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Complementary inequalities of the Furuta inequality

RIREEKRF EHTEMR (Masatoshi Fujii*)
AfE LRRE BHE=A (Eizaburo Kamei**)

RKEFSLRETEE ABE  (Akemi Matumoto***)

ABSTRACT. As a continuation of our preceding note, we discuss in-
equalities on the complementary domain of the Furuta inequality. For
positive operators A > B > 0, it is shown that

Alhs_. BP > A°> B% > Bt 5., AP,
p—t p—t .

for 0 < § <t < p < 1. This inequality is opposite to the inequality in
[12].

1. Introduction. Throughout this note, a capital letter means a bounded linear
operator on a Hilbert space H. An opertor A is said to be positive (in symbol: A > 0)
if (Az,z) > 0 for all x € H, and also an operator A is strictly positive (in symbol:
A > 0) if A is positive and invertible. The Furuta inequality [5] established by Furuta
himself in 1987 (cf.[6]) was given by the following form.

Furuta inequality:([5],cf.[6]) If A> B >0,
then for each r > 0, .

(ATAPAT) > (A"BPA")

and
1 1
(B"APB")s > (B"BPB"):

holds for p and q such that p > 0 and ¢ > 1 with
(1+2r)g>p+2r

The best possibility of the conditions for p,¢q and r for the Furuta inequality is
proved in [15]. In this inequality, if we take r = 0, then the following Lowner-Heinz
inequality is obtained.
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Lowner-Heinz inequality: If A > B > 0, then

A® > B® for a € [0,1].

We can review the Furuta inevquality by using the operator mean theory established
by Kubo-Ando[14]. Especially we use the a-power mean, f, which corresponds to the
Lowner-Heinz inequality and is given by

At B=A}(ATEBATT)?A%, for a €[0,1].

Using it, we can reformulate the Furuta inequality as follows (cf.[1],[10],[13]):
A ﬁli—i B < A and BgBtﬁl_:_: AP forp>1landt <O.

In our arguments of the Furuta inequality in [10], we obtained a chain of the following
inequalities:

Satellite theorem of the Furuta inequality: If A > B > 0, then for p > 1
and t <0,
Al ﬁl_:_% B? <B<A<LB'f:.. AP,
P p—t

In our preceding notes [2],[3],[4] and [11], we discussed about the domain on which-
a similar formula to the Furuta inequality holds. In {12], we have given a unified form
of the inequalities shown in [3], [4] and [11];if A > B > 0and 0 <t < p < 1, then for
each § with ¢ < 6 < min{1, 2p}, '

Al h‘s;* B? < A(sa
p—t
and
Bt hs-: AP > BY.
In particular, for each § with p < § < min{1, 2p}, we have another chain of inequal-
ities: ‘
Alfs—e B’ < B’ < A’ < B' s AP
p—t p—t
Recently, in [9], Furuta, Yamazaki and Yanagida have researched precisely the Fu-

ruta type inequalities on the complementary domain, 0 <t < 1and 0 < p <1, and
investigate the relations.
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In this note, we consider Furuta’s type operator inequality in the case of 0 < 6 <
t < p < 1. Then we have the following inequality contrary to the above: If A> B >0
and § <t < 1 then

Athi{_:_ BlﬂzAézB‘*zzatng_:_i AP
In plaftiic{llar, if0< tigg and 0 < ¢ < p < 1, then

| Attqp;_tZ B”z1thu;___tz AP,
2. Complemenfary inequalities.

The following lemmas shown in [11] are rewritten for the sake of convenience.

Lémma 1. If A> B > 0, then the following inequalities hold;
() | At BP > A0
for0<p<1,0<s<1landteR,

(id) Ay, B> Bt
forpeR,1<s<2 and()g"t_{l.

The following is proved from Lemma 1.

