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" “Abstract’

A 4-dimensional (4D) extension of the 2D Wess-Zumino-Witten model has a
few remarkable properties. In particular, we have shown that this model has an
. infinite-dimensional symmetry which generates 2-toroidal Lie algebra. Generaliza-

tion of the construction of the model to higher dimensions D = 2n is also given.
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1. Introduction

Many Physical systems in nature have symmetries. If symmetries are continu-
ous, they generate Lie algebras (LA). Let me give two examples, one from atomic
physics and another from particle physics : Hydrogen atom has O(4) symmet-
ric energy spectrum. The (massless) quark model has SU (2)r x SU(2)g chiral
symmetry in addition to SU(3)¢ gauge symmetry. |

A physical system becomes integrable, if the symmetry is large enough, namely,
dimension of LA = number of degrees of freedom (1)

A classic example is the Wess-Zumino-Witten (WZW) modelll]. It is a group-
valued non-linear sigma model (NLSM) on a spacetime of 2 dimensions with an
addition of an anomaly term (a certain 2-cocycle term in mathematical terms).

The dynamical variable is a mapping
g: Xy — 8, (2)

where X3 is a 2-dimensional (2D) spacetime with coordinates z# and & is a group.
As we will see in a moment, the WZW model has currents, which are composite

operators composed of the field g(z),
J(z) =g '0.9, J(z)=0z997", (3)

where we have used complex coordinates z = 20 + iz! and z (or 2% = 2% + 2! in

light-cone coordinates). The currents obey conservation laws :
82] == 0, azo]_: O- (4)

The mode expansion of J%(z) = tr(t%J(z)),

In=Y_ 2"1%), | (5)

n=-—0oo

yields an infinite number of conservation laws (CL). Their commutation relations



define an affine Kac-Moody algebra,
a 7b . ‘abc c 1 aé)

The representation theory of affine Kac-Moody algebras was developed in
the eighties, especially in connection with 2D integrable quantum field theories
(QFT)[ZI. Beyond affine Kac-Moody algebras, new classes of infinite-dimensional
Lie algebras are known : hyperbolic Kac-Moody algebras and n-toroidal Lie alge-
bras. It was conjectured that massive modes of superstring, which are infinitely
many, generate a hyperbolic Kac-Moody algebras called E(10)[3. We have recently
shown[4] that the symmetry of a 4D analogue of the WZW model generates 2 -
toroidal Lie 'algebra, a generalization of a loop algebra.

The WZW model has many remarkable physical and mathematical properties.
It is a finite QFT, i.e., the B-function vanishes. It has an infinite-dimensional
symmetry, as explained a moment ago, which is responsible for the model being
solvable. The model can be expressed as path integral of a fermionic modell]. One
can g-deform the model to get a massive model®.

If one could construct integrable QFT in dimensions higher than D = 2, it
would have enormous implications from both mathen‘laticaly point of view and ap-
plication to particle physics. In the past there have been various attempts in this
direction. When Polyakov put forward CFT in late sixties, he meant 3 + 1 dimen-
sional systemsm. Cardy proposed to generalize modular invariance to D > 28], 1¢
was conjectured that at level of classical equations of motion all integrable models
are related to self-dual Yang-Mills (SDYM) equation in D = 4[],

Recent studies of a 4D analogue of the 2D WZW model are motivated by this
way of thought, and they have revealed a few remarkable properties of this 4D
model, which we refer to 4D Kahler WZW (KWZW) model. It has an infinite-
dimensional (anti)holomorphic symmetry,and it is solvable in its algebraic
sector!%11], The model has been shown to be one-loop on-shell finitel'?) in spite
of apparent non-renomalizability by power counting.

In this talk we will concentrate on the infinite-dimentional symmetry of the

KWZW model. We will show that this symmetry generates a Lie algebra called



2-toroidal Lie algebra, the central extension of two-loop algebra. A few mathemati-
cians have recently begun to study this class of algebra as a possible extension of
affine Kac-Moody algebras('®l. We will also mention an extension of the 2D WZW
model (and of the 4D KWZW model) to general 2n dimensions.

2. Wess-Zumino-Witten model

Here we summarize the WZW model as a preparation for extension to D = 4.
The WZW model is a g-valued NLSM with an addition of an anomaly term. We
extends the spacetime from X5 to X3 so that X, is the boundary of X3, Xs = 8X3.
The action S is a functional of the g-valued field g(x),

Slg] = —;7;[% /}(2 tr(g_139A9_159)+%,/)(3 tr(g~'dg)], (7)

where 0 =.8_da:”(or 8zdz). k is a coupling constant in the usual sense in particle
physicé. It has to be an integer for thie theory to be Well—deﬁhed, and is to be
identified with the centre k appearing in eq.(6) defining a Kac-Moody algebra.

