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0 Notation

Let g be a semisimple Lie algebra over the complex number field C with Cartan
subalgebra h. Let A C h* and W C GL(h) be the root system and the Weyl group
respectively. For each o € A we denote the corresponding root space by g,. We
denote the set of positive roots by A+ and the set of simple roots by {a;}ic1,, where
I is an index set. Set

nt = @ga" noo= @g—w

. aeAT acA+

Fori € Iy let h; € h, w; € b* and s; € W be the simple coroot, the fundamental
weight, the simple reflection corresponding to i respectively. Take e; € go;, and
fi € 9_q,, satisfying [e;, f;] = h;. Let (, ) : g x g = C be the invariant symmetric
bilinear form such that (a, @) = 2 for short roots a. We set

(o4,06) . o 2anay)
T (Z - IQ), aij = aj(h,) = —-—————(ai, ai)
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di = (i,5 € Io).
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For a subset I of I, we set

Ar=ANY Zo;, Wr=(sliel),

iel
I = b S (®aeA19a), n;_ = ®aEA+\Azgaa nI— = ®GGA+\A19*‘0’
b7 = Bicr\1Cw; C b, bi z = Gicr\1Zw; C h*.

For a Lie algebra a we denote by U(a) the enveloping algebra of a.

1 Quantized enveloping algebras

The quantized enveloping algebra U,(g) ([1], [7]) is an associative algebra over the
rational function field C(q) generated by the elements {E;, F;, K;, K ' }ic, satisfying

the following relations:

K:K; = K;K;,
KK1=KK =1,
K.B;K" = ¢ B,
KFK" =g " F},

K;- K1

EiF; — FE; = bij—,
% —q;
1—a;; -1 _ a~-
> (-1 o E;T'EEF =0 (i#7),
k=0 - '
g r-1 a; ] '
(8| T BTVTRR =0 (4))
k=0 = - q;
where ¢; = ¢%, and
tm —t™m i m [m]t' |
[m]e = T o1 [m]:! = H[k]t, = m (m2n2>0).

k=1 n
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We define the Hopf algebra structure on U,(g) as follows. The comultiplication
A :Uy(g) = Uy(g) ® Uy(g) is the algebra homomorphism satisfying

AK) =K ®K;, AE)=E®K '+10FE, A(F)=F®l+K,;®F,

The counit € : U,(g) — C(q) is the algebra homomorphism satisfying

The antipode S : U,(g) — U,(g) is the algebra antiautomorphiém satisfying
S(K;) = K;', S(E)=-EK; S(F)=-K'F,.

The adjoint action of U,(g) on U,(g) is defined as follows. For z,y € U,(g)
write A(z) = Y, 7z ® =} and set (adz)(y) = Y., z;yS(z%). Then ad : U,(g) —
Endc(q)(U,(g)) is an algebra homomorphism.

We define subalgebras Uy (n*), U,(h) and U,(l;) for I C I by

Up(n™) = (Bili € Lo), Uy(n™) = (Fli € L),
Ug(h) = (Kfli € L),  Uy(ly) = (K7, E;, Fli € Io, j € I).

For i € Iy we define an algebra automorphism T; of U,(g) (see [8]) by

Ti(K;) = K;K;*,

f

—-FK; (i=7)
Ti(E;) = S ) e
oot (~a) *ET VB ER (14 5),
) |
—~K['E; (i =17)
Ti(F;) = . L,
et (e EORFTT (i 4 ),
where
E® = L gt F®=_L pk

(K], PR
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For w € W we choose a reduced expression w = s;, - - 8;, and set T, =T;, ---T;,. It

ik
is known that T, dose not depend on the choice of the reduced expression. -

For I C I, let w; be the longest element of W; and set
Uy(ny) = U,m7)N Tz;;qu(n_)-

Let wy be the longest element of W and take a reduced expression wywo = S;; - - * S;

r

of Wrwy. We set

ﬂk = 84 "'sik—1(aik)a Yﬁk :Til "'Tik-1(Fik)

for k = 1,...,7. Then it is known that {8¢]1 < k < r} = A*\A;, and that
{Yﬁ"ll1 e Y[;‘ﬂdl, ...dy € Lo} is a basis of Ug(ny). This basis depends on the choice

of the reduced expression of wrwy in general.
Proposition 1.1 (ad U,({1))(Uy(n;)) C Ug(ny).

For N € Zsq we set U, n(g) = C(¢"N) ®c(q) Uy(g), and let Uy n(nF), Uyn(h),
U,n('1), Uyn(ny) be the C(g)-subalgebras of U, n(g) generated by U,(n%), Uy(h),
Uy(lr), Ug(ny) respectively.

