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On Certain Multiple Series with Functional Equation
in a Totally Imaginary Number Field II

Taxayosur MITSUI

Gakushuin University

§1. Introduction

In the former paper [3] we treated the series of the type

> Y wogmmeee{-2eS(uin) + 2mis(u)}.

0#(p)Ca O#VGb

In this paper, we shall consider a multiple series of more general type (see (1.6) below)
and prove that it satisfies a transformation formula.

Before stating our main result, however, we shall have to explain some definitions and
notations. |

Let ¢, be mappings from N®to N (a = 1,...,k), where N is the set of positive rational
integers, and ¢o = 2! an even number. Let J be the set of (k+1)-tuples J = (J1,. ., Jk+1)
of positive integers satisfying the conditions

(1< 751 < ¢ =21,
1 <72 £ é1(51),

4 1 S jS S. ¢2(j17j2)7

R R PRI Y PR ') B

In particular, we denote by I the element of J such that

Ji=Jj2="=Jr1 =1
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For each J € J we put

k
P.] =ZH ¢a(j1y--'7ja)7
a=]

(1 1\ MTIN_ D I/D D\
\*+-+) YNY ) T L JI\A Ir+ U )

@ _% jag1 — 1 |
1.2 ay = , - _ . =0,...,k
( ) 7 ago¢a(]11"')]a)"'¢q(]1a-"a]q) (q ’ )
and

q . . .

1.3 a*(q)z ‘¢ﬁ(.71):“7.7a)""‘]a+1 : =0,...,k .
(13) d 2._:0¢a(.71a---7]a)‘"¢q(]17-'-a.7q> (¢ )

For the case ¢ = k, we write

ay = af,k), af = af}(k).
We note that
ay =0, ay, af > 0.

Let K be a totally imaginary number field of degree n = 2r, K(®) K(r+p) = K® (p=
1,...,7) the pairs of the complex conjugates of K .. If 4 is a number of K, then we denote
by #(® the conjugates of p in K@ (g = 1,...,n). We define n-dimensional vector u =
(@, ..., u{™). More generally, we shall use n-dimensional complex vector £ = (£1,...,&n)
such that §,4, = Ep (p=1,... ,r)‘and write |

n n
S@=> ¢t NO=][¢
g=1 g=1

Let U be the unit group of K. We denote by U* the subgroup of U consisting of the
k-th powers of the elements of U. The non-zero numbers «, § are said to be associated to

each other with respect to U¥ if a/8 is a number of U*. Let 0 be the differente ideal of
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K, N(0) = D the absolute value of the discriminant of K, and R the regulator of K. For

non-zero ideal a we put a* = (ad)™1,

To each J in J we associate non-zero fractional ideal a;. Let 71,...,7, be positive
numbers such that 7,4, =7, (p=1,... ,vr.)," €1,...,¢n complex numbers such that ¢4, =
Zp (p=1,...,r).

We shall often use the multiple summations and products written as follows:

$o ¢1(j1) $q(J1se0s3q) #o ¢$1(J1) q(J1s0013q) :
S0 SRS DA 1 1 (R | (R N
j1=1 jo=1 Jet1=1 71=1 ja=1 Jq+1=1

For the sake of simplicity, we shall denote them by
() (9)

2 L

J J

respectively. For the case ¢ = k, we write

(k)
D= Z =>) II=II II)
J Jeg J J JeTg
Using the notations above, we put
‘ (a—1)
(1.4) M, = H (¢a)1/(¢o‘~-¢af1) (a=1,...,k)
: J

and
(1.5) P=IM, - M.

Now we define the series as follows:
(1'6) M(T:E;a.]’a.]) = M(Tlv"'7TT7€11"~r§T‘;{dJ}Ja{aJ}J)

=22 3 INw)™

0#v,€a, OFvr€ar J
vy /U
(J?”)

X exp{—ZP'lrS(T H |VJ|1/P-’> + ZPWiS(E H V\II/P"> },
J
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where the multiple sum is taken over {v;} jes ; for each J (s I), v; runs through non-zero
numbers in a; not associated to each other with respect to U#(¥), and v; runs through all
non-zero numbers in a;.

We shall show that the series (1.6) is well-defined. We replace each v, (J # I) by
UJE?“}(J) (e; € U). Then

N(v;ef) = N(vy)

and
H(I/JE?}(J))I/PJ — V}/PI H(V‘II/PJG:?;(J)/PJ).
J J#I
By (1.1),
¢(J) _ 1 _ P
P.I PI (PI7PJ)’
SO

H(yje?;(']))l/PJ — H V}]/P‘](I/I H 81;1/(P1,PJ))1/PI‘
J J#I J#I ‘

This shows that
VI H EI;I/(PI-:PJ)
J#£I

runs through all non-zero elements of a; with v;. Hence the sum over v; remains un-

changed.
Let €4,...,€,—1 be the fundamental units of K We denote p = e2mi/w,
Let w = e2™/L where L = lem je 7 {P,}.

We define the sum

L1 L-1
) h: hr .
T(r,¢;a5,a5) = :}: _S_ M(r,&w™, . Ew" sag,ay).
hy1=0 h,=0

We put

(a—1)
(1.7) No= [ ()" (a=1,...,k)
; |
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and
(a_l) *(a—1)
(1.8) Ny =[] (¢a)7+F2e5 (a=1,...,k),
J
For m,...,7 and &1,...,&, we define
* __ Tp —

o PEEREE PR
( ' ) é* — §p+7‘ EP

*
= e, _ = 1 N .
P T}?‘*‘lé})‘z fp-}—r T3+‘€p|2 (p 9 77')

Let w be the number of the roots of uﬁity in K. We put
dr = (w, Pr), dJ:(w7¢(J))‘ (J#I;7€T).
We put
(1..1‘0) sy=(1- a;)PJ, s =(1-a%)P; (J G J).

We introduce the series as follows:

1 :
((s,a) = Z ML (s=0+1it, o>1),
0#(p)Ca a

where the sum is taken over all non-zero principal ideals contained in a. This function
((s,a) of s is continued analytically on the whole s-plane. (See [3] or §2 below.)

We now state Main Theorem:

MAIN THEOREM. T(7,{;ay,a;) satisfles a transformation formula as follows:

N /2 _T

N(a* i/2 T . . . . - . x
1 p=1
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where
(1.11)
S(T 6;0‘.]7“.])
2
_ ;)_{PIH¢(J }T"lLTHdJ
Pyl(2s;) . i T
" “;{N(aj)(?”’r H et Pre b er)
S
L o)
JieJ t
(N15#J)
and

S(r*, €% o, ak)
(2 T

\/—{PIHQﬁ(J)}T 1LerJ
PJF(sz) - 1 [ P 1
{ szﬂ.)nsJ }_:Il (7'*2 n |£p|2) <3J; D) 1 '7_;2 + |§;|2

sy — sy
T (s S,
I1 By

F(o,p,v;z) being the Gauss hypergeometric function.

