo:| |oo,1

| |2

| lp = | '11),0 | |3

X 2: M(Z)

topology IXE 52TV BNEWVI & (i) DANLRDER, (ii). (ii) DENPH IR
BRI, (0,1) KR RAENCAR Y, £72, trivial norm | o DEEE, FHREOK L
ZFOROBESETRY EobDITR>TND,

733 . 712 trivial norm & A= HA1E. Archimedean 72 E R -IE S 72 b DI
5,

Bl 2.4. —f%IT. (trivial norm % Ai7z) Dedekind B A XL Tik, M(A) DT
LB E R bDIRRD, IV —RICAP—KREERTHIE, MA)ILAD
integral closureA’ @ spectrum M(A') 12T, HBRAT T/ K B RIS LD trivial
norm M HHEEND AT MA) KITTE—BETIRER—HLELbDOLRD, OF
D, FOLIREOEETN—TNTED I LITLD,

X =SpecA M(A)
M 3: BRAOHDHEE
non-Archimedean 72 BT R OE THE~S,

FIH 2.5 ([Ber90, 1.2.1]). M(A) FZEEAITIT26T, E7 compact, Hausdorff T
5,

2.3 Spectral radius

A BB TR EOTH Banach B, z & M(4) DRETDHLE, o THIET D
seminorm % | | £ LT, Ker| | iZ A DBRATFTTMIIRY | |f| 1% A/ Ker| | TO class

51
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WCL2FDLT, FE F O valuation ICETEETEX 3, 20 valuation I29OWTH F
DIERILE k(z) TRL, = TORIRKELER, ZOBOBERLZHE M(A) - k(z) %
Xe TRTZ LT Do xo LD f D k(z) ~DBE f(z) LEL, %8 |f(2)] X Il
E—EL T3, .

feAITXRL., £D spectral radius %

o(f) nlggo VI —mf VI (2.3.1)
TEDD, (InZ, || | BT D spectral norm £ HE5, ) 2L &
p(f) = ax | f ()] | (2.3.2)

MLY%, ([Ber90, 1.3.1]).

2.4 Reduction map
A % BT % #FD non-Archimedean 72 F[#2 Banach & 15 & x|
A*={feAlp(f) <1}
A*¥ ={feAlp(f) <1}

CEET DL, A TR, A ZZOAFTTMARD, ZORKRE A°/4° % 4
TRY, T Banach ROM ¢: A - B 23biiE, BRIZG: A - B AHESNB,
BT, 2€ M(A)WCLT Yot A > k(z) DEEBHM, 20 Kernel 13 A DEAFT
LIZR B, Zhick b,

T M(A) — Spec(A): x — Ker(Y,)

BEEDH, ZH#E reduction map &9,

3 Affinoid
ZOEITIX. K IZEIZ non-Archimedean field # &3+ 2 L1245,

3.1 Affinoid algebra

INEESCTER D rigid space DFTTHT &7 Tate algebra &4 L —f{kL T. i
T1,T2,...,mn > 0 IZXHL T,

I\'{rflTl,...,r—lT}-—{f Z( L

a, € K, |a,|r% — 0. as |v| — oo}

ERFETDHZLITT D, 2L, T, r, v 2 X1E multiindex %1,
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% 3.1. Banach K-algebra A 2% K -affinoid algebra T 5 & i3,
K{rl_lTl, e ,r;ITn} — A

&9 admissible REFMBH B ETH B, 7277 L —¥IC Banach BOBOK © :
B — C 7% admissible THh 5 &1, Im(p) & B/ Ker(p) 2 (FRENICEHSZEZRR
BIZER L L TO VA AN & &12) topological ring & L CHRICABIZ RSB = L%

>

Do
FRZ r; Z2TLICEND & &, AT strictly K -affinoid algebra & MITH 5,

R 3.2. ZOFOMBETROFEETO K-affinoid algebra IX., Z DZETV S strict
K-affinoid algebra T %, K-affinoid algebra 2% strictly K-affinoid algebra T# %
L, EED fe AITHLT, p(f) € VIKX|U{0} THBZLLRBETH B, 7=
EL, IEX[={reRs|re|K*|} |
R 3.3. MRKIZL T, —fRD commutative Banach K-algebra A IZxfL T% . A-
affinoid algebra WEHRTE D,

& 3.4. £TD K-affinoid algebra /% Noetherian TH Y. FDAF 7T closed
25,

B 3.5. 7 > 0 &L T, K @ valuation #* nontrivial R4F&IZ A = K{r 1T} @
Berkovich spectrum & R TH 5, (Ziid. ¥E r OBMKRE RRED, ) M(A) D
RIZROEIZHBREND BN D, L. BEOED . K IZAKEEE KE
LTS, (—ROFEIZ, M(A) = M(ADN¥8)/ Gal(KE/K) L0405, )

i

type 1. t,: f— |f(a)l,a € K, |a]| <.
K> (72721 .

