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Abstract

We consider closure property of some classes of codes under composition.
A code X is a strongly infix(outfix) code if X is an infix(outfix) code and any
catenation of two words in X and has no proper (infix)outfix in X, which is
neither a left factor nor a right factor. We show that the class of strongly
outfix codes is closed under composition, and as the dual result, that the
property to be strongly outfix is inherited by a componet of a decomposition.
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1 Introduction

The theory of codes has been studied in algebraic direction in conection to au-
tomata theory, combinatrics on words, formal languages, and semigroup theory.
Many classes of codes have been defined and studied ([1], [2]). Among those classes,
the class of infix codes and the class of outfix codes have many remarkable algebraic
properties, like that of prefix (suffix, bifix) codes ([2], [3], [4]).

On the other hand, composition on codes is very important as a binary operation
by which more complicated codes can be constructed from simpler ones. So we are
interested in whether the properties of codes are preserved under composition or
not.

As though the classes of prefix codes, suffix codés, and bifix codes are closed
under composition [1], the class of neither infix codes nor outfix codes is not [5].
Recently a strongly infix code has been defined and it has been proved that the
class of those codes is closed under composition.

In section 2 some basic definitions and results are presented. Moreover, the
concept of strongly outfix code is introduced.

In section 3 we first show that if a code X C X7 is a strongly outfix code, then
X* is midunitary. Next, as the main result in this note, we show that the class
of strongly outfix codes is closed under composition. Last, we consider whether
properties of codes are inherited by a component of a decomposition or not. We
show that for the composition X of two codes Y and Z, if X is strongly outfix, then

alsois Y.

2 Preliminaries

Let X be an alphabet. ¥* denotes the free moniod generated by X, that is, the set
of all finite words over ¥, including the empty word 1, and ¥* = ¥* — 1. For w in
¥* | |w| denotes the length of w.

A word = € X* is a factor or an infiz of a word w € ¥* if there exists u,v € X*
such that w = uzv. A factor z of w is properif w # z. A caten@tion zy of two words
z and y is an outfiz of a word w € ¥* if there exists u € ¥* such that w = zuy.
A word u € ¥* is a left factor of a word w € X* if there exists £ € ¥* such that
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w = uz. A left factor u of w is called proper if u # w. A right factor is defined
symmetrically. An outfix zy of w is proper if zy # w.

A language over T is a set X C T*. A language X C X* is a code if X freely
generates the submonoid X* of £* (See [1] about the definition.). A language X
C Tt is a prefic code (resp.suffiz code) if no word in X has a proper left factor (a
proper right factor) in X. A language X C X7 is a bifiz code if X is both prefix and
suffix. A language X C X% is an infiz code (resp.outfiz code) if no word x € X has
a proper infix (a proper outfix) in X.

A language X C ©7 is incatenatable (resp. outcatenatable) if a catenation of two
words in X has a proper infix (proper outfix) in X which is neither a proper prefix
nor a proper suffix. In other words, X is incatenatable (resp. outcatenatable) if
there exist uy, us, us, ug € BT — X such that uju,, usuy, and ugus(uiuy) is in X,

A language X C XLt is a strongly infiz code (resp. strongly outfiz code) if X is
an infix code (outfix code) and is not incatenatable (outcatenatable).

Let M be a monoid and let N be a submonoid of M. Then N is right uni-
tary(resp. left unitary) in M if for all u,v € M, u € N and uv € N (vu € N)
together imply v € N. The submonoid N is biunitary if it is both left and right
unitary. ‘ ‘

‘The submonoid N is double unitary in M if for all u,z,y € M, u € N and
wuy € N together imply ¢ and y € N. The submonoid N is midunitary in M if for
all u,z,y € M, zy € N and zuy € N together imply u € N.

Let Z C ¥* and Y C A* be two codes with A = alph(Y). Then the codes Y
and Z are called composable (through ) if there is a bijection 3 from A onto Z.
Then ﬁ defines a morphism A* — ¥* which is injective since Z is a code. The set
X = B(Y) C Z* C ¥* is obtained by composition of Y and Z. We denote it by X
= YopZ or X = YoZ when the context permits it.

Proposition 1 [1] Let X C X% be a code. A language X is a prefiz code (resp.,
suffiz code, bifix code) iff X* is right unitary (left unitary, biunitary).

