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On Certain Multiple Series with Functional Equation
in aTotally Imaginary Number Field II

TAKAYOSHI MITSUI

Gakushuin University

\S 1. Introduction

In the former paper [3] we treated the series of the type

$0 \neq(\mu)\mathfrak{a}0\sum_{\mathrm{c}\neq}\sum_{\nu\in \mathrm{b}}\frac{1}{N(\mu)^{1/2}}exp\{-2\pi S(|\mu \mathcal{U}|\mathcal{T})+2\pi iS(\mu \mathcal{U}\xi)\}$ .

In this paper, we shall consider a multiple series of more general type (see (1.6) below)

and prove that it satisfies a transformation formula.

Before stating our main result, however, we shall have to explain some definitions and

notations.

Let $\phi_{a}$ be mappings from $N^{a}$ to $N$ $(a=1, \ldots , k)$ , where $N$ is the set of positive rational

integers, and $\phi_{0}=2l$ an even number. Let $J$ be the set of $(k+1)$-tuples $J=(j_{1}, . .\cdot.\cdot,j_{k+1})$

of positive integers satisfying the conditions

$\{$

$1\leq j_{1}\leq\phi_{0}=2l$ ,

$1\leq j_{2}\leq\phi_{1}(j_{1})$ ,

$1\leq j_{3}\leq\phi_{2}(j_{1},j_{2})$ ,

$1\leq j_{k+1}\leq\phi_{k}(j1, \ldots,jk)$ .

In particular, we denote by $I$ the element of $J$ such that

$j_{1}=j_{2}=\cdots=j_{k+1}=1$ .
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For each $J\in J$ we put

$P_{J}=l \prod_{=a1}^{k}\phi_{a}(j1, \ldots,ja)$ ,

$\backslash \mathit{1}\mathrm{t}\perp.1)$

ス
$(v^{7\backslash \mathrm{D}})=_{A_{j/’\mathit{1}’/J}}\backslash ^{A}\gamma t\supset r)\backslash$

」,

(1.2) $\alpha_{J}^{(q)}=\sum_{a=0}\frac{j_{a+.1}.-1}{\phi_{a}(j_{1},\ldots,j_{a})\cdot\emptyset q(j1,\ldots,jq)}q$ $(q=0, \ldots, k)$

and

(1.3) $\alpha_{J}^{*(q)}=\sum_{0a=}^{q}\frac{\phi_{a}(j_{1},)j_{a})-j_{a+}1}{\phi a(j1,\ldots,j_{a})\cdot\emptyset q(j1,\ldots,jq)}\ldots.$. $(q=0, \ldots, k)$ .

For the case $q=k$ , we write

$\alpha_{J}=\alpha_{J}$ , $\alpha_{J}^{*}=\alpha_{J}$ .$(k)$ $*(k)$

We note that

$\alpha_{I}=0$ , $\alpha_{J},$
$\alpha_{J}^{*}\geq 0$ .

Let If be a totally imaginary number field of degree $n=2r,$ $I\zeta^{(p)},$ $K^{(r+_{\mathrm{P}})}=\overline{I\acute{\mathrm{t}}^{(p)}}(p=$

$1,$
$\ldots,$

$r)$ the pairs of the complex conjugates of $I\zeta$ . If $\mu$ is a number of If, then we denote

by $\mu^{(q)}$ the conjugates of $\mu$ in If$(q)(q=1, \ldots, n)$ . We define $n$-dimensional vector $\mu=$

$(\mu^{(1)}, \ldots, \mu^{(})n)$ . More generally, we shall use $n$-dimensional complex vector $\xi=(\xi 1, \ldots, \xi_{n})$

such that $\xi_{p+r}=\overline{\xi}_{p}(p=1, \ldots, r)$ and write

$S( \xi)=\sum_{=q1}^{n}\xi_{q}$ , $N( \xi)=\prod_{q=1}^{n}\xi_{q}$ .

Let $U$ be the unit group of $I\acute{\mathrm{t}}$ . We denote by $U^{k}$ the subgroup of $U$ consisting of the

k-th powers of the elements of $U$ . The non-zero numbers $\alpha,$
$\beta$ are said to be associated to

each other with respect to $U^{k}$ if $\alpha/\beta$ is a number of $U^{k}$ . Let $V$ be the differente ideal of
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$K,$ $N(\mathfrak{D})=D$ the absolute value of the discriminant of $I\acute{\mathrm{t}}$ , and $R$ the regulator of $K$ . For
non-zero ideal $a$ we put $a^{*}=(\emptyset 0)^{-1}$ .

To each $J$ in $J$ we associate non-zero fractional ideal $a_{J}$ . Let $\tau_{1},$
$\ldots,$

$\tau_{n}$ be positive

numbers such that $\tau_{p+r}=\tau_{p}(p=1, \ldots, r),$ $\xi_{1},$

$\ldots,$
$\xi_{n}$ complex numbers such that $\xi_{p+r}.=$

$\overline{\xi}_{p}(p=1, \ldots, \Gamma)$ .

We shall often use the multiple summations and products written as follows:

$\sum_{j_{1}=12}^{\emptyset}\sum^{\phi}0j=11(j1)\ldots\phi q(j_{q+}j_{1\sum^{)}},\ldots,j_{q}\iota=1’. \prod_{j_{1}=1j_{2},\backslash }^{\emptyset}.\prod_{=1}^{(}\ldots\prod_{j_{q}}^{1j_{q}}0\emptyset 1(j1)\phi_{q}j_{1}+1’..=.1)$ $(q=0, \ldots, k)$ .

For the sake of simplicity, we shall denote them by

$\sum_{J}^{(q)}$ , $\prod_{J}^{(q)}$ ,

respectively. For the case $q=k$ , we write

$\sum_{J}=\sum_{J}^{(k)}(=\sum_{J\in J})$ , $\prod_{J}=\Pi^{(k}J)(=\prod_{j\in J})$ .

Using the notations above, we put

(1.4) $M_{a}= \prod_{J}^{(a-}(\phi 1)a)1/(\phi 0\cdots\phi_{a-1})$ $(a=1, \ldots, k)$

and

(1.5) $P=\iota M_{1}\cdots Mk$ .

Now we define the series as follows :

(1.6) $M(\tau, \xi;\alpha_{J}, aJ)=M(\tau_{1}, \ldots \mathcal{T}r’\xi_{1})’\ldots,$ $\xi r;\{\alpha_{J}\}J’\{a_{J}\}_{J})$

$= \sum\cdots\sum$ $\sum$ $\prod N(\nu_{J})^{-\alpha_{j}}$

$0\neq\nu_{J}\in \mathrm{Q}J0\neq\nu.\in t\emptyset IJ$

$\nu_{J}/U^{\phi(J)}$ ,

$(J\neq I)$

$\cross\exp\{-2P\pi s(\mathcal{T}\prod_{J}|\nu J|1/P_{J})+2P\pi is(\xi\prod_{J}\nu_{J}1/P_{J)}\}$ ,
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where the multiple sum is taken over $\{\nu_{J}\}_{J\in J}$ ; for each $J(\neq I),$ $\nu_{J}$ runs through non-zero

numbers in $a_{J}$ not associated to each other with respect to $U^{\phi(J)}$ , and $\nu_{I}$ runs through all

non-zero numbers in $a_{I}$ .

We shall show that the series (1.6) is well-defined We replace each $\nu_{J}(J\neq I)$ by

$\nu_{J}\epsilon^{\gamma}\wedge(7J^{\vee}\backslash ,$ ($.\epsilon_{J}\in$ しりし. $\overline{-1^{\mathrm{I}}1}1\mathrm{e}\mathrm{n}$

$N(\nu_{J}\epsilon^{\phi(J)})J(=N\nu_{J})$

and

$\prod_{J}(_{\mathcal{U}_{J}}\epsilon_{J}^{\psi(})J)1/P_{J}=\nu_{I}^{1/P}\prod_{\neq I}x(\nu^{1}\epsilon)JJ/P\phi J(JJ)/PJ$
.

By (1.1),

$\frac{\emptyset(J)}{P_{J}}=\frac{1}{P_{I}}\frac{P_{I}}{(P_{I},P_{J})}$ ,

SO

$\prod_{J}(\nu_{J}\epsilon_{J}^{\emptyset(j}))1/P=J\mathrm{I}\mathrm{I}^{\nu^{\prime P}(\nu}1JJI\mathrm{I}\mathrm{I}\epsilon^{P/(PP})II’ J)J1/P_{t}$ .

This shows that

$\nu_{I}\prod_{IJ\neq}\epsilon JP_{I}/(P_{I},P_{J})$

runs through all non-zero elements of $a_{I}$ with $\nu_{I}$ . Hence the sum over $\nu_{I}$ remains un-

changed.

Let $\epsilon_{1},$

$\ldots,$
$\epsilon_{r-1}$ be the fundamental units of $I\acute{\mathrm{t}}$ We denote $\rho=e^{2\pi i/w}$ .

Let $\omega=e^{2\pi i/L}$ , where $L=1\mathrm{c}\mathrm{m}_{J\in \mathcal{J}}\{P\}j$ .

We define the sum

L-l L-l
$T(\tau,$ $\xi_{1}\alpha J’ a_{J})=\sum\cdots$ $\sum M(\tau,$ $\xi_{1}\omega^{h}1,$

$\ldots,$
$\xi_{r}\omega^{h_{\mathrm{r}}}|\alpha_{J},$ $a_{J})$ .

$h_{1}=0$ $h_{f}=0$

We put

(1.7) $N_{a}= \prod_{J}^{)}(\emptyset(a-1a)-1+2\alpha_{J}^{(a}-\cdot 1)$ $(a=1, \ldots, k)$
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and

(1.8) $N_{a}^{*}= \prod_{J}^{(a-}(\phi a)-1+2\alpha_{J}^{*}-)1)(a1$ $(a=1, \ldots, k)$ ,

For $\tau_{1},$ $\ldots,$
$\tau_{n}$ and $\xi_{1},$

$\ldots,$
$\xi_{n}$ we define

(19) $\{$

$\tau_{p}^{*}=\frac{\tau_{p}}{\tau_{p}^{2}+|\xi_{p}|^{2}}$ $(p=1, \ldots, r)$ ,

$\xi_{p}^{*}=\frac{\xi_{p+r}}{\tau_{p^{2}}+|\xi p|^{2}}$ , $\xi_{p+r}^{*}=\frac{\xi_{p}}{\tau_{p}^{2}+|\xi_{p}|^{2}}$ $(p=1, . \ldots, \Gamma)$ .

Let $w$ be the number of the roots of unity in $K$ . We put

$d_{I}=(w, P_{I})$ , $d_{J}=(w, \phi(J))$ $(J\neq I;J\in J)$ .

We put

(1.10) $s_{J}=(1-\alpha_{J})PJ$
’

$s_{J}^{*}=(1-\alpha_{J}^{*})P_{J}$ $(J\in J)$ .

We introduce the series as follows:

$\zeta(s, a)=\sum_{0\neq(\mu)\subset\emptyset}\frac{1}{N(\mu)^{s}}$ $(_{S=\sigma+}it, \sigma>1)$ ,

where the sum is taken over all non-zero principal ideals contained in $\mathfrak{a}$ . This function

$((s, a)$ of $s$ is continued analytically on the whole $s$-plane. (See [3] or \S 2 below)

We now state Main Theorem:

MAIN THEOREM. $T(\tau, \xi;\alpha a_{J}J’)$ satisfies a transformation formula as follows:

$\frac{\prod_{J}N(a_{J})^{1/2}}{(N_{1}\cdots N_{k})^{r}/2}\prod_{p=1}^{r}(\tau_{pp}+\}\xi|2)^{1/4}2$ . $\{T(\tau, \xi;\alpha_{j}, \alpha J)-S(\mathcal{T}, \xi;\alpha_{J}, a_{j})\}$

$= \frac{\prod_{J}N(a_{J}^{*})1/2}{(N_{1}^{*}\cdots N_{k}^{*})^{r/}2}\prod_{p=1}r(T_{p}^{*}+2|\xi \mathrm{P}*|^{2})^{/4}1$ . $\{T(\tau^{*},\xi*;\alpha_{J’ J}\emptyset)*-S(\tau\xi*,*J;\alpha^{*}, a_{j})*\}*$ ,
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where

(1.11)
$S(\tau, \xi).)\alpha_{J},a_{J}$

$= \frac{(2^{2}\pi)^{r}}{d_{I}\sqrt{D}}\{p_{I}\prod_{J}\phi(J)\}^{r-}1Lr\prod d_{J}J$

$\cross\sum_{J}\{’\frac{\overline{P}_{J}\mathit{1}-(\prime\backslash \wedge\hat{\Delta}S_{J})}{N(a_{J})(2^{2}P\pi)^{ns_{J}}}.‘\prod p=1f\frac{\mathrm{i}}{(_{\mathcal{T}_{p}^{2}+}|\xi_{p}|^{2})^{S_{J}}}F(S_{J’ J’)}\frac{\mathrm{i}}{2}-S1$;$\frac{|\dot{\zeta}_{p}|\wedge}{\tau_{p}^{2}+|\xi_{p}|^{2}}l\cdot\cdot\backslash$

$\cross\prod_{J(\iota\neq)}J\iota\in Jj\zeta(1+\frac{s_{J}-s_{J_{1}}}{P_{J_{1}}},$

$aj_{1})\}$

and

$S(\tau^{*})\xi**a^{*};\alpha_{J},J)$

$= \frac{(2^{2}\pi)^{r}}{d_{I}\sqrt{D}}\{P_{I}\prod_{J}\emptyset(J)\}^{r}-1Lr\prod d_{J}J$

$\cross\sum_{J}\{\frac{P_{J}\Gamma(2_{S_{J}^{*}})r}{N(\alpha_{J}^{*})(2^{2}P\pi)^{n}s_{J}*}\prod_{p=1}^{r}\frac{1}{(\tau_{p^{*^{2}}}+|\xi_{p}^{*}|^{2})^{s_{j}}*}F(s_{J}^{*},$ $\frac{1}{2}-SJ’ 1*$ ; $\frac{|\xi_{p}^{*}|^{2}}{\tau_{\mathrm{P}}^{*2}+|\xi p|^{2}*})$

$\cross\prod_{J_{1}\in J}\zeta(1+\frac{s_{J}^{*}-s_{J_{1}}^{*}}{P_{J_{1}}},$
$a^{*}J_{1)}\}$ ,

$(J_{1}\neq J)$

$F(\alpha, \beta,\gamma;x)$ being the Gauss hypergeometric function.

