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Birkhoff normal form of Hamiltonian systems
and |
WKB-type formal solutions
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1 Introduction

As is illustrated by the computation of monodromy groups of second-order Fuchsian
equations (cf. [AKT1]), the exact WKB analysis provides us with a powerful tool
for studying global behavior of solutions of linear ordinary differential equations. To
generalize such an analysis to nonlinear equations, T. Kawai (RIMS, Kyoto Univ.),
T. Aoki (Kinki Univ.) and the author have developed the WKB theory for Painlevé
equations with a large parameter in our series of articles ([KT1], [AKT2], [KT2]).
(See [T1], [T2] also.) Although we have almost succeeded in analyzing the behavior
of 2-parameter formal solutions constructed in [AKT2] near simple turning points
(cf. [KT2]), their behavior near fixed singular points, which is also important for the
global study of Painlevé equations, has not been clarified yet. The aim of this report
is thus to consider the following problem: How do our formal solutions behave near
fized regular-type singular points for Painlevé equations?

In the case of second-order linear equations, the corresponding formal solutions
are given by the WKB solutions and two typical methods are known for their con-
struction: One is to transform equations in question into Riccati equations, and
the other is to solve the so-called eiconal equation and transport equations. Be-
tween these two methods the first one is more effective to determine the behavior
of WKB solutions near regular singular points. Now, to construct 2-parameter for-
mal solutions of Painlevé equations with a large parameter, we have employed the
multiple-scale analysis in [AKT?2], that is, we have constructed them by solving some
differential equations degree by degree. In this sense this construction corresponds
to the second method for WKB solutions mentioned above and hence is not effi-
cient to discuss the present problem. In this report we propose a new construction



of 2-parameter formal solutions of Painlevé equations with a large parameter to
investigate their behavior near fixed regular-type singular points.

The new construction of formal solutions we propose here is based on the work
of Kimura [K] and its improvement by Takano [Tkal] (see [Tka2] also), where they
respectively constructed a 2-parameter family of analytic solutions at each regular-
type singular point of (ordinary) Painlevé equations. Making use of the well-known
fact that Painlevé equations can be written in the form of Hamiltonian systems
(which we call Painlevé Hamiltonian systems in this report), Kimura first established
some reduction theorem for Hamiltonian systems to construct analytic solutions
and later Takano modified his method to enlarge the domain of convergence of
these analytic solutions. Their reduction theorem is closely related to the following
“Birkhoff normal form” of Hamiltonian systems (cf. [B], [SM]).

Birkhoff normal form  Consider a Hamiltonian system
(1) dg/dt = OH/dp,  dp/dt = —0H/dq

with o Hamiltonian H = H(t,q,p). If we can find a canonical transformation
(¢,p) — (4, p) which transforms the original system (1) to

(2) dg/dt = 0H/9p,  dp/dt = —0H /0§
with . B
(3) CH(4,3,5) = Y ha(t) (g9)"

(i.e., H is a function of t and the product qp only), then the new system (2) is called
Birkhoff normal form of (1). '

Roughly speaking, to construct 2-parameter formal solutions, we will revise their
reduction theorem so that it may be adapted to Hamiltonian systems of singu-
lar perturbations and prove the existence of a canonical transformation which re-
duces the Painlevé Hamiltonian system to its “Birkhoff normal form” in a singular-
perturbative manner. The existence of singular-perturbative reduction will be dis-
cussed in Section 3 and the behavior near fixed regular-type singular points of our
2-parameter formal solutions thus constructed will be investigated in Section 4. Be-
fore considering Painlevé Hamiltonian systems, in Section 2 we will study the rela-
tionship between this viewpoint and WKB solutions of second-order linear ordinary
differential equations. :

The author would like to express his gratitude to Professors T. Kawai and T.
Aoki for the stimulating discussions with them. He also thanks to Professor M.
Yoshino for his valuable comment on Birkhoff normal form. This work is supported
by Grant-in-Aid for Scientific Research for Encouragement of Young Scientists (No.
09740101), the Japanese Ministry of Education, Science, Sports and Culture.