For X € h} we define a U(g)-module M;(\) by

/O U(g)(h = M) + U(g)n™ + U(g)(1Nn7)).

heh

It is a highest weight module with highest weight A and highest weight vector m; x = 1,
where 1 denotes the element of M;()) corresponding to 1 € U(g). M;()) contains a
unique maximal proper submodule K;()\), and L(\) = M;())/K;(X) is a unique (up
to an isomorphism) irreducible highest weight module with highest weight A.

For A € bjz/N we define a U(g)-module M;(}) by

Mpan(N) 8)/O_Uyn(g 6"+ Upn(9)Ei+ Y Ugnl(s

i€lp i€lp jerI
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It is a highest weight module with highest weight A and highest weight vector my v =
1. M;()) contains a unique maximal proper submodule Ky, nx(}), and Lgn(A) =
My n(A)/Krgn(N) is a unique irreducible highest weight module with highest weight
A

2 Main result

In the rest of this note we fix I C Iy satisfying nj # {0} and [n],nf] = {0}. This is

equivalent to the following condition:

I= Io\{Zo} with mi, = 1,

where § = Y., mio; is the highest root (see [14]).

We set [ = I;,m* = ni for simplicity.

Proposition 2.1 The element Y € Uy(m™) for B € AT\Ar dose not depend on the

choice of a reduced expression of wiwg.

Fix a reduced expression wjwo = sy, ... 5;, amd set B, = s;, ... 5i,_, (,). We set

Um™)™ = Y C(@Yp, Y5, (m20)

pl""’pmzl
Lemma 2.2 We have

Ug(m™) = @ Uy(m™)™,

m=0

Upg(m™)™ = @ Clg)Yg - Y = @ Uy(m™)—y.

2o pMp=m yEmai,+Q7

Here U,(m~)_., is the weight space with respect to the adjoint action of Uy(h) on
Uq(m_b), and Q—; = Zie[ ZZQCY,;. ‘
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By Lemmma 2.2 we can write -

Yo, Yo, = Y, aiBY Y, (% eC(q) (1)
51<82
ﬁpl +ﬁp2 =,331 +/632

for p; > po.

Proposition 2.3 The C(g)-algebra U,(m™) is generated by the elements {Y3,|1 <
p < r} satisfying the fundamental relations (1) for p; > po.

By the commutativity of m~, U(m™) is isomorphic to the symmetric algebra
S(m~). Since m~ is identified with (m™)* via the Killing form of g, S(m™) is iso-
morphic to the algebra C[m*] of polynomial functions on m*. Hence we have an
identification U(m~) = C[m*]. We denote by C[m*|™ (m € Zs) the ‘subspace of
C[m™*] consisting of homogeneous elements with degree m. We set b%(I,+) = {X €
b*|A(hi) € Z,A(h;) € Z»o (i € I)}. For A € h3(1,+) we denote the finite dimensional
irreducible U(1)-module (resp. U,(l)-module) with highest weight A by V()) (resp.
V4(A)). We can decompose the finite dimensional [-module C[m*|™ into a direct sum
of submodules isomorphic to V' (A) for some e b3 (I,+). It is known that

Cm*]~ € V()

Aerm
for finite subset I'™ of b%(1,+) safisfying I NI™ = for m # m' (see [11], [12],
[6]). On the other hand, since U,(m™)™ is a finite dimensional U,(l)-module whose
character is the same as that of C[m*|™, we have
Uy(m™)™ =~ @ V, ().
Aerm
Let L be the algebraic group correspoﬁding to I. It is known that m™ consists of

finitely many L-orbits, and that the orbits can be labeled by

{L-orbits on m+} = {00701) .. .,Ct}, {0} = C() C a Cc--C CY; =mt.



125

We set

I(Cy) = {f € Cm*] | £(C;) =0}.

Since Z (E‘) is an l-submodule of C[m*], we have

G) =D1"(G), I7G) =1 nCm " = P V(A

AEry

for a subset I';* of I'™. The following facts are known (see, for example, [14]):
Proposition 2.4 Letp=0,...,t—1.

(i) I™(C,) = 0 for m < p.

(ii) ZP*1(C,) is an irreducible [-module.

(iti) Z(C,) is generated by IP*(C,) as an ideal of (C[mf].

Proposition 2.5 Forp =0, ...,t—1 there ezists a unique \, € b} such that K;(\,) =
I(@)mI,Ap. Moreover,we have A, € b} /2.