First we shall consider, in §2, the zeta functions {(s, A ;a) and summarize some prop-
erties of them in Theorems 2.1 and 2.2. |
In §3, we shall consider the function G(s,z ;1) that was first studied by Rademacher
[4], and prove two theorems. We shall have to estimate G(s, z ;) in wider range (Theorem
32). |
Next in §4, by applying the transformation formula of Hecke-Rademacher, we shall

obtain the representation of T(7,£;a;,a ) as the series of the complex integrals:

1
T(Ta'f;CVJ,aJ)=AZ§;r—i/(‘ )H)‘(S,T,E;Ot],aj)ds
A oo
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(see (4.17) and (4.18)).
Using theorems in §2 and §3, we shall have the estimate of Ha(s,7,£;a,a;) and the
functional equation satisfied by Hx(s,7,¢;a ,a;) (Theorems 5.1 and 5.2).

These reslults and the residues will give, in §6, the proof of Main Theorem.

§2. Zeta functions with Gréssencharacters

We introduce the zeta function with Grossencharacter \:

s Ak) .
(s, ;)= D =% (s=o+it, o>1),
0#(u)Ca N (w)

where the sum is taken over all non-zero principal ideals contained in a,

T @ 17 (L9
2 =TT T (o5
p=1

g=1

and

r—1

n
(2.1) . vp =y el (27ij + Zaq argeg-”) p=1,...,7).
i=1 g=1

{e},j )} are the numbers satisfying the following equations:

Yoed=0 (j=1,..,r-1),

p=1

LA 1 1= |
(9) ] (~p)={ I 5,7 =1,...,r=1).
;ep og le;”| 0 . (4,i=1,..., )

where my,...,m,_; are the rational integers and ay,...,a, are non-negative rational in-
tegers such that a, - apyr = 0 (p = 1,...,7r). Further a,,...,a, satisfy the additional

condition
n

H p(Q)“q =1.

q=1
(See [3,p.63].)

Here we note that
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THEOREM 2.1. (1) ((s,A;a) has the analytic continuation over the whole s-plane
and satisfies the functional equation as follows;

(2m)™e=1/2) (1 — 53 X)
N@vD I(s;})

(2.2) ((s,A5a) = ((1—s,A5a%),

where
W ap + Gp4r
A r p Zp TP )
= [T r(ss 2222
(2) IfX#1, then
I(s;2)¢(s,A5a)

is an entire function.

(3) In the case A =1, ((s,1;a) = ((s,a) and

I'(s)"¢(s, )

is a meromorphic function with only two simple poles at s = 0 and 1.

(4) ((s,a) is regular in the whole s-plane‘except at s = 1, where ((s,a) has a simple

pole with the residue
(2r)"R
wN(a)vVD’

PROOF. (See [3, Lemma 2.1].) O

THEOREM 2.2. In the strip
-1/2< <1 P
/ S0 > +I}1€a‘}c{ J}a
we have
(2.3) C(s, A5 a)(s — 1)V < (1 +[t])*",
where

1 ifa=1
A) = ’
(M) {o A4

and the constants inplied in this estimation (2.3) depend on A and a.
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Proor. If —~1/2 < o < 3/2, then (2.3) is true ([4, Hilfssatz 15]). If 3/2 Sﬂa‘s
1+ maxjeg{P;}, then {(s,A;a) = O(1). Thus Theorem is proved. O

§3. Hypergeometric functions

Let [ be a non-negative number, s a complex number and z a real number such that

0 <z <1l Weput

(3.1) F(s,z;x);F(sg',l,1”;+l,z+1;x),

where F(a, 8,7;z) is the Gauss hypergeometric function, and

I'(s+1)

(3.2) | G(s,l;2) = I+ 1)

F(s,l;z).

It is known that F(s,!;z) is an entire function and that G(s,!;z) is regular in the

half-plane o > 0 ([4,p.368]). From (3.1) and (3.2) we easily see that

- (3.3) I. F(l1-'s,l;2)=F(s,l;z),

(34) G(l -8, l,fb‘) = WZZS_IG(S, l : (L'),

which shows that G(s,!;z) is meromorphic in the whole s-plane.

THEOREM 4.1. Let m beynon-negative rational integer. If

[+1 1+3
G tm<o< o 4m,

then G(s,l;z) is represented by an integral as follows:

(3.5)

s+1
1 ( ) plbte=1)/2=mg (1)
Gloytie) = (e ) | e Syt
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where g, (v) is a polynomial of degree < m + 1 and gm(0) # 0.

ProOF. By [4, (3.322)], we obtain

()
36)  G(s,l 1 T\2 ) e nlteD/2g4(n) d
( . ) (5, ,1:) - 2\/;;11 l—'5+3 /0 (1+’U)(1—3)/2+2(1+U"w)(l+s)/2+‘1 'U;
2
where
(3.7) @) =10+ +v—2)=({+s)zv/2.

The integral in the right-hand side of (3.6) is convergent‘ for
—(I4+1)/2<0<(1+3)/2

and we see that
90(0) = (I +1)(1 - z) #0,

which shows that Theorem is true for m = 0.

Assume that Theorem is true for m (> 0) and that
~(=1/2+m<o<(l+3)/2+4+m.

By the integration by parts, the integal of the right-hand side of (3.5) is

I= o v(l+s——1)/2-—mgm(v)
= , (1 + v)2+(l-—s)/2(1 +v— x)(l+s)/2+m+1

o 1\ Umst8)/2+m p(He=1)/2=m (1 4 4 ym+1/2g (y) 0
=) \iss (T+v—g)FFarsmh

B o1 1 (I-9+43) /24m v(l+s-—1)/‘2—m(1 + U)m+l/2gm(v) )
T H(I-s5+3)/2+m \1+4v (14 v — g){Fe)/2+m+1 .

N 1 ) 1 i v(l+s—1)/2-—m(1 + .v)m+1/2gm(,u) v
l—s4+3 0 (1 + v)(l—s+3)/2+m dv (1 +v-= z)(l+s)/2+m+1
___.2_.___ + m

dv
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B 1 /oo 1 d {U(l+s—1)/2-—m(1 + v)m+1/2gm(v)} o
‘ | — ,;-]_ 3 tm 0 (1 + v)(l—s+3)/2+m dv (1 +v— x)(l+s)/2+m+1 .

The last integrand is

,U(H-.9—~3)/2—mgm+1(,v)
(1 + ,U)(l—s)/2+2(1 +v—= m)(l+s)/2+m+2 ’

where

(3.8) Imt1(v) = {=(m+ 1)v* + (I + s - 3)/2 — 2m — z(I + s)/2)v
4 (4 s —1)/2=m)(1 = 2)}gm(v)

+{v° + (2 = 2)® + (1 - z)v}g), (v). |

If deg gm < m, then deggm4+1 < m + 2, and if deg gm = m + 1, then deggms1 = m + 2.
We further see that |

gm+1(0) = (I + s — 1)/2 = m)(1 — z)gm(0) # 0.

The intgral

‘ [e%) U(l+s—3)/2~nzgm+1(v) e
) o (1+v)=9/242(1 v — g)(Ha)/2+m+2

is convergent for

—(-1)/24+m<o<(l+5)/2+m.