We compute the variation 6.5 of the action (7) for an infinitesimal change of the
ﬁeld, dg = ge. The variation of the anomaly term in (7 ) turns out to be reduced
to an integral over Xo, |

§ | tr(g7ldg)® = 3/

d*vetr(eg™ 10,997 0,9), (8)
X3 X2 .
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where €#” is the so-called e-tenson, ¥ = —¢!0 = 1. Thanks to this expression, the

equation of motion takes a very simple form,

04 (g7'0.9) =0. | (9)

This equation implies a conserved current, i.e.,

J.=g719_g, | (10)

8yJ_=0. (11)

The last equation is the Cauchy-Riemann (CR) relation, whose solution is given by



J_= f(z™). Note that the CR relation is equivalent to self-duality in 2D NLSM[4,

Eqs:(10) and (11) define a current in the right sector, a sector solely depending

on z~. Similarly one can define a current in the left sector, Jy = 0,997 " and
0_Jy = 0.

- Eq.(11) implies an infinitely many conserved quantities by making mode ex-

pansion. Choosing z to be the “time” coordinate, we have 0 Jp = 0, where

Jn = / ;‘da:;(x‘)_"—lJ_. | (12)

3. 4D Kahler WZW model

Aiming at constructing a 4D extension of the WZW model, we begin by writing
a general NLSM in D = 4. The basic tool is a mapping |

¢ X4 — M. (13)

The X4 is a 4D-manifold with coordinates z* and metric 9 (T)- The target space
(or embedding space in mathematics) M is an n-D manifold with coordinates
¢*(a = 1,...,n) and metric go(¢). We give an additional structure to both X4

and M by assuming that there exist a 2-form on X4,
w = wyydzt Adz”, (14)

and another on M,

B = Byd¢® A dg. (15)
Under the assumption that the action is bilinear in 8,¢%, it consists of two terms,

S/ = a /X (—dg® A* dd*gap + Ko A dd® Ad¢®B).  (16)

Note that the theory contains two coupling constants, a and x (they have mass

dimension —2 and 0, respectively). .



The action consisting of the first term of (16) alone defines a usual NLSM.
This theory is non-renormalizable, i.e., contains divergences which arize quantum
mechanically and cannot be handled properly. What is the role of the second
term, then? After a lengthy calculation of one-loop quantum effects, Ketov has
shown that the NLSM defined by (16) becomes one-loop on-shell finite, provided
the following three conditions are met[!? : ‘

a) The target space M is a group & (parallelizable more precisely). Then
dB = H, (17)

is a torsion on & , and H;ji = f;jx provides the structure constant of S.

b) The coupling constant « is to be tuned to the value
K = 2i. (18)

¢) The spacetime X4 is a hyper-Kahler manifold (Ricci-flat). We can then

introduce complex coordinates,

2 =a20izt, 22 =22+i23; 222 (19)

We will often use the notation 2! = u, 22 = v. The w is nothing but the K&hler

2-form,

w= %haﬁdza Ad2P, (20)

dw = 0. (21)

After taking account of the three conditions given above, the action (16) can
be reduced to the one which was constructed by Nair and Schiff!% in extending
the Chern-Simons action to D = 5 and by Donaldson*® in an algebraic-geometric

viewpoint (DNS action). To see this, we proceed as follows.



We now have a map
g : X4 — 8. (22)

We extend the X4 to X5 so that X4=0X5, to give an anomaly interpretation to
the second term of (16). Let t* be generators of & and V' be vielbein on &,
Voitt =V, € g. Vot can be shown to obey the Maurer-Cartan equation. This

means that V,® is a pure-gauge,
. N ,
Vadg® = ——-2—z'gdg. (23)

We have replaced the scalar fields ¢%(z) by g(z).
Using eqs.(17), (18), (20) and (23), the two terms of (16) can be expressed in

terms of g~ 1dg and w, and we arrive at the DNS action
S = —z'/ wATr(g t0g A g~10g) + E/ w A tr(g~dg)3. (24)
X4 3 XS

Here, 0 = 0,dz*. We have absbrbed the coupling constant a into the redefinition
of w:w — 2aw.
We can prove the following identity, which is a 4D analogue of the Polyakov—
Wiegmann formulalt6! (2-cocycle condition in mathematical terms).
Slgh] = Slg] + S[] — 2 / " wAtr(g~10g A GREY). (25)
X4
We see easily from this formula that the'action is invariant under holomorphic

right (HR) and antiholomorphic left (AHL) infinite symmetries,

g— hL(z&)ghR(z'B ). (26)

The equation of motion can be derived in the same fashion as the 2D case. It

is given by

d(w A g1ag) =0, (27)
or equivalently,

dw A dgg~1) =0. (28)

These equations allow us to identify the conserved currents J(.J) which generate



the right(left)-action symmetry in (26).