First we shall consider, in \S 2, the zeta functions $\zeta(s, \lambda;\emptyset)$ and summarize some prop-

erties of them in Theorems 2.1 and 22.

In \S 3, we shall consider the function $G(s, x;\iota)$ that was first studied by Rademacher

[4], and prove two theorems. We shall have to estimate $G(s, x;\iota)$ in wider range (Theorem

32).

Next in \S 4, by applying the transformation formula of Hecke-Rademacher, we shall

obtain the representation of $T(\tau, \xi;\alpha_{J}, a_{J})$ as the series of the complex integrals:

$T( \tau, \xi;\alpha J’ aJ)=A\sum\frac{1}{2\pi i}I(\sigma 0))H\lambda(s,\mathcal{T},$$\xi;\alpha J’\alpha_{J}dS\lambda$
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(see (4.17) and (4.18)).

Using theorems in \S 2 and \S 3, we shall have the estimate of $H_{\lambda}$ ( $s,$ $\tau,$ $\xi;\alpha_{J}$ , a $J$ ) and the

functional equation satisfied by $H_{\lambda}(s, \tau, \xi;\alpha J’ a_{J})$ (Theorems 5.1 and 5.2).

These reslults and the residues will give, in \S 6, the proof of Main Theorem.

\S 2. Zeta functions with Gr\"ossencharacters

We introduce the zeta function with Gr\"ossencharacter $\lambda$ :

$\zeta(s, \lambda;a)=\sum_{0\neq(\mu)\subset a}^{\cdot}\frac{\lambda(\mu)}{N(\mu)^{s}}$. $(s=\sigma+it, \sigma>1)$ ,

where the sum is taken over all non-zero principal ideals contained in $\alpha$ ,

$\lambda(\mu)=.p1\prod_{=}^{r}|\mu^{(p}|^{-})iV\prod_{=}^{n}\mathrm{p}q1(\frac{\mu^{(q)}}{|\mu^{(q)}|})^{a_{q}}$

and

(2.1) $v_{p}= \sum_{j=1}^{r-}1e_{p}^{(j})(2\pi m,$ $+ \sum_{q=1}^{n}a\arg\epsilon_{j)}^{(q})q$ $(p=1, \ldots, r)$ .

$\{e_{p}^{(j)}\}$ are the numbers satisfying the following equations:

$\sum_{p=1}^{r}e_{p}^{(j)}=0$ $(j=1, \ldots, r-1)$ ,

$\sum_{\mathrm{p}=1}^{r}e\log|\mathcal{E}_{j}|=p(i)(_{\mathrm{P})}\{$

1 $i.=.j$ ,
$0$ $i\neq j$ ,

$(i,j=1, \ldots, r-1)$ .

where $m_{1},$ $\ldots$ , $m_{r-1}$ are the rational integers and $a_{1},$ $\ldots,$ $a_{n}$ are non-negative rational in-

tegers such that $a_{p}\cdot a_{p+r}=0(p=1, \ldots, r)$ . Further $a_{1},$ $\ldots,$ $a_{n}$ satisfy the additional

condition

$\prod_{q=1}^{n}\rho^{(}q)^{a}q=1$ .

(See [3, p.63].)

Here we note that

$\sum_{p=1}^{r}v_{p}=0$ .
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THEOREM 2.1. (1) $((s, \lambda;\alpha)h$as the analytic continuation over the $\iota vh_{\mathit{0}}l\mathrm{e}$ s-plane

and satisfies the functional equation as follows;

(22) $\zeta(s, \lambda;a)=\frac{(2\pi)^{n(s-}1/2)}{N(a)\sqrt{D}}\frac{\Gamma(1-S,\overline{\lambda})}{\Gamma(s;\lambda)}.\zeta(1-S,\overline{\lambda}).a)*$,

$1X\Gamma\underline{h}\rho r\rho$

$\Gamma(s ; \lambda)=\prod_{p=1}r\tau(S+\frac{iv_{p}}{2}+\frac{a_{p}+a_{p+\Gamma}}{2})$ .

(2) If $\lambda\neq 1$ , then

$\tau(s;\lambda)\zeta(_{S,\lambda;a)}$

$is$ an entire function.

(3) In the case $\lambda=1,$ $\zeta(s, 1;a)=\zeta(s, a)$ and

$\Gamma(s)r\zeta(S, a)$

is a $\mathrm{m}$eromorphic function with only two simple poles at $s=0$ and 1.

(4) $\zeta(s, a)$ is regular in the whole $s$ -plane except at $s=1$ , where $((s, a)$ has a simple

pole with the residue

$\frac{(2\pi)^{r}R}{wN(a)^{\sqrt{D}}}$ .

PROOF. (See [3, Lemma 2.1].) 口

THEOREM 2.2 In the strip

$-1/2 \leq\sigma\leq 1+\max\{P_{J}\}$ ,
$J\in J$

we have

(2.3) $\zeta(_{S\lambda;},a)(_{S}-1)\mathrm{e}(\lambda)\ll(1+|t|)^{2}n$ ,

where

$e(\lambda)=\{$
1 if $\lambda=1$ ,
$0$ if $\lambda\neq 1$

and the constants inpli$e\mathrm{d}$ in this est$\mathrm{i}m$ation (2.3) depend on $\lambda$ and a.
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PROOF. $\mathrm{I}\mathrm{f}-1/2\leq\sigma\leq 3/2$ , then (2.3) is true ([4, Hilfssatz 15]). If $3/2\leq\sigma\leq$

$1+ \max_{J\in J}\{P_{J}\}$ , then $\zeta(s, \lambda;a)=o(1)$ . Thus Theorem is proved 口

\S 3. Hypergeometric functions

Let $l$ be a non-negative number, $s$ a complex number and $x$ a real number such that

$0\leq x<1$ . We put

(3. 1) $F(s, l ; x)=F( \frac{s+.l}{2},$ $\frac{1-s+l}{2},$ $l+1$ ; $x)$ ,

where $F(\alpha, \beta,\gamma;x)$ is the Gauss hypergeometric function, and

(32) $G(s, l ; x)= \frac{\Gamma(s+^{\iota)}}{2^{s+\tau(\iota}\iota+1)}F(s, l ; x)$ .

It is known that $F(s, \iota;x)$ is an entire function and that $G(S, \iota_{;x})$ is regular in the

half-plane $\sigma>0$ ([4, p.368]). From (3.1) and (3.2) we easily see that

(3.3) $F(1-s, l ; x)=F(s, l ; x)$ ,

(3.4) $G(1-s, \iota;x)=\frac{\Gamma(1-S+l)}{\Gamma(s+^{\iota)}}2^{2s-1}G(s, l;X)$ ,

which shows that $G(s, l;x)$ is meromorphic in the whole s-plane.

THEOREM 4.1. Let $m$ be non-nega$ti\iota\prime e$ rational integer. If

$- \frac{l+1}{2}$ \dagger $m< \sigma<\frac{l+3}{2}+m$ ,

then $G(s, l;X)$ is represented by an integral as follows:

(3.5)

$G(s, l;x)= \frac{1}{2\sqrt{\pi}}\frac{\Gamma(\frac{s+l}{2})}{\Gamma(\frac{l-s\dagger 3}{2}+m)}\int_{0}^{\infty}\frac{v^{(+S-})/2-mg_{m}(\iota 1v)}{(1+v)(\iota-s)/2+2(1+v-X)(\iota+S)/2+m+1}dv$ ,
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where $g_{m}(v)$ is apolynomial of degree $\leq m+1$ and $g_{m}(0)\neq 0$ .

PROOF. By [4, (3.322)], we obtain

(3.6) $G(s, l;x)= \frac{\underline{\rceil}}{2\sqrt{\pi}}\frac{\Gamma(\frac{s+l}{\underline{9}}1\backslash \text{ノ}{\Gamma(\frac{l-s+3}{2})}}J_{0}^{\gamma}\infty\frac{\eta)(\iota+s-1)/2(\mathit{0}\cap’)d\backslash ^{\tau}\text{ノ}{(1+v)(l-S)/2+2(1+v-X)(l+s\rangle/2+1}}.dv$ ,

where

(3.7) $g_{0}(v)=(l+1)(1+v-x)-(l+s)xv/2$ .

The integral in the right-hand side of (3.6) is convergent for

$-(l+1)/2<\sigma<(\iota+3)/2$

and we see that

$g_{0}(0)=(l+1)(1-x)\neq 0$ ,

which shows that Theorem is true for $m=0$ .

Assume that Theorem is true for $m(>0)$ and that

$-(l-1)/2+m<\sigma<(\iota+3)/2+m$ .

By the integration by parts, the integal of the right-hand side of (3.5) is

$I= \int_{0}^{\infty}\frac{v^{(1)/}-2-mg_{m}(\iota+Sv)}{(1+v)^{2}+(l-S)/2(1+v-X)(\downarrow+S)/2+m+1}dv$

$= \int_{0}^{\infty}(\frac{1}{1+v})^{(-\theta+}\iota 5)/2+m\frac{v^{(+)}-1/2-m(ls1+v)m+1/2g_{m}(v)}{(1+v-X)(\iota+\theta)/2+m+1}dv$

$=[ \frac{-1}{(l-S+3)/2+m}(\frac{1}{1+v})^{(\iota \mathrm{a}}-s+)/2+m\frac{v^{()}-1/2-m(l+s1+v)m+1/2g_{m}(v)}{(1+v-X)^{(}l+s)/2+m+1}]_{0}^{\infty}$

$+ \frac{1}{l-s+3}\int_{0}^{\infty}\frac{1}{(1+v)(l-s+3)/2+m}\frac{d}{dv}\{\frac{v^{(\mathrm{t}+s-1)/2m}-(1+v)m+1/2g_{m}(v)}{(1+v-x)(\iota+\theta)/2+m+1}\}dv$

$\overline{2}+m$

266



MULTIPLE SERIES IN A TOTALLY IMAGINARY NUMBER FIELD II

$= \frac{1}{\frac{l-s+3}{2}+m}\int_{0}^{\infty}\frac{1}{(1+v)^{()/}l-S+32+m}\frac{d}{dv}\{\frac{v^{()}l+s-1/2-m(1+v)m+1/2gm(v)}{(1+v-X)(\iota+S)/2+m+1}\}dv$ .

The last integrand is

$\frac{v^{(+S-}\iota 3)/2-mg_{m+1}(v)}{(1+v)(\iota-s)/2+2(1+v-X)(\iota+S)/2+m+2}$,

where

(3.8) $g_{m+1}(v)=\{-(m+1)v^{2}+((l+s-3)/2-2m-x(l+s)/2)v$

$+((l+s-.1)/2-m)(1-x)\}gm(v)$

$+\{v^{3}+(2-x)v^{2}+(1-X)v\}g_{m}(\prime v.)$ .

If $\deg g_{m}\leq m$ , then $\deg g_{m+1}\leq m+2$ , and if $\deg g_{m}=m+1$ , then $\deg g_{m+}1=m+2$ .

We further see that

$g_{m+1}(0)=((l+s-1)/2-m)(1-x)gm(0)\neq 0$ .

The intgral

4 $\int_{0}^{\infty}\frac{v^{(l)}/2-n1(+S-3gm+1v)}{(1+v)(\iota_{-}s)/2+2(1+v-X)(\iota+S)/2+m+2}d_{S}$

is convergent for

$-(l-1)/2+m<\sigma<(\iota+5)/2+m$ .

Thus Theorem is proved by the induction on $m$ . 口

THEOREM 4.2. In the strip-M $\leq\sigma\leq M$ , we $have_{j}$

$|G(_{S}, \iota;X)|\leq c_{1}(1+\iota+|t|)^{\sigma}-1/2e-\mathrm{C}_{2}|t|$ ,

where the positive constants $c_{1},c_{2}$ depend only on $M$ and $x$ .

PROOF. To polynomial

$P(u)= \sum a_{k}ukk$
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of complex coefficients, we put

$||P||= \max_{k}(|a_{k}|)$ .

It is obvious that for polynomials $P,$ $Q$ ,

$|$

$||P+Q||\leq||P||+||Q||$ ,

$||PQ|| \leq\{\max(\deg P, \deg Q)+1\}||P||||Q||$ ,

$||P’||\leq||P||\deg P$,

$|P(u)| \leq(\deg P+1)||P||\max(1, |u|^{\deg}P)$ .

Now by (3.7),

(3.9) $||g0||=1\mathrm{n}\mathrm{a}\mathrm{X}\{(l+1)(1-X), |\iota+1-(l+s)_{X}|\}\leq 1+\iota+|s|$ .

By (3.8) we have

(3.10) $||g_{m+1}|| \leq(\max(2, m+1)+1)(l+|s|+2m+2)||g_{m}||$

$+ \{(\max(3, m)+1\}2(m+1)||g_{m}||$

$\leq 2(m+\mathrm{s})(\iota+|_{S|}+m \dagger)||gm||+(m+4)2(m+1)||gm||$

$\leq 4(m+4)(\iota_{+}|_{S1}+m+1)||gm||$ .

By (3.9), (3.10) and the induction on $m$ ,

(3.11) $||g_{m}||\leq C(1+l+|S|)^{m+1}$ .

We denote by $C$ the constants depending only on $m$ .