We set

L,(G) = P I(C) c Uy(m),
I;?N('CZ) = C(¢"") ®c(g) I (Cp) C Upn(m™)™,
@Im ) C Uy n(m™).

Here we identify U,(m~)™ with @, c.pm V().
Proposition 2.6 ([15]) For p=0,...,¢t — 1 we have

“¢h(Lg2(Ap)) = ch(L(Xp)),  Krga(Xp) = Uq,2‘(m_)zg,;1(—c_)m1 Ap,q,2°
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By Proposition 2.6 we have the main result.
Theorem 2.7 ([15]) We have
7,(Cp) = Ug(m )T (Cy) = I (Cp) Uyg(m™)

forp=0,...,t—1.

3 Examples

We shall give an explicit description of Z?*!(C,) in each individual case. (see [16],

[17])

3.1 Type A,
We label the vertices of the Dynkin diagram as follows.

1 2 k-1 k k+1 n—1 n
S ... ®. o] L ce

Hence we have I, = {1,...,n}. Set I = Io\{io}, where i =k (k—1 < n—k).

We fix a reduced expression
wiwo = (SkSk41° " Sn)(Sk—18k =" Sn-1) - (5182° -+ Sn—k+1)-
We set

Yiaj = (—1)k_i(Tka+1 te Tn)(Tk——lTk te Tn~1) e (E+IT;+2 T Tn—k+i+1)
TTiv1 - Tivj—2(Firj-1)

(1<i<k, 1<j<n+1-k).
Set

,Bi,j=ai+a,~+1+--~+ak+-~-+ak+]~.
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We have }/i,j € Uq(m'_)_gi’j.
Then we have the following fundamental relations of Ug(m™).

)

qYimYij (i=Lj<mori>lj=m)

YiiYim = ) VimY; (1>1,7>m)

kifl,mY;,j + (q - q_l)Yi,mY;,j (Z > l,j < m)

We label k + 1 L-orbits on m™ as in Section 2. For p =0,1,...,k— 1 we have

_ oGy ... ipg
(G, = ZC(Q) o .
Ju J2 - Jp+l
where we sum over all the sequences {i1,2,...,0p+1}, {J1,J2: - - -» Jp+1} C N satisfying

1§i1<i2<"'<ip+1§k, 1<ji<je<: <Jpr<n+l-—k,

and set
il ’1;2 ip+1 k
R . = Z (—q)l(g)}/;lajo(l)}/;i”jo-@) e Yip+1,ja(p+1)’
Ju J2 .- Jpt1 0E€Spt1
(o) = #{(G, )i <j,00) >0()}
3.2 Type C,

We label the vertices of the Dynkin diagram as follows.

1 2 n-2 n-1 n
e ... —O————=—0

Hence we have Iy = {1,...,n}. Set I = Iy\{io}, where iy = n. We fix a reduced

expression

WrwWo = (SpSn—1-51)(8nSn—1"""52) ... (SnSn-1)8n.



We set

Yij=¢

where

Set

Bij =i+ g1+ -

We have Y; ; € U,(m~

J (TnTn—l o

TnTn——l o

)—ﬁi,j .

TN (ToTr -+ Tp) -+ -

-+ aj +2a; +

(TnTn—l

T jtit1 (Fn—jti)

o Tpej)

(1<i<j<n),

(1<i=j<n)

(1<i<j<n).

ot 20,1 + O

Then we have the following fundamental relations of U,(m™).

Y;,jYE,m = 4

f

Gn—j+iYimYij

YimYi;

Qn—m+lY2,mY;,j

YimYi; + (¢ — ¢ )YinY,
qYimYij + (¢ — ¢ YimYi

VimYij+ (&® — a3V,

YimYij+q~

YimYij+(¢® — 7)Y,V

\

YimYij+ (¢ — ¢ ) {Vi¥m; —

1(q2 . q_2)}/i,j2

qu,i}/I,j}

We label n + 1 L-orbits on m™ as in Section 2. For p =

weight vector of

IPtY(Cy) is

07 1’

(j=m,i>1)
(j >m,i<l)
(j>m,i=I)
l<i<m<j

l

/\

l

)

i=m < j)
m <1< j)

)
l=m<i=j)

(
(
(
l<m<i<y
(
(l<m<i=j)

E —1\i(o) Y
( ) Klv]a(l) l?y]a(2) Y;P+1’JU(P+1)

0€Sp+1

128

,n — 1 the highest
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where 7; =j; =n—p, iy =jg = n—p+1, ..., ip+1 =jp+1 =n and .}/j,i = q-2Y;’j (Z <
-
3.3 Type B,

We label the vertices of the Dynkin diagram as follows.