type 2. top: f = |flpa,pr) = max|an|p”, Ja] < r, 0<p<r pc
|[A*| X KX @ value group %7, )

type 3. EELRIRIZA ., p & |K7|

type 4. £ = {DW} % closed disk P77 I Y —,F 3, =L, pix DO o
BEEL, p>p b, DWW O DV THBELTH(ZDEIRT7FIV—%
embedded disks £VD ), TDEE | te LD seminorm % |f|c = inf|f|p,) T
EHD, bL, NDP =0 THUT, ZHIFLEDED type &£ bREAL B,

type 1 or type 4
;K//L
type 2
type 3

& 4: M(K{r~I'T})
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FORIIARERY RETHWNZLOER, KEDA A= o0d b EE),

¥7- topology 7245, BBAEMRDITEDLLHAL RERIZRO D Z2/RVH,
BEWHEET (HAANLEQOHFAICHILIETOEY) 2RTIEILTHE, KK
(2526, LVAPOVERBOKERY EolcbD | BESEFRIZL>TVDL
5 72 topology £ E% %, IEREITIE.

U={ze MA@ <Llg)]>1L1<i<nl<j<m)
(fi g5 € A) OROMHEAREE ERTERIZIND

BE 3.6. LOZ LMD X HIC, HRNPEEEZROIZZ5H. annulus RAMNS B
EFEICRR > TLED,

#E 3.7. embedded disks {DW} BLFTZETRWEERDZFFO L I RAHERIT
mazimally complete & 7>, spherically complete 72 L FHIN D , Bl Z 1T SElEBERLS
fEAIE . maximally complete TH 5B, ZDHEIL. type 4 DI —AFAEL 2, B3,
— R DAHEETIE . S D &V o T maximally complete EIXRG 220, FRiSK{AK
& value group (C Ry) ZEZ2WIER%EZ immediate extension &9 23, maximally
complete Tdh 5 Z LI, nontrivial 72 immediate extension 28FEL 2T & L FIfE
Thb,

A % strictly K-affinoid algebra &9 % & &, maximal spectrum O /R z € Spm(A)
XL T, A/z i3 K E finite THZ25 . I O valuation B—EBHUIHT D, &> T
EAHEEIT Spm(A4) — M(A) &0 ) BRBEFET D, FHI IV O valuation 23 nontrivial
b, ZIUTEISFTRERBAEE~ORBERIZR S,

3.2 Affinoid domain

A % K-affinoid algebra, X = M(A) £T5%, X OFHSES V 25 affinoid domain
ThbEiX. 5 L-affinoid algebra @ bounded homomorphism ¢ : A — Ay T,
£& D K-affinoid algebra @ bounded homomorphism A - B T, M(B) ® X ~
OBERVIZEEFND LI RBLDIIHL . RO diagram % AI#ZT 2D K 9 72 bounded
homomorphism Ay — B B—BHIZEFET D, EWVWHIEEEZFOLORH DL &
TH D,

-

N

TorE, EI Ay FT-EOCHEEL. BV =M(Ay) ERDZIEDREASND,
(7. Ay i3 A Eflat T2 %,

A




3.3 Affinoid space

X = M(A) IZ*L T admissible open set (T affinoid domain {Z, admissible covering
i% affinoid domain 2 & 2 HR#E & T 5 Z & T Grothendieck topology ZE® %
(Grothendieck topology (2 DWW T Z D EDONMETTROLELZ SR, ) Tl weak
Grothendieck topology & FEEN 5, (LA, TOMFEZ BEIZSMAEE S, )V — Ay
X Z @ topology {Z*Xf3 % sheaf IZ72 %,

affinoid domain M EREDEK {Vi} DEDEV % special set LS, THITXL
T, Ay %

F(V,VOX) = Ker(H Ay, = H AVmVJ)
i irj

TEDD, £L T, —OBRES U C X ITXL T,

[(U,0x)= lim Ay
V CU:special
LEDBE . FEI Ox i X D 228 TEDMAIET D) sheaf IT/25 Z &35
1B, ZO& L T K-affinoid algebra OB FETRMNER~OREBEFHTE D
biF7=A . OB FIL faithful TiEH - TH fully faithful TiZRVY, £ 2T K-affinoid
space DEZKRD LD IZERT D,

Obj: (X,0x), X = M(A) (4 i K-affinoid algebra).
Morph: X = M(A),Y = M(B) &L T, Hom((X,0x),(Y,0y)) &
~ bounded homomorphism B — A 72HRL5H D

K' % K _E® non-Archimedean field ¥ 95 &, XON = M(ASK') IZ& V., K-
affinoid space 23HI¥K 5,

+% 3.8. ' Lo affinoid space &i%. I E® non-Archimedean field K' IZ#9 %
K-affinoid space D Z & L EET D F7-. 20 affinoid space X, Y BIDSIZT. *f
4% I b affinoid algebra ? bounded homomorphism 225325 b0 & L TE
£95,

Strictly K-affinoid algebra (Z*f3 % A-affinoid space % strictly K-affinoid space
EWVd,