Thus Theorem is proved by the induction on m. a

THEOREM 4.2. In the strip —M < 0 < M, we have
[G(s,152) | S ea(L+ T+ |t])77/2emel,

where the positive constants c1,cy depend only on M and .

Proor. To polynomial

P(u) = Z aruf
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of complex coefficients, we put
1] = max(lax]).
It is obvious that for polynomials P, Q,
(P +Qll <Pl +1Ql
|PQI < {max(deg P, deg @) + 1}| PI[IQ]],

1P|l < || P]| deg P,

| [P(u)] < (deg P + 1)|| Pl max(1, |u|* ).

Now by (3.7),

(3.9) llgoll = max{(I+ 1)1 —2),|I+1—(I+ )z |} <T+1+]s]-

By (3.8) we have

(3.10) lgm+1]l < (max(2,m +1) + 1) + [s| + 2m + 2)||gm |
+ {(max(3,m) + 1}2(m + 1)|igm|l
< 2(m 4 3)(1 + [s] +m + Dllgm|l + (m + 4)2(m + 1) |gm |

< 4(m+4)(1+ sl +m+ Dligm].

By (3.9), (3.10) and the induction on m,

(3.11) © lgmll € COA T+ [s))™

We denote by C the constants depending only on m.
We put
p(le=D)/2=mg ()
(14 v)(=9)/2+2(1 4 v — g)(HHe)/2+m+1?

F(v) =

where we assume

(3.12) -—(l+1)/2_+m+‘e§dS(l+3)/2+m—e (0 < e<1/4).
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We consider F(z) for complex variable z (—7 < arg z < 7). Let R be a large number and

B { /6 if Im(s) =t >0,
"T\=r/6  ifIm(s)=t<O0.

In z-plane, we take a closed curve
0 X% R &2 Reive L3, 0.

Ly and Lj are the straight lines from 0 to R and from Re*# to 0 respectively, and Ls is a

part of the circle with center z = 0. On L, : z = Re*®, we have, for (3.11) and (3.12),
IF(Reie)l & R(a-—-l—S)/Z—-m & R——l-—e.
Hence ,
¥ . .
/ F(z)dz = / F(Re®)d(Re®) €« R — 0 (R —» o0),
Lz =0 .
which gives
I:/ F(v)dv =/ F(z)dz,
0 v

where V is the half line

z=ve" (0<v< oo)‘.

We take the absolute value of F(z):

_ |z |[UHe=D/2-m g, (2)] ot 2(142)
(3.13) |[F(2)| = 1+2 l(l—cr)/2+2| l+z—zx '(1+0‘)/2+m+1 exp D) arg 14z—-2z2/

On the line V

(3.14)

z(1+ z) _1/[ wvsing -1 vsiney
—_——= t e | —
arg1+z_w ¥+ tan (1+vcosgo an l—2z+4+vcosyp

_ tan-1 Tvsing
—Y l—z+(2—z)vcosp+v2 )’

which shows that

tar 2(142) L 2(1 + 2)
2T s 2% Ty.—2
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For 0 < v < 00, the function

TV

1—2z+(2—z)vcosp + v?

fv) =

takes extremal value at v = v/1 — z. Hence

fv) < Al . ’
T2-22+(2-2)/T—zcosp 2/1—z+(2-z)cosep
< 1
T V1—2+4cosp
and by (3.14)
(3.15)
arg 2(1+ z) > go~—tan_1< sii > _ tan—1< V1—zsing )
142z—2 V1 —1z 4+ cosep 14++1—2zcosp

1
> 5\/1 — 2 |sinep|.

~ From (3.11), (3.13) and (3.15) we obtain

(3.16)

I II - oo | z l(H—a——l)/?—-ml gm(z) [ e_cltl Idzl
= o (142|922 4, 2 |(t+o) /2 m+1

p(Fo=1/2=m ax(1, p)m+!
0 ((1 - a:) cos @ + v)(l+a)/2+m+1

X max{(l +veosp) IR (14 v)“’”’”"z} dv.

< CA 41+ |s))mFteelt

We divide the last integral of (3.16) into two parts:

0 1 o0
[l f e
0 0 1

Since (0 —1)/2 -2 <m —1/2 — ¢ by (3.12),

1 piHo=1)/2-m ;
<
s C/o ((1—2z)cosp + v)(l+a)/2+m+1 v

1 v (I+a+1)/2-m—e/2 dv
- 0/0 ((1 — ) cosp + v) v1=¢/2((1 — z) cosp + v)2m+1/2+e/2°
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Further (3.12) gives (I4+ 0 +1)/2 —m — ¢/2 > ¢/2 and consequently we have

1 dv
(3.17) 5L < C./o v1=€/2(1 4 p)2mt1/2+¢/2 =C
If(c—1)/2—-2<0, then
oo pta+1)/2 P
(3.18) I = /1 (1 + v cos ) =/2+2((1 — 5) cos p + v)(HO/2FmT *¥

< C/OO dv
B 1 (14 vcose)t=0)/242((1 — z) cosp + v)m+1/2

_C/°°, - 1+wvcosep m+1/2 dv
- 1 (1—2z)cosp +v (14 vcos ¢)(l~0+5)/2+m

* dv ‘
<
h 0/1 (14 wvcos Lp)(l—0'+5)/2+m

i dv
< < C.
_~C'/1 (14 vcosp)lte dw<C

If (¢ —1)/2—-2>0, then

I —/oo ,v(l+a'+1)/2(1+v)(a'-—-l)/2——2
2= L ((1 _ w)COS(P +v)(l+¢7)/2+m+1

oo (1 +v)m—1/2—e
<C d
- /1 ((1 = z) cos p + v)m+1/2 v

o0 dv
< e <
__0/1 (1+v)1+edv__0

because of (o — 1)/2 —2<m~— 1/2 4 € by (3.12).

(3.19) dv

Thus we have, by (3.16), (3.17), (3.18) and (3.19),
1] < C(L+ 14 |slym+e~eld

and

(3.20) |G(s,l;z)| < C F(S;rl)

F(l—-;+3+m)

(3.21) m—1/2+eLo/2<m+3/2+c¢,

(1414 |s])mHe e,

Supposing

271
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- we shall show that

. ( ) < o—~m— 3/2
.(322) F l~s+3+ C(L+1+]s])
2
If m = 0, then (3.22) is irue {{4,(3.320)]). Asswne that i = 1. Using the fact
|\['(2)] = |I'(Z)|, we write
s+ 1 | z
) || et
(3.23) =

F(————*Z—;—I_?)—l—m) |s+1] F(——————l+;+3+m——o>

The difference of the arguments of I'-function in the right-hand side is {(I +s + 3)/2 +
m—o}—{(s +1)/2+1} = 1/2+m — o, and by the assumption (3.21),