We put

$F(v)= \frac{v^{(+)/2-}-1mg\iota\theta m(v)}{(1+v)(l-s)/2+2(1+v-X)(\iota+S)/2+m+1}$ ,

where we assume

(3.12) $-(l+1)/2+m+\cdot\epsilon\leq\sigma\leq(l+3)/2+m-\epsilon$ $(0<\epsilon\backslash /1/4)$ .
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We consider $F(z)$ for complex variable $z(-\pi<\arg z<\pi)$ . Let $R$ be a large number and

$\varphi=\{$

$\pi/6$ if ${\rm Im}(s)=t\geq 0$ ,
$-\pi/6$ if ${\rm Im}(S)=t<0$ .

In $z$ -plane, we take aclosed curve

$0arrow Rarrow L_{1}L2Rei_{\Psi_{arrow \mathrm{o}}}L_{3}$ .

$L_{1}$ and $L_{3}$ are the straight lines from $0$ to $R$ and from $Re^{i\varphi}$ to $0$ respectively, and $L_{2}$ is a

part of the circle with center $z=0$ . On $L_{2}$ : $z=Re^{i\theta}$ , we have, for (3.11) and (3.12),

$|F(Re^{i\theta})|\ll R^{()/2-}\sigma-\iota-5m\ll R-1-\epsilon$.

Hence

$\int_{L_{2}}F(z)dz=\int_{\theta}^{\varphi}=0F(Re^{i\theta})d(Re^{i\theta})\ll R^{-\epsilon}arrow 0$ $(Rarrow\infty)$ ,

which gives

$I= \int_{0}^{\infty}F(v)dv=\int_{V}F(z)d_{\mathcal{Z}}$ ,

where $V$ is the half fine

$z=ve^{i\varphi}$ $.(0\leq v<\infty)$ .

We take the absolute value of $F(z)$ :

(3.13) $|F(z)|= \frac{|z|^{()}l+\sigma-1/2-m|g_{m}(Z)|}{|1+z|(\iota-\sigma)/2+2|1+z-X|(l+\sigma)/2+m+1}\mathrm{e}\mathrm{x}’\mathrm{p}(-\frac{t}{2}\arg\frac{z(1+Z)}{1+z-x})$ .

On the line $V$

(3.14)

$\arg\frac{z(1+Z)}{1+z-x}=\varphi+\tan^{-1}(\frac{v\sin\varphi}{1+v\cos\varphi})-\tan^{-1}(\frac{v\sin\varphi}{1-x+v\mathrm{c}\mathrm{o}s\varphi})$

$= \varphi-\tan^{-1}(\frac{xv\mathrm{s}i\mathrm{n}\varphi}{1-x+(2-x)v\cos\varphi+v^{2}})$ ,

which shows that

$\frac{t}{2}\arg\frac{z(1+Z)}{1+z-x}=|\frac{t}{2}\arg\frac{z(1+Z)}{1+z-x}|$ .
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For $0\leq v<\infty$ , the function

$f(v)= \frac{xv}{1-x+(2-X)v\cos\varphi+v2}$

takes extremal value at $v=\sqrt{1-x}$ . Hence

$f(v) \leq\frac{x\sqrt{1-x}}{2-2x+(2-X)\sqrt{1-x}\cos\varphi}=\frac{x}{2\sqrt{1-x}+(2-x)\cos\varphi}$

$\leq\frac{1}{\sqrt{1-x}+\cos\varphi}$

and by (3.14)

(3.15)

$| \arg\frac{z(1+z)}{1+z-x}|\geq|\varphi-\tan-1(\frac{\mathrm{s}\mathrm{i}\mathrm{i}1\varphi}{\sqrt{1-x}+\cos\varphi})|=|\tan^{-1}(\frac{\sqrt{1-x}\sin\varphi}{1+\sqrt{1-x}\cos\varphi})|$

$\geq\frac{1}{2}\sqrt{1-x}|\sin\varphi|$ .

From (3.11), (3.13) and (3.15) we obtain

(3.16)

$|I| \leq\int_{0}^{\infty}\frac{|z|^{(+}l\sigma-1)/2-m|gm(_{Z})|}{|1+z|(l-\sigma)/2+2|1+z-X|(\iota+\sigma)/2+m+1}e^{-\mathrm{c}|t|}|dz|$

$\leq C(1+\iota+|S|)m+1e-c|t|\int_{0}^{\infty}\frac{v^{(\iota)}+\sigma-1/2-m\max(1,v)^{m}+1}{((1-X)\cos\varphi+v)(l+\sigma)/2+m+1}$

$\cross\max\{(1+v\cos\varphi)^{(-l)/}\sigma 2-2,$ $(1+v)^{(\sigma-\iota)/2-2}\}dv$ .

We divide the last integral of (3.16) into two parts:

$\int_{0}^{\infty}=\int_{0}^{1}+\int^{\infty}1=I1+I2$ .

Since $(\sigma-l)/2-2\leq m-1/2-\epsilon$ by (3.12),

$I_{1} \leq C\int_{0}^{1}\frac{v^{(1}l+\sigma-)/2-m}{((1-X)\cos\varphi+v)(l+\sigma)/2+m+1}dv$

$=C \int_{0}^{1}(\frac{v}{(1-x)\cos\varphi+v})^{(+1}\mathrm{t}+\sigma)/2-m-\epsilon/2\frac{dv}{v^{1-\epsilon/2}((1-x)\cos\varphi+v)^{2+/\epsilon}m12+/2}$.
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Further (3.12) gives $(l+\sigma+1)/2-m-\epsilon/2\underline{>}\epsilon/2$ and consequently we have

(3.17) $I_{1} \leq C\int_{0}^{1}\frac{dv}{v^{1-\epsilon/2}(1+v)^{2+/\epsilon}m12+/2}\leq C$.

If $(\sigma-l)/2-2\leq 0$ , then

(3.18) $I_{2}= \int_{1}^{\infty}\frac{v^{()}l+\sigma+1/2}{(1+v\cos\varphi)(l-\sigma)/2+2((1-x)\cos\varphi+v)^{(+}l\sigma)/2+m+1}dv$

$\leq C\int_{1}^{\infty}\frac{dv}{(1+v\cos\varphi)^{()/+/2}\iota_{-}\sigma 2+2((1-x)c\mathrm{o}\mathrm{s}\varphi+v)m1}$

$=C1^{\infty}.( \frac{1+vc\mathrm{o}\mathrm{s}_{\Psi}}{(1-x)\mathrm{c}\mathrm{o}\mathrm{s}\cdot\varphi+v})^{m+1/2}\frac{dv}{(1+vc\mathrm{o}\mathrm{s}\Psi)(l-\sigma+5)/2+m}$

$\leq C\int_{1}^{\infty}\frac{dv}{(1+v\cos\varphi)^{(5)}\iota-\sigma+/2+m}$

$\leq C\int_{1}^{\infty}.\frac{dv}{(1+v\cos\varphi)1+\epsilon}dv\leq C$ .

If $(\sigma-l)/2-2>0$ , then

(3.19) $I_{2}= \int_{1}^{\infty}\frac{v^{(\iota\dagger+)/}\sigma 12(1+v)^{(-l)/}\sigma 2-2}{((1-X)\cos\varphi+v)(\iota+\sigma)/2+m+1}dv$

$\leq C\int_{1}^{\infty}\frac{(1+v)m-1/2-\epsilon}{((1-X)\cos\varphi+v)m+1/2}dv$

$\leq C\int_{1}^{\infty}\frac{dv}{(1+v)^{1+\epsilon}}dv\leq c$

because of $(\sigma-l)/2-2\leq m-1/2+\epsilon$ by (3.12).

Thus we have, by (3.16), (3.17), (3.18) and (3.19),

$|I|\leq C(1+^{\iota}+|S|)^{m}+1-e\mathrm{c}\mathrm{I}t|$

and

(3.20) $|G(s, l;x)|\leq c$ $\frac{\Gamma(\frac{s+l}{2})}{\Gamma(\frac{l-S+3}{2}+m)}$ $(1+l+|S|)^{m}+1-ec\mathrm{I}t|$ .

Supposing

(3.21) $m-1/2+\epsilon\leq\sigma/2\leq m+3/2+\epsilon$ ,
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we shall show that

(3.22) $\frac{\Gamma(\frac{s+l}{2})}{\Gamma(\frac{l-s+3}{2}+m)}$ $\leq C(1+\iota+|S|)\sigma-m-3/2$ .

$\overline{\perp}\overline{\mathrm{f}}m=\hat{\cup}$ , then ($3/.\hat{\Delta}2_{\grave{J}}$ is irue $(\lfloor^{\angle\pm}’\Gamma A, (3/.32^{r1}i)\grave{J}\rfloor\grave{J}\cdot \mathrm{A}\mathrm{S}\mathrm{b}\mathrm{t}\iota 11\dot{1}\mathrm{c}r1\overline{\mathrm{b}}1^{-}\perp\overline{\mathrm{d}}^{\mathrm{J}}\mathrm{b}j_{l}^{\wedge}\hat{t}\underline{/\backslash }1$ . $\mathrm{T}.\mathrm{T}\mathrm{s}_{1}^{\neg}\mathrm{n}\mathrm{g}\perp 1_{\wedge}\cup 11\wedge.\mathrm{r}_{\overline{u}\vee}\mathrm{A}-\mathrm{t}$

$|\Gamma(Z)|=|\Gamma(\overline{z})|$ , we write

(3.23) $| \frac{\Gamma(\frac{s+l}{2})}{\Gamma(\frac{l-s+3}{2}+m)}|=\frac{2}{|s+\iota|}|\frac{\Gamma(\frac{s+l}{2}+1)}{\Gamma(\frac{l+s+3}{2}+m-\sigma)}|$ ‘

The difference of the arguments of $\Gamma$-function in the right-hand side is $\{(l+s+3)/2+$

$m-\sigma\}-\{(s+l)/2+1\}=1/2+m-\sigma$ , and by the assumption (3.21),

$-5/2-m+2\epsilon\leq 1/2+m-\sigma\leq-1/2-m-2\epsilon$ .

so we put

$1/2+m-\sigma=-m0^{-}\delta$ ($m_{0}=m+1$ or $m+2;|\delta|\leq 1/2$ )

and we see

(3.24)

$| \frac{\Gamma(\frac{l+s+3}{2}+m-\sigma)}{\Gamma(\frac{s+l}{2}+1)}|=|\frac{\tau(z-m_{0^{-}}\delta)}{\Gamma(z)}|$

$= \frac{1}{|(z-m_{0^{-}}\delta)\cdots(z-1-\delta)|}|\frac{\Gamma(z-\delta)}{\Gamma(z)}|$ ,

where $z=(s+l)/2+1$ . Since

${\rm Re}(Z)=(\sigma+l)/2+1\geq(\iota-1)/2+m+1\geq 3/2$ , $|\delta|\leq 1/2$ ,

we have
$C_{1}|z|^{-} \delta\leq|\frac{\Gamma(z-\delta)}{\Gamma(z)}|\leq \mathit{0}_{2}|_{Z}|-\delta$
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([4, Hilfssatz 4.17]). Hence it follows from (3.24) that

$| \frac{\Gamma(\frac{s+l}{2}+1)}{\Gamma(\frac{l+s+3}{2}+m-\sigma)}|\leq C(1+l+|S|)^{m0}|z|\delta=C(1+\iota+|s|)^{m+\delta}0$

and by (3.23)

(3.25) $\frac{l^{\urcorner}(\frac{s+l}{2})}{\Gamma(\frac{l-s+3}{2}+m)}$ $\leq C(1+l+|_{S}|)m\mathrm{o}+\delta-1=C(1+\iota+|S|)\sigma-m-3/2$ .

By this result (3.25) and (3.20),

(3.26) $|G(_{S}, \iota;X)|\leq C(1+l+|s|)\sigma-1/2e-c|t|$

for

$2m+\epsilon\leq\sigma\leq 2m+3-\epsilon$ .

If

$-2-2m+\epsilon\leq\sigma\leq 1-2m-\epsilon$ ,

then, using (3.4) and above result (3.26),

$|G(_{S,\iota;}X)|=| \frac{\Gamma(s+l)}{\Gamma(1-s+l)}|2^{1-2\sigma}|G(1-S, l ; x)|$

$\leq C|\frac{\Gamma(_{S+^{\iota}})}{\Gamma(1-s+\iota)}|(1+l+|s|)^{1/-}2\sigma-ec|t|$.

In the same way as is obtained (3.25), we have

$| \frac{\Gamma(s+l)}{\Gamma(1-s+l)}|\leq C(1+l+\}_{S}|)2\sigma-1$ .

’Thus we have

$|G(_{S}, \iota;X)|\leq C(1+l+|_{S|})\sigma-1/2e-\mathrm{C}|t|$

and the proof is completed 口

\S 5. Representations by integrals
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We observe the sum over $\nu_{I}$ in (1.6). This sum becomes double sum:

(4.1)
$\sum_{0\neq\nu_{I}\in \mathfrak{a}I}=\sum_{\nu_{I}/U^{P_{I}}}\sum_{\epsilon\in U^{P}I}$

.

$0\neq\nu_{I}\in\alpha_{t}$

In this right-hand side, the outer sum is taken over all non-zero numbers $\nu_{I}$ in $a_{I}$ not

associated to each other with respect to $U^{P_{I}}$ and the inner sum is taken over all units $\epsilon$ of

$U^{P_{I}}$ .

The unit $\epsilon$ of $U^{P_{I}}$ is of the form:

$\epsilon=(\rho^{b}\epsilon_{11}^{b..\cdot P_{I}}\epsilon_{\Gamma-}^{b}-1)1.’$ ,

where $b_{1},$
$\ldots,$

$b_{r-1}$ are integers, $b$ takes the values $b=1,$ $\ldots,$
$w/d_{I}(d_{I}=(w, P_{I}))$ . We see

that

$[U : UP_{I}]=d_{I}P_{I}r-1$ .