2 Birkhoff normal form and WKDB solutions of
Schrodinger equations

In this section we discuss the construction of WKB solutions of 1-dimensional
Schrodinger equations

(4) (—di; + 772Q(:1:)) P =0 ( n : large parameter)

from the viewpoint of reduction of Hamiltonian systems to their Birkhoff normal
form. Let us begin by reviewing two well-known methods for the construction of
WKB solutions.

The first method is to transform the unknown function 4 of (4) into S defined
by

5) wzexp/de:c.
Then we readily verify that S must satisfy the so-called Riccati equation:
s »
2, @0 _ o .
(6) 5+ ——=nQ(z)

This equation (6) has the following two formal power series solutions denoted by
Sii “

(7) Se = *nS_i(x) + So(z) £ Si(z) + -+,
- isodd + Seven

where S_i(z) = /Q(z) and the other S;(z) (j > 0) are determined recursively.
Note that the comparison of odd order terms (with respect to the power of 7) of
both sides of (6) entails :

1d

(8) Seven = _53; 10g Sodd-

Substituting (7) and (8) into (5), we obtain the WKB solutions of (4) of the form

1
(9) ’@/}i = \/—S—;@

On the other hand, in the second method we seek for a solution of (4) in the
following form:

exp /m (£Soqad) .

(10) P = pr(np(x))A(x), | Where A(z) = ao(z) + 7 ar(z) + - - -.



In order that 9 of the form (10) may be a solution of (4) p(z) and A(z) should
satisfy

i\ ?
(2) -,
1 d2p$ dp dA d2A

Hence dp/dz = +4/Q(x) (“eiconal equation”) and each coefficient a;(z) of A(zx)
should be determined by the following differential equations (“transport equations”)
in a recursive manner:

12) PM@~+Q(} — +2/Q0 G > 0).

(Here and in what follows ' denotes the differentiation with respect to z and we
conventionally define a_;(xz) = 0.) In this way the eiconal equation and transport
equations also determine the WKB solutions of (4) of the form (10). The solutions
thus obtained are essentially the same with (9).

Let us now reconsider the construction of WKB solutions from the viewpoint of
reduction of Hamiltonian systems. To do so, by putting ¢ = 7~ 'dy/dx we rewrite
the equation (4) in the following Hamiltonian form:

(13) dip/dz = ndH/dp,  dp/dz = —nOH/0Y
where ]
(14) H = H(z,%,p) = —cp - —Q( WP

This system (13) is a Hamiltonian system of singular perturbations. What we want
to do is to transform (13) into its Birkhoff normal form by some canonical trans-
formation (1, ) — (3, ). In this case such a canonical transformation should be

linear, i.e., N
= a(x)yY +blz)p
15) { P ( )1% ( )f
¢ = clz)y+d(z)p,
and the Birkhoff normal form should be of the form

(16) dy/de =ndH/8p,  dp)dz = —ndH /oy

where N N

(17) H = f(z))@.

(Here a(z), ..., f(z) may depend on 7 also). If we successfully find such a canonical

transformation and a normal form, we automatically obtain solutions of the original



equation (4) in the following way: The reduced system (16) are easily solved and

~ T

Y = aexm/ f(z)dz

(18) s z
$ = —Pexp (—77/ f(w)dfv)

gives a solution of it. (Here a and # denote free parameters and we have added
minus sign (=) in front of 3 for the sake of convention.) Then, substitution of (18)
into (15) produces the following solution of (4):

19 y=oaa@ew(n [ f@iz) - pa)exp (-0 [ f@)da).

Our problem is thus to find such a linear canonical transformation (15). Roughly
speaking, we employ an inductive argument (with respect to the power of n7!) to
construct a canonical transformation. To illustrate our inductive argument, let us
first consider the top degree part of the problem. Since the original Hamiltonian is
given by (14), as the top degree part of the transformation we choose

b = 2Q@) 7 (Y@ + )

(20)
= 27Q) (- + ),
that is,
— 97120 VA (G — &
o) {¢ 2712Q(x) gw ?)
p = 27°Q@)* (4 +9).