J=—iwAgtdg, J=iwAdgg?, (29)

8J =0, 8J=0. » | (30)

You may consider the dual (one-form) of J, which we denote by J,dz®. Then, the

conservation law (30) reads
dJ = 0aJy + 85Jy = 0. | (31)

It ié curious to note:that the same value of x assures one-loop finiteness on one
hand and the PW formula (25) and consequently the current conservation (30) on
the other. 7 .

The equation of motion (30) (or (31)) can be shown to be equivalent to the
SDYM eQuation. Quite some time ago, Yang cast the SDYM equation (in the flat

spacetime) into the form![!”]

Fop = Fa5=10, - (32)

The conservation low (31) is eq.(33) generalized to a Kéhler spacetime.
The DNS action may be cast into a more familiar form by using Gauss decom-
position. For simplicity we consider the case of g = sl(2). Let H, ET be Chevalley

generators of g, obeying [E™, E~]| = H. The Gauss decomposition reads -

g9(z) = X@ET gp(@)H () B~

1 x\ (e 0\[1 0 |
:(0 1>(o~e—w> (w 1)' (34)

We have introduced three scalar fields ©,X,¥. Using the PW formula (25), the



action is now written as an integral over Xj.

Slp, x,¥] = —i /X w A (Op A Dy +‘8_X A Bipe=2%). (35)

So far X4 is an arbitiary 4D Kahler manifold. In the following analysis we will
consider the case of flat X4. |

1 1
hi1 = hy3 = 5 Wil =W =50 (36)

The action is then given by

S = ——a/ d*z Z (80050 + By xO51pe™2%). (37)
- The currents J, and jﬁ are expressed in terms of the scalar fields. By writing
Jo = JYH + J;E*T + JFTE~€e®, we have

IS = a(Bap + P0axe %),

Jj = —a(Y0ap — 20, + gozaaxe_2‘p), (38)

J, = adyxe ?%.

4. Infinite dimensional Lie algebra

Since we are given a field theory, we should be able to compute various quan-
tities and relations. We consider the question : What is the infinite-dimensional
symmetry that the currents Jg(jg) generate? |

To address to this question we use the canonical formalism and compute the
Poisson brackets (commutation relations in quantum theory) of the currents. To
this end we have to choose one of the four coordinates as “time” ¢ and the remaining
three are space coordinates. There are two alternatives of doing this : a) ¢ =

0 1 .2

29, 7 = (2!, 22, 23) being space coordinates. b) t = @, & = (u,v, D) being space

coordinates (light-cone scheme).



Here we present the result in the light-cone scheme, taking % as time. The
coordinates are assumed to take real values by using Wick rotation. We note
that the action (24) is first order in time derivatives, that is, it is already in
the Hamiltonian form. Hence we can define P.B. without introducing conjugate

momenta of the field g(z). The sympléctic two-form of this model is given by

Qap (T, &) = a04p0u03(Z — &). (39)

— =

The Hamiltonian structure is obtained as the inverse of Q, H%(Z, #’) = a~1629; !

§3(Z— ). Here, 0;16(u) = 2€(u). It is then straightforward to compute P.B., e.g.

{tr(Xg™'049)(@), tr(Yg'pg)(@)}, (40)

where A, B are u,v or v and X,Y are t°.

Recall that the current is given by J4 = %ag_laAg. In the present choice of

10

u as time, J are the generators of the HR action symmetry : ¢ — ghg(2®). If -

we choose u as time instead, then J2 are the generators of AHL action symmetry
: g hr(2P)g. |

The P.B. of current J4 can be computed from (40). We refer you to refs. [4,
19] for the explicit result and derivation. Here we only write the result for (A,

B)=(u, u), which we will be concerned with hereafter.
8@, U@} = if T @) (E - &) + ad0u° (@ - F), (D)

that is, the currents J2 satisfy a current algebra in D = 4 with a c-number anomaly
term.