We consider the sum over $\epsilon$ in (4.1) and write it as follows;

(4.2)

$\sum_{\epsilon\in U^{P}\tau}\exp\{-2P\pi s(\tau\prod_{J}|\nu_{J}|^{1/P_{J}}|\epsilon|^{1/P_{\tau}})+2P\pi iS(\xi\prod_{J}\nu_{J}1/P_{J\epsilon^{1}}/P_{I})\}$

$= \sum_{1b=b1b}^{w/I},\ldots,\sum_{\infty\gamma-1=-}\exp\{d\infty-2P\pi s(T\prod_{J}|\nu J|^{1}/P|J\epsilon_{11}\ldots \mathcal{E}_{r-}1b1b_{r-}|)$

$+2P \pi iS(\xi\prod\nu_{J}\rho^{b}\epsilon_{1}\cdot\cdot\epsilon_{r}^{b_{r_{1}}}--1/Pb_{1}.1j)J\}$ .

Now we quote the following theorem from [4, Hilfssatz 14]:

THEOREM 5.1. Let $W_{1}\ldots.,$ $W_{n}$ be positive numbers such thai $W_{p+r}=W_{p}(p=$

$1,$ $\ldots,r)$ . Let $U_{1,)}\ldots U_{n}$ be complex numbers such that $U_{p+r}=\overline{U}_{p}(p=1, . . ., r)$ . Then
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we have

$b_{1}, \ldots,b_{1-}.1=\sum_{-\infty}^{\infty}\exp\{$ $-2\pi S(W|6_{1r-}^{b..b,.b_{-1},\}}1.\epsilon|-11)+2\pi iS(U_{\mathcal{E}^{b}}1\ldots\epsilon 1r-1)$

$= \frac{2^{r}}{R}$
$\sum\infty$

$\infty\infty$

$\sum\infty$

$\frac{1}{2\pi i}\int_{(\sigma 0)}(2\pi)^{-nS}$

$m_{1},\ldots,m,.-1=-\infty\infty$
$a_{1},\ldots,a_{n}\geq 0$

$a_{p}\cdot a_{\mathrm{p}+\gamma^{=0}}$

$\cross\prod_{p=1}^{r}.\{\frac{(iU_{p})^{a_{p}}(iU_{p}+r)a_{p+}t}{(W_{p}^{2}+|U|^{2}p)^{(}2\theta+ivp+l_{P})/2}G(2s+iv\iota_{p}$ ;$\frac{|U_{p}|^{2}}{W_{p}^{2}+|U|^{2}p}p’)\}ds$,

where $m_{1},$ $\ldots,$ $m_{r-1}$ run throught all rational intergers, $a_{1},$ $\ldots,$
$a_{n}\mathrm{r}u\mathrm{n}$ through non-nega-

tive rational integers such that $a_{p}\cdot a_{p+r}=0(p=1, \ldots, r)$ . The $v_{p}$ are the values defined

by $(2,1)$ and $G(s, l;X)$ is the function defined in \S 4. We put $l_{p}=a_{p}+a_{p+r}(p=1, \ldots, r)$

and the integrals are the complex integrals taken along the vertical line $\sigma=\sigma_{0}$ .

Applying this Theorem to the sum in the right-hand side of (4.2), we have

(4.3)

$6 \in U^{P}\sum_{t}\exp\{.-2P\pi S(\mathcal{T}\prod_{J}|_{\mathcal{U}}J|^{1/}P_{J}|\epsilon|1/P_{t})+2P\pi iS(\xi\prod_{J}\nu_{J}^{1}\mathcal{E}I/P_{J}1/P)\}$

$= \frac{2^{r}}{R}\sum\sum w/d_{tn}q)^{ab}q()(2P\pi$

$b=1\{m\}\{a\}q=1$

$\cross\prod_{p=1(\tau_{p}\prod|\nu(p)|^{1}J)2+}^{r}\{JJ|\xi_{p}\prod jJ|\nu\}^{()/2}(i\xi \mathrm{P}\prod_{/P}JJ)^{a}\nu^{(}p)^{1}/P_{J}p(p)22s+iv_{p}+\iota a_{p+}tp$

$\cross\prod_{p=1}^{r}G(2S+iv,$$l;p \mathrm{P}\frac{|\xi_{p}|^{2}}{\tau_{p}^{2}+|\xi_{p}|^{2}})dS$ ,

where we denote by $\sum_{\{m\}}$ and $\sum_{\{a\}}^{*}$ the summations over $m_{1},$ $\ldots$ , $m_{r-1}$ and $a_{1)}\ldots$ , $a_{n}$ in

the meaning of Theorem 5.1, respctively, and the integrations are taken along the vertical

line

(4.4) $\sigma_{0}=\max\{(\iota-\alpha_{J})P_{j}\}+1$ .
$J\in J$
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Putting this formula (4.3) into (4.2) and then into (1.6), we have

(4.5) $M(\tau, \xi;\alpha_{J}, a_{J})$

$= \sum\cdots\sum$ $\sum$
$\frac{2^{r}}{R}\sum\sum^{*}\sum w/d_{I}\prod\rho^{(q)^{a_{q}}}\frac{1}{2\pi i}\int_{(\sigma 0)}b)^{-nS}n(2P\pi$

$0\neq\nu_{J}\in\alpha j0\neq\nu_{I}\in \mathrm{Q}I$
$\{m\}\{a\}$ $b=1q=1$

$\nu_{J}/^{\mathrm{u}}(j\neq’\tau\tau n_{I}’(r\backslash \backslash )’$

$\nu_{I}\mathit{1}’\cup\tau P$.

$\cross\prod_{p=1}^{r}\{\frac{(i\xi_{p})^{a_{\mathrm{p}}}(i\xi_{pr}+)^{a_{\mathrm{p}}}+t}{(\tau_{p}^{2}+|\xi_{p}|^{2})(2S+iv+p\iota_{\mathrm{p}})/2}G(2_{S}+iv_{p’ p}l ; X_{p})\}$

$\cross\prod_{J}\{N(\nu_{\int})^{-\alpha}J\prod^{r}\frac{\nu_{J}^{\langle p)}a_{\mathrm{p}}/P_{J}\nu_{J}(p+r)a+r/\mathrm{p}P_{j}}{|\nu_{J}^{(p)}|(2_{S+i+\iota_{\mathrm{p}}}v_{p})/P_{J}}\mathrm{P}=1\}dS$ ,

where we put

$x_{p}= \frac{|\xi_{p}|^{2}}{\tau_{p}^{2}+|\xi \mathrm{P}|^{2}}$ $(p=1, \ldots, r)$ .

By Theorem 42, we can estimate the integrand in the right-hand side of (4.5):

$(2P \pi)^{-}ns\prod_{p=1}^{r}\{\frac{(i\xi_{\mathrm{P}})a_{\mathrm{p}}(i\xi_{p}+r)ap+\tau}{(\tau_{p}^{2}+|\xi p|^{2})^{(\iota}2_{S+v+)}iP\mathrm{p}/2}G(2S+ivl;\mathrm{P}x)\mathrm{P}’ \mathrm{P}\mathrm{I}$

$\cross\prod_{J}\{N(_{\mathcal{U}}J)^{-\alpha}J\prod^{r}\frac{\nu_{J}^{(p)^{a_{p}}}\mathcal{U}_{J}/P_{J(}p+r)a_{p}+r/P_{J}}{|\nu_{J}|^{(+}(p)2Siv\dagger pl)\mathrm{p}/P_{J}}\}\mathrm{P}=1$

$\ll\prod_{J}N(l^{\text{ノ}}J)^{-}\alpha-j\sigma_{0}/P_{J}\prod_{p=1}^{r}x_{\mathrm{P}}^{\iota/2}p(1+l_{\mathrm{P}}+|2t+v|)22\sigma 0-1/2ep-\mathrm{c}|t+v_{\mathrm{p}}|$ .

Hence

$M(\tau, \xi\alpha_{J}, \alpha_{J})$

$\ll\sum\cdots\sum$ $\sum$ $\prod N(\nu_{J})-\alpha_{J^{\wedge}}\sigma 0/P_{j}$

$0\neq\nu\epsilon ja\nu_{J}/U^{\psi}(J)J0\neq\nu\nu_{I}/U^{P_{t}}I\in a_{I}J$

$(J\neq I)$

$\cross\sum\sum^{*}\prod rx^{\mathit{1}_{p}/2}\int p\prod_{p=1}(1+\iota_{p}+|2t+v_{p}-\infty\infty|)r2\sigma 0^{-}1/2-e\mathrm{c}|2t+v|pdt$ .
$(m\}\{a\}p=1$

In this right-hand side,

$\sum\sum^{*}\prod x^{l/2}rp\nu\int_{-}\prod_{\infty=1}^{\infty}(1\mathrm{p}tr+l_{p}+|2+v_{p}|)^{2\sigma-1/}02e-\mathrm{C}12t+v_{p}1_{d}t$

$\{m\}\{a\rangle p=1$

276



MULTIPLE @J.RIES IN A TOTALLY IMAGINARY NUMBER FIELD II

is convergent ([2]). The convergence of

$\sum\cdots\sum$ $\sum$ $\prod N(\nu_{J})^{-\alpha_{j^{-\sigma_{0}}}}/P_{J}$

$0\neq\nu_{j}\in a_{J}\nu_{J}/U^{\phi}(J)0\neq\nu t\in\nu_{I}/UIP_{I}\emptyset J$

$(J\neq I)$

is clear since

$\alpha_{J}+\sigma_{0}/P_{J}\geq\alpha_{J}+((1-\alpha_{J})PJ+1)/P_{J}=1+1/P_{J}$ $(J\in J)$

by (4.4).

Thus the right-hand side of (4.5) is absolutely convergent. The order of the summa-

tions and integrations can be exchanged. Consequently we have

$M(\tau, \xi;\alpha_{J}, aJ)$

(4.6) $= \frac{2^{r}}{R}\sum\sum^{*}\sum w/dIn\prod\rho^{(q)^{ab}}q\frac{1}{2\pi i}\int_{(\sigma}0))^{-nS}(2P\pi$

$\{m\}\{a\}$ $b=1q=1$

$\cross\prod_{p=1}^{r}\{\frac{(i\xi_{\mathrm{P}})a_{p}(i.\xi_{p+}r)^{a_{p}}+f}{(_{T_{\mathrm{P}}^{2}}+|\xi p|2)(2s+iv_{p}+l_{\mathrm{p}})/2}G(2s+iv\iota_{pp} ; Xp’)\}$

$r$ $(p)^{a_{p/J}}\Gamma(p+r)ap+r/\Gamma J$

$\cross\sum_{0\mathit{4}u.G\dot{\mathrm{d}}}$

.
$\sum\cdots\sum\prod_{J\mathrm{n}\mathit{4}u.\in\alpha\prime}N(\mathcal{U}_{J})-\alpha_{J}\prod\prod Jp=1\frac{\nu_{J}\nu_{J}}{|\nu^{(p)}j|^{(i}2S+v+pl)p/P_{J}}d_{S}$

$\nu_{\mathit{1}}/PI|\neq\nu_{U}\in t\emptyset I\nu_{J}0\neq\nu_{J}/U\phi\in(J)0j$

$J$

$(J\neq I)$

In this integrand, the sum over $\{\nu_{J}\}_{J}$ is
$(4.7)$

$\sum$ $\sum\cdots\sum\prod_{J}\{N(\nu_{J})^{-\alpha}J^{-}/SPJ\prod_{=p1}r|\nu_{J}|(p)-iv/\mathrm{P}P_{J}\prod_{q=1}^{n}(\frac{\nu_{J}^{(q)}}{|\nu_{J}^{(q)}|})^{a_{q}/P}J\}$

$0\neq\nu t\in \mathrm{Q}I$ $0\neq\nu_{J}\in\alpha J$

$\nu_{I}/U^{P}t$
$\nu_{J}/(J\neq I)U\phi(J)$

$=$ $\sum$ $\{N(\nu_{I})-S/PIp=1\prod r|\nu_{I}^{(p)}|-iv_{p}/P_{I}\prod_{q=1}^{n}(\frac{\nu_{I}^{(q)}}{|\nu_{I}^{(q)}|})^{a_{q}/P_{t}}\}$

$0\neq\nu_{I}\in a_{I}$

$\nu_{I}/U^{P}t$

$\cross\prod$ $\sum$ $\{N(\nu_{J})^{-}s/P_{J}-\alpha j\prod_{1p=}^{\gamma}|\nu_{J}|(p)-iv\mathrm{P}/p_{J}\prod_{q=1}^{n}(\frac{\nu_{J}^{(q)}}{|\nu_{J}^{(q)}|}\mathrm{I}^{a_{q}/P_{J}}\}\cdot$

$J\neq I0\neq\nu_{J}\in aJ$

$\nu_{J}/U^{\phi(J)}$
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First we consider the $s$um over $\nu_{I}$ and write it as follows:

(4.8) $\sum_{0\neq\nu\in ta_{I}}=\sum_{0\neq\nu I\in\emptyset_{I}}$

$\nu_{I}/U^{P}I$ $\nu_{I}/U$

$\cross\prod_{q=1}^{n}(\frac{\overline{6}^{\backslash A}\prime\overline{\iota}\text{ノ_{}I}\prime_{\theta})(q)}{|\epsilon^{(q)}\nu_{I}|(q)})^{a_{q}}\}/\backslash /PI\backslash .-$

In the inner sum, $\epsilon$ runs through the representatives of $U/U^{P_{I}}$ . Hence we can put

$\epsilon=\rho^{bb_{1}.’ 1}\epsilon_{1}\cdot\cdot\epsilon^{b}r’-1-$ ,

where

$b=0,$ $\ldots,$
$d_{I}-1$ , $b_{j}=0,$

$\ldots,$ $P_{I}-1$ $(j=1, \ldots, r-1)$

and the sum over $\epsilon$ in the right-hand side of (4.8) is

(4.9)

$\sum_{\epsilon\in U/U^{P}I}p=1\prod r|\epsilon^{(}|^{-iv/P}p)pt\prod_{q=1}^{n}(\frac{\epsilon^{(q)}}{|\epsilon^{(q)}|})^{a_{q}/P_{I}}$

$= \sum_{b=0}^{d_{I}-1}\prod_{q=1}^{n}\rho^{(}\sum_{b_{1}0}^{x}q)ba_{q}/PtP=-1$ . . . $\sum_{b_{r-1}0}^{P_{t}1}-=\prod_{p=1}^{r}|\epsilon_{1}^{(p)}b_{1}$ ... $\epsilon_{r-1}^{(p})^{b}f-1|^{-iv_{p}/P_{I}}$

$\cross\prod_{q=1}^{n}\{(\frac{\epsilon_{1}^{(q)}}{|\epsilon_{1}^{(q)}|})^{b_{1}}\cdots(\frac{\epsilon_{r-1}^{(q)}}{|\epsilon_{r-1}^{(q)}|})^{b_{r-1}}\}^{a_{q}/P_{I}}$ .