—5/2—m+2<1/24+m—0<—-1/2—-m - 2e
so we put
1/24+m—0=—-mg—§ (mo=m+1lorm+2;[6 <1/2)

and we see

(3.24)
F<l+;+3+m—a> _lf(z~mo-5)‘
r s+1 I'(z)
By [T

Iz~ 96)
=|<z.—-mo—6>---<z—1—5>|\ I(2) |

where z = (s +1)/2 + 1. Since
Re(z) =(c+D)/2+1>(1-1)/2+m+1238/2, 8| <1/2,

we have
I'(z —

o < |

5)\<cz| 2|8



273

MULTIPLE SERIES IN A TOTALLY IMAGINARY NUMBER FIELD II
([4, Hilfssatz 4.17]). Hence it follows from (3.24) that
s+1
r 1
(5 +)

F(L——t%j——é-i-m——a)

SO +14|s)™ |z = C(1+ 14 |s|)™ot?

and by (3.23)

(7))
r 5 . ,
(3.25) e <CU+1+ ls])mo+6—1 =C(1+1+ |Sl)a~m—3/2-

(=52 +m)

2
By this result (3.25) and (3.20),
(3.26) |G(s,1;2)| < C(1 41+ |s])7~1/2eelt
for
2Zm+e<o <2m+3 —e.

If

—2-2m+e<o<1l—-2m—cg¢,

then, using (3.4) and above result (3.26),

|G(s,152) | = |-I-,—(-I;—<§Ei—),—) 2120 G(1 - 5, 1;3)|
<c lf(l%%%il(l 14 Js|)/27 el

In the same way as is obtained (3.25), we have

I'(s+1)

m <C+1+|s))? L.

" Thus we have

|G(s,1;2)| < C(1+1+|s|)7"1/ 2l

and the proof is completed a

§5. Representations by integrals
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We observe the sum over v; in (1.6). This sum becomes double sum:

) SID D O

0#v €ay vy [UFT ecUTI
0#vi€ay

In this right-hand side, the outer sum is taken over all non-zero numbers v; in a; not

associated to each other with resp.ect to UFr and the inner sum is taken over all units € of

UPr,

The unit € of UFr is of the form:

= (e )

where by,...,br—1 are integers, b takes the values b= 1,...,w/d; (d; = (w, P;)). We see
that

[U:UPr]=d P}t

We consider the sum over ¢ in (4.1) and write it as follows;

(4.2)

z exp{—2P7rS (T H RRAL IEII/PI) + 2P7ri.5'<£ H z/blp’el/Pf) }
J J

sGUPI
w/dr

=2 Z eXP{—2P7rS< H|,,J|1/P,|€b1,_ )

b=1 by,....bp1=—00
+2PmiS (5 [T " bl - -s’;':f) }
J
Now we quote the following theorem from [4, Hilfssatz 14]:

THEOREM 5.1. Let Wi....,W, be positive numbers such that Wyy, = W) (p =
1,...,7). Let Uy,.. U be complex numbers such that Upyr = U, (p=1,...,r). Then
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we have

Z exp{—QWS(Wlsll" e b"1|)+27rzS(Ue i b’_'ll }
byyybp—1=—00
o0 o0

or 1
_ 2" 2 —ns
R ‘ Z Z 2y (,,0)( ™)
My Mr—1==00 g, . 4 >0 '
Gp Qpgr=0

- (1Up)°? (Upr) 2+ ( : Uy 2 )
X : G| 2s + vy, 1y ; ——F—r ds,
1 { (W2 + D)4 07 P G
where my,...,my—1 run throﬁght all ratiopal intergers, ai, ..., a, run through non-nega-
tive rational integers such that ap, - apyr = 0 (p = 1,...,r). The v, are the values defined

by (2,1) and G(s,1;z) is the function defined in §4. We put I, = ap +apyr (p=1,...,71)

and the integrals are the complex integrals taken along the vertical line o = .

Applying this Theorem to the sum in the right-hand side of (4.2), we have

- (4.3) . |
> exp{—ZPwS’(rH |VJ|1/PJjeP/Pr) + 2Pm’5<§HU}/PJ51/PI>}
ecUTI ; J J
1‘ w/d; b
= — (‘I)a —ngs
25353030 | LRI R
=1 {m} {a} ¢=1
: 1P\ [ _ n1/Pr\***
r (z{,, HJV.(IP) J) (Z€p+r HJU.(IP+ ) J)
% .
(28+ivp,+1p)/2
— 1/p p TP
= TL WP 416 T P}
X H G(23 + g, lp; Tléall‘ﬂ‘z') ds,
o1 +
where we denote by E{m} and Z’Ea} the summations over m;y,...,m,-; and a4,...,a, in

the meaning of Theorem 5.1, respctively, and the integrations are taken along the vertical

line

(4.4) o0 = r}lea,}c{(l —aj)P;} +1.
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Putting this formula (4.3) into (4.2) and then into (1.6), we have

(45) M(Taé;o‘.haj)
'lU/dI n
1
e T ARSI [ e
) 0¢VJ€aJ O#V]EQI {11’?-} {a} b=1 ¢g=1 (o0)
#(7) upf
AN

- ('pr)ap (i€P+'r)aP+" ' '
X‘ I-Ii {(ng + |€p|2) (2o tivetlp) /2 G(2s + ivp, Ip ; 2p)
p:
e T z/(p)a”/P’ (p+r)%rtr/Fs
X H{N(VJ) 7 H | (P)|(23+1vp+lp)/P } dS,

p=1

where we put

€51
5 + |62
By Theorem 4.2, we can estimate the integrand in the right-hand side of (4.5):

—ns . (ZC )a,, ('Lé +T)a,,+,- , .
(2Pm) H { (2 4 P vt O T i by )
p::

Tp = (p=1,...,7)

r (p)a'P/PJ (p-{-'r)ap'*""/PJ}

1/
—a
X H{N(VJ) ! H v (P)‘(2s+wp+lp)/P

p=1
< HN(y )=es=00/ B, Hwt 121 41, + |2t + vp )20 /2l
. p=1

Hence
M(7,€ ay,a;)

<YL ¥ [y e/

0#v;€ay O0Fv Ear
v, /Uy uFs

(J¢I)
X Z Z H wl,,/Z/ H(l -I—l + l2t+v D2ao—1/2 —cl2t+vp| 4.
{m} {a} p=1 < p=1

In this right-hand side,

ZZ Hmlp/Z/ H(1+l + |2t+'0 |)2ao——1/2 —c|2t+v,,|dt

{m} {a} p=1 * p=1
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is convergent ([2]). The convergence of

DI MBI | L R

0#v,€a,; 0#v;€a, J
vy /Uy UP
(J#D)

is clear, since

ay+oo/Pr2a;+(L-a;)P;+1)/P;=14+1/P; (JeJ)

by (4.4).
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Thus the right-hand side of (4.5) is absolutely convergent. The order of the summa-

tions and integrations can be exchanged. Consequently we have

M(r,§50y,07)
‘U)/d] n

TS5 30 ) | Loy e

{m} {a} b=1 g=1 (a0)
TG () o
" ]:[1 { (5 + |€p|2)(2stivp+1p)/2 G(2s +1vp, 1y 5 7,)
P=

r (p)a’P/PJ (p+r)aP+7‘/PJ

z Z ZHN(U-I)“QJ H H I (P)|(2s+wp+lp)/PJ

0#vi€ar 0#v,€ay - J o=l
v /UTT v, [U)
1)