Lemma 2. If A > B > 0, then the following inequalities hold;
(i)if2n<s<2n+1and 0 <p <1, then

A4, B = (BPAYA™ foon BF)(A'BT)"
S (B—pAt)nAw(p—t)(S—m)—t(AtB“p)"’

(i) if 2n +1 < s <2(n+1) and 0 <t < 1, then

(B AY (A~ b0 B)(ABP)"
> (B"pAt)nB——(p—_t)(S"_%')_t (AtB”p)", ‘

A"ty B7P

I

The next lemma is necessary to apply the Lowner Heinz inequality in the below.

Lemma 3. Let0<6<t<p<1and (% <)t < l—Q—Q. Then either
t

(1)2n§-;—"_—‘i§2n+1, that is, =% <p — <&l

or
(2) 2n+1< 8 <2(n+1), that is, sy SP—t< gy

7L
ensures
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() 0<2(n—D(p—1)+5<1
and

(b)) -1<2(n—-0Dp—-2(n—-101+1)t+6 <0,
wherel =0,1,...,n— 1. |

First of all, we discuss on the case of § = 0. Technically we will be along with our
preceding argument in [2,3,4,11]. '

Theorem 1. Let A>B>0,0<t<p<land0<t<
inequality holds;

5. Then the following

Atu__t Bf’zlthu.TttAP.

Consequently, if 0 <d <t < é, then

Atu% BPZA(SZBJZBths_:z AP

Proof. Under the assumption A > B > 0, A? h = B” > 1 is equivalent to 1 >
Bt h - AP. We first consider the cases -t € [0,1] and - € [1,2]:

At BY = AMATf . BT)A'
> AATf AT)AT=1.

Ath=e B> = AA™'4 . BP)A
> AY(B™'§. BP)A'> A'BTHA'> 1.

In general, if 2n < zﬁ < 2n+1, then

Alho BY = AAT' b BTP)A'

AY(B~ )”(A“tﬁ 20 BP)(A'BP) A"

AYBTP AN AP 1) ‘A'BP)"A' by Lemma 2 (i)
At(B pAt)n lB—pAZn(p t)B p(AtB p)n 14t

AYBP AN B Pt (AL B AY by Lemma 3 (a)
At(B"”At)""lA2("_1)p_2"t(AtB_”)"_1At by Lemma 3 (b)

Y

I

vV IV IV IV

At(B—pAt)n—lAQ(n—l)p——Z(n—H-l)t(AtB—p)n—lAt by Lemma 3 (b)
At(B—pAt)n—l——lB——pAZ(n—l)(p—t)B—p(AtB——p)n——l——lAt
At(B—pAt)n—l—1B2(n—l—1)p—2(n—-l)t(AtB—p)n—-l——lAt by Lemma 3 (a)

v
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vV 1V

AYBPAY) AP H(A'BP) A
= A'BPAP2ABPA' > A'BT2%A > 1.

Moreover, if 2n + 1 < == < 2(n + 1), then

- p~t —
Al BP = A4y BP)A |
= AY(BPAH™ (A_th L B7P)(A'BP)" A
2' At( —pAt)nBan 2(n+1 (At —p)nAt by Lemma 2 ( )
> AY(BPAY)R A2t AL BP) AL by Lemma 3 (b)
— At(B pAt)n lB—pA2n(p t »p(AtB p)n—lAt
> At(B—pAt)n-—lBZ(n—l)p—Znt(AtB—p)n—lAt by Lemma 3 (CL)
> .
> At(B~pAt)n lBZ(n——l)p—?(n—l+1)t(AtB~p)n‘lAt
> At(B pAt)n ZAQ(n Dp—2(n— l+1)t(AtB p)n lAt by Lemma 3 (b)
— At(B—pAt)n -1 1B—pA2(n l)(p—t)B—p(AtB—p)n l IAt
> At(B—pAt)n -l 1B2(n I-1)p 2(n—l)t(AtB—p)n =1 gt
> .
2 At(B—pAt)A2pf4t(AtB—p)At — AtB-—pA2p—2tB—pAt
> A'BT2AL> 1.