Proposition 2 [5] Let X C % be a code. A language X is a strongly infiz code iff

X* is double unitary.



-3 Closure properties under composition

In this section we consider the closure properties of some classes of codes under

composition.

Proposition 3 [1]/5] The class of prefiz (suffiz, and bific) codes is closed under
composilion.

Theorem 4 [5] The class of strongly infiz codes is closed under composition.

The class of outfix codes is not closed under composition, as that of infix codes
is not closed [5]. For outfix codes Z = {aba, abb, aaa} and Y = {c,de}, f is defined
by B(c) = aba, B(d) = abb, and B(e) = aaa. Then X = YozZ = {aba, abbaaa} is

not an outfix code.

Next we consider composition of the class of strongly outfix codes.

Proposition 5 Let X C 5%t be a code. If a language X is a strongly outfiz code,

then X* is midunitary.

Proof. Suppose that X is strongly outfix. Let z,u,y € %* be such that zy,
zuy € X*. Let xy = uy..up; zuy = v1..05 for ug, ..., Un;vy, .oy vm € X. Sup-
pose that u is not in X*.

(Case 1)|vy| < |zu| ,

(1.1) |zu| < |vyvy|. There exists an integer £ > 0 such that [v1...0x] < |zu| <
|v1...0k+1]. Moreover there exist v%l), v?), and 'uglg_l), vgl_l) in % such that v?)v?) =
vy, vé,ill_)v((zll) = V(1) and 052)7)2...1:;“1)((,2_1) = u. We have that v?)vfzzrl)v(k.i_z)...vm =
zy. Since X is surfix, and X* is left unitary, vgl)vgll) isin X*. If vgl)vgll) e X"
for n > 1, either v§l) has a proper left factor in X or vng) has a proper right factor

1)

in X. Moreover v; vgll) is not in X since X is not outcatenatable. Hence vgl)v((zz}_l)

= 1. This is a contradiction.

(L2)|zu| < |vi|. There exists vj in It such that zuv| = v;. We have that
TV) V...V, = zy. Since X is suffix, and X* is left unitary, zv} is in X*. We get that
zv; = 1 in the same way as in (1.1). Thus v = v; € X.

(Case 2)|v1| < ||

There exists an integer k > 0 such that [vy...vx] < |2] < |v1...V(k41))-
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(2.1)|zu| < |v1...v(k+1)|- There exists v,ﬁ?l,v,(ﬁl € T% such that v,(gﬂluv,(ﬁl = Ugy1.
We have that z = U1---Ukvz(c21, v,(zglvk“‘..vm =y. Since zy is in X*, and X is prefix
and suffix, v,,(glv,(fglv(k.l.l)...vm is in X*. Moreover, since v(k41)-.-Um 18 in X*, v,(:)v,(cz)
isin X* If v,(gl)v,(f) is in X™ for n > 1, either ”1&21 has a proper left factor in X or

v,(;?l has a proper right factor in X. Since X is outfix, v,(cﬂzlv,(grﬂl is not in X. Hence

”§c£31v1(321 = 1. Thus u = v, € X. This is a contradiction.
(2.2)|v1..-v+1)] < |Tu|. There exists an integer j > k such that [v...v;] < |zu| <

|v1...v(j+1)|- Then there exist v,(izl, v,(;?l, and vgll), v((;l_l) such that ”1221”1(:21 = V41,

1) (2
1)83(1)1)83_1) = v(j4+1)- We have that v,(cl_glvg-ll)v(ﬂg)...vm = zy. We get that v,gzlv((jll)

= 1 in the same way as in (1.1) o

The converse of the previous proposition does not hold. Let a language X be »?
= {aaa, aab, aba, abb, baa, bab, bba, bbb}, for L= {a,b}. Then X* is mid unitary since
for every word w € £*, |w| = 3n for an integer n iff w € X*. It is obvious that X

is not a strongly outfix code.

Proposition 6 Let Y and Z be composable codes, and let X = YoZ. IfY is an
outfiz code and Z is a strongly outfiz code, then X is an outfix _code.

Proof. Assume that Y is an outfix code, and that Z is a strongly outfix code.
Consider zy, zuy € X with u € £*. Since X C Z*, we have that zy, zuy € Z*, and
since Z* is double unitary, this implies u € Z*.