PUBETIEHLIZELIE X = M(A) T, X515 affinoid space ZDbDERT, TD
AT, EERE |X| EEWTRINT D,

3.4 Relative interior

A % K-affinoid algebra, B % A-affinoid algebra, D % Banach A-algebra &9 %
(%2 3.3 H8), A-homomorphism ¢ : B = D 2% AW T inner &id., admissible
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(% 3.1 &) e eht
T Al e T - B

T.HEED 1<i<niZHLT p(p(n(Ty)) <r; ERDLDOBHBEEED, A L
B 8 strictly K-affinoid TH 5B, T4, ¢(B) 28 $(A) E integral TH BT &
EFRETH D,

EE 3.9. p:Y =M(B) > X = M(A) % K-affinoid space DEDFETEHLE,
D relative interior Int(Y/X) %

Int(Y/X)={yeY | B—k(y) 8 A2 T inner}

LUTEHT S, Int(Y/X) BEEATHD - LIFMBCH S5, Int(Y) DAE Y O
NREWI, £, Y\Int(Y/X) & 9(Y/X) £EE . relative boundary & "5, %
2. A=K O%F&EE, Bz Int(Y), oY) LEX, Y ONA LD boundary & FES,

Bl 3.10. BIZIT. A=Qu{T} X = M(4) 25, Int(X) = X\ {to1} THD, =272
L. tou i3, BI35ICHDE I | |pp1) &V D seminorm ZFT,

#1 3.11. Y = D(0,r") C X = D(0,s"), r <s OFpE, Int(Y/X) =Y \ {to,} &7
D, —HRIZ p: Y - X % affinoid domain IOHFHETHLE, Int(Y/X) =Y &/
Did. ¢ 28 finite D& ZFITRY . 2 Y 2 X D affinoid domain THiUL, Int(Y/X)
XY O X ATOMRaYILVENAOERII—KT 5,

4 Analytic space

4.1 FE

HETIIFHEOTATERZ ICARL CLE--DL, REMRIELELE-TLES
72DT, FTEDEKRLIADTIITELALENTEL,

K I3#TEIDE Y non-Archimedean field & 35, L -quasiaffinoid space &%, BAT
BSZER U & U DH % K-affinoid space X ~DEDIAL o : U — X O (U, p) D
TEERED, Elr. U DEAESES U 2 K-affinoid domain TH 5 LI, (V) 28 X
OHT K-affinoid domain THHZ EEE D,

K-quasiaffinoid domain D& (U, o) — (V,¢) LiX, BEFRMHZEREOHN 6: U —
YV Th->T, f£ED affinoid domain DU C U,V CV T HU) CcInt(V/V) &2 5
HOWIZXIL T, X795 K-affinoid algebra O By — Ay 23 bounded TH 3 L 5
RLDOEED,

ST, M| X = (|X|,0x) ZREFARMZERET 5 & 5, X O K-analytic atlas &
L, REM7=T pair D& {Ui, i) }ier THD,

() & U 1T X OREST., {U}: 1T X OHE,
(if) @i X U; B & B K-affinoid space ~® open inunersion.



(iii) & i,j € [ R URBFBRMZEBMON ;0 o7l + it NUy) — (U N U;) 1
K -quasiaffinoid space DREIEIZR S,

& (Us, @) 12O atlas @ chart EIEIND, BiCU C X % X OBRES. o 2 U
M5 35 K-affinoid space ~® open immersion &35 & & ; 0 ™! 2% K-affinoid
space DRI EZED B2 6, (U, ) 1 {(U,p;i)}ier & compatible THBEWVS, &
2. 0 atlas 7 compatible &iE. —HF? atlas D% chart 25, b9 —HD atlas
ERETHLEEI T LICT D,

EFE 4.1. K-analytic space % . REFTRFZEM (
ELTEET D,

X,Y %35 K-analytic space £ 2L &, ZOEOH f: X =Y &, FFEfzE
BOFRTH-T, BiZ, X D atlas {(Ui, i)} &Y D atlas {(Vj,9;)} T, & i,5 5t
LT ojo foprt: i) = ¥;(V;) 2% K-quasiaffinoid DFIZZ2>TWE LI R2b D
BENDBZEEED, ZOLIITL TEED L-analytic space DB % (K-An) & &<
Z LZT 5, £72. non-Archimedean field DJLK L'/ 1%L T K'-analytic space
2725 TWA KD RZEM% K EO analytic space £\ 9, K E® analytic space @
BTEE, (Ang) EEL, (K-An) TRT 7 A A—HERFEET B2, (Any) TIZEHI
RBEEROTIIFEEL 2V,