In this integrand, the sum over {v,}; is

(4.7)
( ) (q) "'q/PJ
—a,—3s/P P)|—iv, /P
2 2 ZH{N(”) | G JH(; w;) }
O#VIEaI O#v;Eay r=1 . g=1
v JUFT v, Ut
(J?ﬂ)
) n ( ) aq/ Py
—s/P P ] P,
Z {N(V /IHIV |~ ivp [ IH(! (q)l) }
0#v;€ay p=1 g=1
VI/UPI
) aq/Py
% H Z {N(l/ —s/PJ~aJH‘V(P)| w,,/P_,H (l (q)|) }
J#I 0y, €0, _ p=1 g=1 \I¥J

u‘,/U"(")b
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First we consider the sum over v; and write it as follows:

(4.8) Z = Z {N(UI)—S/PI Z H|€(p)V§P)|—ivp/PI

0#v;€a; 07y €a; ecU/utr p=1
vy JUTT vi/U '
n /(o) (&) \%/Pry
C\‘/‘/’I
(¢)
|5(9)1/I ‘

In the inner sum, & runs through the representatives of U/U%:. Hence we can put

— b_b br—l
E=pel ey,

where

b=07"'7d1_15 bj=0,...,PI-—1 (j=1,...,'l‘—1)

and the sum over € in the right-hand side of (4.8) is

(4.9)
r n (9) aq /Py
(p)|~ivp /P °
> TLeer 11 ()
eeU U1 P=1 g=1
dr—1 n -1 Pi—-1
ba /P by br1 —iv
— Z H (9) T Z Z H |€(p) 7(']—)-)1 | »/ Pr
b=0 g=1 by=0  bp_y=0p=1
ﬁ{( @ )"1 ( ) )""l}aq/Pz
1
X — ] - .
g1 L\ [ef?)] N |
Since
r—1
vp = Zeg’) (27rm] + Zaq a,rgam) (p=1,...,7),
j=1 g=1
we have

T n '
valogleg-p)l=27rmj+2aqargs§-4) (G=1,...,r=1)
p=1 g=1

and the sum over by,...,b,—; in the right-hand side of (4.9) is

PI—I PI—I T

Z Z H |€(p)'51 e r(xi)l”r—l |=iv/ Pr

Bi=0  by_1=0p=1
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n (0 \™ @ br-1] a,/P,
XH{(%) ' ( @ ) }
e=1\ler"| lercsl
Pr-1 Pr—-1

r—1
Z Z exp{——vaZb logle(p)|

by=0 bp-1=0 p"“‘l Jj=1

.on or—1
A Zzaqb args(g)}

q-'13 1
P;—-1 Py—1

=33 exp{ 27"'21,m }

b1==0 b.,-_1=0
-1 .
_{PI 1fPIfm1,...,PI|m,._1,

0 otherwise.

Putting this result into (4.9) and then into (4.6), we have

(4.10)
M(r,€é;a5,a;)
SETO WD 1 LLaD w91 Ll
{m} {a} b=1 g=1 b=0 ¢—1

211 (c0) (T}? + ]£PIZ)(2.9+WP+I,,)/2

X __1_._ (2P,n.)—-ns H { (iép)ap (7:€P+r4)ap+r G(2S + i'l)p., lp : wp)}
p=1

V(q) aq/Py
X Z {N(I/ "/PIHIV(]’)I “"P/PIH( Iq)l) }

0#(v;)Cay p=1 |VI
e ag/Py
<3 Z{N(u,)—%—a/PJH|y(”)[—wp/PJH(!V(q)l) bas
0#v;€a, p=1
v, /U
(J#I)

where the sum Z'{m} means that the summation variables my,...,m,_y run through all

multiples of P;.

Next we consider the sum over v; (J # I) in the right-hand side of (4.7). In the same
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way as (4.8), we write

> {wepemn [ ]

0#v;€a, p=1
v, U

0#v;€a, e p=1
vy /U

n (9)y (‘1)
XH(E

la(q) l/(q) |

n

g=1

(

(q) a‘?/‘PJ
; ) | }
v

— L iN(UJ a_,—-s/tﬂ,Lllle(p)yw)rw,,/rJ

)“q/PJ}

where ¢ runs through the representatives of U/U%(). Hence we can put

_ b b bro1
£ = pell...é.:r':_l’

where

b=0,...,d;—1, dy=(w

The sum over € is

2 H |e®)|iv/ Py H ( li(q_)' )a«/m

e€U/U#() p=1 =1

dyj—1 n #(N-1  #(J)-1 r

=Y 11 @%e/Fr 5™ Hls(”)bl-

b=0 g=1 by =0 by_1=0 p=1

fi{(i6)
X
g=1 |€§q)‘

In this right-hand side, the sum over by, .

.y bfr_.]_ iS

#(N-1  $(I)-1

, 6(J)),
bi=0,...,8()-1 (j=1,...

,r—1).

(p) br-1
'r 1

(i

le;”

(a)
(9) |

I“i'f'p/PJ

)b'"l }“q/PJ

280
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Since we can replace all m; by P;m;, this sum is

' #(J)-1  (N)-1
(4.11) Z Z exp{ 21rz——Zm] }
]—'1

by =0 bp1=0

= { o it §(7) | ma, ..., ¢(J) [ mr,

0 otherwise,

because of ¢(J) = P;/(P;, P;) ((1.1)).
We see that
Prlem{¢(/)} = lem{P;} = L.
Hence (4.10) and (4.11) show that

M(Taé;a.]aa.])

w/dr n dj—=1 n
_ __PI-1 Hd)(J),_IZHZ Z’ H (432 bH i H (q)e/ P
{m} {a} b=1 g=1 - J  b=0 g¢=1

w L (2Pm)™"™ ﬁ { (16,)° P(z€p+r.). il G(2s + vy, Iy ; :cp)}

278 J(o0) e (Tg+|€p|2)(2a+zvé+lp)/2

r n (q) aq/Py
- -« -1y v
TS {wearme upren T (25) Ja
vy

J 0#(y;)Cay p=1 g=1

where the sum E'{'m} means that the summation variables my,..., m,_; run through all
multiples of L.

From this expression we easily obtain

L-1 L-1
T(Tag;aJ’aJ) = Z Z M(T7€1whl7“-7‘£rwhr ;aJan)
hy=0 h,.=0
27 " w/dr n dj—1 n
o N VCCRDID IS I | L 1 D301 i
R {m} {a} b=1g¢=1 b=0 g=1
1
X — 2Pm)~ ™
27 (Uo)( ) ‘ ) .
L~1 r
(ZEP“" ?) 2€p+r°‘J ?)ertr . .
X Z Z H{ (72 +1& |2)(2s+ivp+1p)/2 G(23+2Upylp7$p)
k=0 =0 p=1 , .

r _ no /() \%/Fs
% H | Z {N(VJ)—a/PJ—aJ H lv(JP)l-—zvp/PJ H ( :‘(Iq) ) }ds,

J 0#(v;)Cay, p=1 g=1 | J |
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Since
L-1 L-1
Z ‘e Z H th(a’p U-P+r) —_— Z Z H exp (27(@——((11] ap+r)>
hy=0 h,=0p=1 hy=0 hp,=0p=1
_{L” if L|ay,...,L| an,
10 otherwise,
we have, replacing all my,...,my—1,01,...,an by Lmy,...,Lmy_1, Lay,. .. ,Lan,
(4.12)
T(T E O‘Jaa.f)

'U)/d] n

dsj—1 n
H¢(J)}T‘1LTZZ R bH O F e
b=0 g¢g=1 .