Note that the factors 2-1/2Q(z)1/* etc. are added so that the transformation be-
comes canonical. Then, by straightforward computations, we find that the system
(13) is transformed into another Hamiltonian system with the Hamiltonian

(22) 7 = Q@6 + 1 gy (3= 7).

For the top degree part (22) is now of the required form, that is, its top degree
part has the same structure with the Hamiltonian (17) of the Birkhoff normal form.
Similarly, by adding appropriate degree (—1) terms to the transformation (20) or
(21) we could obtain a Hamiltonian system which is the Birkhoff normal form up
to the degree (—1), and this procedure could further be continued up to arbitrarily
higher orders with respect to 77 !. However, to construct a canonical transformation
in all orders, we here employ the following argument, which is conciser than the
naive inductive argument explained above.



Let us assume that a transformation we are seeking for has the following form:

{¢ = a(z,m)Y + bz, )P

(23) ~
Y = C(J}, U)Tﬁ + d(.’I), 77)957

where a(z,n) etc. are formal power series of . To guarantee that (23) is canonical,
we suppose

(24) a(x, n)d(z,n) — b(z, n)c(z,n) = 1.

The transformation (23) is obtained also by using the following generating function
W(z, v, ¢): \ .

(25) Wz, 9, ¢) = —-¢" + %W - Ve,

in other words, (23) is equivalent to

(26) Y =-0W/[dp,  §=-0W/d.

The relation between the original Hamiltonian and the transformed one is described
also in terms of the generating function W as follows:

CNE = H9.0),00.0) + 17 50 (,5,6(6,7)
1 |

= 5 (F+)" - Q) (ab +3)’
v (- () (v ae)'+ () 7 - (3) 9 (e + a5))
Al (0 - () 4
(o @) (Y o ()
{0 ([)e-eor)e

In order that H may be of Birkhoff normal form, it is sufficient that the following
equalities should be satisfied: ’

(25) (1= (g)) ?— e+ (5) ~2r (3) e=0,

(29) (1 — ! (%) l) d* — Q(z)b* = 0.



In particular, since |
; 2 / 2
o o (3 (3 (4 -
2 1
e (o (&) -0

nd/b satisfies the Riccati equation (6). Furthermore, since (24) implies (b/d) =
(a/c) — (1/cd), we have

(28) < (1 - (f’—)) ¢ - Q(z)a® + 77" (i)'c“’ +'<3)' —2 (E)Ic =0
c cd d d
! . )
= (1 -t (%) ) & —Q(z)a®> =0
2 c\’
= (E) +n7! (—) = Q(z).
a a

Hence 7c/a also satisfies the Riccati equation (6). Note that the Riccati equation (6)

can be solved in a singular-perturbative manner and we obtain two formal solutions
S, given by (7). In this situation nc¢/a and 1d/b must be different solutions since it

follows from (24) that
d) _ () = 1
b a/  ab"

Thus we may assume

7]5 = Sodd + Seven = S+
(30) y
’ i 7]3 = —Oodd t+ Seven =S_
and ]
(31) = ~21" " Soda-

These relations (30) and (31) are describing the condition that the transformation
(23) is canonical and reduces the original Hamiltonian system (13)-(14) into its
Birkhoff normal form. By (27) and the identity

b\’ 1\ d\' v2c d
‘(3) wd=(g) ¢ = (z)v*g

d\' b d



d\’ by

we find also that the coefficient of 15(5 in the Birkhoff normal form is ‘given by the
following:

(32) <1 e (g)) ed - Q(a)ab — 1 (%) d

(4 Y
=cd—-Qz)ab+n" =] ab+n7 -

b b
4\’ N
-—cd—(-b—) ab+n N
a b
=Ry

However, it is obvious that (30) and (31) cannot determine the transformation
uniquely. Concerning the determination of a, b, ¢ and d we have the following
(typical) options:

_ Idea A : We determine a, b, c and d in such a way that the coefficient (32) of
¥ in the Birkhoff normal form may become as simple as possible. For that purpose
we should define b by solving

(33) %— (S_+n\/@)b=0

in view of (30) and (32). Consequently the Hamiltonian of the Birkhoff normal form
becomes

(34) H = /Q(z).