X|,0x) & %D atlas O FREFEDHE

F% 4.2. N-analytic space DFt ¢ : Y — X 2 analytic domain THDEIE, o B Y
E oY) OFRIEEZREZF I EEIL, »OEED N L0 analytic space D& ¢ : Z — X
TyYZ)CplY) &RDBDIZHL T, —EWIC v=ypoo &5 0:Z =Y HFE
THEVIHIWEEZFOZILEWVI, ZOBEY & oY) ZRA—HTHZ LT D,
{2 Y M (strictly) I-affinoid (resp. (strictly) A-quasiaffinoid) space T® 2 3FAEITIX,
Y % (strictly) affinoid (resp. (strictly) quasiaffinoid) domain &£\ 5 Z LIZ¥ 5,

x € X @ affinoid domain OIFEEMEIT, » DERFTFERERT,

& 4.3. K-analytic space X 23 strictly K -analytic space TH B &1k, £TD com-
pact subset 2%, ABRME®D strictly quasiaffinoid domain TEBHONDHZ L&V I,

X 7% K-affinoid space D& . s strictly N-analytic space W5 Z & & I-
affinoid space & W9 ZEIXRIL Z & TH D, (72721 | strictly K-analytic 72 quasi-
affinoid space {X. —f&IZiX strictly quasiaffinoid space &IXRH2V, ) BIZ K @
valuation 73 nontrivial 72 FEITITRMBLILT B, '

%8 4.4. I @ valuation 2% nontrivial Th D &9 %, X % strictly A-analytic space
LT 5L EED compact subset [ZHFRMED strictly affinoid domain THHiL 5,

K-analytic space @t ¢ 1 YV - X 2. Y & X ORBOIES (CHKRICHEX
5 K-analytic structure Z AfL7c b D) L EEIZED D & X open immersion &>
5. F1-. Y & X O HARHDESLORMBEEBREZTFEL | 232 0. (Oy) A coherent
O y-module 272V | BIZ Ox — 0 (Oy) BEHIZ/2 D & Z closed immersion £VND
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X ~® closed immersion & Ox @ coherent subsheaf of ideals & iZ—xt—IZxtIL
T3, p: Y = X % closed immersion £ 35 & &, oY) & X @ closed K -analytic
subset EFES, X D8 drreducible i, Z 2D R 5 closed k-analytic subset OFIZ
DT RN EEWN,

K-analytic space D5 ¢ : Y - X 1T, XIAFHRY - Y xx Y & closed immersion
Th D& &EIT, separated THDEVI, BT X = M(IV) OFZ, Y I separated
ThHdrENI, EiZ. Y - X 2 separated THDHZ L &, |Y| — |X| 2’ separated
IZRBZEIIRMETH S, FRZ. Y 2 separated THDHZ LI, £FDEZER Y| 23
Hausdorff TH 2 Z & LRELIZR D,

#R8 4.5. K-analytic space X 2% separated THiuiL, affinoid domain (¥ X OFT
closed TH V., Z-o0 affinoid domain D ELEE 5 H F 72 affinoid domain 12725,

EE 4.6. T 3.9 TEEL = (relative 72) WAXR boundary OBLEIL B ARIC K-

analytic space IZbILEEND, T Db Int(Y/X), 9(Y/X) R Int(X), 9(X) &
DRETET, (X)) =0 &725 & 97 RN-analytic space X closed THD LI,

42 W{OHhDHE
ZITI, BEELBDONAMEE ZoNTET 5,
%E 4.7 ([Ber90, 3.2.1]). ér@@%fg I\—-a,nalytic space }j:‘ Wﬂ%@%’@%éo

ET, —MRAAEER X ORITLIT, KOLIRLDOTHo72, £, X OESL
DR F @ order £id, n+1 HOETRWHER S EFOMGEANHFET DL
IRBEROBE A OZLTHD, ZOLE, dim(X) X, FEOHIBR#KEN . order
<n THHLIRMBEF L% n LLTEREIND, RITITDONWT, RABEKIL
T 5, ‘

EIE 4.8 ([Ber90, 3.2.6]). X = M(A) % strictly N-affinoid space &35 & &,
dim [ X]| X A @ Krull KJE dimA &—ET 5, 72, dim(d(X)) =dimA -1 bK
ST D,

5 Rigid analytic space & DR

ZOETIE., K iXR1EIDEY non-Archimedean field & L, ®iZ valuation X HIZ
nontrivial TH 2 &35, &ANT. rigid KN-analytic space @ Grothendieck topology
ZHEEL TEBL, A & strict N-affinoid algebra & L T, X = Spm(A) ® strong
Grothendieck topology (VAT . #8ALFE) ZIRD L HIZEET D, (aflinoid domain 72 &
DORAFBIZOVWTIIMBEROTEEL SR, )

(i) U € X 2% admissible open & i3, affinoid subdomain IZ X 2#%& {Ui}ier T, £
Eo affinoid P& p: Y - X T oY) CU 22 HDIZxL T, {(Ui) hier DHEIR
BB T h()) ODHEBIIRDHIEOPENL L S5R2bDET D,



(ii) {Ui}ier & X @ admissible open set U @ admissible open (2 & S87EE T 5 & X
Z A admissible covering &%, FEE® affinoid D ¢: Y - X Tp(Y)CU
7B LOICR LT, Y ® affinoid subdomain (2 & 2 HIREE T, {¢ 1 (Ui)}ier P
MR TWVBEIRVOPENDIbDET D,