{m} {a} b=0 ¢=1

1 -ns ("fP)Lap (z€p+r)L Pt . )
g 5—7;': (a'o)(2P ) H (T2 + |€ !2)(28+1L”P+Llp)/2 (23 +ZLUP’LZP ’wp)
@ \Led/Fs
X H Z {N(V ) a;—-s/P, H IV(P)|~sz,,/PJ I’I (I (Jq)|> }ds.
J 0#(v;)Cay g=1 \IVj
Now consider
wldr o Lagh d{/:I ﬁ ybLa /P
Z H ()% H (¢ o/ fy
b=1 ¢q=1 J b=0 g=1

Since dr | L, so

w/d
11 P(“’,La"> Y

i

g=1
Hence
d . i
(4.13) ufﬁ (lesd _ Jw/dr it I1,- (@F% _ 1,
b=1 g=1 0 if not.

This first case occurs if and only if

(H (q)“«>(w Sy

g=1
Assuming this condition, we consider the sum

dr—1 n

Z H (9) Laqb/PI

b=0 ¢=1
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Since (w, L) divides d;L/P;, so

n d
<H p(q)L“.q/PI) o1

g=1
Hence
dr—1 n i n La, /P
(4‘14) !Z H p(q)Laqb/PI = dI lf Hq:l p(q) ';l/ = 1,
b=0 ¢=1 0 if not.

This first case occurs if and only if

n u (w,L/P;)
(H R(q) ") =1.
g=1

Under this condition we consider

dyj—1 n

Z H (q)baqL/PJ (J;‘L-I)

=0 ¢=1

Since
L dr_ Lwd) _ (L, L))
PJ(w,L/PI) Py(w,L/Py) (wPJ,LPJ/P_,)

is an integer, (w, L/ P;) divides Ld ;/P; and

n d
(H p<q)L“«/PJ) o1
gq=1

Hence
La, /P,
n () tl/ J — 1’

ds—1 n .
(4'15) ;‘: H (q)LbaQ/PJ - { dJ if qulp

b=0 g=—1 0 if not.
By (4.14) and (4.15), we have, under the condition
19 =1,
g=1

that

[

dj~

(416) H Z ﬁp(q)bLaq/PJ
J

b=0 g=1

(=]

{HJdJ i I, o9 =1 forallJ e,
0

otherwise.
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Since L = lem j{P;}, we see that gcd ;{L/P;} = 1. Hence there exist integers {n ;} ; such

that
L
Ny = 1,
5,
which shows that the first conditon of (4.16) is equivalent to a single form

n

H p(Q)aq = 1.

g=1
Consequently the products
o) =TT 1 (%)
p=1 g=1 \¥J
in the integrands of (4.12) define the Grossencharacters A.
Thus we have from (4.12), (4.13) and (4.16)
(4.17)
T(r,€;az,a5) = {PIH¢(J>}T’1L’HdJ

—. 2Pg)~™?
% Z 2m (00)( ﬂ-)

% H { (1-2(261’ )Eer (i€ppr) ortr G(2s + 1Ly, L, ; :L‘p)}

+ [€,|2)@s+ilvp+L1p)/2
L4(F #ortin)
J

where the sum ), is taken over all Grdssencharacters A.

We denote by Hy(s,7,€;a ,a;) the integrand of (4.17):

(4.18)
Hy(s,m, € az,ay)

— ‘(ZPT‘.)-—ns fI{ (iép)Lap (iép’*"'l‘)Lap-H. G(ZS + iL'l)p,Llp : mp)}
. p=1

(7—; + |£p|2)(23+sz,,+Llp)/2

s
X UC(E +a g, /P ;a.7>

— ne T (6p) o (ibppr) vt I'(2s +iLvp + Lip)
= (ZP’/T)_ II{ (TI? + l€p|2)(23+iLv,,+Ll,,)/2 92s+iLvp+Lly F(Llp + 1)

p=1
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X F(2s +1Lvy, Ll ; mp)}

S
XHC<E+0‘J,>\L/P13GJ>

J

and put

)}T—ILTHdJ.
J

In particular, we have

(4.19)
H1(377-7€;O‘J? aJ)

- I} {hz R A CERRSIES ) HC("‘ Fana)

§6. Properties of integrands

THEOREM 6.1. (1) IfX# 1, then Hy(s,7,£;a,a;) is an entire function of s.

(2) KFX= 1, then Hy(s,7,&;ay,a;) has simple poles at
s=sy=—a;P; (J€J)

and

S=SJ=(1'—01J)PJ (JEJ)-

PrRooOF. First we shall show that
(5.1) HF(2s+szp+Ll ) = g(s, )\)HF( +ay )\L/P.I)’
p=1
where g(s,\) is an entire function of s.

We write

E - ky , 28 +iLvp + Li,
— ta; AP ) = r( (k) :
P tag; ) HH ay’ + do-- - k-

J
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We use a well-known formula of the gamma function;

i Jj-1 (2m)(m=1)/2
(52) H ( ) = mmz-—l/Z F(mz)
Since
(G’) 1 (a—1) lig+1 -1 ’ - 7N
oy’ =-—ay o+ 4= Ly K)
q ¢q

we have, by (5.2),
HF( (k) 23+'iva+Llp)
b0 Pk

. .
(I_f) ﬁ ; (k ~1) Jk+1,.1+23+sz,,+Llp
¢k P $o - Pk

Jr41=1
D/ eny  2s+iLv, + L,
= H 'fay 7+
] B0 b
(k—1)
% H {(zﬂ-)(‘ﬁk*1)/2(¢k)1/2-—013k—1)—-(28+iva+Llp)/(¢o"‘¢k—1)}.
J
Putting
(a—1)
P, = H (2r)(#—D/2 (g=1,...,k),
J
(a=1) (as1)
Ny =[] (ga)71*2 (a=1,...,k)  ((1.7)
J

and using the induction and (1.4), we have

]:[F(oz(‘,k) + 28 +iLv, + Llp>
: 5o b

— PkN,:-I/ZMI:(2s+iLv,,+Ll,)

(k—1) .