Note that due to the assumption that b is a formal power series of ™! we cannot
eliminate the coeflicient of @cﬁ completely and the top degree part {/Q(x) remains.
The differential equation (33) for b together with (30) and (31) determines a, b, ¢
and d modulo constants of integration.

In this determination of the transformation we have to solve the differential
equation (33) and the transformation itself inevitably contains some constants of in-
tegration. In that sense this approach is closer to the construction of WKB solutions
via eiconal and transport equations.

Idea B : To determine a, b, ¢ and d we make the following additional require-
ment:
(35) a = —b.



The meaning of this requirement is to pick out the odd part of solutions as the
coefficient of 1@ and the even part as the canonical transformation a and b (cf.
(19)). As a matter of fact, (35) together with (31) entails

- -1/2
(36) a=-b= (277 1Sodd) :

and further the coefficient of {bvcﬁ becomes

d b . ~1 4 da 1 -1/2
(37) —'5 +17 E = -1 ("‘Sodd + Seven) +n % log (27] Sodd)
1\ d
= _77_1 (_Sodd + Seven) + 77_1 (—5) Zii_l; log Sodd
= 70 'Soad

thanks to the relation (8). We thus obtain solutions of (4) of the form

(38) v= (277—150@)—1/2 {a exp (/z SodddH?) + [exp (- /I Sodddiﬂ)} .

The requirement (35) enables us to determine the transformation uniquely. This
approach is closer to the construction of WKB solutions via the Riccati equation.

In this way the WKB solutions of Schrédinger equations can be constructed also
by using reduction of Hamiltonian systems to Birkhoff normal form. In Section
3 we employ this idea to construct formal solutions of Painlevé equations. Again
there we will encounter a similar problem of unique determination of canonical
transformations as above. Throughout this report we follow mainly the line of
“Idea B” even in the case of Painlevé equations.

3 Construction of formal solutions of Painlevé
equations via reduction to Birkhoff normal form

In this section we consider the construction of 2-parameter formal solutions of
Painlevé equations (Py) (J =1,...,VI) with a large parameter 7, which are tabu-
lated in Table 1 below. ’

Table 1
d*\
ED)
(PH) —_ = 772(2)\3 +tA+ C).

dt?



a2\ 1 (dA)2 1d\
)

— o [16coo/\3 i ———1660] .

ar dt) —tdr [T t A
(Pv) % = —2% (%)2 — ; + P [gﬂ +4tA2 + (262 + 81 ) A — %c\—”] N
= ) (@) Rt o)
+ 772—%();2_ Ly [(Co + Coo) — % B C_ztl)z - q{:(j 531)]

(Pur) 2 1(1+ 1o, 1 )'@2_(1+ 1 1)d)\
VI a2 2\ T a—1 " A=t/ \dt tt—1 A—t) dt

2XA = 1A —1t) [ A= 2tA+t

LTTY AN —1)2

g et alt—1) ct(t—1) :
+7 {(co+cl+ct+coo)—j\3+ O-12  (—12 H

As is well known, Painlevé equations can also be represented in the form of Hamil-
tonlan systems

(Hy) d\/dt = ndK;/0v, dv/dt = —noK /oA ‘
(cf., e.g., [O]). One explicit choice of Hamiltonians K (¢, A, v, n) is the following:

Tab1e2
K = %[VZ—(ZI)\?’—}-Qt)\)].
Ky = g[yz_(mmecA)}.
2221, | 3v cot?  cpt .t )
KIII = T[V -7 é}\-—(‘-)‘\z‘-+ﬁ+ b\ +Coot .
2
9 1V Co A+ 2t\°
KIV = 2/\[1/ —ﬂlx—(F‘FCl‘*‘( 4 >)]
A = 1)2
Ry - 20
1 1 ¢ c t? Ccot c
2 . -1( _ _0 1 2 00
X[V " (A+/\—1>V <A2+(A—1)4+(A—1)3+(A—1)2>]'
AMA=1D(\—1)
K —_—
Vi t(t—1)

8 [”2 - G* )\_—1-—1) v (%* 0 il1)2 * )\()\Coi e f-tt)Q)} ‘

10



In what follows we try to construct formal solutions of (P;) by using reduction of
this Hamiltonian system (Hj) to its Birkhoff normal form..