Since

$v_{p}= \sum_{j=1}^{r-1}e^{(j)}p(2\pi m_{j}+\sum_{q=1}^{n}a_{q}\arg\epsilon j)(q)$ $(p=1, \ldots, r)$ ,

we have

$\sum_{p=1}^{\mathrm{r}}v\mathrm{l}\mathrm{o}\mathrm{P}\mathrm{g}|\epsilon_{j}^{(_{\mathrm{P}})}|=2\pi m_{j}+\sum_{q=1}^{n}a_{q}\arg\epsilon j(q)$ $(j=1, \ldots, r-1)$

and the sum over $b_{1},$
$\ldots,$

$b_{r-1}$ in the right-hand side of (4.9) is

$P_{I}-1 \sum\ldots P_{I}-1\sum\prod|\epsilon_{11}^{(p)}\epsilon_{r-}r|b\iota\ldots(p)b_{r}-1-:v/pP_{I}$

$b_{1}=0$ $b_{\gamma-1}=0p=1$
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$\cross\prod_{q=1}^{n}\{(\frac{\epsilon_{1}^{(q)}}{|\epsilon_{1}^{(q)}|})^{b_{1}}$ ... $( \frac{\epsilon_{r-1}^{()}q}{|\epsilon_{r-}^{(q)}|1})^{b,-}1\}a_{q}/P_{I}$

$= \sum P_{I}-1\ldots P_{I}-1\sum\exp\{-\frac{i}{P_{I}}\sum_{=}^{r}v_{p}\sum^{1}bj\log|\epsilon_{j}^{()}pp1jr-=1|$
.

$b_{1}=0$ $b_{r-1}=0$

$+ \frac{i}{P_{I}}\sum_{1q=}^{n}\sum_{j=}^{1}r-1$ O b $\mathrm{a}$qj $\mathrm{r}\mathrm{g}\epsilon j^{q}()\}$

$= \sum P_{I}-1$ . . ’ $P_{I}-1 \sum\exp\{-\frac{2\pi i}{P_{I}}\sum_{1j=}^{-1}m_{j}b_{j\}}r$

$b_{1}=0$ $b_{r-t=}0$

$=\{$

$P_{I}^{r-1}$ if $P_{I}|m_{1}\cdot,$
$\ldots,$

$P_{I}|m_{r-1}$ ,
$0$ otherwise.

Putting this result into (4.9) and then into (4.6), we have

(4.10)
$M(\tau, \xi;\alpha J’ a_{J})$

$= \frac{2^{r}}{R}P_{I}’-$. $1 \sum_{\}\{m}\sum_{\mathrm{t}a\}}\sum_{b=1q}^{t}\prod^{n}’*w/d=1\rho\sum_{=0}(q\rangle a_{q}ba\prod_{q1}^{n}\rho/(q)^{b}qPd_{I}-1b-I$

$\cross\frac{1}{2\pi i}\int_{(\sigma_{0})}(2P\pi)-ns\prod_{=p1}^{r}\{\frac{(i\xi_{\mathrm{P}})a_{p}(i\xi_{p}+r)^{a_{p}}+\prime}{(\tau_{p}^{2}+|\xi_{p}|2)(2s+iv_{p}+\iota_{p})/2}G(2_{S}+iv_{p}, \iota;\mathrm{P}X)p\}$

$\cross\sum_{0\neq(\nu_{t})\subset a_{x}}\{N(\nu_{I})^{-}s/P\prod I|\nu^{(p}I)|^{-i/P}vp=1rpx\prod_{q=1}^{n}(\frac{\nu_{I}^{(q)}}{|\nu_{I}^{(q)}|})^{a_{q}/P}x\}$

$\cross\sum\cdots\sum\{N(\nu_{j})^{-\alpha_{J}-}\theta/P_{j}\prod^{r}|\nu^{(p}|^{-}p=1^{\cdot}.q\prod_{\overline{\sim}1}^{n}J)ivp/PJ(\frac{\nu_{J}^{(q)}}{|\nu_{J}^{(q)}|})^{a_{q}/P}J\}ds$ ,
$0\neq\nu_{J}\in a_{J}$

$\nu_{J}/U^{\phi}(j\neq I)(j)$

where the sum $\sum_{\{m\}}’$ means that the summation variables $m_{1},$ $\ldots,$ $m_{r-1}$ run through all

multiples of $P_{I}$ .

Next we consider the sum over $\nu_{J}(J\neq I)$ in the right-hand side of (4.7). In the same
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way as (4.8), we write

$\sum$ $\{N(\nu_{J})^{-}\alpha-JS/P\prod J|\nu_{J}|(p)-iv_{p}/P\prod_{=p=1}^{n}r1Jq(\frac{\nu_{J}^{(q)}}{|\nu_{J}^{(q)}|})^{a_{q}}/P_{j\}}$

$0\neq\nu_{J}\in a_{J}\nu_{J}/U^{\phi}(J)$

$=$ $\overline{\sum}$ $\{^{(}N(\nu J)^{-}\alpha-J/l^{y}J\overline{\sum_{6}}S\frac{r}{p=111}(_{P}.)\mathcal{U}_{J}|\epsilon|\mathrm{t}\prime P)-\dot{l}v/p.\overline{P}_{j}$

$0\neq\nu_{J}\nu_{J}/U\in aJ$

$\cross\prod_{q=1}^{n}(\frac{\epsilon^{(q)_{\mathcal{U}_{J}})}(q}{|\epsilon^{(q)}\nu_{j}|(q)}\mathrm{I}^{a_{q}/P_{J}}\}$ ,

where $\epsilon$ runs through the representatives of $U/U^{\phi(J)}$ . Hence we can put

$\epsilon=\rho^{b}\epsilon^{b_{1}}’\cdot\cdot\epsilon_{r-1}^{b_{\mathrm{r}}}1-1$ ,

where

$b=0,$ $\ldots,$
$d_{J}-1$ , $d_{J}=(w, \phi(J))$ ,

$b_{j}=0,$
$\ldots,$

$\phi(J)-1$ $(j=1, \ldots, r-1)$ .

The sum over $\epsilon$ is

$\sum$ $\prod r|\epsilon^{(p)i}|^{-}v_{\mathrm{P}}/P_{j}\prod_{q=1}^{n}(\frac{\epsilon^{(q)}}{|\epsilon^{(q)}|})^{a_{q}/P_{J}}$

$\epsilon\in U/U^{\phi(J})p=1$

$=d_{J}-1 \sum\prod\rho^{(q)^{ba_{q}/P_{J}}}n\phi(J)-1\sum\ldots\phi(J)-1\sum\prod^{r}|\epsilon_{1}^{(p)^{b}}\mathrm{t}\ldots\epsilon_{r-1}|^{-i/j}(p)r-v_{\mathrm{P}}b\iota P$

$b=0q=1$ $b_{1}=0$ $b_{r-1}=0_{\mathrm{P}}=1$

$\cross\prod_{q=1}^{n}\{(\frac{\epsilon_{1}^{(q\rangle}}{|\epsilon_{1^{q}}^{()}|})^{b_{1}}$ . . . $( \frac{\epsilon_{r-1}^{(q)}}{|\epsilon_{r-1}^{(q)}|})^{b_{t}}-1\}^{/P_{j}}aq$ .

In this right-hand side, the sum over $b_{1},$
$\ldots,$

$b_{r-1}$ is

$\phi(J)b_{1}=\sum_{0}^{-1}\cdots\emptyset b_{r}\sum_{-\iota 0}^{(}\exp\{-\frac{2\pi i}{P_{J}}\sum_{j=1}^{-}m_{j}b_{i\}}J)-1=r1$.
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Since we can replace all $m_{j}$ by $P_{I}m_{j}$ , this sum is

(4.11) $\emptyset(J\rangle-b\iota\sum_{=0}^{1}\cdot\cdot$ $. \emptyset()\sum_{b,-1=0}^{J}-1\exp\{-2\pi i\frac{P_{I}}{P_{J}}\sum_{j=1}mr-1jbj\}$

$=\{$

$\phi(J)^{r-1}$ if $\phi(J)|m_{1},$
$\ldots,$

$\phi(J)|m_{r-1}$ ,
$0$ otherwise,

because of $\phi(J)=P_{J}/(P_{I}, P_{J})((1.1))$ .

We see that

$P_{I}1_{\mathrm{C}}\mathrm{m}_{I}J\neq J\in\{\phi(J)\}=1\mathrm{c}\mathrm{m}\{JP_{J}\}=L$.

Hence (4.10) and (4.11) show that

$M(\tau, \xi;\alpha_{J}, a_{J})$

$= \frac{2^{r}}{R}P_{I^{-}}^{\Gamma}1\prod_{J}\phi(J)r-1\sum_{\}i^{m}}\sum_{a}\prime\prime \mathrm{t}1*w/\sum_{1b=}^{d}\prod_{1q=}^{n}\rho)I(qabq\prod_{J}\sum_{b=0}^{d-1}jq=\prod_{1}^{n}\rho)(qba_{q}/P_{J}$

$\cross\frac{1}{2\pi i}\int_{(\sigma_{0})}(2P\pi)-ns\prod_{=p1}^{r}\{.\frac{(i\xi_{p})^{a}\mathrm{p}(i\xi_{\mathrm{P}+r})a_{P+}r}{(\tau_{p}^{2}+|\xi p|^{2})(2s+iv_{pp}+\iota)/2}G(2s+iv_{p}, l;pxp)\}$

$\cross\prod_{Jy}\sum_{0\neq(j)\subset aJ}\{N(\nu j)^{-S}/P_{J^{-}}\alpha\prod_{p1}J|_{\mathcal{U}}(J|\mathrm{P})-iv_{p}/P_{j}\prod^{n}=rq=1(\frac{\nu_{J}^{(q)}}{|\nu_{J}^{(q)}|})^{a_{q}/P}J\}dS$,

where the sum $\sum_{\mathrm{t}’m\}}’$ means that the summation variables $m_{1},$ $\ldots,$ $m_{r-1}$ run through all

multiples of $L$ .

$\mathrm{R}\mathrm{o}m$ this expression we easily obtain

$T( \tau, \xi;\alpha J’ aJ)=\sum^{-}hL1=01$ :.. $h_{f} \sum_{0=}^{L-1}.M(\tau, \xi_{1}\omega, \ldots, \xi_{r}\omega^{h_{r}} ; \alpha_{J}, a_{J})h_{1}$

$= \frac{2^{r}}{R}P_{I}^{r}-1\prod\emptyset(JJ)r\cdot-1\sum_{\}\mathrm{t}^{m}}.\sum_{\}\{ab}\sum_{=}^{d_{I}}\prime\prime*w/1q1\prod_{=}^{n}\rho^{(q})^{ab}q\prod\sum JdJ-1b=0q\prod^{n}\rho^{()^{b}}=1qa_{q}/P_{J}$

$\cross\frac{1}{2\pi i}\int_{(\sigma_{0})}(2P\pi)^{-nS}$

$\cross\sum_{h_{1}0}^{1}L-=$ . . . $h,= \sum_{0p}^{L-1}\prod_{1=}^{r}\{\frac{(i\xi_{p}\omega^{h_{p}})ap(i\xi_{pr}+\overline{\omega}^{h}p)^{a_{p}}+r}{(\tau_{p}^{2}+|\xi p|2)(2S+ivp+\iota_{\mathrm{p}})/2}G(2_{S}+iv\iota;X_{\mathrm{P}})p’ p\}$

$\cross\prod_{J0\neq}\sum_{\subset(\mu)J\emptyset J}\{N(\nu j)^{-s}/PJ^{-\alpha}Jp1\prod_{=}r|\nu_{J}^{(_{\mathrm{P}})}|-iv/pP_{J}\prod_{q=1}^{n}(\frac{\nu_{J}^{(q)}}{|\nu_{J}^{(q)}|})^{a_{q}/P_{J}}\}ds$ ,

281



TAKAYOSHI MITSUI

Since
$L-1$ $L-1$ $r$ $L-1$ $L-1$ $r$

$\sum_{h_{1}=0}\cdots\sum\prod\omega^{h_{\mathrm{P}}}(a_{\mathrm{P}}-a+r)p=\sum$
. . . $\sum\prod\exp(2\pi i\frac{h_{p}}{L}(a_{\mathrm{P}}-a_{p+r}))$

$h_{r}=0_{\mathrm{P}^{=}}1$ $h_{1}=0$ $h,=0p=1$

$=\{$

$L^{r}$ if $L|a_{1},$
$\ldots,$

$L|a_{n}$ ,
$0$ otherwise,

we have, replacing all $m_{1},$ $\ldots,$ $m_{r-1},$ $a_{1},$ $\ldots,$
$a_{n}$ by $Lm_{1)}\ldots,$ $Lmr-1$ )

$La_{1},$ $\ldots,\dot{L}an$
’

(4.12)
$T(\tau, \xi;\alpha J’\alpha J)$

$= \frac{2^{r}}{R}\{P_{I}\prod_{J}\emptyset(j)\}r-1Lr\sum_{\{m\}}\sum\sum^{w/}*\prod p\mathrm{t}a\}b=0d_{I}q=1n(q)La_{q}b\prod Jd\sum_{b=0}^{J}\prod\rho-1q=1n(q)bLa/qP_{J}$

$\cross\frac{1}{2\pi i}\int_{(\sigma_{0}})=\frac{(i\xi_{p})La_{p}(i\xi_{pr}+)^{La}p+}{(T_{p}^{2}+|\xi_{p}|2)^{(2}S+iLv_{p}+L\iota)p/2}(2P\pi)^{-}ns\prod_{p1}’ G(2s+iLv_{p}, Ll_{p} ; xr.)p$

$\cross\prod_{J0\neq(\nu_{j})}\sum_{J}\subset\emptyset\{N(\mathcal{U}_{j})-\alpha\mapsto\theta/P,\prod_{1}|p=\nu_{j^{\mathrm{P})/P}}r(|^{-}iLvpJ\prod_{q=1}^{n}(\frac{\nu_{J}^{(q)}}{|\nu_{J}^{(q)}|})^{La_{q}}/Pd_{S}j\}\cdot$

Now consider

$\sum_{b=1}^{w/}\prod_{=q1}p^{(}\prod_{J}dxnq)Lab\mathrm{f}dj-1\sum_{b=0}\prod_{=q1}pn(q)bLaq/P_{j}$ .