= ® X 57 Grothendieck fTfEM A 7= K-affinoid % B ¥ &+ T, rigid K-analytic
space R L =D o7,

R 5.1. #ZiF [Ber96, (0.1.2)] TiL. affinoid subdomain ? 1> Y {Z special domain
([BGR84] Tl rational domain) %> TEZEL TV % 2%, Gerritzen-Grauert O EEH
[BGR84, 7.3.5] iZ & ¥ affinoid domain {3 special domain DAEREDOEFFORIZET
BDT, WEDED D Grothendieck topology x—8T 5,

X % separated, strictly K-analytic space £E9%5, ZZT
Xo={z e X |[k(z): ] < o0}

LEE3IE TRELYIC, TRIRBAFRBRMSESILRD, X ITROLD
12 L T Grothendieck topology % E® 5%,

(i) U C X, #% admissible open &%, fEE® strictly affinoid domain ¥ C X 1Z5%
LT YyNnU ¥ Yy DHFT admissible open THDZ & &T D,

(i) {Ui}ier % Xo @ admissible open U @ admissible open {2 L 5#EEL T,
LAY admissible covering & i, fEE O strictly affinoid domain ¥ C X IZXfL T
{UinYy} #8 UNYy @ admissible covering THDHZ & &T 5,

XT. #EE 4.5 X Y. strictly affinoid domain % adiissible open (2, HR{E®D strictly
affinoid domain 12 & 2 #8% admissible covering {ZH% Z & T, X {ZiX Grothendieck
topology WEE D, Zi%E weak Grothendieck topology (LT B(Z55014E) &FES,
T, 3.3 8 TOBRMAELBAENSBIL TV S, ZD & E strictly affinoid domain V
I Ox (V) XSS E 2 BFIT 2 OB L T strictly N-affinoid algebra D&%
DD, BIZZ OFBFETAEEY X IZHIBRL T5 & X @ kD weak Grothendieck
topology BEBELND, (ZA BT TRHEAMEE NS, )

iR 4.4 £V X 13 strictly affinoid domain {V;} THEZ T, 23Ut Xo ® admissible
affinoid covering {Vio} ZED B, Ox I Vig OHMUMICOVWTORBEED DB, —
ARICBAABIC OV TOEIT EITEA_BBAAROBICER S, o, BAMEICOWT
DEOEOFHHERSNIBABC OV TOBOFIC—BERICHUD, 20T &b,
Oxﬁimoaiwégm%bébéof\oMém\axowi@ﬁmwmomfm
BrEbd, 2OL5ICL T, X 75 rigid K-analytic space Z MG SEDZ LR T
ERAR '

EE 5.2.

(separated strictly I-analytic space) — (rigid Iv-analytic space)
X — Xy
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(& fully faithful RBIFTH Y., 7 7 A /3—FFX ground field @ base change % %2,

#2 5.3. EOBIFIL. paracompact separated strictly K-analytic space (O & &R
D admissible affinoid 2 & 2B E O XL 9 72 quasiseparated K-rigid space
DEMEXFHFET D, '

6 GAGA

K [ZRIEDEY nontrivial 72 valuation % -2 non-Archimedean field &%, (7
B, ZORETIHRRARNWAS, trivial valuation DB EICH GAGA EdH 5, )

X & N LRFTAREZ: scheme L5, @ & X € Any & K- BTEFOSEE
Homp (X, X) ZRHIGSED L IR Angy PO EEDE~DEFELTSH, ZDLE, K
BT B,

FEI 6.1 ([Ber90, 3.4.1]). @ iZH 5 closed 72 (E# 4.6 ) N-analytic space X2"
EH T X 5 X Lo TRAAETH D, BT, RBKILT S,

(i) =B D K E® non-Archimedean field K IZ%L . X**(K) ~ X(K). BIZ 7 1%
EHRTHY, EEF X"~ X, 25 &E T, (7L, Xo T X 0fAEE, )

(i) EFEOR r € X 1ML THERIFE 7y 0 Ox rip) = Oxen o (ZRETERE T, 230
FEHTH D, Bl z e X@® ORI, ZEROMTHRE 7, - O\,r(r ~ Oxan g &
FlEEIT,

XIWZOWTOEZLOHWEIZ, X TEZDHZENTED, PIZIE (ZZTRHES
[T~ 72 A%, reduced, normal, Cohen-Macaulay, regular, smooth % & W\ o7
B X THRMTAHZ LT X2 TRITHZILLEFMETH D, £HIZONTYH,
scheme D& ¢ : Y — X 2% flat, unramified, etale, smooth. separated, injective,
surjective, open immersion, isomorphism, monomorphism &Wo 7 EEF O &
IE, @ Y2 5 X2 [ZOWTRIUHESHRYTHZEERETH D, £z, BiZ ¢
DAERETH D% EITIE. dominant, closed immersion, proper, finite & W\ > 7= 1EEIZ
DWTHEETH D,

Fiz, W20 X OHEIT
ZIE .