Let us first note that each Painlevé equation has the following structure in com-
mon:

(39) d2A ( d\

——d—t—z = GJ )\, E,t) '*“T]QFJ(A,t),

where F; and G are rational functions. In view of (39) we easily find that (Py) has
the following formal power series solutions denoted by )\(JO) (t):

(40) AP () = o(t) + 172 halt) + 0 Nalt) + -+
where the top term Ao(t) satisfies
F7(Xo(t),1) =0

and the other \g;(t) (j > 1) are determined in a recursive manner. Corresponding
to these solutions (40), there exist formal power series solutions called O-parameter
solutions of (Hy): :

{ AD@) = Xolt) + 772 (t) + 07 Aa(t) + -
VO = plu(t) + 0 ws(t) + 7 0vs () + -

(cf. [KT1, Proposition 1.1]). Let us next consider the following localization of (Hy)
at this 0-parameter solution:

(41) A= 2Q@) + 572U, v=vP @) + 07V,

that is, we transform the unknown function of (Hy) from (A, v) to (U, V). Then we
readily verify that (U, V) must obey another Hamiltonian system

(42) dU/dt = n@lCJ/aV, dV/dt = —moK;/0U,
where Ky is given by the following: |

(43) K = > ez L K (t A (6), 100 YoVt
’ ! j+k>2n Gl xiavk N\ 7T 1 '

Now the main result of this report is the following:

Theorem 1 There erists a formal canonical transformation (U, V) — (U,V) of
the form '

= (T, V) + 7 2y (T, V) + -,
(44) {U | (U,V)+n U, V) +

V = Uo(ﬁ, ‘7) + 7]_'1/21}1((77 ‘7) +e

11
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where u; and v; are homogeneous polynomials of degree (j + 1) in ((7, 17) (whose
coefficients are formal power series of n~Y/2 with coefficients being functions of t),
so that the Hamiltonian system (42) may be taken into the following normal form:

(45) dU/dt = n0K;/0V,  dV/dt = —noK;/dU,
where -
~ ~ ~\I1+1
(46) Ky =0 fO¢,n) (OV)
=0

and each fO(t,n) = ¥, n‘j/zf]%(t) is a formal power series of =2 with coeffi-
cients being functions of t.

Remark  The concrete form of the first few terms of f® in the case of J = I is the
following:

FO = (120)2 = 35 (12X0) 7% +

FO = 15(12X0) 72 + 77232 5% .31 (120) " +
f® = —3.5.47(12))7%% +
For the top degree part f0 (t) we also have the following equalities for any J:

(47) 7200 = 2 (a0 )

Theorem 1 claims that the Hamiltonian system (42) can be transformed into
its Birkhoff normal form. Since the reduced Hamiltonian X; depends only on the
product UV, the system (45) is easily solved; taking account of the fact that the
product UV is independent of ¢, we find

0 = aesp (n [ S+ 1O n)(~ap)ds)
Vo= —gexp (-0 [ o0+ 070 n)(~ap)ds)

gives a solution of (45). Substituting (48) into (44) and then into (41), we obtain
2-parameter formal solutions of (H;) and (Py).

Let us now sketch the proof of Theorem 1. The proof consists of the following two
steps; reduction of the linear part and that of the nonlinear part. We first consider
reduction of the linear part, that is, we seek for a linear canonical transformation

{ U = a(t,n)U+b(t,n)V
Vo= c(t,n)U +d(t,n)V

(48)

(49)
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with the generating function

77 _ by 2 2
(50) WU, V)= —ﬁV ﬂU — —UV
which transforms the Hamiltonian system (42) into its Birkhoff normal form up to
quadratic terms. By (49) the Hamiltonian K; is transformed into

(51)
IACJ = ’CJ—{-’r]_laaVZ
- ;%2;( (T +67)" + g;g (al +87V') (cU+dV)+%%2;§(d7 +av)’

b\, ~ \2 1IN~ ~ ~
-1) _ 2 il
+7 { (2d> (cU +dV) +(2d) T (d) U(cU+dV)}
+ (terms of degree greater than 2 in T, V).

