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1 Review on elliptic pairs [4]
Let $X$ be a complex manifold of dinension $n$ and $\pi$ : $T^{*}Xarrow X$ its cotangent
bundle. We shall make use of the sheaves $\omega_{X}\simeq \mathbb{C}_{X}[2n]$ , the dualizing complex,
$\mathcal{O}_{X}$ the structural sheaf, $D_{X}$ the sheaf of linear holomorphic partial differential
operators on $X,$ $\mathcal{E}_{X}$ the sheaf on $T^{*}X$ of microdifferential operators ([3]).

If $F$ is an $\mathbb{R}$-constructible sheaf, its microlocal Euler class $\mu eu(F)$ is a La-
$\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{n}_{\mathrm{b}}^{\sigma \mathrm{i}\mathrm{a}\mathrm{n}}$ cycle supported by $SS(F)$ , the micro-support of $F$ (see [2]):

$\mu eu(F)\in H_{ss()}^{0}F(T^{*}X;\pi-1\omega_{X})$

If At is a coherent $D_{X}-\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ , its microlocal Euler class is a cohomology
class supported by char$(\mathcal{M})$ , the characteristic vaniety of $\mathcal{M}$

$\mu eu(\mathcal{M})\in H_{\mathrm{C}ha}0(T^{*}X;\pi-r(\mathcal{M})\omega_{X})1$

The pair $(\mathcal{M},F)$ is ehptic if

char $(\mathcal{M})\cap SS(F)\subset T_{X}^{*}X$

Under this ellipticity hypothes.is, the microlocal convolution $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}*_{\mu}$ :

$H_{ch}^{0*}ar(\mathcal{M})(TX;\pi^{-}\omega \mathrm{x})1\otimes H_{s}^{0_{S(}*}F)(\tau X;.\pi^{-}\omega \mathrm{x}1)arrow H_{Char(}^{0}\mathcal{M})+Ss(p)(\tau*X;\pi^{-}\omega \mathrm{x})1$

is well defined, and the microlocal Euler class of the elliptic pair $(\mathcal{M},F)$ is
obtained as:

$\mu eu(\mathcal{M}, F)=\mu eu(\mathcal{M})*_{\mu}\mu eu(F)$

One denote by eu$(\mathcal{M},F)$ its restriction to the zero-section. Hence, if $suw(\mathcal{M})\cap$

supp$(F)$ is compact, we get:

eu $(\mathcal{M},F)\in H_{c}^{0}(X;\omega_{X})$

One of the main results of [4] asserts that the complex $\mathrm{R}\mathrm{H}\mathrm{o}\mathrm{m}_{D}(\mathcal{M}\otimes \mathrm{F},\mathcal{O}_{\mathrm{X}})$ has
finite $\mathrm{d}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}\prime \mathrm{a}\mathrm{l}$ cohomology and its Euler-Poincar\’e index $\chi(X, \mathcal{M}, F)$ may be
calculated by the formula:

$\chi(X, M,F)=\int_{X}eu(\mathcal{M}, F)$
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The renainding problem is to calculate the microlocal Euler class $\mathrm{o}\mathrm{f}J\backslash 4$ .
Assune $\mathcal{M}$ is endowed with a good filtration Then $gr(\mathcal{M})$ is a coherent nod-

ule over the sheaf $\mathcal{O}_{T^{*}X}$ and its Chern character is welI defined. Let $Td_{X}(Tx)$

denote the Todd class. The following conjecture is nade in [$4|$ :

$\mu eu(shm)=[Ch(gr(J\vee t))\cup\pi^{-1}Tdx(TX)\iota 2n$ .

2 Chern character of $\mathcal{E}$-modules [1]
Let $A$ be a unitary algebra over a field $k$ of characteristic zero. It is a well
known result that the Chern caracter of a finitely generated projective A-nodule
may be calcuIated using $\mathrm{n}\mathrm{e}_{\epsilon}\sigma \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ cyclic homology. This construction has been
generalized by Bressler-Nest-Tsygan to perfect sheaves of modules over sheaves
of rings of $k_{X}$ algebras. (There is also a recent and elegant construction due to
B. KelIer.) Hence, $\mathrm{i}\mathrm{f}/\vee${ is a coherent $\mathcal{E}_{\mathrm{Y}}$.-module, its Chern character $ch(\mathcal{M})$

$\mathrm{b}\mathrm{e}\mathrm{I}\mathrm{o}\mathrm{n}\mathrm{g}_{\mathrm{S}\mathrm{t}}\mathrm{o}\oplus_{j=1}^{n}H_{Chr\prime}^{2\mathrm{j}}(a(\triangleright l)\tau\tau*X,\mathbb{C}*\mathrm{x})$ .

Theorem 2.1 [1] Assume $\mathcal{M}$ is endowed with a good filtration. Then:

$ch(M\rangle$ $=$ $ch(gr(\mathcal{M}))\cup\pi^{-1}Td\mathrm{x}(TX)$

$ch(\mathcal{M})^{2n}$ $=$ $\mu eu(\mathcal{M})$

Of course, this result in particular implies the conjecture of $[4|$ ,
Jn fact, the theorem of (loc.cit.) is more general and is stated in the frame-

work of ’‘quantized defornation algebras”.

3 Comments
It is interesting to notice that the Todd class appears when $\mathrm{p}\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{o}\sigma$ from $\prime D-$

modules to $\mathcal{O}$-nodules, and that the index theorem, when formulated in terms
of $D$-nodules (and Chen character of such modules) do not use Todd classes.
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