X O R ALVBHEICEEBRZ OGN, f

EI 6.2 ([Ber90, 3.4.8]). (i) X 23 separated < |X 3| %% Hausdorff.
(ii) X A% proper < |X2?| 2% Hausdorff, compact.

(iii) X AEAE <« | X°n| 2304KERS, arcwise connected.

(iv) X O\ITiX | X3 O bR e Y 2Rkt —,

EWND T ERIMT D,

B #%1Z cohomological ZZHEEIZDWT, F % Ox-module &35 & & #ifg o (F)
IX Oyan-module DBIZRDD, Thx For &FEL, EEG61 (1) &Y. F Fai
BFERLFLMEFIZAR Y, coherent 72fE% coherent 72 BIZET,
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i 6.3 ([Ber90, 3.4.9, 3.4.10]). ¢ : Y —» X & K LRFAFRE scheme P
proper morphism & 45, ZD& &, f£ED coherent Oy-module F 2%t T, &%
B 72 2
(RPpF)™ — RPQIM(F*"), (p > 0)
BEET D, BRELTHIC X & proper Iy-scheme, F % coherent 72 Ox-module
ETHEE, EED p> 0Tkl EBEEMNZFER
HP(X,F) ~ HP(X™, F*")

BFET D,
i 6.4. X % proper K-scheme &35 L &

(coherent Ox-module) — (coherent O yan-module); F +— F2"
TERET® %,
% 6.5. ROBEFIT fully faithful i2725,

(proper I -scheme) — (M -analytic space); X — X"
% 6.6. 2TD reduced proper I-analytic space X TIRILH 1 Db DI projective T
b, BIb N EOFEHREABR Y TX Y™ L2 LOBRFEETS,
EEX, kROZEBLEZRD,

EE 6.7 ([dJ95, Prop. 3.2]). fEE®D compact irreducible separated 7 K-analytic
space X TIRIL1 Db DL, affinoid A projective NINTHNTH 3,

FEBAIE [FMB6] (Z331F 5 rigid space IZDWTORKEDEE L | FE 5.3 735 fljHLIC
L,

7T LEWRE

X % K-analytic space £ 75L&, X D ore X TORTAm, X 2V Xz D
affinoid IEFEZEIK &L ED dim Ay OR/AMEE L TED D, X B pure dimensional &
. EED e X IZHL Tdim, X =dimX ¢RBZEELEDD,

K -analytic space X 23/ z T smooth &iX, 5 I E® non-Archimedean field
KRl T X' = XK BMEED ¢ EOK o' € X! T regular, Bl 2/ TORFE
2 regular THDHZ LZ2WVI, £/, X B smooth TH B &L, pure dimensional T
OB R T smooth THHZ L ETH, UELOBEDOHEFEDL L, KRBT S,
3 7.1 ([Ber98]). I i nontrivial 72 valuation % -2 non-Archimedean field &
T 5, X BEETAYIZ smooth 72 N -analytic space @ strictly I-analytic domain 2 7
BTHDHEE (2% locally embeddable in a smooth space £V 9 ), X IXBATRIC
AfECH D, FRZ, ZOXK I REMITLBEHEBEZFO |

EEOLBHBEOHIL. ZDH%D analytic curves DFT TR 2 Z L2+ 5,
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8 Analytic curves

8.1 HPEMR
FEER PL 13, rigid space DHA L R, “o0 closed disk 50 GE T
ZD BWZ ENE INEIBEL T, ROL I REL TA A—TPTE D, rigid space D
& LR, ZEBRICIIOY L AT o LIV,

X 5: ]P’}\—

CORMLEBTED LI, PL BEERLOEIZMR. Py 2D ARBEORERNT
LRIV EEREOETETH D, HlziE, G, PEERE-7VT5, (Zhd, 25
BEBRO _EEFBRN- LD THD, ) [>T, FIiE n>1 OFE G, 2256 Gy
~D n EERITBEFTRFEIZIZR > TV, (Rigid space D B b 72 5 EAEE TIE
n %1 DEBITR>THBER, FIZIE EOR TV ) #IERDFLORIZED DX, I
D HEROFLLDRNVD T, nxt 1 DEBIZIE RSV, DED etale REHTH-TH
BEEFEICIZALZWVWLITTH S (10 8 R,
E72, AL I PL HOMEOREZRNCLDIIR LM, I
A =] D"
r>0
EEFHILLMBTEDLED,
ME 8.1. —f&IZ. n &It affine space Al X KN[T1.... ,T,] £® multiplicative semi-
norm \ C Y|x 7 bounded {2725 & 9 f@%@éﬁic‘: L’CE%éﬂé (topology DA
51T Berkovich spectrum OFf& Efk, ) 2O L HIZL ZLIZHE, AT C
ERENZIR Y . AR T Cr OBERHARIZE 6?%5—5?5(:@50 ‘