(Here and in what follows we often omit the suffix J for simplicity and abbreviate
(02K ;/0X2)(¢, AD ), 89(8),m) to 92K /A2 ete. if there is no fear of confusions.)
Namely

0’K ’K 0’K

(52)  (coeff. of UV) = 5 ab+ VD (ad + be) + ———cd
b\’ 1\’
—_— _1 J— p—
n ((d) cd+(d> d),
~ 82K 0’K 10°K ,
2 — S
(53) (coeff. of U?) = WV S EEY ¢+ 3 57 c?

(- (2 ’Cu(i)'_(l)'c
n 2d 2d a) ¢’
- 2 2K 2 !
(54) (coeff. of V?) = 19 Kb oK bd + 19 Kd -t (i) d?.

2 02 8)\81/ 2 92 2d

We are thus required to choose a, b, ¢ and d so that (53) and (54) may vanish. It is
really possible, that is, we can prove

Proposition 1 There ezist a, b, ¢ and d which satisfy
(55) ad — bc =1,

(56) | (coeff. of U?) =0,
(57) (coeff. of V?) =0
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together unth the additional requirement
(58) a = —b.

These conditions (55)-(58) determine a, b, ¢ and d (almost) uniquely. Furthermore
(55)-(58) entail the following:

(59) (coeff. of l~ﬂ~/) =" S04d,

where Soaqa denotes the odd part (in the sense of [AKT2, Definition 2.1]) of solu-
tions of the Riccati equation associated with the Fréchet derivative (i.e.; linearized
equation) of (H;) along the 0-parameter solution ()\SO), 0.
Before mentioning some comments on Proposition 1, let us recall here the defi-
nition of the Riccati equation associated with the Fréchet derivative of (Hj).
Substituting A = z\(JO) +¢ and v = VSO) + ¢ into (H), we find that the Fréchet
derivative of (Hj) is given by the following:

O’K ’K
(60) v v
;o 62K7/J+ ’K
T T eV T e’ )

We consider WKB solutions of (60), which is of the form

t t
Y= exp/ Sdt, Q= exp/ Tdt.

Then S and T must satisfy

K t 2K t

(61) (S’ - 778)\'81/) exp/ Sdt — n 52 exp/ Tdt =0,
K ¢ ’K ¢

(62) 532 exp/ Sdt + (T+na)\ay) exp/ Tdt = 0.

Let us take the logarithmic derivative of (61).

0’K d 0*K
(63) — log (S——na)\aV)—i-S—d—tlog 52 +T.

Furthermore, since neither exp f* Sdt nor exp [* T'dt is equal to zero, (61) and (62)
entail

02K PK\ 00K K
(64) (S - "a/\ay) (T * "mm) 0 x e O




A single equation which determines S can be easily obtained from (63) and (64). In
fact, putting

| K 2K
T: P— ————— T: ——‘——"“V
St=S-ng35 T =T+550,
we have
d PK d K
f_ oty L op st 42 4, OK
Th= 5"+ 2 log ST+ 25550 = 108 5 0
82K 0°K
tt 27 7 —
ST+ 553 5,2
Hence

ast PK 4. 0K K PK
He y %00 4 O e _
(SO * (2"3Aau it 8 81/2)5 T G

or, in terms of the original S instead of ST;
s d, &K PKPK [ PK\
2 bt __1 e 2 .
(65) R N I (a,\2 02 (8/\81/) )

PK 4, 0K dOK) _
"N onavdt 8 o2 dtorov)

should be satisfied. This is the Riccati equation associated with the Fréchet deriva-
tive of (Hy).