As a consequence, we obtain the second inequality as follows:

A ot

B”——Atﬁ“(Ath . BP) > Alfs [ = Al

w»

Theorem 2. Let A>B>0,0<i<t<p<landt< . Then the following
inequality holds;
A s B> A° > B > B s AP

Proof. If0< <1, then

“l%

At b&_ BP = AY(A™! fizs B7P)At > AY(A™! =g ATP)A = A°,
andiflgzt)—__%glthen |
A hp-__tt B = AY(A™ h:f_—i B7P)A' > A'B*% A > A°
'In general, if 2n < ;—:ét < 2n+ 1, then |

Aot BP = AYA™' s BP)A'
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I

AY (B~ pAt) (A—t ﬁ;%‘i—m B-p)(AtB—p)nAt

At( —pAt)nAan-Q(n+1)t+6(AtB—p)nAt by Lemma 2 (4)

At(BPAH™ 1 g—p g2n(p-t) +5B—p(AtB—p)n 1 At
AY(
AX(

v

t B- pAt)n 1B2n 1)p— 2nt+6(AtB P)” 1At by Lemma 3 (a,)
BP At~ 1 A2(n—1)p— 2nt+5(AtB P»=1A* by Lemma 3 (b)

vV IV IV IV

At(B—pAt)n—lA?(n—l)p—Z(n—l+1)t+6(AtB—p)n—lAt by Lemma 3 (b)
At(B—pAt)n~l—1B~pA2(n—l)(p—t)+6B—p(AiB—p)n—l~1At
At(B——pAt)n—l—lB2(n—l—1)p——2(n—l)t+6(AtB——p)n—l—lAt by Lemma 3 ((1)

AV AVARAYS

At(B—pAt)A2p~4t+5(AtB—p)At
AtB—pAQp—Qt—HSB—pAt > AtB—2t+(5At > A(S.

On the other hand, if 2n 4+ 1 < ;;_‘i <2(n+1), then
A bgs_:_t B = At(A_t ht—_& B”p)At

= A(BPAV(AT fs ,, B)(ABT) A

> t(B pAt)nBan 2n+1 t+6(AtB p)nAt by Lemma 2 (z)

> AY(BPAN AP (APBTP)R AT by Lemma 3 (b)

— At(B pAt)n lB pA2np t+6B p(AtB p)n lAt

> (B pAt)n 1B2(n 1)p— 2nt+6(At »p)n 1 At by Lemma 3( )
> . '
;_ At(B pAt)'n  g2(n—Dp—2(n- l+1)t+6(AtB pyn= L At

> At(B pAt)n I A2(n—U)p—2(n— l+l)t+6(At —pyn= LAt

— At(B pAt)nl 1 g=p A2(n=1)(p-t)+6 p— p(At —p)nl 14t

> At(B pAt)n -1 g2(n—l-1)p—2(n— l)t+6(AtB p)n —i=1 4t

> ..

; At(B—;;)At)AQp—llt—i-é (AtB—p)At

AtB—pA2p—2t+JB—pAt 2 AtB5_2tAt 2 Aa.

Remark. The assumption ¢t < £ is needed to ensure the final inequality A'B°~2*A* >
A? in the proofs.

3. Brief proof of Theorem 2. Professor Furuta pointed out that the following
known results [11] shorten proofs of Theorems above.

Theorem A. IfA> B >0, then
(i) in the case of $ <p<1land0<t<p,
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A iz

p—t

and (i) in the case of 0 <t <p< 3

BP<B<A

Al e BP < B < A%
=t

Brief proof of Theorem 2. The assumptlon says 0 < % <1 If

Ny
IN
i~
IN
I—‘

then the above (i) implies as follows;

Afey B = A(A™ o B)A™
= ( ﬂ§_5 ( -t bl t ka)A
> AAT s ATHA = A,

Suppose 0 < p < % Since 0 < ;p;_‘st < 1, a similar calculation leads us the conclusion

by the use of the result (ii) of Theorem A.
Ao BP = AYA7'gos BP)ATT
= At(A_t ﬁég_-__&_t (A_t ﬂ_z_g_—_tg B‘p)A_t
> AMAT s AT)AY = A°.
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