8.2 FEHAH 1LLEDHER

ZOEITIZ. £TO analytic space < affinoid subdomain i strict T@ % LRET
% . 2.4% T non-Archimedean 72 F#t Banach B ® reduction Z E&EL 72A3, T IH



b K-affinoid @ reduction T4 <IZEHETE S, L2 L, K-affinoid space % affinoid
THE->THENEN®D reduction FHTL D I ELHVELRVOT, ROLIRE
ELRETS, (Z0BY OEE rigid space LRFTH D, )

F% 8.2. K-affinoid space X @ affinoid domain V I3% Z b FHH SN 5 reduction
map V — X M open immersion T % & & formal &VH, E7Z. separated K-
analytic space @ affinoid 12 & 458 {U;}ics ¥ formal &ix, FEED 4,5 € I ITHL
TU;NU; 3 U; @ formal subdomain {2 BB E LTS, BEZZo0 formal covering
(Ushier, {Vi}jes  equivalent ToHB Lid, EED i€, j € J XL TUNY; 2
U, & V; OF D formal subdomain IR TWBIEEED,

Formal 7248 U = {Us}ier B35 X bIAUT, reduction X 2B ENTED, 2
Nn% X, &L, 2T formal covering @ equivalence class 721 TIRE D, BRENE
C2ng XX, Bz X &<, (rigid space @ formal model {Z % admissible blowing
up PHEFRERR S -7 Z LICEE, MBEROTLEZZR, ) ‘

K-affinoid algebra A 2% distinguished & 1. A @ spectral norm 2% % 241 f :
K{Ty,... ,T,} — A ® residue norm (Bl K{T1,... . T,} ® norm || &TH
5 fl =infp_s|f £V 9 norm) K-> TWD I LEE D, BIXIE K DSEERITER
RLREEER S A 23 distinguished TH D Z L 1x A 23 reduced TH>> A D spectral
norm DIEA |K| RIiZ$H D Z & LFMEIZH D, Separated K-analytic space @ formal
covering U = {U;} 1% U; 2T distinguished TH 5 & & distinguished L\ D,

&T. X # I kO smooth geometrically connected projective 72 &% 1 UL ED
e+ 5, B, X2 distinguished formal covering & T Xy 7% K-split semistable
reduction O LD LIRET B, 27EL . B kb EOREEB C 2 k-split &%,

(i) £@TO_ERAIT kER, |

(i) ZEA z Thok—2DRMILABL T bDik, £T k-split, BIS x(x)
itk OF DRSS OBEEO P TORBEADIZ—ET D,

(iii) H%(C,O¢) = k. :

DIONMMETEILETDH, ZOEE, UMB YV DML TS L D72 distin-
guished formal covering T Xy 78 I -split stable reduction Z 2k 9 72 b DA
nd, ,

X = U, X; % reduction DB ~DSEE L . —HIC g(Y) TREMER Y OFF
BERTZ LT D, b(AX)) & X O incident graph (%2 L% dual graph) A(X)
(DF VY, BEHESHBAT, EVCRDARIENOERALS 77, I2IZL, ZOXK
ER—oDRSIC LM EENRVEAIEL, 0 AN K-split OBHIN—TEMZ ., &
5 CHRWEHIBXE A ML D) @ 1st Betti number &4 5 & |

9(X) = b (AX)) + Zg(fn

DIERILT Do
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—#xiZ. X & K E£® smooth geometrically connected projective 72 F&E#£X 1 LL LD
eI HL &, K DA Galois 5K K’ T X* @ K' 28 distinguished formal
covering ZFbH, ZHIZET B reduction A3 Lh'-split stable reduction (272 % & D A3

Bhd, Xor & AX) 2B ETROEEDIEAIN D,
£ 8.3. X % smooth geometrically connected .projective 2fER g S 1 UL o dh#R
EFHEE, X2 O 1st Betti number b, (X2") X g LTFTH D, BICHEHEN—ET

B0 X M Tate curve E® torsor 7 Mumford curve (272 > TWA L XIZ[B5, i
IZ X 2 good reduction ZF2 &L ElX, h (X" =0 &2 5%,

F 7. Mumford curve {ZIRD L S IZREHEST &5, (Mumford curve DIEFEZRE
BIIKROEHTEET D, )

FEIHE 8.4. X # EMDiEY smooth geometrically connected projective 72F&%k g 75 1 LA
ro#RET S, Z0LERITIFE,

(i) X X Mumford curve.
(if) X2 DEBHKE U 1L Pl OBHAES T, TOHESIPHR) ITEENS,
(iii) X*™ % I -split totally degenerate reduction.