Just like (6) we can solve (65) in a singular-perturbative manner to obtain two
formal power series solutions

(66) Sy = +7S_1(t) + Seolt) + 0 Sea(t) + -+,
= i‘S’Odd -+ Seven-

By comparing the odd part (in the sense of [AKT?2, Definition2.1]) of (65) we find
that, instead of (8), the following relation holds in the present situation:

1d 0?K
(67) Seven = ST (10g Fe log Sqdd> X

Furthermore, since the degree 0 part (in 7) of (8K /8M0v) vanishes, by straightfor-
ward computations we can show the following:

6 54(t) = (%(Ao,t))m
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(cf. (1.11) in [KT1], (1.35) and (1.41) in [KT2]). The relation (47) is an immediate
consequence of (59) and (68).

Proposition 1 can be proved by a similar argument as that in Section 2 which
verified the Hamiltonian system (13)—(14) is reduced into its Birkhoff normal form.
See T3] for the details of the proof of Proposition 1. Here we only note that
the additional requirement (58) again determines a canonical transformation (49)
(almost) uniquely. Its coefficients a, b, c and d are, as a matter of fact, given by the
following:

PK 1 1/2
() ¢ == (5’/2 277_150dd) ’
92K\ 2 PK
_ -1 -1 _
92K\ Y2 K
_ -1 -1 _
(71) d = <277 Sodd——ayg) (n S_ (my).

By this reduction of the linear part we thus obtain the following reduced Hamil-
tonian:

(72)
_G4k-2)2 L OTHFK
Tk ON O

. j+k
—([j‘HCl—?)/?_lT al]j- {I(_' ajlbjzckldszj1+k1vj2+k2
71k OOy ’

K; = 77'SaUV+ > 7

(aU +bVY (cU + dv)*
J+k>3 _

= 075UV + Y 7
lj+k|>3

where j = (j1,7,) and k = (k1, k). (We have omitted tildes () for the sake of
simplicity.) The Hamiltonian (72) is written also in the following form:

(73) K;=n"180UV + Z n—(p+q)/2qu(t’ PO
it
where N
(74) Kyo(t,m) = Z %waﬁ b2 k1 gke
J1+ki=p+1 ]!k! 8)\']!81]‘“

Jatka=q+1
- What we next have to do is to find reduction of the nonlinear part, that is, a
canonical transformation with the trivial linear terms
U = U+nV2u,0,V,n) + 0 ug(t,U,V,n) + -
n U

(75) - -
V = V4+qY2(tU,V,



where
(76) uj(t,f],f/,n) = > upq(t,n)f]pﬂffq“,
' ptHg=j—1
p,g>—1
(77) vj(t,f],v,n) = Z qu(t,n)ﬁp“f/q*l
: p+g=j-1
p.g>—1

with w,, and vp, being formal power series of n~1/2, which transforms the Hamil-
tonian K into its Birkhoff normal form. For that purpose we again make use of a
generating function of the following form:

(78) W = W(,U,V)

= UV + > P02, (¢, n)UPHVetL,
p+g>1
p,g2—1
Roughly speaking, by introducing more additional requirements, we can uniquely
determine {a,,} in a recursive manner so that the associated canonical transforma-
tion

( . ~ ~
U= _—%g = U- Z 77*<p+q)/2(q + 1)aqup+1Vq
p+g211
(79) ' Pgz= ~
V= _3_1{7 = V- Z n—(ﬁﬂ)/? (p+ 1)aququ+1
oU p+g>1
\ pqu_l

reduces the Hamiltonian (73) into its Birkhoff normal form. Note that, if we suc-
cessfully find such {a,,}, then u;(¢,U,V,n) and v;(t,U,V,n) are explicitly given by
the following:

(80) U = - Z (q + 1)a‘Pqu+1vﬂ1 c ot Upg
pHgtpttpe=y
p+q21,p,g>—1,1 >0

R JL
(81) v; = Z (p+ DapgUPvp, - Vs
prgtpitt =g
p+g>1,p,g>—1,4 20

(j =1,2,3,...) where ug and vy respectively denote U and V. (The relations (80)
and (81) recursively determine {u;} and {v;} from {a,}.) We omit the details of
the argument here and only refer the reader to [T3].
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4 Local behavior of formal solutions of Painlevé
equations near regular-type singular points