Since $d_{I}|L$ , so

$(_{q=1} \prod^{n}\rho^{(q}))^{La_{q}}w/dt=1$ .

Hence

(4.13) $w/I \sum_{b=1q}^{d}\prod^{n}p^{(}=1q)La_{q}b=\{$

$w/d_{I}$ if $\prod_{q=1}^{n}\rho(q)La_{q}=1$ ,
$0$ if not.

This first case occurs if and only if

$(_{q=1} \prod^{n}\rho^{(}q)a_{q})(w,L)=1$ .

Assuming this condition, we consider the sum

$d_{I}-1 \sum\prod\rho^{(q)^{L}}naqb/Pl$ .
$b=0q=1$
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Since $(w, L)$ divides $d_{I}L/P_{I}$ , so

$(_{q=} \prod_{1}^{n}p^{()^{La}q}q/P)^{d_{I}}I=1$ .

Hence.

(4.14) $\sum_{b=0}^{d_{I}}\prod_{=q1}\rho-1n(q)Laqb/P_{t}=\{$

$d_{I}$ if $\prod_{q=1}^{n}\rho^{()}qLa/qP_{I}=1$ ,
$0$ if not.

This first case occurs if and only if

$(_{q=1} \prod^{n}\rho^{(}.)^{(/P)}q)a1qw,LI=$ .

Under this condition we consider

$\sum_{b=0}^{d_{J}-1}\prod\rho)(qqq=1nbaL/P_{J}$ $(J_{\overline{7}}\leq_{I)}$ .

Since

$\frac{L}{P_{J}}\frac{d_{J}}{(w,L/P_{I})}.=\frac{L(w,\phi(J))}{P_{J}(w,L/P_{I})}=\frac{(wL,L\phi(J))}{(wP_{J},LP/JP_{I})}$

is an integer, $(w, L/P_{I})$ divides $Ld_{J}/P_{J}$ and

$(_{q=1} \prod^{n}\rho(q)La/qPJ\mathrm{I}^{d_{J}}=1$ .

Hence

(4.15) $. \sum_{0b=}^{d_{\Gamma}-1}\prod_{=q1}pn(q)Lba_{q}/P_{J}=\{$

$d_{J}$ if $\prod_{q=1}^{n}\rho^{()}qLa/qP_{j}=1$ ,
$0$ if not.

By (4.14) and (4.15), we have, under the condition

$\prod_{q=1}^{n}\rho^{()^{La}q}q=1$ ,

that

(4.16) $\prod_{Jb}\sum_{=0q}^{d_{J}-1}\prod_{1=}^{n}p(q)bLa_{q}/P_{J}$

$=\{$
$\prod_{J}d_{J}$ if $\prod_{q=1}^{n}\rho^{(}=1q$) $La_{9}/PJ$

for all $J\in J$ ,
$0$ otherwise.
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Since $L=1\mathrm{c}\mathrm{m}_{J}\{P\}J$
’ we see that $\mathrm{g}\mathrm{c}\mathrm{d}_{J}\{L/P_{J}\}=1$ . Hence there exist integers $\{n_{J}\}_{J}$ such

that

$\sum_{J}??J^{\frac{L}{P_{J}}=1}$ ’

which shows that the first conditon of (4.16) is equivalent to a single form

$\prod_{q=1}^{n}\rho^{(}q)^{a_{q}}=1$ .

Consequently the products

$\lambda(\nu_{J})=\prod_{=p1}^{r}|_{\mathcal{U}_{J}}(p)|^{-}iv_{\mathrm{p}}\prod_{q=1}n(\frac{\nu_{J}^{(q)}}{|\nu_{J}^{(q)}|})^{a_{q}}$

in the integrands of (4.12) define the Gr\"ossencharacters $\lambda$ .

Thus we have from (4.12), (4.13) and (4.16)

(4.17)

$T( \tau, \xi;\alpha_{J’ J}a)=\frac{2^{r}w}{Rd_{I}}\{P_{I}\prod\emptyset j(J)\}^{r}-1L^{\Gamma}\prod_{J}dJ$

$\cross\sum_{\lambda}\frac{1}{2\pi i}\int_{(\sigma_{0})}(2P\pi)^{-nS}$

$\cross\prod_{p=1}^{r}\{\frac{(i\xi_{p})^{La_{p}}(i\xi_{pr}+)^{L}a_{\mathrm{p}}+r}{(\tau_{p}^{2}+|\xi_{p}|2)(2S+iLvp+Ll_{p})/2}G(2S+iLv_{p’ pp}L\iota ; X)\}$

$\cross\prod_{J}\zeta(\frac{s}{P_{J}}+\alpha_{J},$
$\lambda^{L/}PJ$ ; $a_{J})ds$ ,

where the sum $\sum_{\lambda}$ is taken over all Gr\"ossencharacters $\lambda$ .

We denote by $H_{\lambda}$ ( $s,$ $\tau,$ $\xi;\alpha_{J}$ , a $J$ ) the integrand of (4.17):

(4.18)
$H_{\lambda}(_{S,\mathcal{T}}, \xi;\alpha J’ a_{j})$

$=.(2P \pi)^{-}ns\prod_{1p=}\{r\frac{(i\xi_{p})^{La}p(i\xi_{p+\Gamma})^{La}p+}{(_{\mathcal{T}_{\mathrm{P}}^{2}}+|\xi_{p}|^{2})^{(L}2s+iLv_{P}+\iota_{\mathrm{p}})/2},.G(2S+iLv_{\mathrm{P}}, L\iota_{p} ; X)p\}$

$\mathrm{x}\prod_{J}\zeta(\frac{s}{P_{J}}+\alpha_{J},$
$\lambda^{L/}P_{j}$ ; $a_{J})$

$=(2P \pi)^{-}n\epsilon\prod_{1p=}\{r\frac{(\mathrm{i}\xi_{p})^{La}p(i\xi_{p+}r)La_{p}+\prime}{(_{\mathcal{T}_{p}^{2}+}|\xi_{p}|^{2})^{(L+}2S+iv_{\mathrm{p}}Ll_{\mathrm{p}})/2}$
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$\cross F(2s+iLv_{p}, L\iota p;x_{p})\}$

$\cross\prod_{J}((\frac{s}{P_{J}}+\alpha_{J},$
$\lambda^{L}/PJ$ ; $a_{J})$

and put

$A= \frac{2^{r}w}{Rd_{I}}\{P_{I}\prod_{J}\emptyset(J)1^{r-}1L^{r}\prod_{J}d_{J}$ .

In particular, we have

(4.19)
$H_{1}(S, \mathcal{T}, \xi;\alpha J’ aj)$

$= \frac{\Gamma(2S)^{r}}{(2^{2}P\pi)^{ns}}\prod_{p=1}^{r}\{\frac{1}{(\tau_{\mathrm{p}}^{2}+|\xi_{p}|^{2})^{\mathit{8}}}F(s,$
$\frac{1}{2}-s,$ $1$ ; $xp) \}\prod_{J}\zeta(\frac{s}{P_{J}}+\alpha J’ aJ)$ .

\S 6. Properties of integrands

THEOREM 6.1. (1) If $\lambda\neq 1$ , then $H_{\lambda}$ ( $s,$ $\tau,$ $\xi;\alpha_{J}$ , a $J$ ) is an eniire function of $s$ .
(2) If $\lambda=1$ , then $H_{1}$ ( $s,$ $\tau,$ $\xi;\alpha_{J}$ , a $J$ ) has simple poles at

$s=S_{J}^{0}=-\alpha {}_{J}PJ$ $(J\in J)$

and

$s=s_{j}=(1-\alpha_{J})PJ$ $(J\in J)$ .

PROOF. First we shall show that

(5.1) $p= \prod_{1}^{r}\Gamma(2s+iLv_{p}+Ll)p=g(S, \lambda)\prod\Gamma J(\frac{s}{P_{J}}+\alpha_{J};\lambda^{L}/P_{J)}$ ,

where $g(s_{)}\lambda)$ is an entire function of $s$ .
We write

$\prod_{J}\Gamma(\frac{s}{P_{J}}+\alpha J$ ; $\lambda L/P_{J})=\prod_{p=1}r\prod_{J}\tau(\alpha_{j}^{(k))}+\frac{2s+iLv_{p}+L\iota_{p}}{\phi_{0}\cdots\phi_{k}}$ .
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We use a well-known formula of the gamma function;

(5.2) $\prod_{j=1}^{m}\tau(z+\frac{j-1}{m})=\frac{(2\pi)^{(m-1})/2}{m^{mz-1/2}}\Gamma(mZ)$ .

Since
$\alpha_{\grave{J}}(_{n,\mathit{1}}\backslash ,$

$= \frac{1}{\phi_{q}}\alpha_{\grave{J}}^{\prime_{n}}+A^{-\tau\backslash }’\frac{\dot{r}_{aA^{+\mathrm{J}}}-1}{\phi_{q}}$ $(q=’.1,$ $.2\cdot,$
$k^{\backslash }J$ ,

we have, by (5.2),

$\prod_{J}\Gamma(\alpha_{J}^{(k)}+\frac{2s+iLv.+pLlp}{\phi_{0}\cdot\cdot\phi_{k}})$

$= \prod_{J}^{-}(k1)j+1=\prod_{k1}^{k}\tau\phi(\frac{\alpha_{J}^{(k1)}-}{\phi_{k}}+\frac{j_{k+1}-1}{\phi_{k}}+\frac{2s+iLv_{p}+Llp}{\phi_{0}\cdots\phi_{k}}\mathrm{I}$

$= \prod_{J}^{(1)}k-\Gamma(\alpha^{(}Jk-1)+\frac{2s+iLv_{\mathrm{P}^{+}}Llp}{\emptyset 0\cdots\emptyset k-1})$

$\cross\prod_{J}^{)}\mathrm{t}(k-1(2\pi)^{(\emptyset)/2}k-1(\phi_{k})^{1}/2-\alpha-((k-1)2s+iLv+\mathrm{p}L1_{p})/(\emptyset 0\cdots\phi k-1)\}J$ .

Putting

$(a-1)$

$P_{a}= \prod_{J}(2\pi)^{(\emptyset-1)}a/2$
$(a=1, \ldots, k)$ ,

$N_{a}= \prod^{)}(\emptyset(a-1Ja)-1+2\alpha_{J}^{(a}-1)$ $(a=1, \ldots, k)$ $((1.7))$

and using the induction and (1.4), we have

$\prod_{J}\Gamma(^{(k)}\alpha+J\frac{2s+iLv.+pLlp}{\phi_{0}\cdot\cdot\phi_{k}})$

$=P_{k}N_{k}^{-1}/2M_{k}-(2S+iLv_{\nu}+Ll_{p})$

$\cross\prod_{J}^{-}\tau((k1)\alpha(k-1)J+\frac{2s+i.Lv_{p}+L\iota P}{\phi_{0}\cdot\cdot\phi_{k-1}})$

$=P_{k}\cdots P_{1}(Nk\ldots N_{1})^{-}1/2(Mk\ldots M_{1})^{-}(2\theta+iLv+p1,L)$

$\cross\prod^{(0}\tau(\alpha_{J}(j),+\frac{2s+iLv_{p}+L\iota_{p}}{\phi_{0}}0))$
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$=(2\pi)^{\iota-}1/2(2\iota)1/2-(2s+iLv_{p}+L\mathrm{t}_{p})$

$\cross P_{k}\cdots P_{1}(N_{k}\cdots N1)-1/2(Mk\ldots M1)-(2\mathit{8}+iLv_{p}+Ll_{\mathrm{p}})$

$\cross\Gamma(2s+iLv_{p}+L\iota_{p})$ ,

which gives (5.1) with

$g(s, \lambda)$

$= \prod^{t}.\{(2\pi)^{1/}2-1(2l)^{-}1/2+2s+iLvp+Llp$

$p=1$

$\cross$ $(P_{k}\cdot. .P_{1})^{-1}(N_{k}$ .., $N_{1})^{1/2}(M_{k}$ . ., $M_{1})^{2\theta++L\iota_{p}}iLv_{p}\}$

$=(2\pi)r/2-\iota\Gamma(2l)-r/2+2rS(P_{k}$ ... $P_{1})^{-r}(Nk$ ... $N_{1})r/2(M_{k}\cdots M_{1})2rS$

$\cross\prod_{p=1}’(2lM_{k}\cdots M_{1})^{L\iota_{p}}$ .