2 n—2 n—1 n
& U} o

1
O { =

Hence we have Iy = {1,...,n}. Set I = I\ {0}, where o = 1. We fix a reduced

expression
Wrwo = 8182 -+ Sp—18p8p—15n—2 " * " $281.
We set
T, Tia(F) (1<i<n)
N LT Thg - Topeiz1(Fon—i) (n+1<4<2n—1).
Then we have the following fundamental relations of U,(m~).
) ,
VY, (i > j,i+j # 2n)
Y;Y; + £=1y,? (i=n+1,j=n-1)

e
YV + (q72 — ) i (—g?) 1YY

—(=g?)ILEly 2 (j<n-2i+j =2n)

\ g+q~!

We label 3 L-orbits on m* as in Section 2. For p = 0,1 we have

2n—1

I}(Co) = Z C(q
I;(Cy) = C(q)w

where ¢ = Y, Y, — (¢ + ¢~ )(1 +0) Y () Y Yo.
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3.4 Type D,

We have the following two cases.

Case 1
n—1
{ ]
1 2 3 n—2
o e n
L={1,...,n}ig=1
Case 2
n—1
]
1 2 3 n—2
—— ——

Iy={1,...,n}hio=n
In case 1 we fix a reduced expression
WiWe = 8182 " * Sp-15n5n—28n-3 * * * $251.
Set
T\Ty- - Tia(F) | (1<i<n)
TiTy - TnaTpTpoTn 3 Ton—i(Fop—i—1) (n+1<i<2n—2).

Then we have the following fundamental relations of Ug(m™).

(

@YY, (i>i+j#2m—1)

VY, =S vy, (i=nj=n-1)

VY- (- )0 Y (Sn-2iti=2-1)

We label 3 L-orbits on m™ as in Section 2. For p = 0,1 we have
2n—2

T(Co) = Z C(q)Ys,

Z,(Ch) = C(q)¥
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where 1 = 30 (=g 1)1Y, Vi,

In case 2 we fix a reduced expression

Wrwo = ($r(1)Sn—2** $1)(Sr@)Sn—2 " 82) ** + (Sr(n-2)Sn—2)Sr(n-1),
where

1 : odd

n—1 (i:even).

We set

YiJ = (_1)i+j—1(T‘r(1)Tn—2 T Tl)(TT(2)Tn—2 te T2) T (T—,—(n_]‘)Tn_Q . ., . Tn—j)
Trn—jiryTn-2** Tnojuist (Fajti)

(1<i<j<n).
We have Y; ; € U;(m™)_g, ,,where

o+ ot tai+ 20+ + 20 2+ ap1ta, (j<n—-1)

ij =
Q; + Qg1+ -+ o2+ 0y : (J=n).

Then we have the following fundamental relations of U, (m").

,
qYimYi; , (Il<i<m=jor

I<i=m<jorl=i<m<y)

YinYi; , 1<l<m<j

ViYim={ " ( 9
Yi,in,j + (q - q—l)Yi,mYl,j (l <i<m< .7)
YimYi;

Ha— ¢ )YV — ¢ WiV} (I<m<i<y)
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We label [n/2] + 1 L-orbits on m* as in Section 2. Forp =0,1,..., [(n — 2)/2]

.we have

=Z<C(q)(i1 ig ... i2p+2)

where we sum over all the sequence {i1,12,...,i2+2} C N satisfying 1 <13 <13 <

- < igpy2 <, and set

S ; _E:_-ll(a). : .. LY :
( 11 2 ... 12p42 ) - ( q ) Ka(l)ﬂa(Z)Yza(S):za(‘l) Y;a(2p+1)”0(2p+2)’

0€§2p+2

Sopre = {0 € Sapsa| 0(2k — 1) < 0(2k +1),0(2k — 1) < 0(2k)}.

3.5 Type Eg

We label the vertices of the Dynkin diagram as follows.

|

Hence we have Iy = {1,2,3,4,5,6}. Set i =1, A={1,2,...,16}. We fix a reduced

5

o

expression
WrWgy = 8182535455535251565855352545355S56-

and set Y; = Yj, for i € A (see Section 1).
Define A(n) = (i%,4%,13,i7, 57, 52, 5%, j2) € A® (1 < n < 10) as follows:

A1) =(1,2,3,4,5,6,7,8), A(2) = (1,2,3,4, 9,10,11,12),

>

3)=(1,2,5,6,9,10,13,14), A(4 1,3,5, 7 9,11,13,15),

(
)= (1,

A(6) = (1,4,6,7,10,11,13,16),
)= (

1) =(

(3)=(

A(5) =(2,3,5,8,9,12,14,15), A(

A(7) = (2,4,6,8,10,12,14,16), A(8) = (3,4,7,8,11,12,15,16),
(9) = ( (

A(9) = (5,6,7,8,13,14,15,16), A(10) = (9,10,11,12,13,14,15,16).
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For 1 <i < j <16 we have the following fundamental relations of U,(m™).