We have seen in the preceding section that singular-perturbative reduction of (Hy)
(more precisely, its localization at the O-parameter solution) to Birkhoff normal form
produces 2-parameter formal solutions of (P;). In this section we study their local
behavior at fixed regular-type singular points. As a typical example of fixed regular-
type singular points of Painlevé equations we pick up the origin ¢ = 0 of the sixth
Painlevé equation (Pyr) and discuss the problem only for this typical example in
this report. ‘

As is shown in Theorem 2 below, the regular-type singularness of fixed singular
points of (Py) (t = 0 of (Py1) here) should entail the simpleness of poles which the
coefficients f()(t, ) of the Birkhoff normal form may possess there. Furthermore,
in the global study of (P;) the residues of f)(¢,7) at regular-type singular points
would play an important role. Hence it is desirable to be able to compute such
residues explicitly. However, our choice of Hamiltonians K (, A, v, 1) which is listed
up in Table 2 is not convenient for that purpose; if we work with K ;, we can show
the simpleness of poles, but the computation of the residues becomes quite difficult.
To overcome this difficulty we use the following “polynomial Hamiltonian Hy;”

(82) dA\/dt = noHy1/0u, dp/dt = —ndHyy/ON
where
(83)
Ha = gy PO = DO = 00 =17 fmo ~ DO - 1) + A2 - 1)

+ (ke = DAXA =D} p+ %77‘2 {(/{0 + K1+ ke — 1) — ngo} (A — t)] ,

which is first discovered by Okamoto ([O]), instead of Kvy; in this report. The
relations between Hvyi, p, k. and Kvy, v, ¢, are given by the following:

1
(k2 —1)=rcm®  where x=0,1,¢,

1
1
7 (Koo = 5 — K1 = Ky = 1) = coor®,

1 /1=Ky 1=k 1—5,;)_
bt ( P W w

1_ 1—%]0 1—:‘131 1
Hyr+ =n%(1 — ( ):K.
AU ek s sl wr) AR

Note that every k., (x = 0,1,t,00) is a quantity of degree 1 in 7.
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Let us now state our results. The top degree part Ao(t) of our formal solutions
is characterized by the equation Fyi(Xo(t),t) =0, i.e.,

(co+e+e+ec )—ci—kc -1 —ct(t_l)—
aTaraTEITOR T - o0

This algebraic equation has six solutions, one of which shows the following behavior
at t =0 /G
. Co
84 o(t) = at + bt2 + - - with ¢ = ————.
We restrict ourselves to this special choice of \o(t) in this report. (The other cases
will be discussed elsewhere.) Then, for 2-parameter formal solutions with the above
top degree part Ag (t), we can verify the following:

Theorem 2 Let f®(t,n) be the coefficients of the Birkhoff normal form obtained
in Theorem 1 from the localization of (Hy1) at the 0-parameter solution with the top
degree part \o satisfying (84). Then each fO(t,n) has a simple pole at t =0 and

(85) Res fO(t,m) = 7 (ko + ),
(36) Res f0(t,m) = 1
(87) Res fO(t,n) = 0 (122).

Furthermore, concerning the local behavior of the canonical transformation obtained
in Section 3 which reduces the Hamiltonian system (82) to its Birkhoff normal form,
we can also verify the following: (Note that, if we replace Ky and v by Hyr and
1 respectively, all formulas in Section 3 hold even for the polynomial Hamiltonian

HVI-)

Proposition 2 (i) The coefficients a, b, ¢ and d of the linear part of the canonical
transformation obtained in Proposition 1 (cf. (69)-(71) also) show the following local
behavior at t = 0:

B - Kok 1/2
(88) 0 = —b= [— 0% ) g,

N~ (Ko + Kt)®

-1 3\ 1/2
1
(89) . = (n_ﬁgi@_) L

— Kokt 14

1
(90) d = 0o+

(ii) The coefficients {upg} and {vpe} of the nonlinear part of the canonical trans-
formation given respectively by (76) and (77) as well as the coefficients {ape} of
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the generating functibn (78) are holomorphic (more precisely, formal power series
of 7Y% with holomorphic coefficients) at t = 0 for any p,q with p,q > —1 and

p+q>1 (cf (80) and (81)).
For the proof of Theorem 2 and Proposition 2 see [T3].
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