Consequently we have

(4.3) $H_{\lambda}(s, \tau..’\xi;\alpha J’ a_{J})$

$=g(s, \lambda)(.2P\pi)^{-nS}$

$\cross\prod_{p=1}^{r}\{\frac{(i\xi_{p})^{La_{P}}(i\xi_{p+}r)^{L}a_{p+r}}{(T_{p}^{2}+|\xi_{p}|2)(2S+iLv_{p}+L\iota_{\mathrm{p}})/2}\frac{F(2s+iLv_{p},L\iota,x)pp}{2^{2\theta+iL}v_{\mathrm{p}}+L\iota_{p}\tau(Ll_{p}+1)}.\}$

$\cross\prod_{J}\{\Gamma(\frac{s}{P_{J}}+\alpha_{J}$ ; $\lambda^{L/P}J)\zeta(\frac{s}{P_{J}}+\alpha J’\lambda L/P_{J}$ ; $\emptyset_{J})\}$ .

According to Theorem 3.1, this expression (6.3) shows that, if $\lambda\neq 1$ , then $H_{\lambda}(S,$ $T,$ $\xi;\alpha J$
’

ct $J$ ) is an entire function of $s$ , and if $\lambda=1$ , then $H_{1}(s, \tau,\xi;\alpha J’ aJ)$ has simple poles at

$s=s_{J}=-0\alpha JP_{J}$ $(J\in J)$

and

$s=SJ=(1-\alpha_{J})PJ$ $(J\in J)$ .

Thus the proof is completed. 口
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Similarly to (5.1), we obtain

$\prod_{J}\Gamma(1-\alpha_{J}-\frac{s}{P_{J}};\overline{\lambda}L/PJ)=g^{*}(s, \lambda)\prod_{1p=}^{r}\tau(1-2s-iLv_{p}+Ll_{p})$ ,

where

(5.4) $g^{*}(S, \lambda)$

$= \prod^{t}\{(2\pi)^{\iota-1}/2(2\iota)^{-1/}2+2S+iLvp-Llp$

$p=1$

$\cross P_{k}\cdots P_{1}(N_{k}\cdots N1)^{1}/2(M_{k}$ . . . $M_{1})^{2s}+iLv_{\mathrm{p}}-L\iota_{p}\}$

$=(2\pi)\iota r+r/2(2\iota)-r/2+2r\theta(P_{k1}\ldots P)^{r}(Nk\ldots N_{1})r/2(M_{k}\cdots M1)^{2s}r$

$\cross\prod(2lM_{k}\cdots M_{1})^{-L\iota}r\mathrm{p}$ .
$p=1$

THEOREM 6.2. $H_{\lambda}(S, \mathcal{T}, \xi;\alpha J’ a_{J})$ satisfies the functional equation as follows:

$H_{\lambda}(_{S,\mathcal{T}}, \xi;\alpha_{J}, a_{J})$

$= \frac{(N_{1}\cdots N_{k})^{r}(M_{1}\cdots M_{k})^{r}}{D^{N/2}\prod JN(a_{J})}\prod_{p=1}^{r}\frac{1}{(\tau_{p}^{2}+|\xi_{\mathrm{P}}|^{2})1/2}\cdot H_{\overline{\lambda}}(1/2-s, \tau^{*}, \xi*;\alpha*a_{J}^{*}J’)$ .

PROOF. By the functional equations (2.2) of zeta functions, we have

. (5.5) $\prod_{J}\{\Gamma(\frac{s}{P_{J}}+\alpha_{J;}\lambda L/PJ)\zeta(\frac{s}{P_{J}}+\alpha_{J},$
$\lambda L/P$ ;$J$ $aJ)\}$

$= \prod_{J}\frac{(2\pi)^{r\mathrm{t}^{2}(S}\alpha_{J}+/PJ)-1\}}{N(a_{J})\sqrt{D}}$

’

$\cross\prod_{J}\{\Gamma(1-\alpha_{J}-\frac{s}{P_{J}}$ ; $\overline{\lambda}L/P_{J})((1-\alpha j-\frac{\mathrm{s}}{P_{J}}.$
$\overline{\lambda}^{L}/P_{J}$ ; $aJ)*\}$ .

We shall show that

(5.6) $\sum_{J}\alpha_{J}=\frac{1}{2}(N-1)$ ,
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where $N= \sum_{J}1$ . In fact,.

$\sum_{J}\alpha_{J}=\sum_{Ja}\sum_{=0}\frac{j_{a+1}.-1}{\phi_{a}\cdot\cdot\phi_{k}}k=\sum_{0a=}^{k}\sum_{J}\frac{j_{a+1}.-1}{\phi_{a}\cdot\cdot\phi_{k}}$

$= \sum_{0a=}^{k}\sum_{J}^{a)}\frac{j_{a+1}-1}{\phi_{a}}(=\sum_{=j_{1}1}^{\phi}0.\frac{j_{1}-1}{\phi_{0}}+a\sum_{1=}^{k}\sum_{J}^{(a-1)}\frac{\phi_{a}-1}{2}$

$= \frac{1}{2}(\emptyset 0-1)+\frac{1}{2}a\sum(=1k\sum_{J}^{()}a1-\sum 1(a-1)J)=\frac{1}{2}(N-1)$ .

Further we have

(5.7) $\sum_{J}\frac{1}{P_{J}}=\sum_{J}\frac{2}{\phi_{0}\cdots\phi_{k}}=2$.

By (5.6) and (5.7)

(5.8) $\prod_{J}\frac{(2\pi)^{r;2}(\alpha_{J}+s/PJ)-1\}}{N(a_{J})\sqrt{D}}=\frac{(2\pi)^{4r}S-r}{D^{N/2}\prod_{J}N(a_{j})}$ .

By (5.8), (5.4) and (5.5),

(5.9) $\prod_{J}\{\Gamma(\frac{s}{P_{J}}+\alpha_{J};\lambda^{L}/P_{j})\zeta(\frac{s}{P_{J}}+\alpha_{J},$ $\lambda^{L}/P;Ja_{J})\}$

$= \frac{(2\pi)^{4s-}rr}{D^{N/}2\prod_{J}N(a_{J})}g^{*}(S_{)}\lambda)$

$\cross\prod_{p=1}\Gamma(1-2s-iLv_{p}+Ll_{p})r\prod_{J}\zeta(1-\frac{s}{P_{J}}-\alpha J’\overline{\lambda}^{L}/P;Ja_{J)}^{*}$ .

Putting (5.9) into (5.3),

$H_{\lambda}(s,\tau,\xi;\alpha J’\alpha_{J})$

$= \frac{(2\pi)^{4}rs-r}{D^{N/2}\prod_{J}N(a_{J})}g(S, \lambda)g^{*}(S, \lambda)(2P\pi)^{-nS}$

$\cross\prod_{p=1}^{r}\{\frac{(i\xi_{p})La_{p}(i\xi \mathrm{P}+r)La+\mathrm{p}\gamma}{(\tau_{p}^{2}+|\xi_{\mathrm{P}}|2)(2s+*LvP^{+}p)Ll/2}$.

$\cross\frac{\Gamma(1-2_{S}-iLvp+Ll_{p})}{2^{2s+iL}v+p\mathrm{t}_{p}L\Gamma(Ll_{p}+1)}F(2s+iLv_{p}, Ll_{p} ; X_{\mathrm{P}})\}$
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$\cross\prod_{J}\zeta(1-\frac{s}{P_{J}}-\alpha_{J},\overline{\lambda}^{L}/P_{J}.$ ; $a_{J}^{*})$

$= \frac{(N_{1}\cdots N_{k})^{r}}{D^{N/2}\prod JN(a_{J})}P^{r}2^{2nS}-rl-r(2P\pi)^{n\theta}-r$

$\cross$ $\prod_{-,p=\mathrm{i}}^{r}\dagger_{\backslash }\frac{(i\xi_{p})^{La}p(i\xi_{p+}r)La-_{p+\prime}}{(_{\mathcal{T}_{\mathrm{P}}^{2}}+|\backslash \xi_{s}\vee \mathrm{r}|^{2}\text{ノ})(2s+iLv+pl_{p}L)/2}$

$\cross\frac{\Gamma(1-2s-iLv+p)L\iota_{p}}{2^{2S+iL}v+pL\iota\Gamma p(L\iota_{p}+1)}F(2s+iLv_{\mathrm{P}}, L\iota_{P} ; X)p\}$

$\mathrm{x}\prod_{J}((1-\frac{s}{P_{J}}-\alpha_{J},\overline{\lambda}L/P_{J}$ ; $a_{J}^{*)}$ .

Let $\tau_{1}^{*},$

$\ldots,$
$\tau_{r}*$ and $\xi_{1}^{*},$

$\ldots,$
$\xi_{r}^{*}$ be the numbers defined by (1.8), then we easily see that

$\tau_{p}=\frac{\tau_{p}^{*}}{\tau^{*2}+|p\xi^{*}p|2}$ $(p=1, \ldots, r)$ ,

$\xi_{p}=\frac{\xi_{p+r}^{*}}{\tau_{p^{2}p}^{*}+|\xi^{*}|2}$ , $\xi_{p+r}=\frac{\xi_{p}^{*}}{\tau_{p}^{*^{2}}+|\xi_{p}^{*}|2}$ $(p=1, \ldots, r)$ ,

$\tau_{p}^{*2}+|\xi^{*}p|2\frac{1}{\tau_{p}^{2}+|\xi_{p}|^{2}}=$ $(p=1, \ldots,\Gamma)$ ,

$x_{p}= \frac{|\xi_{p}|^{2}}{\tau_{p}^{2}+|\xi_{p}|^{2}}=\frac{|\xi_{p}^{*}|^{2}}{\tau^{*2}+|p\xi p|^{2}*}=x_{p}^{*}$ $(p=1, \ldots, r)$ ,

and

(5.10) $\overline{(\tau}_{p}^{\frac{(i\xi_{p})^{La}p(i\xi p+r)La_{p+\Gamma}}{2+|\xi_{p}|^{2})(2S+iLvp+L\iota_{p})/2}=}\frac{(i\xi_{p+r}^{*})La_{\mathrm{p}}(i\xi p)^{L}*a_{p+r}}{(\tau_{\mathrm{P}}^{*^{2}}+|\xi^{*}p|^{2})(-2S-iLv\mathrm{p}+Ll_{p})/2}$ $(p=1, \ldots, r)$ .

Let $\alpha_{J}^{*}(J\in J)$ be the numbers defined by (1.3), then

(5.11) $1- \frac{s}{P_{J}}-\alpha_{J}=\frac{1}{P_{J}}(\frac{1}{2}-s)+\alpha_{J}^{*}$ $(J\in J)$

Using (5.10), (5.11) and (1.5), we write

$(5.!2)$ $H_{\lambda}(_{S,\tau}, \xi|.\alpha_{J}, a_{J})$

$= \frac{(N_{1}\cdots N_{k})^{r}}{D^{N/2}\prod JN(a)j}P^{r}2^{2}$ns-rご (2P\mbox{\boldmath $\pi$})ns-r
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$\cross\prod_{p=1}^{r}\{\backslash \frac{(i\xi_{p+r}*)La(pi\xi_{p}^{*})^{L}a_{p+}}{(_{\mathcal{T}_{p}^{*^{2}}}+|\xi^{*}p|2)(-2S-iLv+PL\iota_{p})/2},$

.

$\cross\frac{\Gamma(1-2s-iLvP^{+}L\iota_{P})}{\mathit{2}^{2\theta+}iLv_{p}+L\iota_{p}\Gamma(Ll_{p}+1)}F(1-2s-iLv_{p}, Ll;x_{p}^{*})p\}$

$\cross\prod_{J}\zeta(\frac{1/\mathit{2}-s}{P_{J}}+\alpha_{J}^{*},\overline{\lambda}L/P_{J};.a_{j)}^{*}$

$= \frac{(N_{1}\cdots N_{k})^{r}(M_{1k}M)r}{D^{N/2}\prod JN(\alpha_{J})}\ldots\prod_{p=1}^{r}\frac{1}{(\tau_{p}^{2}+|\xi_{p}|^{2})^{1}/2}$

$\mathrm{x}(\mathit{2}.P\pi)^{-}n(1/2-s).\prod_{p=1}^{r}\{\frac{(i\xi_{p+r}^{*})^{La}p(i\xi_{p}*)^{La}p+r}{(\tau_{p}^{*2}+|\xi^{*}p|2)(1-2\theta-iLvp+L\iota p)/2}$

$\cross\frac{\Gamma(1-\mathit{2}s-iLv+Lpp\iota)}{2^{1-2iL}S-v+pL\iota p\Gamma(Ll_{p}+1)}F(1-\mathit{2}s-iLv_{p}, L\iota_{p} ; X_{P}^{*})\}$

$\mathrm{x}\prod_{J}((\frac{1/2-s}{P_{J}}+\alpha_{J}^{*},\overline{\lambda}L/Pj$ ; $a_{J}*)$ .

Comparing the last expression of (5.12) with (4.18), we have

(5.13) $H_{\lambda}(s, \tau, \xi;\alpha J’ a_{J})$

$= \frac{(N_{1}\cdots N_{k})^{r}(M_{1k}M)^{r}}{D^{N/2}\prod JN(a_{J})}\ldots\prod_{p=1}^{r}\frac{1}{(\tau_{p}^{2}+|\xi_{p}|^{2})^{1}/2}$

$\cross H_{\overline{\lambda}}(1/\mathit{2}-s, \tau^{*}, \xi^{*} ; \alpha_{J}^{*})a_{J})*$ .

口

Let $N_{a}^{*}(a=1, \ldots, k)$ be the numbers defined by (1.8), then

(5.14) $N_{a}N_{a}^{*}M^{2}=a1$ $(a=1, \ldots, k)$ .