Let w = 87 (zy), z = B '(zuy). Then, we have that z = g7 '(zuy) =
B Yz)B Y (w)B N (y) € Y, and w = B (zy) = A Hz)BH(y) € Y. Since Y is
outfix, B~1(u) = 1. Consequently u = 1. This shows that X is outfix. o

Lemma 7 Let X be a code and Y, Z be outfix codes with X = YoZ. If X is

outcatenatable, then either Y or Z is outcatenatable.

Proof. Let A = alph(Y). Suppose that X is outcatenatable. There exist ui, us €
Yt — X, uy, uzs € L7 such that wius € X, uzus € X, ugug € X. Let uguy = z§1)...z,(11),
Usly = z§2)...z7(,f), and ujuy = z£3)...z,(3) for 29, I OR 29 wory 282 23 ...,z,(3) €Z.
(Case 1) uy € Z*.

‘There exists an integer 2 > 0 and j >0 such that u, = z%l)...zgl) = z§3)...z§»3). Since



X is a (prefix) code, we have that : = 7, and zgl) = z{‘o’), vey z,(l) = z,‘s). It follows that

Uy = z,(+)1 2 uy = z( ).. ,(3) 14i» and ug = zg?_l_*_iﬂ...z,(f) = zz(_?_)l...zl(s). Similarly
we have that z,(n)_lﬂ_,_l = zl(s)“ w5 22D = 2P Let Bal?) = 2., 86D =

z&l),ﬂ(a?)) = £2), vy B3 (ag)) = z,(,f),ﬁ(agg')) = 2{3), ..... ,,B(a§3)) = zl(s) for agl), ...,ag);
a?),...,a,(vf);a?),...,a§3) € A. We have that a{"...al) € Y, a?..a® € Y, and

a£3)...a,(3) = agl)...a?)al(i)i...ag?’) €Y. Thus Y is outcatenatable.

(Case 2) u; ¢ Z*.

There exist an integer 1 > 0 and u,v € £+ — Z such that u; = zfl)...zzgl)u and
uy = Zz(-}-)r Since uy,us € X C Z*, it is obvious that u4 is not in Z*. Then there
exist u/, v’ € ¥t — Z and j > 0 such that uz = 2(2) ()u' Ug = v’zj(ﬁ_)2 zl(z),
u'v' = zH_1 Since ujuy = z( ).. (3) = zF) (l)uv'z(z) z( ), and uwv' = zf ), we have
that the catenation zz( +)1zJ( +)1 = wwvu'v’ of two words z§+)1 = v and 2! _|_)1 = u'v' has

a proper outfix uv’ = 2(3) € Z which is neither a proper prefix nor a proper suffix.
Thus Z is outcatenatable. i

Theorem 8 The class of strongly outfiz codes is closed under composition.

Proof. The result is immediate by Proposition 6 and Lemma, 7. o

Last we consider whether properties of codes are inherited by a component of a

decomposition or not.

Proposition 9 [1] Let X, Y and Z be codes with X =YoZ. If X is prefiz (suffiz,
bifiz), then also is Y .

Proposition 10 /5] Let X, Y, and Z be codes with X = YoZ. If X is a infix
(strongly infiz), then also is Y .

Proposition 11 Let X, Y, and Z be codes with X = YoZ. If X is a outfiz, then

also isY .

Proof. Assume that X and Z C ¥*, Y C A* and f: A* — X* be an injective
morphism with §(A) = Z and S(Y) = X. Let zuy,zy € Y. Then B(zuy) =
B(z)B(w)B(y) and B(zy) = B(z)B(y) are in X. Since X is outfix, 8(u) = 1. Thus
u=1. ) ‘ a
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Lemma 12 Let X be an outfizx code, and Y, Z be codes with X = YoZ. IfY s

outcatenatable, then also is X.

Proof. Suppose that Y is outcatenatable. There exist uy, uz,us, us € A* —Y such
that ujug, usug, and uyuy € Y. Let B(u;) = v; for : =1, ...,4. Hence vyv; = B(uruz),
v9u3 = B(ugus), and vivy = Burus) € X. It is dbvious that v; = B(u;) € BT — X
for i = 1,...,4. Thus X is outcatenatable. O

Proposition 13 Let X, Y, and Z be codes with X = YoZ. If X is a strongly oulfiz

code, then also isY .

Proof. It is obvious by Proposition 11 and Lemma 12. . ‘ o
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