- 28 + 1Lv, + Ll
x [[ T oF ) 4 P ")
: (J b0 Pr—1

= Py Py(Ng - -N1)_1/2’(Mk e Ml)—(2s+iva+Llp)

) .
N Hr(ag)) N 28 + szp + Llp>
J

o

286
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— (27‘.)1—1/2(21)1/2—(23+iva+L1P)
X Py Py(Ng-- 'Nl)_1/2(Mk oo M)~ @sHilvp+ L)

x I'(2s + iLv, + L),
which gives (5.1) with

9(s,A)

— ﬁ {(27‘_)1/2——1(21)—1/2+23+iva+Llp

=1
X(Pk .. 'Pl)—l(Nk . Nl)l/Z(Mk .. M1)2.9+iva+Ll,,}
— (27T)r/2—-lr(zl)—r/2+2'rs(Pk o Pl)-—'r(Nk . Nl)r/z(Mk . Ml)er

x [J(2iMy - - My)E.
p=1
Consequently we have

(43) H)\(S’T»é-;a.]va.])
= ¢(s, A)(ZP’A’)""’
X fI{ (1p) =22 (ibpr) ortr F(2s +iLvy, Ly ; zp) }

(7}? + lgp|2)(23+iLv,,+Ll,,)/2 22s+iLv,,+Llp1_"(Llp + 1)

p=1

S S
(00 )y )

287

According to Theorem 3.1, this expression (5.3) shows that, if X # 1, then Hx(s,7,{; 0y,

a;) is an entire function of s, and if A = 1, then H, (s, 1',5'; aj,a;) has simple poles at

3—":3?]:“@‘]1)‘] (JEJ)

s=s;=(1-ay)P; (J€J)

Thus the proof is completed. O
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Similarly to (5.1), we obtain

S NL/Py\ _ x : .
IJIF<1_QJ_P_J,A/J>_g(S,,\)Hr(1—2s—sz,,+sz),

p=1

where

(5.4) g%(s;A)
— ﬁ {(2,“_)!-1/2(2l>—1/2+23+iLv,, —Ll,
p=1

x Pk . ‘Pl(Nk .. _Nl)l/Z(Mk .. .M1)28+iLv,,—Llp}

— (27r)lr+r/2(21)——r/2+2rs(Pk .. 'Pl)r(Nk .. _Nl)r/Z(Mk . M1)2ra

x [ty My)~Fo.

p=1
THEOREM 6.2. Hx(s,T,€;a ,a;) satisfles the functional equation as follows:

Hy(s,7,{50,05)
(Ny - N (M - My)"

. 1
= CHs(1/2 — s, 7%, €% o, a%).
DN, N(a,) ,g(r;ﬂspml/z {12 =075 05,05)

PROOF. By the functional equations (2.2) of zeta functions, we have

- (5.5) H{F(—J—%+aJ;)\L/PJ>C(—1§—+aJ,)\L/PJ;aj)}

J J

H (27(-)"{2(0J+3/PJ)"1}
B : N(a])\/ﬁ
XH{F(].—O!J— _ )\L/PJ>C(1—C¥J— —_ >\L/P" a*)}
J J J

We shall show that

O Y ey = 5N - 1)
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“where N =3 ;1. In fact,

zj:aj_zzJaH*l ZZ]a-}-l"l

Ic

a=0 a=0 J
k (a) . k (a-1)
Ja+1"‘1 Jl"l ¢a"'1
=) ), = Z + Z Z
a=0 J jri=1
1 k (a) (a—1) 1
=§¢0"1)+ ;(Zl—; ):—2-(]\7—1).
Furfher we have
| 1 2
5.7 — = = 2.
S ;PJ E;%'-'qﬁk
By (5.6) and (5.7)
r{2(a;+s/P;)~-1} o )drs—r
(5.8) H Gy 2 = N(/zﬂ) ‘
_ T N(“J)‘/l3 DN/ZT]; N(a;)

By (5.8), (5.4) and (5.5),

(5.9) 1;1{1’(%+aJ;)\L/P,)g<—;;+aJ,,\L/PJ;aj)}
N ) TR
DN/2],; N(a;)’

X HF(I—zs—szp+Llp)Hg<1_ 7 —ay AL/ aJ)

P.—

Putting (5.9) into (5.3),

HA(saTvé;aJ’a aJ)
_ (211.)41'3-—7'
~ DN/ I1; N(C‘J)
r . La, é‘ , Lagyr
o H {(Tz(iﬁp) (2€p+r)

+ Ié’ |2)(23+iLv,,+LI,)/2

g(s,A)g*(s, A)(2Pm) ™"

F(l —2s —iLvy + Ll,)
223+sz,+Ll, I‘(Ll + 1)

F(2s + iLvy, Ll ,:1:,,)}
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(e 2 a7
J

J
_ (Nl - Nk)r

DN/2T]; N(a;)

X pI:‘[ { ( (i€p) Eer (1€ pqr ) P

T;? 4+ lﬁp l2)(23+iLv,,+Ll,,)/2

Pr22ns—-rl—r(2p7r)ns—-r

i L
y I'(1—2s—1Lv, + Llp)
92s+iLvp+Li, F(Llp + 1)

xHC(l——Pi~aJ-,/_\L/PJ;a}>.
7

F(2s 4+ iLvy, Ll ; a:p)}

J

290

Let 7f,...,7) and £f,..., £ be the numbers defined by (1.8), then we easily see that

*

i (p=1,...,7)
Ty = ~—g——r =1,...,r
PR rlgr Y !
6*—}-1‘ *
6 =_____P_______’ §+T=_——_p"———' p=1,...,7‘
= nrlge T egE )
*2 *|2
e+ = (p=1,...,r)
R FATAL !
&2 e .

=z, (p=1,...,7),

PGl IGP
and

(i€p) 2% (ipr) ort (i€ ) or (1€5) 07

(5.10)
Let a% (J € J) be the numbers defined by (1.3), then

1 /1 |
(5.11) 1——%—()1]:—})—‘]-(-2-—3)—}—(1’} (JeT).

Using (5.10), (5.11) and (1.5), we write

(512) H,\(3a77£;a.17a.f)
(Nl ves Nk)r

—_ Pr22ns—~rl——r 2P ns—r
BT, N(a) (Pm

. = —— p=1,...
(7}? + |§p|2)(23+va,+Ll,,)/2 (T;Z + lf;lz)( 23—tLvp,+Lly)/2
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o JE* Lay(, *'La.p »
it (i€, (itg)Por+

7.;2 4+ I€;I2)(—28—iLUp+Llp)/2

r=1
I'(1 —2s —1iLv, + Ll,) : e
X 92s+ilop ¥ L, [( L1, + I)F(l, — 28 —1Lvy, Ly s z3)

1/2 -5 - :
<Te(F5 w37 o)

=(N1...Nk)r(M1...Mk)rfI 1 '
DN/2T]; N(a;) =1 (T2 + 16p|2)1/2

T > K Lay (;¢+\Lapqr
—n(1/2—s) (Z€p+r) p(zép) ?
X (2P’R') H{ (T*Z + |£;I2)(1—23—-iL'vp+Llp)/2

I'(1=2s —iLv, + Ll,) . .
21 ~28— 1LUP+L1PF1€LZ —:I)F(l — 25 — 'LLUP,LIP ;.’L'p)}

1/2 - g
HC(/ +a’f‘r,/\L/PJ;a"3)-

Comparing the last expression of (5.12) with (4.18), we have

HA(S,T,ﬁ;CYJan)

_ (Vo Vi) (M - M) ﬁ 1
DNIZ]];N(ay) L (7 16 2)H2

x Hx(1/2 — 5,7*,€*; 0%, a%).