In fact,

$N_{a}N_{a}^{*}M_{a}^{2}= \prod^{)}(\emptyset a)^{-}(a-1J1+2\alpha_{J}-1)-1(l+2\alpha_{J}^{\prime(-}+\iota 1)2/\phi 0\cdots\psi a-1$
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and

$-1+2 \alpha_{J}^{(a}-1)-1+2\alpha_{J}*(a-1)+\frac{2}{\phi_{0}\cdots\phi a-1}$

$=-2+2( \frac{j_{1}.-1}{\phi 0^{\cdot}\cdot\phi_{a-}1}+\cdots+\frac{j_{a}-1}{\phi_{a-1}})+2(\frac{\phi_{0^{-j_{1}}}}{\phi 0\cdots\phi a-1}+\cdot$
. . $+ \frac{\phi_{a-1^{-}}j_{a}}{\phi_{a-1}})$

$+ \frac{A}{\phi 0^{\cdot}\cdot\phi a-1}‘.=0$ ,

which shows that

$N_{a}N_{a}^{*}M^{2}=a1$ .

We now put

(5.15) If $( \mathcal{T}, \xi;\alpha_{J}, aJ)=\frac{D^{N/2}\prod_{J}N(.a_{J})}{(N_{1}\cdots N_{k})^{r}(M_{1}\cdot\cdot Mk)^{r}}\prod_{p=1}r(\mathcal{T}^{2}p+|\xi p|2)1/2$

and

(5.16) $K( \tau^{*}, \xi^{**} ; \alpha_{J}, a^{*}j)=\ldots\frac{D^{N/2}\prod_{J}N(a_{J})*}{(N_{1k}^{*}N^{*})^{r}(M_{1}\cdots Mk)^{r}}\prod_{p=1}(\tau+*2|p\xi^{*}p|^{2})r1/2$

Then (5.14) gives that

(5.17) $I\iota’(\tau, \xi;\alpha J)aJ)K(T\xi^{*} ; \alpha J’ aj)=1*,**$

and (5.13) is written as follows:

(5.18) $H_{\lambda}(S, \tau, \xi;\alpha_{J}, \alpha_{J})=K(\tau\xi^{**}*,.) ; \alpha J’ a^{*}JH\ddot{\lambda}(1/2-s, \tau\xi^{*}*,J ; \alpha^{*}, a_{J})*$

THEOREM 63 In the strip $|\sigma|\leq 1+1\mathrm{n}\mathrm{a}\mathrm{x}_{J}\epsilon \mathcal{J}\mathrm{t}P_{J}$ }, we $h$ave

(5. I9)
$H_{\lambda}(_{S,\tau}, \xi;\alpha_{J}a_{J}))\ll e-c|t|$ ,

where $c>0$ and the constants in $t$his estimation depend on $\tau,\xi,$ $\alpha_{J},$ $a_{J}$ and $\lambda$ .
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PROOF. According to (5.18), it is sufficient to prove Theorem under the condition
$0 \leq\sigma\leq 1+\max_{J\in J}\{P_{J}\}$ . Rom (4.18) we have

$H_{\lambda}(s, \tau, \xi;\alpha J, a_{J})$

$\ll|_{p=1}\prod^{r}G(2S+iLv_{p}, Ll;ppX)\prod\zeta J(\frac{s}{P_{J}}+\alpha_{J},$
$\lambda^{L/P}\cdot;$ ; $aJ)|$ .

Theorem 42 and Theorem 32 give

$G(2s+iLv_{p}, L\iota_{p} ; x_{p})\ll(1+Ll_{p}+|2t+Lv_{p}|)^{2\sigma-}1/2e-c|2t+Lv_{p}$ I

$\ll e^{-c|t|}$ .

and

$\zeta(\frac{s}{P_{J}}+\alpha_{J},$
$\lambda^{L}/P_{J}$ ; $a_{J})\ll(1+|t|)^{2n}$ ,

respectively. Hence (5.19) is obtained at once. $\square$

\S 7. Functional equation and residues

Theoem 63shows that

$\int_{\sigma_{1}+}^{\sigma_{0}+}i\tau\lambda H(_{S},\tau iT,\xi;\alpha_{J}, aj)dsarrow 0$ $(|T|arrow\infty)$ ,

where

$\sigma_{1}=-\max\{(1-J\alpha*J)P_{J}\}-\frac{1}{2}$ .

and the integral is taken along the horizontal line from $\sigma_{1}+iT$ to $\sigma_{0}+iT$ .
Hence, in the expression of $T(\tau, \xi;\alpha_{J}, a_{J})$ obtained in (4.17), we can shift the path of

integraion to the vertical line $\sigma=\sigma_{1}$ .
If $\lambda\neq 1$ , then

(6.1) $\frac{1}{2\pi i}\int_{(\sigma_{0})}H_{\lambda}(s, \tau,\xi;\alpha J’\emptyset_{j})ds=\frac{1}{2\pi i}\int_{(\sigma_{1}})H_{\lambda(S},T,$ $\xi;\alpha J’ aJ)ds$ .
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By (5.18),

(6.2) $\frac{1}{2\pi i}\int_{(\sigma_{1})}H\lambda(s, \mathcal{T}, \xi;\alpha J’ aJ)d_{S}$

$=K(_{\mathcal{T}^{*}}, \xi^{*} ; \alpha^{**}J’ a_{J})\frac{1}{2\pi i}\int_{(\sigma_{1})}H_{\overline{\lambda}}(1/2-S, \tau^{*}, \xi^{*} ; \alpha^{**}J’ aJ)d_{S}$

1 $[$

$=I^{-}\acute{\mathrm{C}}(-.\tau^{:}..,\dot{\zeta}. ; \alpha_{J}^{\sim}, a_{\dot{J}}.\grave{J}]_{(\sigma_{0}^{*}}\overline{2\pi i})\sim H\overline{\lambda}(6,$

$\prime\prime\sigma’\cdot-\alpha^{\mathrm{r}*}*,’*,J’\check{\mathrm{u}}J^{\backslash }Jd_{\delta}$ ,

where

$\sigma_{0}^{*}=\max_{J}\{(1-\alpha_{J}*)PJ\}+1$ .

If $\lambda=1$ , we have similarly

(6.3)

$\frac{1}{2\pi i}\int_{(\sigma 0)}H_{1}(\mathit{8}, T, \xi;\alpha J’ aJ)d_{S}$

$= \frac{1}{\mathit{2}\pi i}\int_{(\sigma_{1})}H_{1}(_{S,\mathcal{T}}, \xi;\alpha J’ a_{j})ds+R(\mathcal{T}, \xi;\alpha J’ a_{J})$

$=I \mathrm{t}^{r}(\mathcal{T}^{*}, \xi^{***}).J’)\alpha a_{J}\frac{1}{2\pi i}\int_{(\sigma_{0})}.H_{1}(S, \tau^{*}, \xi^{*} ; \alpha J’ a_{J}^{*})*dS+R(\tau, \xi;\alpha_{J}, a_{J})$
,

where

(6.4) $R( \tau, \xi;\alpha J’ aJ)=\sum_{\sigma\sigma\iota\leq\leq\sigma 0}{\rm Res}_{\sigma}H1(_{S}, \tau, \xi;\alpha_{J}, a_{J})$

.

Hence by (6.1), (6.2) and (6.3),

(65) $T(\tau, \xi;\alpha j’ a_{J})$

$=A \sum_{\lambda}\frac{1}{2\pi i}\int_{(\sigma_{0})}H_{\lambda}(s,\tau, \xi;\alpha J’\alpha J)d_{S}$

$=AK( \tau^{*}, \xi^{**}|.\alpha J’ aj)*\sum_{\lambda}\frac{1}{2\pi i}\int_{(\sigma_{0})}.H_{\lambda}(s,\mathcal{T}\xi^{*}*,*)i\alpha Ja^{*}J)ds$

$+AR(\tau,\xi;\alpha J’ aJ)$

$=K(\tau^{*},\xi**;\alpha_{J}, a^{*}J)\tau(\tau^{**},\xi ; \alpha^{*}J’ a^{*}J)+AR(\tau,\xi;\alpha J’ a_{J})$ .

We divide the sum (6.4) into two parts:

(6.6) $R( \tau,\xi;\alpha J’ aJ)=\sum_{J}{\rm Res}_{S=s_{J}}H1(S, \mathcal{T},\xi;\alpha_{J’ J}a)+\sum_{J}{\rm Res}_{=}H1(sSs_{J}^{0}’ \mathcal{T},\xi;\alpha_{J},\alpha J)$
.
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Here we see

(6.7)
${\rm Res}_{s=s_{j}^{0}}H_{1}(_{S}, \mathcal{T}, \xi;\alpha J’ aJ)$

$= \lim_{sarrow sJ}(s-0s_{J})0H_{1}(S, \tau, \xi;\alpha_{J}, a_{J})$

$=I_{\acute{1}}(_{\mathcal{T}^{*}}, \xi*;\alpha_{J}, a_{J}^{*}*)sarrow_{S}\lim(0JS-s_{j})0H_{1}(1/\mathit{2}-S, \mathcal{T}\xi*,*;\alpha_{J’ J}a**)$ .

If we put

$S_{J}^{*}=(1-\alpha^{*}J)PJ$ $((1.10))$ ,

then

$\frac{1}{2}-s_{JJ}^{0}=s^{*}$

and so (6.7) is

(6.8)
${\rm Res}_{s=s_{J}^{0}}H_{1}(_{S,\mathcal{T}}, \xi;\alpha_{J’ J}\alpha)$

$=-I \acute{\backslash }(\tau^{*}, \xi^{**} ; \alpha J’ a^{*}J)\lim(_{S}sarrow s^{*}J-s_{J})*H_{1}(S, \tau^{*}, \xi*;\alpha_{j}*,*aJ)$

$=-I\mathrm{f}(\mathcal{T}^{****}, \xi|.\alpha J’ a^{*}J){\rm Res}_{\theta=S_{J}^{*}}H1(S, \mathcal{T}, \xi^{*} ; \alpha^{*}J’ a_{J}^{*})$.

Thus we have by (6.6) and (6.8)

(6.9)
$R( \tau, \xi;\alpha J’ aJ)=\sum{\rm Res}_{s=s_{J}}H_{1}(_{S}, \tau,\xi;\alpha J’ aJ)J$

$-I \acute{\mathrm{L}}(_{\mathcal{T}^{*}}, \xi*\alpha_{J};a_{J}*,*)\sum_{J}.\cdot{\rm Res}_{*,=sJ}H1(s, \tau^{*}, \xi*;\alpha_{J}SJ*,*a)$
.

Rom the results (6.5) and (6.10), we have

(6.10)
$T(\tau, \xi;\alpha J’ aJ)=I\zeta(_{\mathcal{T}^{*}}, \xi^{*} ; \alpha^{***}J’ aJ)\tau(_{\mathcal{T}}, \xi^{**} ; \alpha J’ aJ)*$

$+A \sum_{J}s=’;{\rm Res}_{s_{J}}H_{1}(s,\mathcal{T}\xi\alpha J’ aJ)$

$-AK( \tau^{*}, \xi^{*} ; \alpha^{*}j’ aj)*\sum_{j}={\rm Res}_{Ssj}H_{1}(S,\tau^{*},\xi^{**} ; \alpha_{J}, a_{J}^{*})$ .
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Further by (5.17), we write (6.10) in a symmetric form:

(6.11)

$I \mathrm{s}’(.T,.\xi;\alpha J’ aJ)^{1/}2\{T(\mathcal{T}, \xi;\alpha J’ aJ)-A\sum_{J}S=S({\rm Res} H1S, \mathcal{T}, \xi;\alpha J’ aJ)\}J$

$=I\iota^{r}(_{\mathcal{T}}.*, \xi*;\alpha.\Gamma, a_{r}.)^{1}**/2\{T(\tau^{**}, \xi ; \alpha^{**}J’ a_{J})-A{\rm Res}_{\frac{7^{\wedge}}{J}J}H_{1}(s, \tau\xi*,**);\alpha J’ a_{J}^{*}\}-*J^{\cdot}$

$s-s_{J}$

Putting

$\frac{s}{P_{J}}+\alpha_{J}=1+\frac{s-s_{J}}{P_{J}}$ ,

we have

${\rm Res}_{s=_{S_{J}}} \zeta(1+\frac{s-s_{J}}{P_{J}},$ $a_{J)}= \frac{P_{J}(2\pi)^{\Gamma}R}{wN(a_{J})\sqrt{D}}$ .

Hence we obtain from (4.19)

${\rm Res} H_{1}(_{S,\mathcal{T}}, \xi;\alpha_{J’ J}a)$

$s=s_{J}$

$= \frac{(2\pi)^{r}R}{w\sqrt{D}}\frac{P_{J}\Gamma(2SJ)^{r}}{N(a_{J})(\mathit{2}^{2}P\pi)ns_{j}}$

$\cross\prod_{p=1}^{r}\frac{1}{(\tau_{p}^{2}+|\xi p|2)^{\theta}j}F(SJ’\frac{1}{2}-S_{J},$
$1$ ; $\frac{|\xi_{p}|^{2}}{\tau_{p}^{2}+|\xi_{p}|^{2}})$

$\cross(J_{1}^{1}\neq J\in\prod_{)J}\zeta(1+j\frac{s_{J}-s_{J_{1}}}{P_{J_{1}}}, \alpha J\iota)\cdot$

and by the definition (1.11) of $S(\tau, \xi;\alpha_{J}, a_{J})$ , we have

(6.12) $S( \tau, \xi;\alpha_{J’ J}\alpha)=A\sum\theta=\theta)J{\rm Res} Hr1(s,\tau,\xi;\alpha J’ a_{J}$

Sinilarly

(6.13) $S( \tau^{*}, \xi^{*} ; \alpha J’ aJ)**A=\sum Jss_{J}{\rm Res}_{=}H_{1}\mathrm{r}(S, T^{*},\xi^{*} ; \alpha J’ a**J)$
.

Collecting the results (6.11), (6.12) and (6.13) and noting (5.15) and (5.16), we finall

obtain Main Theorem.
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