(

Y;Y, , - if there exist n such that ¢ = i}, 7 = j7
YirVie + (¢ — ¢ 1)Y;p Yz if there exist n such that i = i3, j = j3
VY =YY + ¥ Yo, —q Vi Yin

if there exist n,m = 3,4 such that ¢ =14 ,7 = j;.

qV}Y; * otherwise.
\

We label 3 L-orbits on m™ as in Section 2. For p=10,1 we have

7,(Go) = ) _C(9)Ys,

=1
10

73 (C) = Y C(a)va
n=1

where ¥, = YinYjn — qYia Yo 4+ ¢*Yp Yy — *Yi Y.

3.6 Type E;
We label the vertices of the Dynkin diagram as follows.

12 3 4
& O

.

Hence we have Iy = {1,2,3,4,5,6,7}. Set ip = 1, A = {1,2,...,27}. We fix a

p o
P~

reduced expression
WrWy = S15253548556545352515756545355545657525354565554535251.

and set Y; = Y}, for ¢ € A (see Section 1).
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Define B(n) = (i2,1%, 42,42, 1%, 57, j2, 5%, 4%, 7%) € A'0 (1 < n < 27) as follows:

B(1) = (10, 19, 20, 21, 23, 22, 24, 25, 26, 27), B(2) = (9, 14, 16,17, 23,18, 24, 25, 26, 27),

' B(3) = (8,13,15,17,21,18,22,25,26,27), B(4) = (7,12,15,16,20,18,22,24, 26, 27),
B(5) = (6, 11,15, 16, 20,17,20,23,26,27), B(6) = (5,12,13,14,19,18,22, 24, 25,27),
B(7) = (4,11,13,14,19,17,21,23,25,27), B(8) = (3,11,12,14,19, 16, 20,23, 24, 27),
B(9) = (2,11,12, 13,19, 15,20, 21, 22,27), B(10) = (1,11,12,13,14,15,16,17,18,27),
B(11) = (5,7,8,9,10,15,22,24,25,26),  B(12) = (4,6,8,9,10,17,20,23,25,26),
B(13) = (3,6,7,9, 10, 16, 20, 23, 24, 26), B(14) = (2,6,7,8,10,17, 21, 23, 25, 26),
B(15) = (3,4,5,9,10,14,19,23,24,25),  B(16) = (2,4,5,8,10,13,19,21,22,25),
B(17) = (2,3,5,7,10,12,19,20,22,24),  B(18) = (2,3,4,6,10,11,19,20,21,23),
B(19) = (1,6,7,8,9,15,16,17,18,26),  B(20) = (1,4,5,8,9,13,14,17, 18, 25),
B(21) = (1,3,5,7,9,12,14,16,18,24),  B(22) = (1, 3, 4,6,9,11,14,16,17,23),
B(23) = (1,2,5,7,8,12,13,15,18,22),  B(24) = (1,2,4,6,8,11,13,15,17,21),
B(25) = (1,2,3,6,7,11,12,15,16,20),  B(26) = (1,2,3,4,5,11,12,13,14,19),
B(27) = (1,2,3,4,5,6,7,8,9, 10).

For 1 <i < j <27 we have the following fundamental relations of Uy(m™).

’

Y;Y, if there exist n such that {i,5} = {i}, j7}
YinYin + (g - q_l)Yir;Y};t if there exist n such that i = ¢, j = j3
Y;}/] = j S/j#;l/igx + qY};_lyig_l - q—lyzfn-ly};—l

if there exist n,m € {3,4,5} such that i =i}, = jp,

qY;Y; otherwise.

\
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~ Set

Yn =YY — qVaYip + @Y Yjp — Y Yip +q nnyn
p= Z lﬁn[ ly,lp ! ’

neA

where |8| = Zzgo m (,8 Zzelo mia;).

We label 4 L-orblts on m* as in Section 2. For p=0,1,2 we have

Z C(q
IX(C) Zc

neA
Z,(C2) = Clg)e-
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