We make mode expansion of the currents J%(Z) to derive a more familiar-
looking Lie algebra from the current algebra (41). To this end, it is convenient

to compactify the three space coordinates u, v, 0, by letting u, v, ¥ take values in



I =10,27]. The generators of HR, action symmetry are given by
27 o - '
QY = / dudve® (u, v)J*(G, u, v), (42)
0

where J® are zero-modes with respect to o,

~

2
745, u, v) = / © d5.JA (3, 7). (43)
0

Note that 83J = 0, and hence that Ja are holomorphic functions of u and v,
fd(u, v). We use the notation Z = (u,v). The P.B. for J%(Z) can be derived from
eq.(41), and is given by -

{J(Z), (2"} = if®Je(2)0%(Z— 2 ) + 2a6%08,0%(7 — 2 ). (44)

-\

The parameter €*(Z) are defined on the 2-torus, and hence it can be expanded

as
(D= Y ehe™ | (45)

where m = (mg, mi1) €Zs and m - Z = mou + myv. Correspondingly, the currents

' J% are mode-expanded as

(A / dudve’™?J%(2), (46)

so that we have

Q =) el Y

m
We obtain from eq.(44)
{J%, T2} = if™eT5 p+ domod™6 . g, (48)

where \g = (area of T?)-a/8 = n?a/2. This relation defines a 2-loop algebra with

central extension, which is 2-toroidal Lie algebra.

11



In eq.(48) there has appeared one centre, A\gmg. A general central term should
consist of Agmg + A1my (and perhaps many more terms).

In mathematical language, an affine Kac-Moody argebra is defined by using
Laurent polynomial expansion. In an analogous way, a 2-toroidal Lie algebra is

expressed by double Laurent polynomial expansion as
Ba_tor = B R Cls, t, st t_l] @ centre @ Codg + C1d;. (49)

We should mention that the representation theoretic content of 2-toroidal Lie
algebras has been poorly understood. Let us compare the affine Kac-Mbody algebra
g and the 2-toroidal Lie algebra g,_;,, in the case of g = sl(2). The root system
of g is two-dimensional, being infinite in one (affine) direction. That of gy_,,,. is

three-dimensional, being infinite in two directions. The Cartan matrix of g is

k= * 72 0
_('—2 2/ | (50)

The use of “Cartan matrix” in toroidal Lie algebra is yet to be understood com-

pletely. For the go_;,, root system we have tentatively chosen, the “Cartan matrix”

is

2 -2 —2
K=|[-2 2 2. (51)
~2 2 2

We note that in (54) one of the off-diagonal elements is +2, a feature not shared by
finite-dimensional and affine Lie algebras. Extension of highest-weight representa-
tions to go_4,, is a diffucult problem because of the two-dimensionality of infinite

directions of its root system.

5. Generalization of the KWZW model to D=2n

It is an intriguing question whether the KWZW model allows a generalization
to D = 2n possessing many of its remarkable properties at D = 4. Here we present

one possible model of this typel!8].
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Let Xo, be a 2n-dimensional Kéhler manifold with 2-form w. We consider a

NLSM on Xag, with a target space furnished with a 2-form B.
Si¢*l =a / (—de® A* dgPgay + kW™ A dg® A d¢®bap). (52)
X2n

" By repeating an argument analogous to that we have made in the case of D = 4,

we arrive at a a group ®-valued NLSM with an addition of an anomaly term{*9l.

S = —i/ w L Atr(gTl0g A g7 10g) + —Z-/ WA tr(‘g’ldg)a’. (53)
Xon 3 Xon+1 '
Here 0 = 0,dz%*. We have tuned « to the value
k=2""Y/(n—-1), (54)
so that the PW of the form (25) holds true.

The equation motion can be derived from (53) in the same fashion as the WZW

case.

dJ =0 (equivalently 8J = 0), (55)
where we have already introduced conserved currents

J=iw" 'Ag 89 (J=—iw" 1 Adggh). (56)
For the dual of J, which we denote by J,dz?%, eq.(55) reads
O0ada = 0. (57)

It is very curious to note that the same equation as (57) has previously been
written in connection with a moduli problem of gauge fields in algebraic geometry.

On a Kihler manifold Xs, the curvature 2-form F of a gauge field is decomposed

13



into (2, 0), (1, 1) and (0, 2) components. Donaldson!!5]. Uhlenbeck and Yau{lg]

wrote the conditions that a holomorphic vector bundle is stable.