Let Ny (a=1,...,k) be the numbers defined by (1.8), then

N, N*M2=1 (a=1,...,k).

(a—1)
N, N*MZ H (¢ )—1+2&(°"1) —14+20%4 =112 /g Bar
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and

which shows that

N,N:M? =1.
We now put

DN 1T, N(ay)
5.15) K(r,€;a,a5) = J J + 1/2
(5.15) (r50009) = G i3y L3 1l
and

N/2
(5.16) K(T*,é*;a},a})z D I, N (%) H(T*2+l‘f* )1/2'

(Nf - N (My - M)™ o2

Then (5.14) gives that
(5.17) K(r,t;ay,a)K(r*, € ak,07) =1
and (5.13) is written as follows:

(5.18) Hy(s,7,€5ay, ay) = K(r*,¢* o, a%)Hs(1/2 - s, 7%, E% ;% aY).

* THEOREM 6.3. In the strip |o] <1+ max je7{P;}, we have

(5.19) - Hy(s, 7, &0 ,0;) < e,

where ¢ > 0 and the constants in this estimation depend on 7,£, 05,05 and A,
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PROOF. According to (5.18), it is sufficient to prove Theorem under the condition

0 <o <1+ maxses{P;}. From (4.18) we have

Hz\(saT7E;aJ1 aJ)

H G(2s +tLvp, Lly ;zp) H((—;—— + ay NP, GJ>
J

r=1 J.

K

.

Theorem 4.2 and Theorem 3.2 give

G(ZS + ?:vaa Llp 3 ‘Tp) < (1 + Llp + i 2t + L’Up I)Zd*l/ze—dzt'*‘L”p[

& e—CItI.

and

(5 +an /P 5a,) < (),
J

respectively. Hence (5.19) is obtained at once. a

§7. Functional equation and residues
Theoem 6.3 shows that
oo+iT '
/ Hy(s,7,&;az,a5)ds — 0 (IT] — o0),
0'1+iT .
where

1
D e — * — —
oy = m?x{’(l a)Py} 5

and the integral is taken along the horizontal line from oy + T to o + 7T
Hence, in the expression of T(7,{; a ,a;) obtained in (4.17), we can shift the path of

integraion to the vertical line o = oy.

If A#1, then
(6.1) ! ‘H(s'rﬁ'oz ay)ds ! / Hy(s,7,&;a5,a;)ds
. et A8 7,6, ) = 5= 1 A\9, l :
271 J (o) I 278 J(o) TN
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By (5.18),
(6.2) L[ Hi(s,mé )d
. m——— S M S
o (1) MS, T, 6 ay,a
1
:K(T*,g*;a’},af‘,)z——.—/ Hy(1/2 = s, 7%, € a%,a%) ds
e (01)
= K@i | Bl
where

oy = m?x{(l —ao)Py} + 1L

If A = 1, we have similarly

294

(6.3)
1
5 (UO)H1(3,T,§;aJ,UJ)ds
1
= 5 Hl(saT)E;alan)ds +R(Ta£;a.]aa.])
21 J(oy) ‘
—K(T aé an,aJ)z,n_z/ H1(S T 76 a]an)d3+R(T é’O‘Jan)a
where
(64) R(Ta f.;o‘Jan) = Z RCSHl(SaT7£;aJ7aJ)‘
o1<0<09 7
Hence by (6.1), (6.2) and (6.3),
(65) T(Tvé- 1O g, aJ)
' 1
—*A;% (UO)H,\(SaTaﬁva.I?aJ)ds
* gk x % 1 * o * %
= AK(1*,¢ ;aj,aj)zé-% (.)H,\(S,T €5 af,a))ds
_ by 0).

+ AR(Tvé. 1&gy Cl_])
= K(*,&*; o, ay)T(r*, & o, 0%) + AR(1, €5 05, 05)-

We divide the sum (6.4) into two parts:

(6.6) R(r,&;a5,ay) = Z&es Hi(s,7,¢ sy, 0g)+ Z F’eso Hy(s,7,&; ajz,ayz).
' 7 T T 5= |
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Here we see

(6.7) Res Hi(s,7,¢; 0 ,a;)

8=8J

= limo(s — sy Hy(s,7,¢; ag,ay)
8—->8J

= K(7*,6%;a%,a%) 81_iglo (s — s HL(1/2 — s, 7%, *; %, a%).
J

If we put

sy=(1—-a7)P;  ((1.10)),

then

DN

and so (6.7) is
(68) R.eso Hl(s)'rvé.;a]’a.])
8=3J

= ~K(r",€" a5,a%) lim (s — ) H(s,7*, £ 0, 05)
—sJ

= —K(7%,£*;a%,a%) Res Hy(s,7*,£*; 0%, a%).
9=8,
‘Thus we have by (6.6) and (6.8)
(6.9) R(r,¢a5,a5) = zg_(zs Hy(s,7,€;05,a5)
J —%J
~ K(r*,€*; a’},a’})z Res Hy(s,7*,£*; o}, a%).
Jl 5=3J

From the results (6.5) and (6.10), we have

(6.10)
T(Ta é. ) an“J) = K(T*7 6* 3 O‘*Ja Cl’})T(T*, f* 1 a’fh Clt‘])

+ AZJ:E_S?; -Hl(s:TagiaJan')

— AK(7*,¢*; 0%, a’) Zit_ig Hy(s,7*, ¢ sa’y,a’f).
J e 4
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Further by (5.17), we write (6.10) in a symmetric form:

(6.11)

K("r,_{;ozj,qj)l/z{T(fr,{;aJ, ay)— AZE_{FS Hl(s,v',.f;aj,aj)}

‘ 7 =3 .
= K(r*,¢&"; a’f‘,,a’})l/ZIT(T*,ﬁ* ;ah,ay) — Ay Res Hi(s, 7", ¢" ;a*},a’ﬂ')y
\ Ty ST J
Putting
i + o= 1 + s — SJ

we have

§—38 P,(2m)"R
Res ((1+ —5—2,a ) =L
8=9y ‘ ( P, wN(as)vD

Hence we obtain from (4.19)

Res H1(37T7€;O‘J1 aJ)

_ (@2n)'R P,I'(2s;)"
wyD N(a;)(22Pm)"*

- 1 1 €512
x || ———————F|{s;,=—s ,1;——”———>
g<rg+|5p|2)% <J’2 NN

Sy—38y
X H C(l-l——————PJl ,aJ1>.

JheT
(i#J)

and by the definition (1.11) of S(r,€;a ,ay ), we have

(6.12) S(T,ﬁ;aj,aj)-——Az Res Hy(s,7,€;az,a7).
- 7 3-—-8J
Similarly
(6.13) S(r*, & 0%, a%) = AZ Res Hi(s,7*, €% 0%,a%).
J_ B—SJ

Collecting the results (6.11), (6.12) and (6.13) and noting (5.15) and (5.16), we finall

obtain Ma,in Theorem.
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