ZZT f{—split totally degenerate reduction &1 . reduction A3 K-split T2 T DK
437 rational THHZ & THD,

8.3 LTEBWENDH

Bl 8.5. (Tate curve). X 23EFH ¢ € K*, |g| < 1 ® Tate curve E, ® torsor T
HHLE, WYL K OKEPERE L T, g€ Nyyp(L*) LD bORBND, 2D
L&, X OEREEL Gn THD, 2T, |X| DEEREE 1,P(X) THRT L.
TP (X))~ Z Th D, £z, BENRE (XOL)™ - X [ IRFABICAR->TNS,

5l 8.6. (—H& D Mumford curve). &FNZ Mumford curve DEE 2L THB<, (T Z
TIX analytic space & FAVVTEZET 223, rigid space # VW THRIL TH B, [GvdP80]
BW, ) I C PGLy(K) #WHBLT 5, v € PLR) 25T O limit point T
BLik. bBHA y € PLLU) LEEF] (1u}ns0 C T (m # n 25 vm # ) T
My n(y) =z ERDBBDONRHBH L %3:_%15 » I' @ limit point £#&% S TET,
[ 2 discontinuous THD &1L, Ir # PHWas) 1 >fEBD z € Pl(ﬁg) WXL Tax
® orbit OEAE T'z # compact THDI L ThH 3,

EE 8.7. T C PGLy(K) ix. AMRAEMT., FAIROED nontrivial RIE T, »
> discontinuous T&H B & & Schottky group £V 9,

I' 2% Schottky group 25, &2T®D v # 1 € T |% hyperbolic (i.e. 5 g€ I T
0<|gl <1RBRITHTHIHEIER 2 — qv &%) THY, 2 T IZBHEBHIAR
L, BIZSp I PUR) ICEEND, FHCT O rank B 125, SpiE &b i b,



I' % rank g >1 ® Schottky group & 32L&, EOZEMNLT X Qg =P\ Ip
(CEBIZERAT 225, Qp/T i compact 12725, #->T Qp /T IZIZ BRIZ proper 72
K-analytic space D#EEI A Y | proper K-analytic curve (2725, % 6.6 £ V. i
&% K E® smooth geometrically connected 72§18 B4R X1 (235 R-analytic
space ([ZI2 2> TWBB, ZDOXIIZL THEDLND X1 & Mumford curve L9 DT~
2o FHIZ g =1 OFED Tate curve TH 5, , :

IO, Qs - X SEEHEEICE S TVD, foT rP(X2) ~T Th 5,

9 Path 28> =#T##t & Monodromy

ZOHEITYH, K I nontrivial 72 valuation % #F-2 non-Archimedean field &35,
Introduction DFFCIRR72 X 512, RRIC K BEFESESWOTYH 5 F T biT

TRV, Zhid. Berkovich space TIZAHTEADAEENR VDT locally constant
WZRBDIT TN Lick b,

B 9.1. X = D(0,1%) = M(K{T}), X* = X\ {0} £+5, ZZT. Ox--module &
LTI Ox- ThDH MICERV %

THEr ANTERMFEMBELZEZ 5L Zd X* TRERSEZFRERV, EE
reX* ﬂSpm K{T}) CBITDRARTIEI V=01XlogT & H5EEFD, LirL,
1 3.5 (23817 B type 2, type 3 DR TIRHAIFEL R\, BRI to) = | |poa+) 2B
U’Z)}%Fﬁf}% %, D(0,1%) b HRED disk Z R\ T TRATHRBREETH 528,
ZOHFITIEERlogT ITEENR, ODFEV | BITESIIEFEEL TH Cauchy O EE
PEALL 2N TeDIZ D EATH VDI TH D,

L2 L . totally degenerate 7235 E1Z1L D £ {1T<,

Bl 9.2. ge KX, |gl <1 L LT, A ¢ ® Tate curve E;, =“K*/¢?” &2 5, =
ZT w % canonical differential & L T, M = Opa & V( ) =w TEREANLD,
LEHEE G — B2 OFWERT A—F t ZBUT. ZHUT V =0 ORRITRY . M
® horizontal section X locally constant {2725, 2% ¥ Cauchy OEEMNEILL T
W3, FEROZ L iE—#® Mumford curve IZ DWW THEIMLT 5,

10 EAXECZOLVTOHEE

8.1 Hi TR 7= X 512 Berkovich space ® b 7R B —Tid etale 2 HTH > TH HAT
FAE TRV, FOT-DEMICEARABELIDL /NS TELLOLPBLNRY, 22
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T [Ber93] Tid Berkovich space (ZX9 5 etale fiIAEAERS L, THITHT D aRE

D U—ERARMEANTNS, £/-. FAL < ZOEKEN [dJ95] TEESA TS,
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Zhit. finite etale #BE o L AEAIZR EARE & b . Berkovich space DEZEMIC
XL CEHEESND MR D IARERE 1P L b RA D, TOENE T HREERE]
B, KD log BRIZLDEETHD. (C, 1T Q PREMABDOTMLERT ., )

log: {z €Cp;|2 -1 <1} = C,

AL RREEBREARRS bR VR EARES trivial IR 523, L0 etale IR
ST BB, ppn (Cp) THIHaTHBTHD, ZOLI RWEEEZXDH Z LNH
BBz B LW ) AL, analytic space ¥ BATHRERFIAD—DLEZX D,
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