Fog=Fy5=0, (58)

hoPF,; = ~ - (59)

The connection of the DUY equation to the equation of motion of the KWZW
model is as follows. We set 4, = hl_zlaahR, AE = OBthzl and g = hgrhy. Then
egs.(58) and (59) can be shown to be equivalent to eq.(57).

14



References

[1] E. Witten : Non-Abelian Bosonization in Two Dimensions. Commun. Math.
Phys. 92, 455-472 (1983).

2] V. G. Knizhnik and A. B. Zamolodchikov : Current Algebra and Wess-
Zumino Model in Two Dimensions. Nucl. Phys. B247, 83-103 (1984).

[3] E. Witten : Topological Tools in Ten-Dimensional Physics. Int. J. Mod.
Phys. A1, 39-64 (1986). |

[4] T. Inami, H. Kanno, T. Ueno and C. S. Xiong : Two-Toroidal Lie Algebra
as Current Algebra of Four-Dimensional Kéahler WZW Model. Phys. Lett.
B, to appear (1997).

[5] A. M. Polyakov and P. B. Wiegmann : Goldstone Fields in Two Dimensions
with Multivalued Actions. Phys. Lett. 141B, 223-228 (1984).

[6] D. Bernard and A. Le Clair : Quantum Group Symmetries and Non-Local
Currents in 2D QFT. Commun. Math. Phys. 142, 99-138 (1991).

[7] A. M. Polyakov : Conformal Symmetry of Critical Fluctuations. JETP Lett.
12, 381-383 (1970).

[8] J. L. Cardy : Casimir Effect in Conformal Theories in Higher Dimensions.
In “Quantum Field Theory, Statistical Mechanics, Quantum Groups and
Topology”, Ed. by T. Curtright et él., World Sci. Co. (1991).

[9] R. S. Ward : Integrable and Solvable Systems, and Relations among Them.
Phil. Trans. Roy. Soc. London A315, 451-457 (1985).

[10] V. P. Nair and J. Schiff : Kahler Chern-Simons Theory and Symmetries of
Anti-Self-Dual Gauge Fields. Nﬁcl. Phys. B371, 329-352 (1992).

[11] A. Losev, G. Moore, N. Nekrasov and Shatashvili : Four-Dimensional Avatars
of Two-Dimensional RCFT. Nucl. Phys. B, Proc. Suppl. 46, 130-145 (1996).

[12] S.V. Ketov : All-Loop Finiteness of the Four-Dimensional Donaldson-Nair-
Schiff Non-Linear Sigma Model. Phys. Lett. B383, 390-396 (1996).

[13] R. V. Moody, S. Eswara Rao and T. Yokonuma : Toroidal Lie Algebras and
Vertex Representations. Geom. Dedicata 35, 283-307 (1990).
S. Eswara Rao and R. V. Moody : Vertex Representations for N-Toroidal

Lie Algebras and a Generalization of the Virasoro Algebra. Commun. Math.



Phys. 159, 239-264 (1994).

S. Berman and B. Cox : Enveloping Algebras and Representations of Toroidal
Lie Algebras. Pacific J. Math. 165, 239-267 (1994).

I. B. Frenkel and B. A. Khesin : Four-Dimensional Realization of Two Di-
mensional Current Groups. Commun. Math. Phys. 178, 541-562 (1996).

[14] A. M. Polyakov : “Gauge Fields and Strings” (Sect. 6.1). Harwood Academic
Pub. (1987).

[15] S. K. Donaldson : Anti Self-Dual Yang-Mills Connections over Complex
Algebraic Surfaces and Stable Vector Bundles. Proc. London Math. Soc.(3),
50, 1-26 (1985). |

[16] A. M. Polyakov and P. B. Wiegmann : Theory of Nonabelian Goldstone
Bosons in Two Dimensions. Phys. Lett. 131B, 121-126 (1983). |

[17] C. N.Yang: Condition for Self-Duality for SU(2) Gauge Fields on Euchidean
Four-Dimensional Space. Phys. Rev. Lett. 24, 1377-1379 (1977).

[18] T. Inami, H. Kanno and T. Ueno : Higher-Dimensional WZW Model on
Kéahler Manifold and Toroidal Lie Algebra. Preprint, YITP-97-15 and hep-
th/9704010.

[19] K. K. Uhlenbeck and S. T. Yau : Existence of Hermitian Yang-Mills Connec-
tions in Stable Vector Bundles. Commun. Pure and Appl. Math. 39 Suppl.,
257-293 (1986) ; A Note on our Previous Paper. ibid. 42 703-707 (1989).

16



